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Introduction 


Euclid’s Elements is by far the most famous mathematical work of classical antiquity, and also has the distinction 
of being the world’s oldest continuously used mathematical textbook. Little is known about the author, beyond 
the fact that he lived in Alexandria around 300 BCE. The main subjects of the work are geometry, proportion, and 
number theory. 


Most of the theorems appearing in the Elements were not discovered by Euclid himself, but were the work of 
earlier Greek mathematicians such as Pythagoras (and his school), Hippocrates of Chios, Theaetetus of Athens, and 
Eudoxus of Cnidos. However, Euclid is generally credited with arranging these theorems in a logical manner, so as to 
demonstrate (admittedly, not always with the rigour demanded by modern mathematics) that they necessarily follow 
from five simple axioms. Euclid is also credited with devising a number of particularly ingenious proofs of previously 
discovered theorems: e.g., Theorem 48 in Book 1. 


The geometrical constructions employed in the Elements are restricted to those which can be achieved using a 
straight-rule and a compass. Furthermore, empirical proofs by means of measurement are strictly forbidden: i.e., 
any comparison of two magnitudes is restricted to saying that the magnitudes are either equal, or that one is greater 
than the other. 


The Elements consists of thirteen books. Book 1 outlines the fundamental propositions of plane geometry, includ- 
ing the three cases in which triangles are congruent, various theorems involving parallel lines, the theorem regarding 
the sum of the angles in a triangle, and the Pythagorean theorem. Book 2 is commonly said to deal with “geometric 
algebra", since most of the theorems contained within it have simple algebraic interpretations. Book 3 investigates 
circles and their properties, and includes theorems on tangents and inscribed angles. Book 4 is concerned with reg- 
ular polygons inscribed in, and circumscribed around, circles. Book 5 develops the arithmetic theory of proportion. 
Book 6 applies the theory of proportion to plane geometry, and contains theorems on similar figures. Book 7 deals 
with elementary number theory: e.g., prime numbers, greatest common denominators, etc. Book 8 is concerned with 
geometric series. Book 9 contains various applications of results in the previous two books, and includes theorems 
on the infinitude of prime numbers, as well as the sum of a geometric series. Book 10 attempts to classify incommen- 
surable (i.e., irrational) magnitudes using the so-called “method of exhaustion", an ancient precursor to integration. 
Book 11 deals with the fundamental propositions of three-dimensional geometry. Book 12 calculates the relative 
volumes of cones, pyramids, cylinders, and spheres using the method of exhaustion. Finally, Book 13 investigates the 
five so-called Platonic solids. 


This edition of Euclid's Elements presents the definitive Greek text—i.e., that edited by J.L. Heiberg (1883- 
1885)—accompanied by a modern English translation, as well as a Greek-English lexicon. Neither the spurious 
books 14 and 15, nor the extensive scholia which have been added to the Elements over the centuries, are included. 
The aim of the translation is to make the mathematical argument as clear and unambiguous as possible, whilst still 
adhering closely to the meaning of the original Greek. Text within square parenthesis (in both Greek and English) 
indicates material identified by Heiberg as being later interpolations to the original text (some particularly obvious or 
unhelpful interpolations have been omitted altogether). Text within round parenthesis (in English) indicates material 
which is implied, but not actually present, in the Greek text. 


My thanks to Mariusz Wodzicki (Berkeley) for typesetting advice, and to Sam Watson & Jonathan Fenno (U. 
Mississippi), and Gregory Wong (UCSD) for pointing out a number of errors in Book 1. 


ELEMENTS BOOK 1 


Fundamentals of Plane Geometry Involving 
Straight-Lines 


STOIXEION v. 


“Opor. 

a’. Unyeidv otv, oÙ uépoc ovdév. 

B’. l'eau o£ uñxos amhatéc. 

Y'. Tpauuñs 6€ népata onto. 

6. Evveta ypauuh otv, fiuc && (cou voic ey’ Eautiic 
onuctotc xeicou. 

e’. Enxt&veta é £oxtv, 6 ufjxoc xoà tAóxoc uóvov Éyet. 

v. Enupavetac 6£ népata ypayuai. 

C. "Eníne8oc émupéávei& &owv, fruc && (cou tos Eg’ 
autis evdetouc xeitou. 

1. Entredoc 8€ ywvia Eotly f| £v &ntxéóo 000 Ypoguóv 
&rtouévov GAATAWY xoü UR ên’ còÛelaç xeuévov npóc 
GAAYjAoc x&v Ypouguóv xAtotc. 

0’. "Oxav SE ai repiéy ouoot Thy yoviav yeayual cbVeta 

Bow, £000 Ypouguoc xoreitou  ywvia. 
V. "Oxav dé eÓücia en” edVeiav otadeion tàs Epetiic 
ywoviac oas GO joue ToL, óp Exatéea t&v towv yovv 
£o, xoi f| Epeotynxvia cvVeta xóüevoc xoAsivot, Ep’ fjv 
EMEOTHXEY. 

iw’. AuBAgia yovia éotiv Ñ ue(Gov ópüfic. 

P. Otea 68 Å £Aácoov ópÜf|c. 

ty’. “Opos &otv, 6 xtvÓc OTL népac. 

10’. Xyfju& Cott TO OT Tivos Ñ TIVWV Ópov nepteyÓuevov. 

ie’. KóxAoc ot) oyfua eninedov Und uic ypauus 
neptexyóuevov [fj xacra neprpépeia], npóc fjv ap’ vòs 
onusíou t&v &vróc toO oyfjuaxoc xeuévov noo atl 
xpoonírtoucot evveta [npóc thy tot xóxAou nepupépetav] 
loot GANA eiotv. 

is’. Kévtpov 6& tod xOxAou TO onpeřov xoAeixou. 

C. Atóyexpoc 5€ tot xÓxAou &oxlv evdet& tic Ou TOU 
xévtpou T|Yuévr xal xeporouuévr EM &xóxepa Ta LEON 
ono rfjg TOU xOóxAou nepupepeíac, jc xol ya xÉuvet TOV 
XUXAOV. 

wy. HuixbdxAtov 66 £o TO nepieyóuevov oyfjua ONO TE 
Thc Stayetpou xoà tic &moAogupovouévnc Un aOrfj[c nepi- 
wepetuc. xévtpov 8& Tov fjuxuxA(iou TO avTd, Ó xoà TOD 
X0xAou &otv. 

WW’. Xyrfjuora evdUypauud £o: ta Und evdetév ne- 

eiexóueva,, TeiTAcCUEa u£v và UNO 1ptv, TETPÁTAEUpA SE TH 
ÙTÒ Tecodewy, ToAUTAEUEA SE và UNO TAELOVUY Ñ TEGOKOWY 
euvelrésy nepieyóueva. 
X. TOv d& tguAeÓpov oYNUdTWY ioónAeupov u£v 
totywvdv Eotl TO TÒS TeEic oac Eyov nAeupóc, ioooxeAec 
d€ TO Tac 000 uóvac toas Eyov nAeupóc, oxoAnvóv BE TO 
TÒS 1peic avicouc £yov rAeupác. 

xoc "Ext 68 x&v 1ptrAeÓpov oynuátwv ópÜovóvtov uev 
totywvdyv &oxt TO Exov ptv ywviav, du Auyvoviov 5é TO 
éyov óyfAciav ywviav, ó&uvoviov 6& TO Tac vpelc b€elac 
éyov vovíac. 
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Definitions 

1. A point is that of which there is no part. 

2. And a line is a length without breadth. 

3. And the extremities of a line are points. 

4. A straight-line is (any) one which lies evenly with 
points on itself. 

5. And a surface is that which has length and breadth 
only. 

6. And the extremities of a surface are lines. 

7. A plane surface is (any) one which lies evenly with 
the straight-lines on itself. 

8. And a plane angle is the inclination of the lines to 
one another, when two lines in a plane meet one another, 
and are not lying in a straight-line. 

9. And when the lines containing the angle are 
straight then the angle is called rectilinear. 

10. And when a straight-line stood upon (another) 
straight-line makes adjacent angles (which are) equal to 
one another, each of the equal angles is a right-angle, and 
the former straight-line is called a perpendicular to that 
upon which it stands. 

11. An obtuse angle is one greater than a right-angle. 

12. And an acute angle (is) one less than a right-angle. 

13. A boundary is that which is the extremity of some- 
thing. 

14. A figure is that which is contained by some bound- 
ary or boundaries. 

15. A circle is a plane figure contained by a single line 
[which is called a circumference], (such that) all of the 
straight-lines radiating towards [the circumference] from 
one point amongst those lying inside the figure are equal 
to one another. 

16. And the point is called the center of the circle. 

17. And a diameter of the circle is any straight-line, 
being drawn through the center, and terminated in each 
direction by the circumference of the circle. (And) any 
such (straight-line) also cuts the circle in half.* 

18. And a semi-circle is the figure contained by the 
diameter and the circumference cuts off by it. And the 
center of the semi-circle is the same (point) as (the center 
of) the circle. 

19. Rectilinear figures are those (figures) contained 
by straight-lines: trilateral figures being those contained 
by three straight-lines, quadrilateral by four, and multi- 
lateral by more than four. 

20. And of the trilateral figures: an equilateral trian- 
gle is that having three equal sides, an isosceles (triangle) 
that having only two equal sides, and a scalene (triangle) 
that having three unequal sides. 


STOIXEION v. 


xB’. Tov 6€ tetoatrAcbewy oynudtwy tetecywvoyv uév 
got, Ò icónAcupóv té ċott xoà ópÜovoviov, EtTECdUNKEC 
d€, 6 ópÜovowvtov uév, oùx ioónAeupov ðé, Góupoc BE, 6 
ioórnAeupov uév, ox ópÜovovov 9€, ġoußosiðèç BE TO Tac 
&nevavi(ov mMAcuedc te xal ywvlac toas Ados Eyov, 6 
ovte icóxAeupóv £ottv OUTE CPVOYOVOV’ TH SE napà taŬta 
TeTpaTAEUEA ToanéCia xaretode. 

xy’. IlapddAnaoi elow evdeto, ol:vec ev 16) abdtés 
EINES OVSML xol ExBaAAdUEVaL eic ä&neipov Ep ExdTEpa 
TH WEEN ETL UNdetTEpA OUUTINTOVOW GAA Adc. 
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21. And further of the trilateral figures: a right-angled 
triangle is that having a right-angle, an obtuse-angled 
(triangle) that having an obtuse angle, and an acute- 
angled (triangle) that having three acute angles. 

22. And of the quadrilateral figures: a square is that 
which is right-angled and equilateral, a rectangle that 
which is right-angled but not equilateral, a rhombus that 
which is equilateral but not right-angled, and a rhomboid 
that having opposite sides and angles equal to one an- 
other which is neither right-angled nor equilateral. And 
let quadrilateral figures besides these be called trapezia. 

23. Parallel lines are straight-lines which, being in the 
same plane, and being produced to infinity in each direc- 
tion, meet with one another in neither (of these direc- 
tions). 


+ This should really be counted as a postulate, rather than as part of a definition. 


Aitfuota. 

a’. “Hithode ano nxavtóc onuctou ém nàv onusiov 
cuvetav YpauUny ayoyety. 

D'. Kol nenepaouévrv cudetav xatk TO ouveyéc En 
evvetac &xpoAetv. 

Y'. Kal navi xévvpo xal daothuaTti xOxXov yodpeoVau. 

6. Koi r&cac tàs pàs ywviac toas dA civar. 

e’. Koi ea eic 600 eudeiac cbVeta &uní(rtouca TAS &vxóc 
xol ETL TH AUTH EEN Ywviac dvo oóp0Gv EAdooovac nodi, 
éxParAovevac tac S00 cvVeiag En’ Gxetpov OUUTINTEL, EQ’ 
à ug, eiolv al x&v dvo oóp0Gv EAdooovec. 


Postulates 


1. Let it have been postulated! to draw a straight-line 
from any point to any point. 

2. And to produce a finite straight-line continuously 
in a straight-line. 

3. And to draw a circle with any center and radius. 

4. And that all right-angles are equal to one another. 

5. And that if a straight-line falling across two (other) 
straight-lines makes internal angles on the same side 
(of itself whose sum is) less than two right-angles, then 
the two (other) straight-lines, being produced to infinity, 
meet on that side (of the original straight-line) that the 
(sum of the internal angles) is less than two right-angles 
(and do not meet on the other side).* 


+ The Greek present perfect tense indicates a past action with present significance. Hence, the 3rd-person present perfect imperative "Hitho0w 


could be translated as “let it be postulated", in the sense “let it stand as postulated”, but not “let the postulate be now brought forward”. The 


literal translation "let it have been postulated" sounds awkward in English, but more accurately captures the meaning of the Greek. 


t This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space. 


Kowol £vvotat. 


oc. Tà x& abt toa xoi àAXT|Aotc £oxiv loo. 
p'. Koi &àv lcoic tow npoocefi, xà Aa Eotly toa. 
Y'. Ko &&àv and (ocv toa dapet, và xoxoAeuóusevá 
cot loo. 
ò. Kat xà &gopguóCovxa én’ GO doc tow GO XOLG &oxtv. 
POET DSi MM YA [à 
e’. Kai tò óAov tod uépouc ucitóv [£o]. 


Common Notions 


1. Things equal to the same thing are also equal to 
one another. 

2. And if equal things are added to equal things then 
the wholes are equal. 

3. And if equal things are subtracted from equal things 
then the remainders are equal. 

4. And things coinciding with one another are equal 
to one another. 

5. And the whole [is] greater than the part. 


* As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains 


STOIXEION v. 


an inequality of the same type. 


X. 
"Emi tfjg Soveionc ev0eiag nxenepgoaouévrc tetywvov 
icórnAeupov cuorfjocao9ot. 


T 


"Eotw f, 600£ica evdeia nenepacuevy f, AB. 

Aci oh êm tic AB ev¥etac tetywvov loónAeupov 
cuo1fjoaoc0o.. 

Kévipo uèv x A G8wovjuocu 08 16 AB »xóxXoc 
yeyede0w 6 BTA, xoi x&Aw xévipo uèv 165 B 6wocrjuo 68 
16 BA xóx^oc yeypágðw ô ATE, xoi ånò tod T onueiou, 
xad’ Ó téuvovow dAAHAOUS ol xOxAOL, Ext xà A, B onueta 
éreCeby0woav evdeioat ot DA, TB. 

Koi éxel tò A onueiov xévtpov oti x00 PAB xdxAovu, 
fon &oxiv f, AT tH AB: x&v, &nei tò B onuciov xévteov 
éott vo0 TAE x0xAov, ion ċotiv f, BI xfj BA. edetydn dé 
xoi À L'A ti AB tory exatépa dpa xv TA, TB tý AB éotw 
lor. và Dè TH 1G loa xol GAAHAOIC £oxiv tow xol n DÀ doa 
tf TB got ion: at xpeic dow oi TA, AB, BT toot GA ouc 
ciotv. 

"oónAeugov ğpa &oxi tò ABT tetywvov. xoi ouvéoxoot 
éml tic Sovetonce evdetuc nenepgaouévnc týs AB. ónep eer 
TOLL. 
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Proposition 1 


To construct an equilateral triangle on a given finite 
straight-line. 


C 


Let AB be the given finite straight-line. 

So it is required to construct an equilateral triangle on 
the straight-line AB. 

Let the circle BC D with center A and radius AB have 
been drawn [Post. 3], and again let the circle ACE with 
center B and radius BA have been drawn [Post. 3]. And 
let the straight-lines CA and CB have been joined from 
the point C, where the circles cut one another! to the 
points A and B (respectively) [Post. 1]. 

And since the point A is the center of the circle CDB, 
AC is equal to AB [Def. 1.15]. Again, since the point 
B is the center of the circle CAE, BC is equal to BA 
[Def. 1.15]. But CA was also shown (to be) equal to AB. 
Thus, CA and CB are each equal to AB. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, C'A is also equal to CB. Thus, the three (straight- 
lines) CA, AB, and BC are equal to one another. 

Thus, the triangle ABC is equilateral, and has been 
constructed on the given finite straight-line AB. (Which 
is) the very thing it was required to do. 


+ The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption 


that two straight-lines cannot share a common segment. 


p. 

IIgóc xà SodEVTL ONUEi TH 6o0&(oy, cdVEig tony cocta 
éco. 

"Eoo TÒ u&v 600£v onysiov tò A, 7| dè 6o0cica edVeta 
Å BI Set BY npóc 16 A onueiy tÅ SoVeton cdVeta tH BT 
tony evvetav Véodan. 

"Encteóy0c yàp and tot A onueiou éni tò B onuciov 
edveta f, AB, xoi ovuveotétw én’ adtiic telywvov toónxAeupov 
to AAB, xoi &xpepAfjo0cocav én’ evdelac toas AA, AB 


Proposition 2! 


To place a straight-line equal to a given straight-line 
at a given point (as an extremity). 

Let A be the given point, and BC the given straight- 
line. So it is required to place a straight-line at point A 
equal to the given straight-line BC. 

For let the straight-line AB have been joined from 
point A to point B [Post. 1], and let the equilateral trian- 
gle DAB have been been constructed upon it [Prop. 1.1]. 
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evveta ai AE, BZ, xoi xév1po u£v 165 B dtaotiyatt 08 x6 
BT xóx^oc vevoóqüo ô THO, xoi nédw xévtpo 16) A xol 
dtaotyuatt tă AH xóxAoc yeyedqdw o HKA. 





‘Enel oov tò B onyciov xévtpov £oxi tod THO, ton &oxiv 
n BT xf, BH. xé&Atv, nei tò A onuciov xévtpov Eotl to 
HKA xvxdov, ton £oxv f, AA tH AH, dv f| AA xf; AB ton 
éotlv. Aou) dea 9 AA Aon xvf; BH got ton. edetyOn dè 
xoi 1 BT «ij BH ton: exatéoa dow vv AA, BT xfj BH éotw 
fon. và 6& TH MUTE toa xoà DAKAOIC &oxlv tow xol f| AA 
pa xfj BI &oxty ton. 

Ilpóc dou v& 600évu onucio t A tÅ Sodeion eo0c(a 
tf BT ion cocta xeitoa A AA: Sree Eder nooo. 
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And let the straight-lines AE and BF have been pro- 
duced in a straight-line with DA and DB (respectively) 
[Post. 2]. And let the circle CGH with center B and ra- 
dius BC have been drawn [Post. 3], and again let the cir- 
cle GKL with center D and radius DG have been drawn 
[Post. 3]. 





Therefore, since the point B is the center of (the cir- 
cle) CGH, BC is equal to BG [Def. 1.15]. Again, since 
the point D is the center of the circle GK L, DL is equal 
to DG [Def. 1.15]. And within these, DA is equal to DB. 
Thus, the remainder AL is equal to the remainder BG 
[C.N. 3]. But BC was also shown (to be) equal to BG. 
Thus, AL and BC are each equal to BG. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, AL is also equal to BC. 

Thus, the straight-line AL, equal to the given straight- 
line BC, has been placed at the given point A. (Which 
is) the very thing it was required to do. 


t This proposition admits of a number of different cases, depending on the relative positions of the point A and the line BC. In such situations, 


Euclid invariably only considers one particular case—usually, the most difficult—and leaves the remaining cases as exercises for the reader. 


Y. 

Abo GoÜ0cuwcGv cev dviowy ånò ts ue(Covoc TY; 
&£A&ccov tony evdetav cpedgiv. 

"Eotooav at doveo 600 cvVeian &vicor at AB, T, dv 
ue(Cov ~otw T, AB: det 87] ånò tic ue(Covoc ts AB tH 
&A&ocovi th I tony evvdetav apeneiv. 

Ketodw xpóc 16 A onuetw tH T evdeta ton | AA- xoi 
xévtipo uèv To) A Staothuats sé t AA x0xXoc Yevpóüo 
ò AEZ. 

Kat &nei tò A onuetov xévtpov &oxi toŭ AEZ x0xXou, 


Proposition 3 


For two given unequal straight-lines, to cut off from 
the greater a straight-line equal to the lesser. 

Let AB and C be the two given unequal straight-lines, 
of which let the greater be AB. So it is required to cut off 
a straight-line equal to the lesser C from the greater AB. 

Let the line AD, equal to the straight-line C, have 
been placed at point A [Prop. 1.2]. And let the circle 
DEF have been drawn with center A and radius AD 
[Post. 3]. 
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lor £oxv n AE xf, AA: DAG xoi T, T tH AA Eotw ton. 
exatéoa doa vv AE, T tÅ AA otw ton dote xoi f, AE 
th T cot ton. 


T 





Z 


Abo ğpa dodetov evdeav aviowy tõv AB, T and ts 
uetCovoc týs AB t £A&ocov t T ton doent | AE: ónep 
£óet notfjoot. 


o. 

"Eàv 600 totywva xàc 600 rAeupóc [taic] duol MAEUPAIIC 
looc £yr| Exatépav exatéoa xol. thy ywviav tÅ yvig ony 
Éyy thy ónó xGv ïowv every nxepteyouÉvrv, xoà tiv 
Baow th Baoet tony eet, xol tò votvovov t vptyovo toov 
čata, xoà at Aouxod Ywvlou tas Aonais ywviatc toot Eoovtat 
&xotvépat ExaTEea, LY’ Ac at toot TAcVEAl oxotetvouocty. 


A A 


B r E Z 


"Eo 900 tetywva xà ABD, AEZ tac 000 nAsupàc 
tac AB, AT tos duol rA&upoüc voc AE, AZ loac Eyovta 
exatépayv &xorépga thy uèv AB tf AE thy dé AT tH AZ 
xoà yoviay thy òrò BAT ywvia tH òrò EAZ tony. Evo, 
óu xol DBácic À BT Bé&oet tH EZ ton éottv, xoà tò ABT 
totywvov 16 AEZ tetyove toov ota, xol ai Aoumal yevicn 
taç onos Y«ov(otc toot Ecovta Exatéoa Exatéoea, VY’ às 
at too xAeupot óxovetvoucty, Ñ u£v UNO ABT xfj òrò AEZ, 
ñ Se Und ATB «fj nò AZE. 

"E«qopuoCouévou yàp tot ABT xpiyóvou ém tò AEZ 
totywvov xa trÛsuÉvoL Tot uèv A onuetou &ri tò A onueïov 
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And since point A is the center of circle DEF, AE 
is equal to AD [Def. 1.15]. But, C is also equal to AD. 
Thus, AE and C are each equal to AD. So AE is also 
equal to C [C.N. 1]. 


C 





F 


Thus, for two given unequal straight-lines, AB and C, 
the (straight-line) AE, equal to the lesser C', has been cut 
off from the greater AB. (Which is) the very thing it was 
required to do. 


Proposition 4 


If two triangles have two sides equal to two sides, re- 
spectively, and have the angle(s) enclosed by the equal 
straight-lines equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri- 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an- 
gles. 


A D 





C E F 


Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, re- 
spectively. (That is) AB to DE, and AC to DF. And (let) 
the angle BAC (be) equal to the angle EDF. I say that 
the base BC is also equal to the base EF, and triangle 
ABC will be equal to triangle DEF, and the remaining 
angles subtended by the equal sides will be equal to the 
corresponding remaining angles. (Thatis) ABC to DEF, 
and ACB to DF E. 

For if triangle ABC is applied to triangle DEF,’ the 
point A being placed on the point D, and the straight-line 





B 
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tis 6£ AB cdVetac &ri thy AE, &gopuóoet xoi tò B onuetov 
&ni tO E à tò tony cva thy AB tH AE: épapuoodone 97) 
tis AB ent tiv AE égapudoe xoi f, AT cdVeia ext thy AZ 
tà TÒ tony elvat thy Und BAT yoviav tH ónó EAZ: Bote xol 
to I onusiov £ri tò Z onusciov Epapudoet Sid tO tony tå 
elvan thy AT xfj AZ. GAAG uv xoi tò B Ext tò E &grpuóxev 
wote D&oic 7 B ém Baow thy EZ &gopuóost. et yàp tov 
uev B &ri tò E e~apudoavtoc tod 82 T ent tò Z f; BT Báoic 
&ni thy EZ oOx Epapydoet, 600 evVEta ywplov nepié&ouotv: 
Ónep Eotly adbvatov. Epapudoet doa A BI Báo Ext thy 
EZ xal ton adth Eota Bote xoi dAov tò ABT tetywvov 
&ri dAov tò AEZ tetywvov éqapuóost xoà (oov avté Eota, 
xol ai Aoital ywvian &rà tàs AoiTas Ywvlac EPapUdcovOL xoi 
fou adtoic Eoovtm, f| u&v Und ABT xfj Und AEZ fj 68 ono 
ATB jj tno AZE. 

"Eàv doa 000 totywva tàs 600 nAcupàc [voc] 800 
TAgupdic toas Éxy| xatépav exatéoa xol Thy ywviav fj 
yovig tony éyn thy oxó tæv toov eO0&9v nepieyouévn, 
xoi thy Påow tù Bdoet tony eer, xoà tò tetywvov 1G 
Totyava toov goto, xol oi omal yarvtou tos Aovnoüc 
ywviac loot Eoovtat ExaTéoa &xorcépot, VY" üc at toot rA eupot 
bnotetvouow’ ónep &óet Sega. 
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AB on DE, then the point B will also coincide with E, 
on account of AB being equal to DE. So (because of) 
AB coinciding with DE, the straight-line AC will also 
coincide with DF, on account of the angle BAC being 
equal to EDF. So the point C will also coincide with the 
point F, again on account of AC being equal to DF. But, 
point B certainly also coincided with point E, so that the 
base BC will coincide with the base EF. For if B coin- 
cides with E, and C with F, and the base BC does not 
coincide with EF, then two straight-lines will encompass 
an area. The very thing is impossible [Post. 1]. Thus, 
the base BC will coincide with EF, and will be equal to 
it [C.N. 4]. So the whole triangle ABC will coincide with 
the whole triangle DEF, and will be equal to it [C.N. 4]. 
And the remaining angles will coincide with the remain- 
ing angles, and will be equal to them [C.N. 4]. (That is) 
ABC to DEF, and ACB to DFE [C.N. 4]. 

Thus, if two triangles have two sides equal to two 
sides, respectively, and have the angle(s) enclosed by the 
equal straight-line equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri- 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an- 
gles. (Which is) the very thing it was required to show. 


t The application of one figure to another should be counted as an additional postulate. 


t Since Post. 1 implicitly assumes that the straight-line joining two given points is unique. 


, 


£. 


Tõv ioooxeAGv xpryóvov al vpóc TH Bd&oet ywvion toot 
GAAY|Aouc eiotv, xol TeooexPANVeLodsy t&v loov cbVeLésy oi 
OO THY Påow ycovtot toot GÀ TjAotc £Écovcot. 


A 





A 
"Eo tetywvov toooxedéc tò ABT tony Éyov thy 
AB nAeupàv tý AT nÀeupü, xoi meocexBeBAhodwoav en’ 
evvetac tos AB, AT cdVeion oi BA, TE: Aévo, dtu Å uev 
òrò ABI ywvia tÅ òrò ATB ton &oxtv, fj, 6$ bnd TBA tH 
ono BLE. 
Eijpde yàp ent tic BA tuyov onyeiov tò Z, xoi 
&pnerode &nd tic ue(Covoc tňs AE xfj EAdooow tH AZ 


Proposition 5 


For isosceles triangles, the angles at the base are equal 
to one another, and if the equal sides are produced then 
the angles under the base will be equal to one another. 


A 





D E 

Let ABC be an isosceles triangle having the side AB 
equal to the side AC, and let the straight-lines BD and 
CE have been produced in a straight-line with AB and 
AC (respectively) [Post. 2]. I say that the angle ABC is 
equal to ACB, and (angle) CBD to BCE. 

For let the point F have been taken at random on BD, 
and let AG have been cut off from the greater AE, equal 
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lon ñ AH, xoi éneCedyDwoav oi ZT, HB eó0ciot. 

Erel ov ton éotiv fj uàv AZ xf; AH ġ 68 AB «fj AT, 
600 67 at ZA, AT dvol tas HA, AB (cot ciolv exatépa 
exatéey xol ywviav xowny neptéyouot thy Und ZAH: Baouc 
&pa À ZT Bdoet xf, HB ton éotiv, xoi tò AZT totywvov t& 
AHB «xprtyovo toov gota, xol oi Aotmal ywvion tas Monos 
Y«v(attc toot Écovcot &xorcépot &xorcépot, VY’ Gc ai toot rA eupot 
bnotetvouow, f, u£v Und ATZ xf; òrò ABH, 5; 6£ óxó AZT 
ifj òrò AHB. xoi Exel dAn f, AZ OAV tH AH &owv ton, Gv 
n AB xf; AT Eotw ton, Aou &pa H BZ Aom xf; TH otv 
lor. &£Oc(y0r 6€ xoi f, ZI xf; HB tory dvo 67) at BZ, ZT Svat 
toic TH, HB tom eiolv Exatéea &xorépoc xol ywvla f; 6o 
BZT yovi ty bro THB ïon, xoi Báoic adtév xow?, f, BI: 
xoi tò BZT dea tetywvov tæ THB xpgtyóvo toov gota, xol 
at Aoma ywvian toas Aoimaic ywvios toot Eoovta Exatéea 
ExATEEY, VP" c at toot TAEUVEAal UnoTEtvouoLW’ ton wea Eotiv 
nH u£v òrò ZBI tH ónó HTB ġ 68 Uno BIZ th Ond TBH. 
¿nel ovv OAH fj UNO ABH ywvia Grn tH Und ATZ vovía 
edely0n ton, Ov n ono TBH xfj ónó BIZ ton, Aou Goa À 
ono ABT down tH Ondo ATB otw ton xai siot npóc tH 
pce tod ABT totyavov. edsetydn è xoi fj, ono ZBI tH 
ùrò HTB ton: xat ciow ónó thy Båow. 

T&v dea icooxeAGv Teryavay al Ted¢ TH Bácsi yovia 
loot AA |Xotc elotv, xot ToooexBAnvetody t&v toov eudetdv 
at Ond thy Baow yovi too GÀXYjXouc £covxar. Önep eet 


citou. 


, 


T. 


"Edy tTety@vou ai dvo Ycovíot toot GAAY|Aouc Baw, xol 
at bmO xàc loa ywvlac orote(voucat rAeupol toot GAANAOUC 
Écovzat. 


B T 


"Eoo teltywvov tò ABT tony &yov thy 0x0 ABT ywviav 
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to the lesser AF [Prop. 1.3]. Also, let the straight-lines 
FC and GB have been joined [Post. 1]. 

In fact, since AF is equal to AG, and AB to AC, 
the two (straight-lines) FA, AC are equal to the two 
(straight-lines) GA, AB, respectively. They also encom- 
pass a common angle, FAG. Thus, the base FC is equal 
to the base GB, and the triangle AFC will be equal to the 
triangle AGB, and the remaining angles subtendend by 
the equal sides will be equal to the corresponding remain- 
ing angles [Prop. 1.4]. (That is) ACF to ABG, and AFC 
to AGB. And since the whole of AF is equal to the whole 
of AG, within which AB is equal to AC, the remainder 
BF is thus equal to the remainder CG [C.N. 3]. But FC 
was also shown (to be) equal to GB. So the two (straight- 
lines) BF, FC are equal to the two (straight-lines) CG, 
GB, respectively, and the angle BFC (is) equal to the 
angle CGB, and the base BC is common to them. Thus, 
the triangle BFC will be equal to the triangle CGB, and 
the remaining angles subtended by the equal sides will be 
equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, FBC is equal to GCB, and BCF to CBG. There- 
fore, since the whole angle ABG was shown (to be) equal 
to the whole angle ACF, within which CBG is equal to 
BCF, the remainder ABC is thus equal to the remainder 
ACB [C.N. 3]. And they are at the base of triangle ABC. 
And FBC was also shown (to be) equal to GCB. And 
they are under the base. 

Thus, for isosceles triangles, the angles at the base are 
equal to one another, and if the equal sides are produced 
then the angles under the base will be equal to one an- 
other. (Which is) the very thing it was required to show. 


Proposition 6 


If a triangle has two angles equal to one another then 
the sides subtending the equal angles will also be equal 
to one another. 


A 


B C 
Let ABC be a triangle having the angle ABC equal 





tf ónó ATB ywvig: Aéyo, óu xol TAcvEd f, AB rAeupü tH to the angle ACB. I say that side AB is also equal to side 
AC. 


AT got ion. 
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Ei yàp &viod¢ &owv f, AB tH AT, fj êtépa adTHV ue(Cov 
éotlv. Éovo us(Cov T, AB, xoi apnerodw &no tic WetCovoc 
ts AB xfj cddttow tH AT ton f, AB, xoi &neCeoy 0o A AT. 

‘Enel ov ton ċotiv n AB tH AT xow) dé f, BI, 660 87 
at AB, BT 600 tos AT, TB toot eiolv &xorépot exatéea, xol 
yovia f, ond ABT yovig tH Ono AT B totu ion: Báotc dow f| 
AT Baoet tH AB ton £oxív, xoi tò ABT totywvoyv v ATB 
ToLtyavw {oov čata, TO ÉAacoov 1G uEtTow ónep &tonov: 
00x tea &vicóc Eotw f, AB tH AT: ton doa. 

"Edy dpa Toty@vou at 660 yovi toot GO jou Gow, xol 
at UO Tac loa ywvlac oxocetvoucat rAeupol toot GAANACIC 
čoovtav Ónep Eder SetEau. 


For if AB is unequal to AC then one of them is 
greater. Let AB be greater. And let DB, equal to 
the lesser AC, have been cut off from the greater AB 
[Prop. 1.3]. And let DC have been joined [Post. 1]. 

Therefore, since DB is equal to AC, and BC (is) com- 
mon, the two sides DB, BC are equal to the two sides 
AC, CB, respectively, and the angle DBC is equal to the 
angle AC B. Thus, the base DC is equal to the base AB, 
and the triangle DBC will be equal to the triangle ACB 
[Prop. 1.4], the lesser to the greater. The very notion (is) 
absurd [C.N. 5]. Thus, AB is not unequal to AC. Thus, 
(it is) equal.* 

Thus, if a triangle has two angles equal to one another 
then the sides subtending the equal angles will also be 
equal to one another. (Which is) the very thing it was 
required to show. 


t Here, use is made of the previously unmentioned common notion that if two quantities are not unequal then they must be equal. Later on, use 


is made of the closely related common notion that if two quantities are not greater than or less than one another, respectively, then they must be 


equal to one another. 


e 
"Eni tis aótfjc cvVetac O00 tas autaiic ebVetag AA 
600 evdeion loot Exatépa Exatéeg 00 cvotathoovta npóc 
AAY xoà Aw ornue(o Ext TH DTA uépr TH HUTA népora 
Eyovoa voli; £& doyfc evVetatc. 


D 





A B 

Ei yàp ðuvatóv, &ri tic atis evVEtac týs AB 600 tos 
avtoic evdetog toas AT, TB äAňa 600 còca ai AA, AB 
loot Exatéoa Exatéea OUVEOTÁTWOQAV npóc GAAW xol GAA 
onyet t ve T xoi A &ri xà abxà uépr, xà HUTA Tnépata 
Éyouocat, Bote tony civar thy uèv TA t AA TÒ avtd népac 
éyovoay abt tO A, thy òè DB xfj AB 10 axo népac Eyou- 
cay Ùt tO B, xoi &neCeoy 0o ñ TA. 

‘Enel obv ton cotiv f, AT xfj AA, ton £oxi xoà yovia À 
òrò ATA tÅ tnd AAT" ue(Gov goa f, òrò AAT ts ono 
ATB: xoAAG doa f, Und TAB ue(Cov toti tic òrò ATB. 
x&Atw nel ton cotiv f, DB. xfj AB, (ov, &oxi xa Yovía ñ 
òrò TAB vovía xfj òrò ATB. edetyOy SE Ùt xoi TOAAG 
ue(Cov: Stee &oxiv &d0vatov. 

Ovx äpa Ent tic adtI¢ eoOelac 600 oic otoxolic cvel 
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Proposition 7 


On the same straight-line, two other straight-lines 
equal, respectively, to two (given) straight-lines (which 
meet) cannot be constructed (meeting) at a different 
point on the same side (of the straight-line), but having 
the same ends as the given straight-lines. 


C 
D 





A B 

For, if possible, let the two straight-lines AC, CB, 
equal to two other straight-lines AD, DB, respectively, 
have been constructed on the same straight-line AB, 
meeting at different points, C and D, on the same side 
(of AB), and having the same ends (on AB). So CA is 
equal to DA, having the same end A as it, and CB is 
equal to DB, having the same end B as it. And let CD 
have been joined [Post. 1]. 

Therefore, since AC is equal to AD, the angle ACD 
is also equal to angle ADC [Prop. 1.5]. Thus, ADC (is) 
greater than DC B [C.N. 5]. Thus, CDB is much greater 
than DC B [C.N. 5]. Again, since CB is equal to DB, the 
angle C DB is also equal to angle DCB [Prop. 1.5]. But 
it was shown that the former (angle) is also much greater 
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HA Dúo Octo loot Exatéoa Exatéea scvotadycovta npóc 
&AX« xoà AAAY onuet Ext TH HOTA UEON TH HUTA népora 
čyouoa tos £& dpxñs eo Uetotc: Ónep Fer Seton. 


, 
n x 
"Eàv 660 tetywva tàs 600 nAeupàc [taic] 660 nAecvpois 
looac Exn Exatépav exatéoy, &yr Se xol thy Baow tÅ Pacer 
tony, xoà thy Yovíav tH yevia tony fer thy ono x&v loov 
cuvelrésy reptey ouévnv. 


A A 


H 


T 


B E 


"Eo 900 tetywva xà ABT, AEZ tac 000 nAsupàc 
tac AB, AT tos 600 mAcupoüc toic AE, AZ {oas éyovta 
Exatépayv Exatéoa, thy u£v AB xfj AE vv òè AT xfj AZ: 
£yéxo è xal Baow thy BT Báoe xfj EZ tony: Aévo, Stu xoi 
yovia ñ ond BAT yovig xfj; óxó EAZ otw ton. 

"EqgopuoCouévou yàp tol ABT terymvou ém tò AEZ 
totywvov xoà trÛepévov Tod u£v B onueiou &ri tò E onustov 
thc 6€ BT cvvetac ent thy EZ &gopuóoet xoà tò I onuetov 
émt TÒ Z dià tO tony civa thy BT tH EZ: tpapuoodons 97] 
tic BT &ri thy EZ épapudoovor xoi at BA, TA &ri xàc EA, 
AZ. ci yàp Båois u&v f, BT ém Báow tiv EZ épapudoet, oi 
dé BA, AT nàcupal éxi tac EA, AZ oOx égapuócouow 
GA TACMAAGEOVOW óc at EH, HZ, ouotaðńocovta ent xfjc 
adtic cvVetac O00 tas ataç eOVetouc GAA Dvo evVEtn 
loot &£xoépa ExATEPY TEOG GAAW xoà GAAW onuelw &ri TH 
obtà Ép) TH HUTA népara Éyoucot. OV oUVioTAVTAL OÉ 
00x doa &qopuoCouévnc ts BT Báoecc &ri thy EZ Bow 
00x Epapudoovot xoi ai BA, AT mAcupol ent tac EA, AZ. 
tpapuócovow gpa ote xoi ywvia f| óxó BAT ém ywviav 
thy óxó EAZ &qapuóoet xoi ton adti Éovou. 

"Eàv doa 000 totywva tac S00 mAeupàc [Toiic] úo 
TAUPO toas £y) ExaTEPAV ExaTéog xot THY Dow TH Bdoer 
tony éyn, xoi thy ywviav tH yovi tony eer thy Ono xGv 
locv evdeiv nepieyouévnv: ónep Eder Deiko. 
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(than the latter). The very thing is impossible. 

Thus, on the same straight-line, two other straight- 
lines equal, respectively, to two (given) straight-lines 
(which meet) cannot be constructed (meeting) at a dif- 
ferent point on the same side (of the straight-line), but 
having the same ends as the given straight-lines. (Which 
is) the very thing it was required to show. 


Proposition 8 


If two triangles have two sides equal to two sides, re- 
spectively, and also have the base equal to the base, then 
they will also have equal the angles encompassed by the 
equal straight-lines. 


A D 


G 


B E 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is) AB to DE, and AC to DF. Let 
them also have the base BC equal to the base EF. I say 
that the angle BAC is also equal to the angle EDF. 

For if triangle ABC is applied to triangle DEF, the 
point B being placed on point E, and the straight-line 
BC on EF, then point C will also coincide with F, on 
account of BC being equal to EF. So (because of) BC 
coinciding with EF, (the sides) BA and CA will also co- 
incide with ED and DF (respectively). For if base BC 
coincides with base EF, but the sides AB and AC do not 
coincide with ED and DF (respectively), but miss like 
EG and GF (in the above figure), then we will have con- 
structed upon the same straight-line, two other straight- 
lines equal, respectively, to two (given) straight-lines, 
and (meeting) at a different point on the same side (of 
the straight-line), but having the same ends. But (such 
straight-lines) cannot be constructed [Prop. 1.7]. Thus, 
the base BC being applied to the base EF, the sides BA 
and AC cannot not coincide with ED and DF (respec- 
tively). Thus, they will coincide. So the angle B AC will 
also coincide with angle E DF, and will be equal to it 
[C.N. 4]. 

Thus, if two triangles have two sides equal to two 
side, respectively, and have the base equal to the base, 
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v. 


Try dSodeioay ywviav còðúypauyov obo veuetv. 





Z 
B T 


"Eotw f| 600€ica. ywvia còðúypayuos Å UNO BAT. det 
67, WUTHY Stya teue. 

EiAjp0e ent thc AB tuyov onueiov tò A, xo éqrperjoto 
ano tfjg AU tH AA ton 7 AE, xoi &neCeoyo 7 AE, xoi 
ovveotatw ent týs AE totywvov ioónňsupov tò AEZ, xoi 
éneCevy0w f, AZ: Aéyo, Stt fj OT BAT yovía diya tétuntaL 
ono ts AZ evdetac. 

‘Enel yàp ton &oxtv 7 AA xfj AE, xow) 08 f, AZ, 600 07 
at AA, AZ uo tos EA, AZ too eiolv exatéea exatéoa. 
xoi Bá&otc A AZ Båosi th EZ ton &oxtv. Yov(a doa Å oro 
AAZ yoovia xfj óxó EAZ ton £oxtv. 

‘H &pa d0Veion ywvia evdvypauuoc Å UNO BAT Sdtya 
TéETUNTAL UNO Tic AZ evdetuc: önep Eder roro. 


i 

Try dSoveioay eudeiav menepaouevyny Stya xeueiv. 

"Eoo f, 600£ica evdeta nenepuouevn 7 AB: det À thy 
AB cvdeiav nenepaouevyy Stya xeuciv. 

Muveotatw én’ adtii¢ tolywvov ioórAeupov tò ABT, xol 
tetujovw f, òrò ATB yoovia diya tH DA evdete Aéyw, Ot 
7 AB cvveia dtya tétunta xoà tÒ A onueiov. 

‘Enel yàp ton éotiv 7 AT tH DB, xow) dé ñ L'A, 660 67 
at AT, DA 800 tos BT, TA toot eiotv exatéoa exatépa xol 
yovia f| ónó ATA yovig tH òrò BTA ton Eottv: Báotc dpa 
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then they will also have equal the angles encompassed 
by the equal straight-lines. (Which is) the very thing it 
was required to show. 


Proposition 9 


To cut a given rectilinear angle in half. 


A 





F 
B C 


Let BAC be the given rectilinear angle. So it is re- 
quired to cut it in half. 

Let the point D have been taken at random on AB, 
and let AE, equal to AD, have been cut off from AC 
[Prop. 1.3], and let DE have been joined. And let the 
equilateral triangle DEF have been constructed upon 
DE [Prop. 1.1], and let AF have been joined. I say that 
the angle B AC has been cut in half by the straight-line 
AF. 

For since AD is equal to AE, and AF is common, 
the two (straight-lines) DA, AF are equal to the two 
(straight-lines) EA, AF, respectively. And the base DF 
is equal to the base EF. Thus, angle DAF is equal to 
angle EAF [Prop. 1.8]. 

Thus, the given rectilinear angle B AC has been cut in 
half by the straight-line AF. (Which is) the very thing it 
was required to do. 


Proposition 10 


To cut a given finite straight-line in half. 

Let AB be the given finite straight-line. So it is re- 
quired to cut the finite straight-line AB in half. 

Let the equilateral triangle ABC have been con- 
structed upon (AB) [Prop. 1.1], and let the angle ACB 
have been cut in half by the straight-line C D [Prop. 1.9]. 
I say that the straight-line AB has been cut in half at 
point D. 

For since AC is equal to CB, and CD (is) common, 
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f; AA Béoet tH BA ton &oxtv. 





A B 





A 


‘H dpa Sodeion cocto nenepoouévr Y, AB diya vévumvou 
xaxà to A: ónep Éóet noioa. 


, 


la. 


TH dodcion evdeta dnd tod npóc AUTH SODEVtOc oretou 
xpóc CEVA Ywrlac cbVEtav YoaUUNY &yaycù. 


Z 





A B 





A T E 

"Eotw f, uèv doveion evdeia 7 AB tò dé 600&v onueiov 
én’ abtiss to I" det 07) Gnd tot I onuetov xfj AB cvvety 
npóc CEVA ywviac cvVEtav ypauudy cyoyeiv. 

EAP ent tic AT tuyòv onusiov tò A, xoi xetodu 
tf TA ton f, TE, xoà ovveotéw ent týs AE telywvov 
icónAeupov tò ZAE, xoi eneTevyOw f, ZI" AEyo, Stu tH 
dodeton evvety xfj AB &nd tod npóc adTH 600£vcxoc onustou 
tot I ngóc ópüàc vovíac eó0cta ypauu Hxtoa Y) ZI. 

Enel yàp ton &oxlv 5, AT xf; TE, xow dé f, TZ, 600 
67, at AT, TZ uo tos ED, TZ toot eiolv exatéea &xoxépac 
xoi Baowg À AZ Báce tÅ ZE ton &oxív: ywvia doa f) 6o 
ATZ yevia tH óxó ETZ ton £oxíiv: xal eio &ge&fic. Stav 
dé eO0cia En’ evdetav ovaücica tac ÉgeEfic ywviac loas 
&AAfjAotc noi, OPV Exatéoa t&v toov Ywwldy £ottv: Gedy 
dou &oxiv exatépa x&v Und ATZ, ZTE. 
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the two (straight-lines) AC, CD are equal to the two 
(straight-lines) BC, CD, respectively. And the angle 
ACD is equal to the angle BCD. Thus, the base AD 
is equal to the base BD [Prop. 1.4]. 


C 





A 





D B 


Thus, the given finite straight-line AB has been cut 
in half at (point) D. (Which is) the very thing it was 
required to do. 


Proposition 11 


To draw a straight-line at right-angles to a given 
straight-line from a given point on it. 


F 





A B 





D C E 

Let AB be the given straight-line, and C the given 
point on it. So it is required to draw a straight-line from 
the point C at right-angles to the straight-line AB. 

Let the point D be have been taken at random on AC, 
and let C E be made equal to CD [Prop. 1.3], and let the 
equilateral triangle F DE have been constructed on DE 
[Prop. 1.1], and let FC have been joined. I say that the 
straight-line FC has been drawn at right-angles to the 
given straight-line AB from the given point C on it. 

For since DC is equal to CE, and CF is common, 
the two (straight-lines) DC, CF are equal to the two 
(straight-lines), EC, CF, respectively. And the base DF 
is equal to the base FE. Thus, the angle DCF is equal 
to the angle ECF [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
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Tfj dow dodeton edv0eta tH AB and tod npóc arf 
doVEvtoc onusí(ou tod I npóc ópüàc yovias eo0€i year 
Huta Y) TZ: dnee ger rodjcot. 


p’. 
"Eni thy 8o0scicoav cv0etav &neloov ano tod doVEvtoc 


e^ 


onus(ou, Ó ur, ov En avtiic, x&üevov eo0ciav Yoourv 
ayoyety. 


A B 
H E 
A 





"Eoo À u&v Soveion cvVeia &netpoc À AB tò dé 600&v 
orjetov, 6 Un &ov En’ abtfjc, TÒ I Set OH Ext thy 6o0eloav 
evvetav &reipov thy AB and tod SovEvtoc onyetou tod I, 
0 u otv En aUTHc, xéüexov cvIeiav ypauuy wyoyeiv. 

EAI yàp ent tà Etepa uéer, ts AB cvVetac vuyóv 
onyeiov tò A, xoi xévipo uev 16) T Guovfjuou 68 v DA 
X0xAoc yeyeupdw ò EZH, xoi tetufodw 7, EH cvdeta diya 
xatà tò O, xoi éneCeoy0oocav oi TH, TO, TE eó0ciar 
Aévco, Ott ém thy Sodeiony eOUciav &neipov thy AB and 
tov 6o0évxoc onusiou tod T, 6 uh Eotw En’ adtic, xé&üetoc 
Huta 7 TO. 

‘Enel yàp ton cotiv 7 HO xfj, OE, xowr, dé H OL, 600 
67, at HO, OT 800 voi; EO, OT tow cioty exatépa exatéoa 
xoi Dáoic 7 TH Bácet tý TE otw ton yovia doa f, ono 
TOH ywvia tÅ 0nd EOL éotw ton. xal ciow &ge&fjc. Stav 
dé cvVeia En’ evdeiav otadeion tàs Epetfic ywviac toas 
AAA Aaus Toth, OPN Exatéoa x&v owy yoviy otv, xol 
7, Epeotyxuia cvdeta xaVetoc xoxo Ep’ fjv &géotnxev. 

"Eri thy dovciony doa edbdciav &nxetpov thy AB ómó tod 
dsovévtog onuctov tol I, 6 yh cotw En’ avtijc, xéÜüetoc 
Axta f, TO: donee eer roroa. 
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makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, each 
of the (angles) DCF and FCE is a right-angle. 

Thus, the straight-line CF has been drawn at right- 
angles to the given straight-line AB from the given point 
C on it. (Which is) the very thing it was required to do. 


Proposition 12 


To draw a straight-line perpendicular to a given infi- 
nite straight-line from a given point which is not on it. 


F 


A B 
G E 
D 

Let AB be the given infinite straight-line and C the 
given point, which is not on (AB). So it is required to 
draw a straight-line perpendicular to the given infinite 
straight-line AB from the given point C, which is not on 
(AB). 

For let point D have been taken at random on the 
other side (to C) of the straight-line AB, and let the 
circle EFG have been drawn with center C and radius 
CD [Post. 3], and let the straight-line EG have been cut 
in half at (point) H [Prop. 1.10], and let the straight- 
lines CG, CH, and CE have been joined. I say that the 
(straight-line) CH has been drawn perpendicular to the 
given infinite straight-line AB from the given point C, 
which is not on (AB). 

For since GH is equal to H E, and HC (is) common, 
the two (straight-lines) GH, HC are equal to the two 
(straight-lines) EH, HC, respectively, and the base CG 
is equal to the base CE. Thus, the angle CHG is equal 
to the angle EHC [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle, and the former straight- 
line is called a perpendicular to that upon which it stands 
[Def. 1.10]. 

Thus, the (straight-line) CH has been drawn perpen- 
dicular to the given infinite straight-line AB from the 
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, 


ty. 
‘Edy còca en’ cvVeiav otadeion ywviac ro, tor 600 
pàs T, Guciv ptis oas rout. 


E 





A B D 


Evveia yap uc 5j AB ér’ cdVeiav thy TA otadcion 
yoviag rote(xo tac òrò TBA, ABA: A&yo, óx oi òrò TBA, 
ABA *xovíot tot 600 dpdat cio Ñ duct pas tou. 

Ei u&v oov ton Eotiv f; nò PBA tH Und ABA, 900 pva 
eioi. ci 6 o0, fiy dc ånò Tod B onuctou tH TA [edVetq] xpóc 
ópÜüàc f, BE: oi &pa Ond TBE, EBA 600 óp0oí sio: xol 
&nel fj óxó TBE uoi tos ónó TBA, ABE ion éotiv, xo) 
xpooxtíoto f, ónó EBA: ai doa bnd TBE, EBA «ptoi toç 
òrò BA, ABE, EBA tow ciotv. nó, nel fj Ord ABA 
600i voi; óxó ABE, EBA ïon éotiv, xowh meooxeiodw f| 
òrò ABI" ai &pa òrò ABA, ABT toio tois óxó ABE, EBA, 
ABT iow ciotv. &6c(yünoav sé xoi at óxó TBE, EBA xpioi 
Taç otbxolic toot" Ta DÈ TE ALTE loa xal GAAAAOIC &oxty tow: 
xoi oi òrò TBE, EBA do tos óxó ABA, ABT {oa ciotv: 
GA at òrò TBE, EBA úo dedat cio: xoi at óxó ABA, 
ABT da duoiv dpdoic (cot etoty. 

"Eàv doa cvdeia en’ eudetav otadeion ywviac movi, Ato 
600 pàs Tj SuOlv plais toas rowjoev Ónep Eder Seta. 
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given point C, which is not on (AB). (Which is) the very 
thing it was required to do. 


Proposition 13 


If a straight-line stood on a(nother) straight-line 
makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 


angles. 
E 
A 





D B C 

For let some straight-line AB stood on the straight- 
line CD make the angles CBA and ABD. I say that 
the angles CBA and ABD are certainly either two right- 
angles, or (have a sum) equal to two right-angles. 

In fact, if CBA is equal to ABD then they are two 
right-angles [Def. 1.10]. But, if not, let BE have been 
drawn from the point B at right-angles to [the straight- 
line] CD [Prop. 1.11]. Thus, CBE and EBD are two 
right-angles. And since CBE is equal to the two (an- 
gles) CBA and ABE, let EBD have been added to both. 
Thus, the (sum of the angles) CBE and EBD is equal to 
the (sum of the) three (angles) CBA, ABE, and EBD 
[C.N. 2]. Again, since DBA is equal to the two (an- 
gles) DBE and EBA, let ABC have been added to both. 
Thus, the (sum of the angles) DBA and ABC is equal to 
the (sum of the) three (angles) DBE, EBA, and ABC 
[C.N. 2]. But (the sum of) CBE and EBD was also 
shown (to be) equal to the (sum of the) same three (an- 
gles). And things equal to the same thing are also equal 
to one another [C.N. 1]. Therefore, (the sum of) CBE 
and EBD is also equal to (the sum of) DBA and ABC. 
But, (the sum of) CBE and EBD is two right-angles. 
Thus, (the sum of) ABD and ABC is also equal to two 
right-angles. 

Thus, if a straight-line stood on a(nother) straight- 
line makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. (Which is) the very thing it was required to show. 


STOIXEION v. 


|. 

‘Edy npóc xw cvdeta xol TG npóc MUTA onusío 600 
cùÛcïa uÀ Emi xà oxà UgON xeluevar tàs Ege&fic ywviac 
dvolv plais toac noro, En’ £0Oc(ac £covrvot KAA auc od 
euvdeta. 


A E 





IB B A 

Ilgóc yåp ww eó0cío t AB xoà 16 npóc awt onusto 
tà B 600 cdVeia oi BT, BA uù &ri xà abxà uégen xeiuevot 
Tag Ége&fic ywviac tac ónó ABT, ABA 6060 pvc (cac 
xote(vocav: Aéyw, Sti En’ edVetac &ox xfj TB yn BA. 

Et yàp uf, £c tH BT en’ cvVeiac 7 BA, gotw tH DB 
én’ euvdetac y, BE. 

‘Enel obdv cv0cta 7 AB Er’ eb0ciav thy TBE &géounxev, 
at doa Und ABT, ABE ywviot 600 öpüş tom elotv: ciol 6€ 
xoi oi óxó ABT, ABA 600 pvas toar ai dou Und TBA, 
ABE qtos tnd BA, ABA iow ciotv. xowh aprnefodw f, 
òrò TBA: Aou] dea f, òrò ABE onf tH Und ABA otw 
ion, 7| £Aácoov tH uetCow Smee &oxiv adbvatov. ovxX &pa 
én’ evvetac &oxlv f; BE xfj PB. ôuolws 97] SelGouev, ött OVE 
BAAN Tig TARY ts BA: En’ cdVetac Kou Eotlv f) DB tH BA. 

"Eàv doa npóc xw ceig xoi tÆ npóc AUTH ongusio 
600 cvdeion ur, &ri obxà WEEN xe(uevot Tac &ge&fic Yovíoc 
dvolv plais touc noro, En’ cvVetac £covrvot KAA Aauc ol 
evvetar Step Eder ctga. 


, 


lE. 


"Eà&v 600 cudetoan téuvwov GAAHAAC, vàc KATH XOEUTY 
yovias toas HAArAac Totodow. 
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Proposition 14 


If two straight-lines, not lying on the same side, make 
adjacent angles (whose sum is) equal to two right-angles 
with some straight-line, at a point on it, then the two 
straight-lines will be straight-on (with respect) to one an- 
other. 


A E 





C B D 

For let two straight-lines BC and BD, not lying on the 
same side, make adjacent angles ABC and ABD (whose 
sum is) equal to two right-angles with some straight-line 
AB, at the point B on it. I say that BD is straight-on with 
respect to CB. 

For if BD is not straight-on to BC then let BE be 
straight-on to CB. 

Therefore, since the straight-line AB stands on the 
straight-line CBE, the (sum of the) angles ABC and 
ABE is thus equal to two right-angles [Prop. 1.13]. But 
(the sum of) ABC and ABD is also equal to two right- 
angles. Thus, (the sum of angles) CBA and ABE is equal 
to (the sum of angles) CBA and ABD [C.N. 1]. Let (an- 
gle) CBA have been subtracted from both. Thus, the re- 
mainder ABE is equal to the remainder ABD [C.N. 3], 
the lesser to the greater. The very thing is impossible. 
Thus, BE is not straight-on with respect to CB. Simi- 
larly, we can show that neither (is) any other (straight- 
line) than BD. Thus, CB is straight-on with respect to 
BD. 

Thus, if two straight-lines, not lying on the same side, 
make adjacent angles (whose sum is) equal to two right- 
angles with some straight-line, at a point on it, then the 
two straight-lines will be straight-on (with respect) to 
one another. (Which is) the very thing it was required 
to show. 


Proposition 15 


If two straight-lines cut one another then they make 
the vertically opposite angles equal to one another. 


STOIXEION v. 


Abo yàp evdeia of AB, DA teuvétwouv dac xoà 
TÒ E onusiov: Aéyw, Sti ton £odiv H u£v UNO AET ywvia tH 
ono AEB, f; 66 Und TEB t ond AEA. 
A 





B 

‘Enel yàp cudeta f, AE én’ cddeiav thy PA égéotnxe 
yovias nowovoa tàs nò TEA, AEA, oi &pa òrò TEA, AEA 
yovi Svolv ptos loot ciotv. náv, Enel cdVeta n AE én’ 
evvetav thy AB toéotnxe Ywviac not 0oa tac Und AEA, 
AEB, oi &pa òrò AEA, AEB yowvio 6uolv dpVoic too ciotv. 
edetyOnoav 8$ xoi at Und TEA, AEA uov dpdoiic tcov oi 
&pa bnd TEA, AEA tos óxó AEA, AEB {oo ciotv. xow) 
&pnerjo0o 7 rò AEA: downy &pa f; nò TEA onf xfj nO 
BEA ïon &oxtv: duotwe 67, SetyDhoeta, dtr xoi at òrò DEB, 
AEA toa eiotv. 

"Edy toa 660 cvVeta téuvwow GAANAAC, TAS KATH xo- 
every ywoviac toas dAAVAac ToLotiow: Sree Eder Seiga. 


ts. 

Ilavxóc tetymvou wdc x&v nAeupóv npooexQArnüelorc 
N &x1xóc Ywvla êxatépas x&v &vvóc xol amevavtiov vovv 
ueCov &oxív. 

"Eoo tetywvoy tò ABT, xoi npocexfepArjo0o adtod 
uta tAcved ñ BT &ri tò Ac A&yo, Sti H &xxóc Ywvia f| TO 
ATA usi@wv &oxtv &xoréporc x&v &vvoc xol dmevaviiov xv 
ono TBA, BAT yowdiv. 

Texurjoo n AT diya xatà tò E, xoi emCevyveioa f, BE 
éxBePrAnodu en’ evdeiac ent tò Z, xol xelodw tÅ BE ton ñ 
EZ, xoi &neCeoy 0o f, ZT, xoi Sujydo n AD ent tò H. 

‘Enel oov tov ċotiv f; u&v AE t ET, 7 òè BE tH EZ, 600 
of at AE, EB 9uoi toas TE, EZ tom ciolv exatéea &xoxépac 
xoà yovia f, ónó AEB yvig tH 0nd ZET tov, &oxtv: xoà 
xopuqQrv Yáp: Báotc toa f, AB Bdoet tH ZI tov) &oxtv, xoi tò 
ABE toetywvov 16 ZET xpiyóvo gotiv toov, xol at Aono 
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For let the two straight-lines AB and CD cut one an- 
other at the point E. I say that angle AEC is equal to 
(angle) DEB, and (angle) CEB to (angle) AED. 

A 





B 

For since the straight-line AE stands on the straight- 
line CD, making the angles CEA and AED, the (sum 
of the) angles CEA and AED is thus equal to two right- 
angles [Prop. 1.13]. Again, since the straight-line DE 
stands on the straight-line AB, making the angles AED 
and DEB, the (sum of the) angles AED and DEB is 
thus equal to two right-angles [Prop. 1.13]. But (the sum 
of) CEA and AED was also shown (to be) equal to two 
right-angles. Thus, (the sum of) CEA and AED is equal 
to (the sum of) AED and DEB [C.N. 1]. Let AED have 
been subtracted from both. Thus, the remainder CEA is 
equal to the remainder BED [C.N. 3]. Similarly, it can 
be shown that CEB and DEA are also equal. 

Thus, if two straight-lines cut one another then they 
make the vertically opposite angles equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 16 


For any triangle, when one of the sides is produced, 
the external angle is greater than each of the internal and 
opposite angles. 

Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is greater than each of the internal and opposite 
angles, CBA and BAC. 

Let the (straight-line) AC have been cut in half at 
(point) E [Prop. 1.10]. And BE being joined, let it have 
been produced in a straight-line to (point) F.! And let 
EF be made equal to BE [Prop. 1.3], and let FC have 
been joined, and let AC have been drawn through to 
(point) G. 

Therefore, since AE is equal to EC, and BE to EF, 
the two (straight-lines) AE, EB are equal to the two 
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yovlat toas Monos ywvias toot ciolv Exatéea exatépa, ò’ (straight-lines) CE, EF, respectively. Also, angle AEB 

às at (cot. nAcveal brotetvovow: ton &ea Eotly Å Und BAE is equal to angle FEC, for (they are) vertically opposite 

ijj Und ETZ. ue(Cov 8é otv f, ONO ETA tij¢ Ond ETZ: [Prop. 1.15]. Thus, the base AB is equal to the base FC, 

ue(Gov &pa f, òrò ATA ts Und BAE. ‘Ouotws 54 xfj BT and the triangle ABE is equal to the triangle FEC, and 

tetunuévne diya Setydroeta xoi 7 Ond BTH, toutéotw À the remaining angles subtended by the equal sides are 

òrò ATA, ue(Gov xal ts òrò ABT. equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, BAE is equal to ECF. But ECD is greater than 
ECF. Thus, ACD is greater than BAE. Similarly, by 
having cut BC in half, it can be shown (that) BCG—that 
is to say, AC D— (is) also greater than ABC. 








A Z A F 
B A B D 
T C 
H G 
Iavtòs äpa ToeLtymvou uic vGv mÀeupGv mpooex- Thus, for any triangle, when one of the sides is pro- 
Brndetong fj, &xtóc Yov(a Exatéeac xiv Evtdc xoi åns- duced, the external angle is greater than each of the in- 
vavtiov vovv elwy &oxív: ónep Eder Geicot. ternal and opposite angles. (Which is) the very thing it 


was required to show. 


İt The implicit assumption that the point F lies in the interior of the angle ABC should be counted as an additional postulate. 








C. Proposition 17 

Ilavté¢ tptycvou oi Dvo vov(ot 600 óp0Gv &AGocovéc For any triangle, (the sum of) two angles taken to- 

ciot n&vcfj UeTaAauBavouevat. gether in any (possible way) is less than two right-angles. 
A 
B T A B C D 

"Eoo toetywvov tò ABT: Aéyo, óu tod ABT toerywvou Let ABC be a triangle. I say that (the sum of) two 
at 600 yovlar 600 ópÜGv EAdttoves ciot nåvty uevo^ogu- angles of triangle ABC taken together in any (possible 
Bavouevat. way) is less than two right-angles. 
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"ExBeBAnovw yao 5, BT m tò A. 

Kat nel xpgty vou tod ABT &xxóc £o ywvia Å ónó 
ATA, ue(Cov &ox týs &vvóc xoi &mevavitov týs Und ABT. 
xoty?) TpooxEtoVw f, òrò ATB: oi doa òrò ATA, ATB xGv 
òrò ABT, BTA usctCovéc ciow. GA’ oi Ond ATA, ATB 
600 dpVoiic (cot clotv: at dea bnd ABI, BTA 600 óp0Gv 
éhdoooves eiotv. Ovotws Of Ge(&ouev, Sti xol oi ONS BAT, 
ATB úo ópüGv EdAcooovEes ciot xol Ett oi òrò TAB, ABT. 

Ilavxóc doa xpvycvou at 600 ywviar 600 0p0Gv EAdoc- 
ovéc ciot n&vxfj uetaňaußavóuevar ónep Eder Seta. 


à 
Wm. 
Ilavto¢ tevryovou 7, ueiGov nAeupà THY uetCova yoviav 
brotetvet. 


A 





B IB 

"Eo yàp tetywvov tò ABI yus(Cova Éyov thy AT 
rAeupàv týs AB: Aéyo, öt xoi yovia f, Und ABT uetCov 
£c tis ónó BTA: 

Erel yàp uetCov &oxiv f, AT tis AB, xeio0o tÅ AB tor, 
n AA, xoi &neCeoy 0o f, BA. 

Kat ¿nel terywvou tod BTA &xxóc £o ywvia f, ónó 
AAB, usíGov toti tij¢ &vvóc xol dnevavtiov vfjc Und ATB: 
ïon 98 9j Und AAB fj nò ABA, Enel xoi tAcved ñ AB tH 
AA &ouv ton ue(Cov doa xoi T, Und ABA tis tnd ATB: 
TOAAG doa n nò ABT ue(Cov &oxi tic ónó ATB. 

Ilavto¢ &pa tetymvou f, ue(Cov nAeupà Thy YelCova 
yoviav brotetver’ Smee Eder Seiga. 


v. 


Ilavté¢g terymvou ond c? uc(Gova yoviav A ue(GCov 
TAcupà Onoceívet. 

"Eoo tetywvov tò ABT uciCova éyov thy tnd ABT 
yoviav tij¢ bro BTA: Aéyo, óu xoi TAcvEd f, AT r1Aeupüic 
tfic AB uei@ov &oxtv. 
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For let BC have been produced to D. 

And since the angle AC D is external to triangle ABC, 
it is greater than the internal and opposite angle ABC 
[Prop. 1.16]. Let ACB have been added to both. Thus, 
the (sum of the angles) ACD and ACB is greater than 
the (sum of the angles) ABC and BC A. But, (the sum of) 
ACD and ACB is equal to two right-angles [Prop. 1.13]. 
Thus, (the sum of) ABC and BCA is less than two right- 
angles. Similarly, we can show that (the sum of) BAC 
and ACB is also less than two right-angles, and further 
(that the sum of) CAB and ABC (is less than two right- 
angles). 

Thus, for any triangle, (the sum of) two angles taken 
together in any (possible way) is less than two right- 
angles. (Which is) the very thing it was required to show. 


Proposition 18 


In any triangle, the greater side subtends the greater 
angle. 


A 


B C 

For let ABC be a triangle having side AC greater than 
AB. I say that angle ABC is also greater than BCA. 

For since AC is greater than AB, let AD be made 
equal to AB [Prop. 1.3], and let BD have been joined. 

And since angle ADB is external to triangle BCD, it 
is greater than the internal and opposite (angle) DCB 
[Prop. 1.16]. But ADB (is) equal to ABD, since side 
AB is also equal to side AD [Prop. 1.5]. Thus, ABD is 
also greater than AC B. Thus, ABC is much greater than 
ACB. 

Thus, in any triangle, the greater side subtends the 
greater angle. (Which is) the very thing it was required 
to show. 


Proposition 19 


In any triangle, the greater angle is subtended by the 
greater side. 

Let ABC be a triangle having the angle ABC greater 
than BCA. I say that side AC is also greater than side 
AB. 


STOIXEION v. 
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Et yàp uh, fiot tov, £oxiv H AT xfj AB 7| EAdoowv: ton 
u&v odv ovx Eotw f, AT tH AB: ton yoo &v Ñv xa ywvia À 
ono ABT xfj 0nd ATB: odx £o 6€: 00x doa ton Eotlv f AT 
tf, AB. o08& uy &A&cocov Eotlv f, AT týs AB: £Aáocov 
yàp dv fjv xoi ywvia f, òrò ABT tic óxó AT B: oùx £o 
dé oOx oa EAdoowv Eotlv f| AT ts AB. &6c(yün 6€, Str 
ovdé ton £oxtv. ue(Cov dea &oxiv f, AT xfic AB. 


A 





Tlavté¢ dea Tetymvou UNO Thy ue(Cova ywviav À UEtTwv 
rAeup& Urotetver: óxep Eder Seiea. 


L 


X. 


Ilavto¢ teryovou ai dvo nAcupol tç Monis ueiCovéc 
ciot n&vty) uevoAvotupovóue vot. 


A 





B T 
”"Eotw yàp tetywvov tò ABI" Aéyw, óu tod ABT 


For if not, AC is certainly either equal to, or less than, 
AB. In fact, AC is not equal to AB. For then angle ABC 
would also have been equal to ACB [Prop. 1.5]. But it 
is not. Thus, AC is not equal to AB. Neither, indeed, is 
AC less than AB. For then angle ABC would also have 
been less than ACB [Prop. 1.18]. But it is not. Thus, AC 
is not less than AB. But it was shown that (AC) is not 
equal (to AB) either. Thus, AC is greater than AB. 


A 





C 
Thus, in any triangle, the greater angle is subtended 
by the greater side. (Which is) the very thing it was re- 
quired to show. 


Proposition 20 


In any triangle, (the sum of) two sides taken to- 
gether in any (possible way) is greater than the remaining 
(side). 

D 





B C 
For let ABC be a triangle. I say that in triangle ABC 


tpiYOvou ai 000 rAeupol tc Aois uc(Covéc ciot x&v: (the sum of) two sides taken together in any (possible 
uevoaupovóuevot, at u£v BA, AT tic BD, ai òè AB, BT way) is greater than the remaining (side). (So), (the sum 
tfic AT, ot 6£ BD, TA ts AB. of) BA and AC (is greater) than BC, (the sum of) AB 
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Awfiy9o yàp 7 BA &ri tò A onueiov, xoi xetodw t TA 
ïon 7 AA, xoi &neCeoy 0o fj Ar. 

‘Enel oov ïon £oxtv f, AA qt AT, ton eotl xoi yovia 
f, ond AAT xfj nd ATA: uciCov &pa f, òrò BTA tis ono 
AAT: xoi éxel totywvdév gott tò ATB uc(Cova Éyov thy ono 
BTA yovioy týs Und BAT, tnd 5é thy ue(Cova ywviav f| 
uei Gov mAcved Unotetvet, n AB doa týs BT oti uetCov. torn 
dé n AA ty AT: yetCovec &pa oi BA, AT ts BT: ópoícoc 
öd SeiEouev, StL xoi at uev AB, BT ts TA uetCovéc ciot, 
oi 6€ BT, TA tic AB. 

Ilavtoc dea tetywvou oi bo mAeupol tfjg Aois 
uetCovéc ciot n&vtr, uetaňaußavóuevar Step Eder Seigo. 


xa. 

"Edy xptyóvou emt wç TV TAEUEGY ATÒ THY nepdtov 
600 cvVetoan &vxóc cuoxodGot, at cvotaveion x&v Aouóv 
Tov xgtycvou 800 rAeupGv &A&xxovec uèv Écovxot, ue(Gova 
6€ yoviav nepié&ouotv. 


E 





B D 


Teryovou yàp tot ABT ém ui&c vv rAeupGv ts BT 
and x&v nepáxov x&v B, T dbo covet £vxóc ouveotátooav 
at BA, AT: Aéyo, óx of BA, AT x&v Aot tod 1pty vou 
600 rAeupGv THv BA, AT &Aócoovec uév ciotv, UetCova dé 
yoviav neptéyouot thy rò BAT xfic òrò BAT. 

Awjy8o yàp f, BA ém tò E. xoi nel mavtd¢ toryavou 
at 600 rAeupol fic Mons us(Covéc ciow, tob ABE dpa 
tpiyóvou oi 600 xAcupoi oi AB, AE tis BE us(Covéc 
ciow: xow?| npooxs(o0o 7, ED: oi dea BA, AT xóv BE, 
ET ue(Covéc clow. méAw, &xel tod PEA tpiyóvou at 600 
rAcupat ot TE, EA ts TA ue(Covéc eioi, xow) teooxeiodw 
n AB: oi TE, EB doa xv TA, AB usiCovéc ciow. àXAà 
t&v BE, ET uetCovec edelydnoav ai BA, AT: xo0AAG dpa oi 
BA, AT tév BA, AT ueiCovéc eiow. 

Iw, ¿nel xovxóc vptyévou f| £xxóc Yovía Tic £vxóc 
xoà dnevavttov ue(Gov éotiv, tol TAE doa tptyovou f| 
éxtog Yovía A bnd BAT ue(Gov £o ts Und TEA. oux 
xobxà toivuv xoi tol ABE tetyavou ý &xxóc vovía f, Uno 
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and BC than AC, and (the sum of) BC and CA than 
AB. 

For let BA have been drawn through to point D, and 
let AD be made equal to CA [Prop. 1.3], and let DC 
have been joined. 

Therefore, since DA is equal to AC, the angle ADC 
is also equal to ACD [Prop. 1.5]. Thus, BCD is greater 
than ADC. And since DCB is a triangle having the angle 
BCD greater than BDC, and the greater angle subtends 
the greater side [Prop. 1.19], DB is thus greater than 
BC. But DA is equal to AC. Thus, (the sum of) BA and 
AC is greater than BC. Similarly, we can show that (the 
sum of) AB and BC is also greater than CA, and (the 
sum of) BC and CA than AB. 

Thus, in any triangle, (the sum of) two sides taken to- 
gether in any (possible way) is greater than the remaining 
(side). (Which is) the very thing it was required to show. 


Proposition 21 


If two internal straight-lines are constructed on one 
of the sides of a triangle, from its ends, the constructed 
(straight-lines) will be less than the two remaining sides 
of the triangle, but will encompass a greater angle. 


A 
E 





B C 

For let the two internal straight-lines BD and DC 
have been constructed on one of the sides BC of the tri- 
angle ABC, from its ends B and C (respectively). I say 
that BD and DC are less than the (sum of the) two re- 
maining sides of the triangle BA and AC, but encompass 
an angle BDC greater than BAC. 

For let BD have been drawn through to E. And since 
in any triangle (the sum of any) two sides is greater than 
the remaining (side) [Prop. 1.20], in triangle ABE the 
(sum of the) two sides AB and AE is thus greater than 
BE. Let EC have been added to both. Thus, (the sum 
of) BA and AC is greater than (the sum of) BE and EC. 
Again, since in triangle CED the (sum of the) two sides 
C E and ED is greater than C D, let DB have been added 
to both. Thus, (the sum of) CE and EB is greater than 
(the sum of) CD and DB. But, (the sum of) BA and 
AC was shown (to be) greater than (the sum of) B.E and 
EC. Thus, (the sum of) B A and AC is much greater than 
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TEB ue(Cov &oxi týs nO BAT. àAAà xfic òrò TEB ueitov 
edetyOyn f, ónó BAT: xoAAG &pa f, ónó BAT uciCov ot 
ts Und BAT. 

‘Edy dea 1ptyovou emt uldic tév mAeupGv aNd t&v 
x&páov 600 evvdeta Evtdc ovotadiow, at ovotadeion tGv 
olny to terymvou 000 nAeupGv ňáttoveç uév eiotv, 
ue(Cova 8& ywviav xepiéyouotw: ónep Eder SetEau. 


xp". 

"Ex tpv &O0stGv, of elow (cot 1piol tos dsodetoac 
[edVetouc], totywvov cuorjcactor Set 6€ tàs dvo Tic Aos 
uetCovac civar névtn uetaňaußavouévac [dà TO xoi ravtòs 
Toryw@vou xàc 600 TAEUEaS vfjc Moins UEtTovac civar T&vTH 
uexoatipavouévocc]. 


Tu» 





"Eovcoov oi 600cicot xpeic eoUciot ot A, B, T, Gv oi 
600 täs Aourfic uetCovec &oxooov n&vty uetaňaußavópevat, 
oi uèv A, B ts T, oi òè A, T ts B, xoi Ett oi B, P ts A: 
det 87] &x x&v (oov tos A, B, T totywvov cuotfjoactot. 

"ExxeíoUo xc evdeia f, AE xenepoouévr, u£v xatà TO 
A &netpoc 6€ xatà tÒ E, xoi xeiodw tH uèv A ton f) AZ, 
th òè B ton ñ ZH, «fj 68 T ton f, HO: xoà xévxvpo uèv xG 
Z, Siaothyatt 6€ xG ZA x0xXoc yeyeapdw 6 AKA: nó 
xévxpo uèv t& H, Guocrjuoxt dé 16) HO x0xAoc vyeyeapdu 
ô KAO, xoi éxeCebyDwoav oi KZ, KH: Aéyo, ów Ex tpv 
evvetisv tév toov oic A, B, T tetywvov ovvéotata TÒ 
KZH. 

Enel yàp tO Z onuctov xévtpov &oxi tod AKA xbxAou, 
lor &oxiv f, ZA tH ZK: AAG H ZA tH A otw ton. xoi f 
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(the sum of) BD and DC. 

Again, since in any triangle the external angle is 
greater than the internal and opposite (angles) [Prop. 
1.16], in triangle CDE the external angle BDC is thus 
greater than CED. Accordingly, for the same (reason), 
the external angle CEB of the triangle ABE is also 
greater than BAC. But, BDC was shown (to be) greater 
than CEB. Thus, BDC is much greater than BAC. 

Thus, if two internal straight-lines are constructed on 
one of the sides of a triangle, from its ends, the con- 
structed (straight-lines) are less than the two remain- 
ing sides of the triangle, but encompass a greater angle. 
(Which is) the very thing it was required to show. 


Proposition 22 


To construct a triangle from three straight-lines which 
are equal to three given [straight-lines]. It is necessary 
for (the sum of) two (of the straight-lines) taken together 
in any (possible way) to be greater than the remaining 
(one), [on account of the (fact that) in any triangle (the 
sum of) two sides taken together in any (possible way) is 
greater than the remaining (one) [Prop. 1.20] ]. 

A 





B 
C 
K 
D É G H E 
L 


Let A, B, and C be the three given straight-lines, of 
which let (the sum of) two taken together in any (possible 
way) be greater than the remaining (one). (Thus), (the 
sum of) A and B (is greater) than C, (the sum of) A and 
C than B, and also (the sum of) B and C than A. So 
it is required to construct a triangle from (straight-lines) 
equal to A, B, and C. 

Let some straight-line D E be set out, terminated at D, 
and infinite in the direction of E. And let DF made equal 
to A, and FG equal to B, and GH equal to C [Prop. 1.3]. 
And let the circle DKL have been drawn with center F 
and radius FD. Again, let the circle KLH have been 
drawn with center G and radius GH. And let K F and 
KG have been joined. I say that the triangle KFG has 
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KZ &pa tH A &owv ton. nédw, Exel tò H onuciov xévtpov 
£c tod AKO xdxAov, ton cotiv 7 HO tH HK: 620 H HO 
th T cow ton xa 5, KH tow th T eotw ton. £oxi 6& xoi 7 
ZH «fj B ton: oi toes doa evdeton ai KZ, ZH, HK tetot totic 
A, B, T tom eiotv. 

"Ex tov doa eó0ctGv vv KZ, ZH, HK, oi ciow 
(oot tetol xoc SoVetoac eoUs(otc tas A, B, T, totywvov 
ovvéotatat TÒ KZH: ónep eet noioa. 


xy’. 
Ilpòs th So0dcion evdeia xoi 16 mnpóc oótfj onuety 
Th Soveion yoviy eoduyeduUe onv ywviav eo90vpoauuov 
ovotioaova. 


A 





A H B 


"How f, u£v Soveion cocta ñ AB, tò öè npóc adTH 
onyusiov tò A, 7 dé Sodeion ywvia còðúypauuos f, Ord ATE: 
det 87] npóc TH SoVetoyn cvei tH AB xoà v npóc adTH 
onusío xà A tÅ Soveton yovia eo0uvpáuuo tÅ Und ATE 
ony vovíiav còðúypayuov cuotrjcaoot. 

EU ygOc eq’ exatépac xv DA, TE tuydvta onueia xà 
A, E, xoi éneCeOy 0o f, AE: xoi &x torv eddetév, ot eiotw 
fou too tos DA, AE, TE, tetywvov ouveoxáxo tò AZH, 
ote tony civar thy u£v TA «fj AZ, thy de PE xfj AH, xoi 
£u thy AE «fj ZH. 

"Exc obv 600 oi AT, TE 600 tos ZA, AH toa eiolv 
exatépa exatéeg, xoi Påois n AE Bdoet tH ZH ton, yovia 
&pa H Und ATE yovig ti nó ZAH otv ion. 

Ilod¢ dea tH Soveton £00c(o xf, AB xal xà npóc adTH 
onusío 16 A tÅ 5o0cior, yovia evdLYEduU tÅ òrò ATE 
fon yovia evdbypayoc ovvéotata f, ono ZAH: bree eer 
TOLL. 
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been constructed from three straight-lines equal to A, B, 
and C. 

For since point F is the center of the circle DK L, FD 
is equal to FK. But, FD is equal to A. Thus, KF is also 
equal to A. Again, since point G is the center of the circle 
LKH,GH is equal to GK. But, GH is equal to C. Thus, 
KG is also equal to C. And FG is also equal to B. Thus, 
the three straight-lines X F, FG, and GK are equal to A, 
B, and C (respectively). 

Thus, the triangle KFG has been constructed from 
the three straight-lines KF, FG, and GK, which are 
equal to the three given straight-lines A, B, and C (re- 
spectively). (Which is) the very thing it was required to 
do. 


Proposition 23 


To construct a rectilinear angle equal to a given recti- 
linear angle at a (given) point on a given straight-line. 


D 


E 





S G B 


Let AB be the given straight-line, A the (given) point 
on it, and DCE the given rectilinear angle. So it is re- 
quired to construct a rectilinear angle equal to the given 
rectilinear angle DCE at the (given) point A on the given 
straight-line AB. 

Let the points D and E have been taken at random 
on each of the (straight-lines) C D and C E (respectively), 
and let DE have been joined. And let the triangle AFG 
have been constructed from three straight-lines which are 
equal to CD, DE, and CE, such that CD is equal to AF, 
C E to AG, and further DE to FG [Prop. 1.22]. 

Therefore, since the two (straight-lines) DC, CE are 
equal to the two (straight-lines) FA, AG, respectively, 
and the base DE is equal to the base FG, the angle DCE 
is thus equal to the angle F AG [Prop. 1.8]. 

Thus, the rectilinear angle FAG, equal to the given 
rectilinear angle DCE, has been constructed at the 
(given) point A on the given straight-line AB. (Which 
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xo. 

"Eàv 660 tetywva xàc 000 nAeupàc [taic] BVO nAcupoüc 
oas éyn &xoxépav exatéea, thy O& ywviav tic Ywvlac 
ue(Cova Eyn tiv Und x&v towv cdVelBv nepieyouévnv, xol 
thy Baow tic B&ceoc petTova eet. 


A A 





H Z 

"Eo 900 tetywva xà ABD, AEZ tac 000 nAsupàc 
tac AB, AT tos 600 mAeupoüc toic AE, AZ {oas Éyovxa 
Exatépay Exatéoa, thy uev AB xfj AE tiv 6€ AT tH AZ, fi 
dé npóc TH A Yoví(a týs npóc tă A ywviag UetCwv Éovo: 
Aévo, Ott xoi Bácic À BU Bdoewes tic EZ us(Cov &oxtv. 

"Enc yàp us(Cov f, òrò BAT ywvia ts tnd EAZ 
Yov(ac, cuveotáxo npóc t AE eóUs(a xol 16 npóc obi 
ongueío và A xfj óxó BAT vovía ton f, nò EAH, xoà xciodw 
onotéog xv AT, AZ ton f, AH, xoi éneCeoy0oocav oi EH, 
ZH. 

Erel ody ton cot f| uèv AB xfj AE, n 68 AT xfj AH, 
600 of oi BA, AT dvol tas EA, AH fom cioty exatépa 
exatéey xoa vovía f, Und BAT ywvig xfj tnd EAH tory 
Báo dea 5, BT Béoet th EH éotw ton. xdv, Enel ton 
éotlv f, AZ xf, AH, ton Eotl xoi f, òrò AHZ yovia t tnd 
AZH: ueiGov doa f, Und AZH ts nò EHZ: noAAG koa 
u&Cov &odv À UNO EZH tis bnd EHZ. xa &nel tolywvdv 
éott to EZH uetCova £yov thy ónó EZH vovíav ts ono 
EHZ, ono 8& thy uetGCova ywviav f) ue(Gov nAeupà onocsívet, 
ueiCov doa xoi mAcved f, EH tijc EZ. ton òè 5j EH «fj BT- 
u&Cov &pa xoi f, BT tis EZ. 

"Eàv dpa 600 tpiywva tac 600 TAEUEdC duol TAEUPOiiC 
loug Éyy Exatépav exatéoa, Thy O& Yovíav ts Yow(ac 
uetCova Eyn tiv Und x&v towv ecdVelBv nepieyouévnv, xol 
thy Baow tic Báceoc petCova eer ónep Eder Deiko. 
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is) the very thing it was required to do. 


Proposition 24 


If two triangles have two sides equal to two sides, re- 
spectively, but (one) has the angle encompassed by the 
equal straight-lines greater than the (corresponding) an- 
gle (in the other), then (the former triangle) will also 
have a base greater than the base (of the latter). 


A D 





C q^ T 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is), AB (equal) to DE, and AC to 
DF. Let them also have the angle at A greater than the 
angle at D. I say that the base BC is also greater than 
the base EF. 

For since angle BAC is greater than angle EDF, 
let (angle) EDG, equal to angle BAC, have been 
constructed at the point D on the straight-line DE 
[Prop. 1.23]. And let DG be made equal to either of 
AC or DF [Prop. 1.3], and let EG and FG have been 
joined. 

Therefore, since AB is equal to DE and AC to DG, 
the two (straight-lines) BA, AC are equal to the two 
(straight-lines) ED, DG, respectively Also the angle 
BAC is equal to the angle EDG. Thus, the base BC 
is equal to the base EG [Prop. 1.4]. Again, since DF 
is equal to DG, angle DGF is also equal to angle DFG 
[Prop. 1.5]. Thus, DFG (is) greater than EGF. Thus, 
EFG is much greater than EGF. And since triangle 
EFG has angle EFG greater than EGF, and the greater 
angle is subtended by the greater side [Prop. 1.19], side 
EG (is) thus also greater than EF. But EG (is) equal to 
BC. Thus, BC (is) also greater than EF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has the angle encompassed 
by the equal straight-lines greater than the (correspond- 
ing) angle (in the other), then (the former triangle) will 
also have a base greater than the base (of the latter). 
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xe’. 

‘Edy 600 totywva tac 600 nAeupóc duol nAsupoüic toas 
EXN Exatéoav Exatéog, thy 68 Dáow ts Dáoeoc ustCova 
Éyn, xol thy yoviav týs ywvlac us(Cova e€er thy Ono xGv 
locv evvelisv repteyouévrnv. 


A 





E Z 

"Eo 900 tetywva xà ABT, AEZ tac 000 nàscupàs 
tac AB, AT tos 600 nàecupois tos AE, AZ touc čyovta 
Exatépayv Exatépa, thy uèv AB ti AE, thy òè AT tH AZ: 
Baotc òè À BP Báceoc tic EZ uci@wv Eotw Aévo, OTL xoi 
yovia 7 òrò BAT Yovíac tig óxó EAZ ue(Cov &oxtv. 

Ei yàp uń, tor ton £o xiv auth Ñ £Àáooov: tor, ev oov 
00x &oty f| óxó BAT xfj 0nd EAZ: ton yàp &v Tiv xoà Déoic 
n BI Báce th EZ: ovx Eott dé. 00x hoa ton Eotl ywvia f, 
òrò BAT xfj óxó EAZ: o08& uy &Aáocov Eotiv H òrò BAT 
ts Und EAZ: &A&cocov yàp äv Tiv xoi Dácic Y, BT Bdoewc 
tfic EZ: oóx Éow Dé: oOx Goa EAdoowy &odiv H Und BAT 
yovla thc Und EAZ. &6e(y0r dé, Gtr o08€ ton’ ueiGov doa 
éotly fj ónó BAT fic Und EAZ. 

"Eàv dea 600 totywva tac 000 TAEUEdC duol nAsupoüc 
louc Éyy| &xoxépav exdteea, thy de Baoty tic Bdoewc 
uelCova &ym, xol thy ywviav tic ywviac uetCova eer TAV 
UNO 1Gv towv evVELev Tepleyouevny’ ónep Eder Seitar. 


xs. 

‘Edy 600 Tetywva tac 600 ywviaç duol Yov(otc toas £y 
EXATEOAY &xorcépot xal ulay rA eupóty ULE TALES tony Tjxot THY 
TENS toç lootc Ywviauc Tj Thy onotetvoucav ONO ulay xv 
loov yoviy, xol xàc Aou MAcUVEd tas Aonais rAeupolic 
tous &&et [Exatéoav exatépg] xa thy AXoudv yoviav xfj Aoi 
yovig. 

"Ecc 900 tetywva xà ABT, AEZ xàc 660 vovíoc vàc 
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(Which is) the very thing it was required to show. 


Proposition 25 


If two triangles have two sides equal to two sides, 
respectively but (one) has a base greater than the base 
(of the other), then (the former triangle) will also have 
the angle encompassed by the equal straight-lines greater 
than the (corresponding) angle (in the latter). 





E F 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively (That is), AB (equal) to DE, and AC to DF. 
And let the base BC be greater than the base EF. I say 
that angle B AC is also greater than EDF. 

For if not, (B AC) is certainly either equal to, or less 
than, (EDF). In fact, BAC is not equal to EDF. For 
then the base BC would also have been equal to the base 
EF [Prop. 1.4]. But it is not. Thus, angle B AC is not 
equal to EDF. Neither, indeed, is BAC less than EDF. 
For then the base BC would also have been less than the 
base EF [Prop. 1.24]. But it is not. Thus, angle BAC is 
not less than E DF. But it was shown that (BAC is) not 
equal (to EDF) either. Thus, BAC is greater than EDF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has a base greater than the 
base (of the other), then (the former triangle) will also 
have the angle encompassed by the equal straight-lines 
greater than the (corresponding) angle (in the latter). 
(Which is) the very thing it was required to show. 


Proposition 26 


If two triangles have two angles equal to two angles, 
respectively, and one side equal to one side—in fact, ei- 
ther that by the equal angles, or that subtending one of 
the equal angles—then (the triangles) will also have the 
remaining sides equal to the [corresponding] remaining 
sides, and the remaining angle (equal) to the remaining 
angle. 
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òrò ABL, BTA uol voi; ónó AEZ, EZA ícoc éyovta 
Exatépav Exatéea, viv u£v ónó ABT tH ónó AEZ, uv 
6€ Und BTA t tnd EZA: éyétw 0€ xoi uíav nAeupàv uğ 
rÀAeupg& tony, TEOTEPOV THY npÓc toç lootc Ywvlorg tv 
BI th EZ: AEyw, Or xal tàs Aoc nAsupó tois Aovnoüc 
TAcupdic toas éfer Exatéoav exatéoeg, thy uev AB t AE 
thy òè AT xfj AZ, xoi thy any ywviav xf, Aon yovig, 
thy Uno BAT tH òrò EAZ. 


A 


A 
H 





E 





B oR 

Ei yàp &woóc Eotw f, AB ti AE, ula adtév ue(Cov 
éottv. Eotw ue(Cov f, AB, xa xeloðw tÅ AE ton ñ BH, xoi 
éreCevy0w n HPI. 

Enel ody ton £oxtv f; u£v BH t AE, 5| 6£ BT «jj EZ, 600 
67; oi BH, BT uo tos AE, EZ ïou eiolv êxatépa &xorxépac 
xoi yovia 7 òrò HBT vovía tH óxó AEZ ton &oxtv: Báoic 
&pa 1? HT Boos: xfj AZ ton Eotiv, xoà tò HBT tetywvov 1G 
AEZ tetyave (oov Eottv, xol at Aowmal yœviar tos Aouxoüic 
vcv(otc toot Écovxot, WE’ Gc at toot rÀeupol orocctvouoctv: 
ton pa f| ónó HTB yowí(a tH óxó AZE. àAA& fj óxó AZE 
tÑ óxó BTA brdxerta tory xoi f, 0x0 BTH &pa t òrò BTA 
{on &oxtv, f| £Aáocov tH UetCow Stee åðúvatov. OLX dpa 
&vtoóc otv f; AB xfj AE. ton dow. Zot òè xoi f, BT tH EZ 
low 600 97; of AB, BT dvuol voii; AE, EZ tom ciolv exatépa 
&xoxépor xoà ywvia f| Und ABT ywvia xfj Und AEZ otv 
tor: Báotc dow À AT Báoet tH AZ ton &oxtv, xa Aon) vovía 
n òrò BAT tH onf yovi tH òrò EAZ ton &oxtv. 

AAG 97) náv čotwoav at ONO tàs toas Yovíoc rAeupol 
vnotetvouon toa, óc f, AB tÅ AE: Aéyw nét, Str xoi oi 
onol TAEUeAl tos Aonais rAeupoic toot Eoovta, f; u&v AT 
tf AZ, f; òè BT tH EZ xoà Ett H Aou] Yeovia 9, òrò BAT 
TH Aoir Yovío tH òrò EAZ ton &oxív. 

Ei yàp &vtoóc Eotw f, BT xfj EZ, ula adtév ue(Gov &oxtv. 
čotw ue(Cov, ei óuvaxóv, f| BT, xoà xe(o0o xfj EZ tor f, BO, 
xal &xeCeOy 0o À AO. xoi &x& ton £odiv f, uev BO tH EZ 
n 6€ AB xfj AE, 600 87; oi AB, BO dvol totic AE, EZ tou 
£iolv Exatéoa &xotpépor xol ywvias oas nepiéyouotv: Bdotc 
&pa f, AO Bóoe xfj AZ ton &oxtv, xoi tò ABO tetywvov 1G 
AEZ tetyaove (oov &oxtv, xol at Aowmal ywvion tos Aouxolic 
vcv(otc tou Eoovta, LY’ Gc at toaç rAeupol orocetvouoctv: 
ton &pa cotiv f, òrò BOA ywvia t ónó EZA. GAAX fj ODO 
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Let ABC and DEF be two triangles having the two 
angles ABC and BCA equal to the two (angles) DEF 
and EF D, respectively. (That is) ABC (equal) to DEF, 
and BCA to EFD. And let them also have one side equal 
to one side. First of all, the (side) by the equal angles. 
(That is) BC (equal) to EF. I say that they will have 
the remaining sides equal to the corresponding remain- 
ing sides. (That is) AB (equal) to DE, and AC to DF. 
And (they will have) the remaining angle (equal) to the 
remaining angle. (That is) BAC (equal) to EDF. 


D 
A 
G 





E F 





B H'C 

For if AB is unequal to DE then one of them is 
greater. Let AB be greater, and let BG be made equal 
to DE [Prop. 1.3], and let GC have been joined. 

Therefore, since BG is equal to DE, and BC to EF, 
the two (straight-lines) GB, BC? are equal to the two 
(straight-lines) DE, EF, respectively. And angle GBC is 
equal to angle DEF. Thus, the base GC is equal to the 
base DF, and triangle GBC is equal to triangle DEF, 
and the remaining angles subtended by the equal sides 
will be equal to the (corresponding) remaining angles 
[Prop. 1.4]. Thus, GCB (is equal) to DFE. But, DFE 
was assumed (to be) equal to BCA. Thus, BCG is also 
equal to BCA, the lesser to the greater. The very thing 
(is) impossible. Thus, AB is not unequal to DE. Thus, 
(it is) equal. And BC is also equal to EF. So the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DE, EF, respectively. And angle ABC is equal to 
angle DEF. Thus, the base AC is equal to the base DF, 
and the remaining angle BAC is equal to the remaining 
angle EDF [Prop. 1.4]. 

But, again, let the sides subtending the equal angles 
be equal: for instance, (let) AB (be equal) to DE. Again, 
I say that the remaining sides will be equal to the remain- 
ing sides. (That is) AC (equal) to DF, and BC to EF. 
Furthermore, the remaining angle BAC is equal to the 
remaining angle EDF. 

For if BC is unequal to EF then one of them is 
greater. If possible, let BC be greater. And let BH be 
made equal to EF [Prop. 1.3], and let AH have been 
joined. And since BH is equal to EF, and AB to DE, 
the two (straight-lines) AB, BH are equal to the two 
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EZA «ij òrò BTA éotww tor teryovou 07, to AOT f| &xxóc 
yovia 7 òrò BOA ton &ox xfj Evtd¢ xol dnevavtiov t oro 
BTA: ónep ddbvatov. obx doa &vioóc Eotw f| BI xfj EZ: ion 
&pa. toti dé xoi f, AB xfj AE ton. 600 54 ai AB, BT 600 
toic AE, EZ tom eioi Exatéoa Exatéeg xod ywviac tooc 
regiéyoucv. Béo doa f, AT Bdoet tÅ AZ ton &oxtv, xoi tò 
ABT tetywvov 16 AEZ teryave toov xoi Aoi? yovia À 
òrò BAT «fj Aou) yovi xfj óxó EAZ ton. 

"Edy doa 860 tpíiywva tàs 660 Ywviac Svol ywvios toas 
Éyy| xatépav xatép xol ulov TAcvEdy wð nAeup& tony 
HtOL Thy xpóc tos tos yewviouc, fj THY ónoxe(voucavy UNO 
iav x&v toov yovv, xol TÙS AOITAS TAELES tois Aouolic 
rAeupoüc toas É&et xoà thy Aoinhy yoviav tH Aon yovig 
bree Eder SetEan. 


t The Greek text has “BG, BC”, which is obviously a mistake. 


xÇ’. 
"Eàv cic 000 edv¥etac ebVEta &unírvouca Tac EvaAAKE 
yooviac loo GO Aoc TOL, TAOGAANAOL £oovrot AAA Aous od 
cocto. 


A 








T Z A 


Hic yàp 800 ebVetac tac AB, TA eótcia gunintovoa À 
EZ tac &voAà& yoviag tàs nò AEZ, EZA oac dXXfAouc 
rote(xoy Aéyo, StL TAEGAANAdS Eotw A AB xfj TA. 

Et yàp wh, exBoarrAduevan at AB, TA cuunecobvcat fixo 
¿nà xà B, A uépn Ñ ent tà A, T. exBeBAhoIwouy xol ovy- 
ruxévooav ent xà B, A uéer xatà tò H. tory@vou 97) tod 
HEZ f, &xxóc yovia f, UNO AEZ ton tot) tH Evtoc xol åns- 
vaviíov t óxó EZH: oreo &oxtv ddbvatov: oOx &pa at AB, 
AT éxBarAduevar ouurecoodvta ext tà B, A uéprn. ógotoc 
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(straight-lines) DE, EF, respectively. And the angles 
they encompass (are also equal). Thus, the base AH is 
equal to the base DF, and the triangle ABH is equal to 
the triangle DEF, and the remaining angles subtended 
by the equal sides will be equal to the (corresponding) 
remaining angles [Prop. 1.4]. Thus, angle BH A is equal 
to EFD. But, EFD is equal to BCA. So, in triangle 
AHC, the external angle BHA is equal to the internal 
and opposite angle BCA. The very thing (is) impossi- 
ble [Prop. 1.16]. Thus, BC is not unequal to EF. Thus, 
(it is) equal. And AB is also equal to DE. So the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DE, EF, respectively. And they encompass equal 
angles. Thus, the base AC is equal to the base DF, and 
triangle ABC (is) equal to triangle DEF, and the re- 
maining angle B AC (is) equal to the remaining angle 
EDF [Prop. 1.4]. 

Thus, if two triangles have two angles equal to two 
angles, respectively, and one side equal to one side—in 
fact, either that by the equal angles, or that subtending 
one of the equal angles—then (the triangles) will also 
have the remaining sides equal to the (corresponding) re- 
maining sides, and the remaining angle (equal) to the re- 
maining angle. (Which is) the very thing it was required 
to show. 


Proposition 27 


If a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel to one another. 








C D 


For let the straight-line EF, falling across the two 
straight-lines AB and CD, make the alternate angles 
AEF and EFD equal to one another. I say that AB and 
CD are parallel. 

For if not, being produced, AB and CD will certainly 
meet together: either in the direction of B and D, or (in 
the direction) of A and C [Def. 1.23]. Let them have 
been produced, and let them meet together in the di- 
rection of B and D at (point) G. So, for the triangle 
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OF SeryVoeta, Str OSE Ext xà A, I> ai SE Ent uNndétepa xà 
ép ouunírxoucat TAPGAANAOL ciow: TAPdAANAOS doa &oxty 
n AB «fj TA. 

"Eàv dea cic 600 evVetauc cOVeta Eunimtovod vàc EvaAAKE 
yworvlac oas AAAs ToL, MaodAANAOL čoovta oi. eo elo 
önep Eder dcia. 


xn). 

‘Edy cic 000 ebVetac coca &unínrouca thy &xxóc 
yoviay TH £vvóc xal dnevavttov xol &ri và obxà UEON tony 
TOU, Ñ TÒS &vxóc xoi &ri xà ALTA EEN, Guolv ptas touc, 
TAPAAN L čoovta AAAA at cUVEta. 


E 








Z 


Eis yàp 600 evVetuc tac AB, TA eócia tunintouvoa f, 
EZ thy &xxóc Yovíav thy bro EHB «fj £vxóc xoi ànevavtiov 
yovia tÅ Und HOA onv roteitw Ñ tàs &vvoc xoi &ri xà 
avte uégr, tac Und BHO, HOA uov ptos toas: Aévo, 
Ott TaPGAANAdS Eotw f| AB t LA. 

"Eme yàp ton £o xiv f; òrò EHB «fj 0nd HOA, àAA& H ONO 
EHB fj ónó AHO Eotw ton, xoi 5; òrò AHO &pa «fj ono 
HOA Eow ion: xai cio EvarAdE rogi Aoc koa Eotlv ñ 
AB tA TA. 

Ié, &nei ai óxó BHO, HOA 600 pls toa ciotv, 
tici òè xoi at Und AHO, BHO dvoly ópüoic (cot, oi dpa 
òrò AHO, BHO «oic óxó BHO, HOA ïou cioiv: xowh 
&enerjodo n óxó BHO: Aou &pa f, òrò AHO onf tH 
òrò HOA ċotw ton: xal ciow &£vaAAáE: napáAArAoc &pa 
éotlv fj AB tÑ TA. 

‘Edy doa eic 600 cbVElac coca &un(rtouca trjv &xtóc 
yoviay tH £vvóc xol. anevavtiov xol Ext xà HUTA uéer, tony 
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GEF, the external angle AEF is equal to the interior 
and opposite (angle) EFG. The very thing is impossible 
[Prop. 1.16]. Thus, being produced, AB and C'D will not 
meet together in the direction of B and D. Similarly, it 
can be shown that neither (will they meet together) in 
(the direction of) A and C. But (straight-lines) meeting 
in neither direction are parallel [Def. 1.23]. Thus, AB 
and CD are parallel. 

Thus, if a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel (to one another). 
(Which is) the very thing it was required to show. 


Proposition 28 


If a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo- 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel to 
one another. 


E 








F 


For let EF, falling across the two straight-lines AB 
and CD, make the external angle EGB equal to the in- 
ternal and opposite angle GH D, or the (sum of the) in- 
ternal (angles) on the same side, BGH and GHD, equal 
to two right-angles. I say that AB is parallel to C D. 

For since (in the first case) EGB is equal to GH D, but 
EGB is equal to AGH [Prop. 1.15], AGH is thus also 
equal to GHD. And they are alternate (angles). Thus, 
AB is parallel to CD [Prop. 1.27]. 

Again, since (in the second case, the sum of) BGH 
and GHD is equal to two right-angles, and (the sum 
of) AGH and BGH is also equal to two right-angles 
[Prop. 1.13], (the sum of) AGH and BGH is thus equal 
to (the sum of) BGH and GHD. Let BGH have been 
subtracted from both. Thus, the remainder AGH is equal 
to the remainder GH D. And they are alternate (angles). 
Thus, AB is parallel to CD [Prop. 1.27]. 
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TOL, Ñ TÒS &vxóc xoi El xà AUTH EEN, Guolv ptas touc, 
TapcArAnrot Eoovtar oi evVEtau Smee Eder Degon. 


x). 


‘H eic tac nopoAAYjAouc evdeiac eó0cia tunintouvoa tác 
TE EVAAAKE Yvovíoc toas &XAXXfjAotc nowi xoà Thy &xcóc TH 
&vrÓc xol anevavtiov ony xoi Tac &£vróc xoà &mi TH obrà 
uégr 8uotv plais toas. 


E 








Z 


Eis yàp nxopoaAAYAouc evdetac tac AB, TA ecó0cia 
éumintétw f| EZ: Aéyvo, Ott TAS £vaAAàE yovias tac nó 
AHO, HOA íoac not xol Thy &xxóc Ywviav Thy òrò EHB 
TÑ £vxvóc xal àxevavitov t Und HOA tony xoi tac &vxóc 
xoi emi xà oabxà uéen Tac ónó BHO, HOA uov dpedaiic 
tous. 

Ei yàp &vtoóc Eotw fj Und AHO tH òrò HOA, pia adtésv 
ueiCov &oxtv. Eotw ue(Cov 7 Und AHO: xow) teooxciodw 
ñ òrò BHO: at dou bnd AHO, BHO t&v ónó BHO, HOA 
uetCovec elow. GAAG al Und AHO, BHO õuoiv dpdoiic tou 
ciotv. [xoi] oi dpa óxó BHO, HOA $00 ópÜüGv &£X&coovéc 
clo. odi òè dm &Aacoóvov Tj 600 Op0Gv &xpoAXÓusvot 
tic &netpov cuunírvouctv at doa AB, TA exBarAduevon 
cic &reipov cuunecoóvtiar OÙ OUUTÍTTOUOL be Sid TO TA- 
paAA Aous abtàç UroxeioVar 00x doa &vtoÓc EoTW Å LTO 
AHO tf óxó HOA: ton dow. GAAG H ONO AHO «fj ónó EHB 
totuv lory xoi 7 ònò EHB dow tH Und HOA Eo tw ton: xow) 
teooxetodw f, òrò BHO: oi doa óró EHB, BHO «oic tno 
BHO, HOA tow eiotv. &XAX at òrò EHB, BHO 600 Oóp0oüc 
tout eiotv: xoi ai òrò BHO, HOA dpa dúo deVaiic toa eiotv. 

“H doa eic tàs MapadArAouc eóOctoc cOVEta &untrvouca 
TÁG TE EVAAAKE vovíac toas GAAVAaIC nowt xal xijv &xxóc 
TH &vxóc xol amevavtiov tony xal tac &vvóc xoi &ri xà AUTH 
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Thus, if a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo- 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel (to 
one another). (Which is) the very thing it was required 
to show. 


Proposition 29 


A straight-line falling across parallel straight-lines 
makes the alternate angles equal to one another, the ex- 
ternal (angle) equal to the internal and opposite (angle), 
and the (sum of the) internal (angles) on the same side 
equal to two right-angles. 

E 








F 


For let the straight-line EF fall across the parallel 
straight-lines AB and CD. I say that it makes the alter- 
nate angles, AGH and GHD, equal, the external angle 
EGB equal to the internal and opposite (angle) GH D, 
and the (sum of the) internal (angles) on the same side, 
BGH and GHD, equal to two right-angles. 

For if AGH is unequal to GH D then one of them is 
greater. Let AGH be greater. Let BGH have been added 
to both. Thus, (the sum of) AGH and BGH is greater 
than (the sum of) BGH and GHD. But, (the sum of) 
AGH and BGH is equal to two right-angles [Prop 1.13]. 
Thus, (the sum of) BGH and GHD is [also] less than 
two right-angles. But (straight-lines) being produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, AB and CD, 
being produced to infinity, will meet together. But they do 
not meet, on account of them (initially) being assumed 
parallel (to one another) [Def. 1.23]. Thus, AGH is not 
unequal to GH D. Thus, (it is) equal. But, AGH is equal 
to EGB [Prop. 1.15]. And EGB is thus also equal to 
GHD. Let BGH be added to both. Thus, (the sum of) 
EGB and BGH is equal to (the sum of) BGH and GHD. 
But, (the sum of) EGB and BGH is equal to two right- 
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ween dvolv deVdiic toas: önep Eder deiga. 


A. 
Ai tH ùt cvei napå Anor xol X joue siol rapin- 


Ao. 
u/ 


A 








E 


K 


/ 


"How exatéoa x&v AB, TA xfj EZ napddAndoc: Aéyo, 
óu xoi n AB xfj TA £o napé&dAndoc. 

"Eunixiéto yàp cic UTA eó0cia v, HK. 

Kat énel eic xopoAAjAouc edvdetac tac AB, EZ có0cia 
&unérvoxev 7, HK, ton dea 5, Und AHK «fj óró HOZ. 
náv, Emel cic nopoAAfjAouc ebIetac tàs EZ, DA có0cia 
éunéntwxev f, HK, ton &oxv f, Und HOZ tf ónó HKA. 
edetyOy dè xoi n bnd AHK «fj ónó HOZ ton. xoi fj ond AHK 
&pa tH Und HKA otv ion: xal sioi EvahAdE. rapdAAnroc 
&pa cotlv 7 AB xfj TA. 

[Ai doa tH abt edVela pd Aot xoà. AAMAS siol 
napáAAnAov] óxep ESer SetEou. 


T A 





ha’. 

Até tod do00Evt0¢ onuetou TH SoVeton cbVeig rap nov 
evvelav YoauUny ayoyelv. 

"Ecco TÒ uèv do0Ev onuetoyv tò A, 7 66 6o0cica eocta 
A BI det ù Già tod A onuetiou tÅ BT evVete napddAndrov 
cevdelav YeaUUny ayayelv. 

Eid jv ent týs BT tuyov onueiov tò A, xoi &xeCeoy 0o 
n AA: xoi ouveotåtw npóc TH AA evdeta xol 16 npóc aij 
onucío và A th Und AAT ywvig ton 7 Ord AAE: xoi 
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angles [Prop. 1.13]. Thus, (the sum of) BGH and GHD 
is also equal to two right-angles. 

Thus, a straight-line falling across parallel straight- 
lines makes the alternate angles equal to one another, the 
external (angle) equal to the internal and opposite (an- 
gle), and the (sum of the) internal (angles) on the same 
side equal to two right-angles. (Which is) the very thing 
it was required to show. 


Proposition 30 


(Straight-lines) parallel to the same straight-line are 
also parallel to one another. 








A G B 
E H F 
C K D 





Let each of the (straight-lines) AB and C D be parallel 
to EF. I say that AB is also parallel to CD. 

For let the straight-line GK fall across (AB, C D, and 

And since the straight-line GK has fallen across the 
parallel straight-lines AB and EF, (angle) AGK (is) thus 
equal to GH F [Prop. 1.29]. Again, since the straight-line 
GK has fallen across the parallel straight-lines EF and 
CD, (angle) GH F is equal to GKD [Prop. 1.29]. But 
AGK was also shown (to be) equal to GH F. Thus, AGK 
is also equal to GK D. And they are alternate (angles). 
Thus, AB is parallel to CD [Prop. 1.27]. 

[Thus, (straight-lines) parallel to the same straight- 
line are also parallel to one another.] (Which is) the very 
thing it was required to show. 


Proposition 31 


To draw a straight-line parallel to a given straight-line, 
through a given point. 

Let A be the given point, and BC the given straight- 
line. So it is required to draw a straight-line parallel to 
the straight-line BC, through the point A. 

Let the point D have been taken a random on BC, and 
let AD have been joined. And let (angle) DAE, equal to 
angle ADC, have been constructed on the straight-line 
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éxPeBAhodu en cdVetac tÅ EA eó0cia 9| AZ. 


E A Z 





B IB 
A 


Koi &rei eic 600 evdetac tac BT, EZ cdVeta tunintovoa 
n AA tae £voAAAE yoviag tàs rò EAA, AAT {oag 
AAAs neroinxev, nopdAAroc dpa &oxiv f) EAZ xfj BI. 

At& tod Go0évcxoc doa onuelou tod A tÅ 6o0cíor coco 
tfj BP napdddAndroc eoi. youu xta À EAZ: ónep eer 


TOLL. 





Ap 
Ilavtóc tetymvou wdc x&v nAeupóv npooexQAnslorc 
3| ExtO¢ Ywvia duol xolic &vxóc xol ànevavtiov ton &oxtv, xoi 
al &vxóc To telywvou TeEic yYwviat dvolv ptos toot eiotv. 


A E 





B T A 


"Eoo tetywvoy tò ABT, xoi npocexfepArjo0o adtod 
uta tAcved ñ BT &ri tò Ac Evo, Sti H &xxóc Ywvia f| LTO 
ATA ïon goti duct tos &vxóc xol ånevavtiov volic ónó TAB, 
ABT, xal oi &vxóc tod tetymvou cpeic ywvion ai òrò ABT, 
BIA, TAB 8uoiv ópüoüc tom etoty. 

"Hy90 yàp dà tod T onustou xfj AB edvVeta noapdAAnAoc 
7 TE. 

Kat nel napåňànàós &ovv f| AB ti DE, xoi eic otc 
éunértoxev f, AT, ai Evorrde yworvion ot òrò BAT, ATE toot 
GAAYjAouc elotv. rtv, Enel napáAAnAóc Eotw f, AB xfj TE, 
xal eic obvàc &unénvoxev cvdeta 7, BA, fj &xóc vovía f 
òrò ETA ior &od t £vxóc xoà anevavtioy t ónó ABT. 
edetyOy dè xot fj nò ATE t óxó BAT ion: AN doa Å UDO 
ATA yoviaton &oxi duol xolic &vxóc xol ånevavtiov taç UTS 


BAT, ABT. 
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DA at the point A on it [Prop. 1.23]. And let the straight- 
line AF have been produced in a straight-line with EA. 


E a F 





B C 
D 


And since the straight-line AD, (in) falling across the 
two straight-lines BC and EF, has made the alternate 
angles EAD and ADC equal to one another, E AF is thus 
parallel to BC [Prop. 1.27]. 

Thus, the straight-line E AF has been drawn parallel 
to the given straight-line BC, through the given point A. 
(Which is) the very thing it was required to do. 





Proposition 32 


In any triangle, (if) one of the sides (is) produced 
(then) the external angle is equal to the (sum of the) two 
internal and opposite (angles), and the (sum of the) three 
internal angles of the triangle is equal to two right-angles. 


A 





B C D 

Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is equal to the (sum of the) two internal and oppo- 
site angles CAB and ABC, and the (sum of the) three 
internal angles of the triangle—ABC, BCA, and CAB— 
is equal to two right-angles. 

For let CE have been drawn through point C parallel 
to the straight-line AB [Prop. 1.31]. 

And since AB is parallel to CE, and AC has fallen 
across them, the alternate angles BAC and ACE are 
equal to one another [Prop. 1.29]. Again, since AB is 
parallel to CE, and the straight-line BD has fallen across 
them, the external angle ECD is equal to the internal 
and opposite (angle) ABC [Prop. 1.29]. But ACE was 
also shown (to be) equal to BAC. Thus, the whole an- 
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Kow) ngooxeío«o f, òrò ATB: oi doa òrò ATA, ATB 
totol toc bnO ABD, BTA, TAB tow eiotv. àAA ai ónó ATA, 
ATB uov pás (oot ciotv: xoi oi òrò ATB, TBA, TAB 
doa Guolv ópUoüc tom etotv. 

Ilavtóc dea tetywvou wç tæv mxAeupGv mpoosx- 
DAnOsionc f| ExtO¢ Ywvla duol voc &vxóc xol amevavtiov 
ïon eotty, xoi al £vxtóc tod t1ptyovou tesic ywviow Ouolv 
ópUoüc tou ciotv: ónep Eder deiga. 


, 


AY. 
Ai tac looc te xoà mopoAAYjAouc Ent Ta HOTA WEEN ni- 
Cevywovoa ebat xol abtal toot te xol rop mA oí eio. 


B A 





A D 


"Eocvocav toot te xoi roapáAAnAot at AB, TA, xoi ên- 
Ceuyvútwoav ot tàc emt Te ata uépr, edVEtan ot AT, BA: 
Evo, Sti xoi at AT, BA (oot te xol maecAAnAot ciotv. 

‘EneCevy0w 7 BI. xoi Enel rapddAAndrdc otv fj AB tñ 
TA, xoi eic atte &unérvoxev f, BD, at £vaAAà& ywviow at 
ono ABT, BTA tom G2 fjAotc eiotv. xa Enel ton £oxiv f, AB 
xfj DA xow) òè H BD, dúo 64 oi AB, BT 600 tos BD, TA toot 
eioív: xoi ywvia n òrò ABT yovi tH òrò BTA tory Bos 
goa f, AT Baoet tH BA &oxv ton, xoi tò ABT tetywvov t& 
BTA xeuyóvo tcov &oxív, xol at Aotmal ywvion tos Aotxoüc 
ywviaic toa Eoovta &xorcépot &xorcépot, VY’ Ac ai toot A eupot 
bnotetvouow’ ton doa ñ òrò ATB vovía xfj òrò TBA. xoi 
ène eic 000 evVetuc tac AT, BA cdVeta gunintovoa f, BT 
TÒS EVUAAGE ywrviac toas GAAMAac Tenotnxev, TaPdAANAOS 
&pa &oxiv fj AT ti BA. edetyOy dè aci xoi ton. 

Ai doa tàs oas te xoà mapadAnAous éni Ta abxà LEON 
émiCevywwovoa evdetar xal avtal too te xoà mapcrAAnAot 
cio: Ónep der Oci&on. 
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gle ACD is equal to the (sum of the) two internal and 
opposite (angles) BAC and ABC. 

Let AC B have been added to both. Thus, (the sum 
of) ACD and ACB is equal to the (sum of the) three 
(angles) ABC, BCA, and C AB. But, (the sum of) ACD 
and AC B is equal to two right-angles [Prop. 1.13]. Thus, 
(the sum of) ACB, CBA, and C AB is also equal to two 
right-angles. 

Thus, in any triangle, (if) one of the sides (is) pro- 
duced (then) the external angle is equal to the (sum of 
the) two internal and opposite (angles), and the (sum of 
the) three internal angles of the triangle is equal to two 
right-angles. (Which is) the very thing it was required to 
show. 


Proposition 33 


Straight-lines joining equal and parallel (straight- 
lines) on the same sides are themselves also equal and 


parallel. 
B A 








D C 


Let AB and C'D be equal and parallel (straight-lines), 
and let the straight-lines AC and BD join them on the 
same sides. I say that AC and BD are also equal and 
parallel. 

Let BC have been joined. And since AB is paral- 
lel to CD, and BC has fallen across them, the alter- 
nate angles ABC and BCD are equal to one another 
[Prop. 1.29]. And since AB is equal to CD, and BC 
is common, the two (straight-lines) AB, BC are equal 
to the two (straight-lines) DC, C B.'And the angle ABC 
is equal to the angle BC D. Thus, the base AC is equal 
to the base BD, and triangle ABC is equal to triangle 
DCB*, and the remaining angles will be equal to the 
corresponding remaining angles subtended by the equal 
sides [Prop. 1.4]. Thus, angle ACB is equal to CBD. 
Also, since the straight-line BC, (in) falling across the 
two straight-lines AC and BD, has made the alternate 
angles (AC B and CB D) equal to one another, AC is thus 
parallel to BD [Prop. 1.27]. And (AC) was also shown 
(to be) equal to (B.D). 

Thus, straight-lines joining equal and parallel (straight- 


STOIXEION v. 


t The Greek text has “BC, C.D”, which is obviously a mistake. 
t The Greek text has “DC B", which is obviously a mistake. 


Oo” 
TOv TAPAAANAOCYECUUOY yoplov oi amevavtiov rAeugat 
xe xa yovi toot. GÀ joue Eloty, xoà f, diåuetpos HUTA obra 
TEUVEL. 


A B 














T A 

"Eoo napahànàóypauuov ywpiov tò ATAB, duetos 
dé adtod f, BT Aéyo, óu toŭ ATAB rapadAnroyeduuon oi 
dnevavttov TAcveat te xol yarvion toot AAAs Elotv, xal 7 
BT àiógexpoc AUTO Stya xéuvet. 

"Enel yàp napåňňnňós £owv f, AB ti TA, xo cic aÙtàs 
éurnentwxev evveta A BT, at EvorkAdE ywvion ot òrò ABT, 
BTA toot à) jXouc ciotv. méAw nel rapáňňnàós Eotw f| AD 
TÅ BA, xa eic aùtàs &unérvoxev ñ BD, ai £vaXAX& yeovion 
at bro AT B, TBA toot GA jAotc eiotv. 600 SF xp(yc vá £o 
tà ABT, BTA xàc 0600 ywviag tac óxó ABT, BTA 6uol 
tos òrò BPA, PBA toc éyovta &xorvépav &xoxépat xol uíov 
TACUEAY ut rAeup& tory trjv npóc tas tootc Ywviauc xotvrv 
avtéy thy BI" xoa tac Aoinàs hoa nAeugpóc tas Aovnoüc 
{oac É&et &xorépatv &xorvépat xo thy Aourr]v ywviay tH Aou 
yovia ton doa ù u&v AB neue xfj TA, ġ òè AT xfj BA, 
xoi Ett ton £oxv f, òrò BAT yovia xf; òrò TAB. xoi nel 
ton £oxv f pèv òrò ABT ywvia xf; ónó BLA, fj 6£ Ond TBA 
tÑ òrò ATB, 6An doa fj Und ABA 6An tH ónó ATA otw 
lor. edety0n dé xoi 7 UXO BAT xfj ono TAB ton. 

TOV doa nopoAXnAoyoóuuov yopiwy al a&mevavtiov 
TAgveat te xol yeovion toot. GA joue eiotv. 

Aéyo oh, óxt xoi fj Sidweteos aOTE diya téuver. Enel yàp 
ïon cotly f| AB tH DA, xow) òè ñ BI, 600 SF oi AB, BI 
dvol tos L'A, BT toot eioiv êxatépa exatéoa xol ywvia f 
òrò ABT ywvia tÅ óxó BTA ton. xoi Báoic dou f| AT xfj 
AB ion. xoi tò ABT [&po] totywvov 16 BTA xpuyovo tcov 
eotly. 

‘H &ga BI dtdueteo¢ Stya téuver tO ABTA apo .- 
Anàóypaupov: ónep Eder deiou. 
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lines) on the same sides are themselves also equal and 
parallel. (Which is) the very thing it was required to 
show. 


Proposition 34 


In parallelogrammic figures the opposite sides and angles 
are equal to one another, and a diagonal cuts them in half. 


A B 














C D 

Let ACDB be a parallelogrammic figure, and BC its 
diagonal. I say that for parallelogram AC DB, the oppo- 
site sides and angles are equal to one another, and the 
diagonal BC cuts it in half. 

For since AB is parallel to C D, and the straight-line 
BC has fallen across them, the alternate angles ABC and 
BCD are equal to one another [Prop. 1.29]. Again, since 
AC is parallel to BD, and BC has fallen across them, 
the alternate angles ACB and CBD are equal to one 
another [Prop. 1.29]. So ABC and BCD are two tri- 
angles having the two angles ABC and BCA equal to 
the two (angles) BC D and CBD, respectively, and one 
side equal to one side—the (one) by the equal angles and 
common to them, (namely) BC. Thus, they will also 
have the remaining sides equal to the corresponding re- 
maining (sides), and the remaining angle (equal) to the 
remaining angle [Prop. 1.26]. Thus, side AB is equal to 
CD, and AC to BD. Furthermore, angle BAC is equal 
to CDB. And since angle ABC is equal to BC D, and 
CBD to ACB, the whole (angle) ABD is thus equal to 
the whole (angle) ACD. And BAC was also shown (to 
be) equal to CDB. 

Thus, in parallelogrammic figures the opposite sides 
and angles are equal to one another. 

And, I also say that a diagonal cuts them in half. For 
since AB is equal to C D, and BC (is) common, the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DC, C B!, respectively. And angle ABC is equal to 
angle BC D. Thus, the base AC (is) also equal to DB, 


STOIXEION v. 


t The Greek text has “C.D, BC", which is obviously a mistake. 
t The Greek text has “ABCD”, which is obviously a mistake. 


Ke’. 


Tà napaiànàóypauua TH ETL vfjc HUTS Baoews övta xal 
£v tos awts TAPAAAHAOLS oa GAANAOIC &oxtv. 


A A E Z 
SX 
B T 


"Hot napaàànàóypauua tà ABTA, EBTZ ént cfc 
aùts Påoews týs BI' xoà Ev tais ataç MaparANAotc totic 
AZ, BT: \éyw, öt oov £o tò ABTA 16 EBTZ rapaňàn- 
^oyeáuuo. 

‘Enel yàp napoAAnAóyvpouuóv £o tò ABTA, ton Eotiv 
f, AA tH BT. dù xà oxà 07) xoi 5j EZ tH BT otw tor 
Bote xoi n AA «fj EZ got ton: xol xow) fj, AE: AN ápa 
n AE ÓAy tH AZ otw ton. £o òè xoi À AB xf; AT tow 
600 87] at EA, AB 600 xoc ZA, AT tom ciotv exatépa 
&xorépor xoà ywvia f| Und ZAT ywvia tÅ óxó EAB otw 
lon fj £xxoc TH £vvóc: Dáoic doa f, EB Bdoes t ZI ton &oxtv, 
xoi tò EAB tetywvov 16 AZT toryave tcov gota xowóv 
&pnerodw tò AHE: Aoindv doa tò ABHA xpoméCuov Aownés 
16) EHTZ teaneZiw &odiv toov: xowóv meooxetodw tò HBT 
1eiyovov: ov doa TO ABTA naparànàóypauuov ode 1G 
EBI'Z ropoA)nAoYveóáuuo tcov éotty. 

Tà doa TAapArANAGY PALA TH ETL vfjc oo fjc Påocws óvca 
xa EV tois ataç ropa A otc toot HAANAOIC &oxtv: ónep Edet 
Seicou. 
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and triangle ABC is equal to triangle BCD [Prop. 1.4]. 
Thus, the diagonal BC cuts the parallelogram ACD B* 
in half. (Which is) the very thing it was required to show. 


Proposition 35 


Parallelograms which are on the same base and be- 
tween the same parallels are equal! to one another. 


A D E F 
ND 
B C 


Let ABC D and EBCF be parallelograms on the same 
base BC, and between the same parallels AF and BC. I 
say that ABCD is equal to parallelogram EBCF. 

For since ABCD is a parallelogram, AD is equal to 
BC [Prop. 1.34]. So, for the same (reasons), EF is also 
equal to BC. So AD is also equal to EF. And DE is 
common. Thus, the whole (straight-line) AE is equal to 
the whole (straight-line) DF. And AB is also equal to 
DC. So the two (straight-lines) EA, AB are equal to 
the two (straight-lines) FD, DC, respectively. And angle 
FDC is equal to angle EAB, the external to the inter- 
nal [Prop. 1.29]. Thus, the base EB is equal to the base 
FC, and triangle EAB will be equal to triangle DFC 
[Prop. 1.4]. Let DG E have been taken away from both. 
Thus, the remaining trapezium ABGD is equal to the re- 
maining trapezium EGCF. Let triangle GBC have been 
added to both. Thus, the whole parallelogram ABCD is 
equal to the whole parallelogram EBCF. 

Thus, parallelograms which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 





* Here, for the first time, “equal” means “equal in area”, rather than “congruent”. 


As. 


Tà xoapoAAnAÓYvpogpo xà Ertl toov Dáoeov övta xal èv 
Toç otbvolic napao oa GAANAOIC &oxív. 

"Eo nxopoAAnAóvpouua tà ABTA, EZHO Eni towv 
Bacewy óvva x&v BI, ZH xal &v coli adtolic mapadAnAoic 
tüc AO, BH: Méyo, óu toov &od tò ABTA napad- 


Proposition 36 


Parallelograms which are on equal bases and between 
the same parallels are equal to one another. 

Let ABCD and EFGH be parallelograms which are 
on the equal bases BC and FG, and (are) between the 
same parallels AH and BG. I say that the parallelogram 
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Anrdyeauuoy x EZHO. 
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ABCD is equal to EFGH. 








B T Z H B C F G 


"Encteóy0coav yàp oi BE, TO. xoi nel ton oti ñ 
BI th ZH, àAAà 5, ZH th EO cot ton, xoi f, BI dow t 
EO éow ton. ciol Dè xol rapdAAnAot. xoi EmTevywWovoww 
avta¢ at EB, OI" oi 6& tàs oas te xal mapadrAnAouc ém 
TH HUTA YUEN EMITevYWWOLGA (cot te xol TaEdAANAOL siot 
[xoi ot EB, OF &pa tom té ciot xoà mapdAANAOL]. xopoA- 
Anàóypaupov Goa &oxi tò EBDO. xai Eotw toov tă ABTA: 
Baow te yàp Ùt Thy adtHy Exe THY BI’, xal ev taç avtoiic 
xapoAAfjAotc £oxlv at toas BD, AO. dla và WTA BY xoi TO 
EZHO «xà advté xà EBI'O otw (cov: Hote xoi tò ABTA 
xagoAAnAóveouuov x EZHO £&otv toov. 

Tà doa xogo Am ó PAULA xà ETL lowv Bdoewy óvca xol 
£v toli obxolc MAPAAAHAOIc loa &AAńào &ox(v: Sree der 
Seton. 


AC 
Tà totywva tà &ri týs obtfjc D&oecc Óvca xal Ev tos 
adtoiic napao toa GAANAOIS &oxív. 


E A A Z 








B IB 

"Eoo tetywva xà ABT, ABT Ext ts adtiic Dáosecc vfic 
BT xoà êv xoc adtoiic napao tas AA, BI" Aévo, óu 
ioov gott tò ABT totywvov xà ABT teryove. 

"ExBeBAjova 9, AA eg’ &xétepa xà ween Ext và E, Z, xoi 
dtd ev tod B xfj TA xapáAA noc fico 9, BE, dla dé tod P tH 
BA mnopáXAnXoc rj o f, DZ. napadAnddoypayov dpa Eotiv 
&xáxegov t&v EBDA, ABDZ: xat eiot tow èni te yàp tic 
adti¢ B&oews clot týs BT xoà ev tais avtolic tapa A jAotc 
toic BD, EZ: xat ott tot} yev EBDA napa kAnroypdupou 
fiucu tò ABT totywvov: f, yàp AB didueteo¢ avtd dtya 
téuvet’ tod 68 ABI'Z xoapoAAnAoveáugou fjucu tò ABT 
totywvov' f, yàp AT Sdiduetpoc adtd dStya xéuvet. [tà 08 
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For let BE and CH have been joined. And since BC is 
equal to FG, but FG is equal to EH [Prop. 1.34], BC is 
thus equal to EH. And they are also parallel, and EB and 
HC join them. But (straight-lines) joining equal and par- 
allel (straight-lines) on the same sides are (themselves) 
equal and parallel [Prop. 1.33] [thus, EB and HC are 
also equal and parallel]. Thus, EBCH is a parallelogram 
[Prop. 1.34], and is equal to ABCD. For it has the same 
base, BC, as (ABC D), and is between the same paral- 
lels, BC and AH, as (ABC D) [Prop. 1.35]. So, for the 
same (reasons), EFGH is also equal to the same (par- 
allelogram) EBCH [Prop. 1.34]. So that the parallelo- 
gram ABCD is also equal to EFGH. 

Thus, parallelograms which are on equal bases and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 37 


Triangles which are on the same base and between 
the same parallels are equal to one another. 


E A D 








B C 

Let ABC and DBC be triangles on the same base BC, 
and between the same parallels AD and BC. I say that 
triangle ABC is equal to triangle DBC. 

Let AD have been produced in both directions to E 
and F, and let the (straight-line) BE have been drawn 
through B parallel to CA [Prop. 1.31], and let the 
(straight-line) CF have been drawn through C parallel 
to BD [Prop. 1.31]. Thus, EBCA and DBCF are both 
parallelograms, and are equal. For they are on the same 
base BC, and between the same parallels BC and EF 
[Prop. 1.35]. And the triangle ABC is half of the paral- 
lelogram E BCA. For the diagonal AB cuts the latter in 


STOIXEION v. 


x&v toov ulon tow Aho &oxtv]. (oov dea oti tò ABT 
xetyovov 16) ABT teryove. 

Tà doa totywva xà &ri THe ADTH¢ Dioec óvta xol Ev tos 
at xolic tapao toa åo &ox(v: Step Eder Ocltot. 


t This is an additional common notion. 


An 
Tà tetywva xà Ext toov Báceov vta xol Ev taç adtollc 
TAEAAANAOLS ton HAAHAOIc &oxtv. 


H A A © 








B T E Z 

"Eoo tetywva tà ABT, AEZ &ri toov Báogov t&v BI, 
EZ xol £v tois adtoiic topo jAotc toas BZ, AA: AEyw, StL 
{oov gott tò ABT xpt(vovov 16 AEZ xprróvo. 

"ExBeBAjodw yàp f, AA ee’ &xéxepa xà uépn Exit tà H, 
O, xol Sid uèv tod B tH TA napdrAndoc HyIw ñ BH, dla 62 
tov Z ti AE nogéAXnAoc fo 7 ZO. repoXXnAóyvpouuov 
&pa &oxiv &xévepgov xv HBI'A, AEZO: xoi toov tò HBTA 
1G AEZO: ent te yàp loov Báåocov eioi xv BT, EZ xoi 
£v oic avtoic topo AfjAotc tais BZ, HO: xal &ox tob uèv 
HBTA rapa aAnroyeduuov fiucu tò ABT tetywvov. fj yàp 
AB Sidwetpog axo Stya téuver tod 68 AEZO mnopoXm- 
Aoypåuuou uou tò ZEA xp(yovov: f, yàp AZ dtayeteoc 
auto Go xépvet [xà SE x&v toov Tjuton tow 00 A otc Eotiy]. 
{oov dea éott tò ABT tetywvov x6 AEZ teryove. 

Tà doa tetywva xà emt flowy Påoecwv dvta xal Ev toüs 
adtoig napao toa åo &oxtv: Step Eder SetEau. 


AW’, 
Tà tow tetywva xà &ri Tho AUTH Påocws Óvva xal Ext 
xà KUTA WEP xol Ev tas ataç MAPAAANAOLS &oxiv. 
"Eoo toa tetywva xà ABD, ABT Ent tij¢ axfic Dáoecoc 
Ovta xol &mi xà HUTH uéer týs Bl" Aéyw, Sti xol Ev toç 
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half [Prop. 1.34]. And the triangle DBC (is) half of the 
parallelogram DBCF. For the diagonal DC cuts the lat- 
ter in half [Prop. 1.34]. [And the halves of equal things 
are equal to one another.]! Thus, triangle ABC is equal 
to triangle DBC. 

Thus, triangles which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 38 


Triangles which are on equal bases and between the 
same parallels are equal to one another. 


G A D H 








B C E F 

Let ABC and DEF be triangles on the equal bases 
BC and EF, and between the same parallels BF and 
AD. I say that triangle ABC is equal to triangle DEF. 

For let AD have been produced in both directions 
to G and H, and let the (straight-line) BG have been 
drawn through B parallel to C'A [Prop. 1.31], and let the 
(straight-line) FH have been drawn through F parallel 
to DE [Prop. 1.31]. Thus, GBC' A and DEFH are each 
parallelograms. And GBC A is equal to DEF H. For they 
are on the equal bases BC and EF, and between the 
same parallels BF and GH [Prop. 1.36]. And triangle 
ABC is half of the parallelogram GBC A. For the diago- 
nal AB cuts the latter in half [Prop. 1.34]. And triangle 
FED (is) half of parallelogram DEFH. For the diagonal 
DF cuts the latter in half. [And the halves of equal things 
are equal to one another] Thus, triangle ABC is equal 
to triangle DEF. 

Thus, triangles which are on equal bases and between 
the same parallels are equal to one another. (Which is) 
the very thing it was required to show. 


Proposition 39 


Equal triangles which are on the same base, and on 
the same side, are also between the same parallels. 

Let ABC and DBC be equal triangles which are on 
the same base BC, and on the same side (of it). I say that 
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adtoiic tapa A jAotc &oiv. 


A 











A 
B IB 

"Encteóy0co yuo 9, AA: Eye, ów napéAAnAóc £o ñ 
AA jj BI. 

Ei yàp uf, fyc dia tod A onuetov tH BI eó0eía 
xapáAArAoc !?) AE, xoi eneTevydw A ET. toov hoa tot) tÒ 
ABT xpí(Yvovov 16 EBD totymve ent te yàp ts avtiic 
Bacews otv avid tfc BT xoi &v tos ovo MapadrANAotc. 
dAAà TO ABT xà ABT Eotw toov: xoi tò ABT &ea t& EBD 
{oov &oxi tò uciGov xà EAdhooow Step &oxiv åðúvatov: ox 
doa ropdAAnAÓc otv 5| AE tH BI. óuoíoc 97) detZouev, 
StL OVS’ GAAH uc TAHY tis AA: 5 AA Gow tH BI ¿ot 
TAOKAANAOS. 

Tà doa tou totywva xà &ri Th¢ adbTI¢ Dáoeoc övta xal 


ETL TH HUTA uer, Kal Ev xolic oróxolic TAPAAAHAOLS EOTIV’ STEP 
Eder Ocio. 





; 
à oa totywva xà &rl toov Påocwyv övta xal Exl TA HUTS 
ween xal Ev Toc aÙtos rtpo AA otc £oítv. 








B F E 


"Eoo toa tetywva xà ABT, TAE &ri toov Båoswv tõv 
BT, TE xo &ri xà oóxà uéon. Aévc, StL xal Ev volic oróxolic 
TAEMAANAOLS Eotiv. 

"EneTevy0w yàp 7 AA: Aéyo, ÖT. TaPdAANAdS £o ñ 
AA tÑ BE. 

Ei yàp uf, fj0c Sia tod A tý BE napgáAAnAoc f; AZ, 
xoi eneCevy0u n ZE. (cov &pa Eotl tò ABI toelywvov 
16 ZTE xpgty vox ent te yàp towv Baoewy eto. vv BI, 
TE xoà év xoüc adtoiic mapadkAvAotc toas BE, AZ. àXAX TÒ 
ABT tetywvov {oov éoti tă ATE [xvotvovo]: xoi tò ATE 
&ea [tetywvoy] tcov £o 16 ZTE xpyóvo tò uciCov x 
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they are also between the same parallels. 
| D 
B C 

For let AD have been joined. I say that AD and BC 
are parallel. 

For, if not, let AE have been drawn through point A 
parallel to the straight-line BC [Prop. 1.31], and let EC 
have been joined. Thus, triangle ABC is equal to triangle 
EBC. For it is on the same base as it, BC, and between 
the same parallels [Prop. 1.37]. But ABC is equal to 
DBC. Thus, DBC is also equal to EBC, the greater to 
the lesser. The very thing is impossible. Thus, AF is not 
parallel to BC. Similarly, we can show that neither (is) 
any other (straight-line) than AD. Thus, AD is parallel 
to BC. 

Thus, equal triangles which are on the same base, and 


on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 











Proposition 40! 


Equal triangles which are on equal bases, and on the 
same side, are also between the same parallels. 


A D 








B C E 


Let ABC and CDE be equal triangles on the equal 
bases BC and CE (respectively), and on the same side 
(of B E). I say that they are also between the same par- 
allels. 

For let AD have been joined. I say that AD is parallel 
to BE. 

For if not, let AF have been drawn through A parallel 
to BE [Prop. 1.31], and let FE have been joined. Thus, 
triangle ABC is equal to triangle FCE. For they are on 
equal bases, BC and CE, and between the same paral- 
lels, BE and AF [Prop. 1.38]. But, triangle ABC is equal 
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éAdooow: Önep &oxiv d60vortov: oùx dpa TaedAANAos H AZ to [triangle] DCE. Thus, [triangle] DCE is also equal to 
tf BE. duotwe 97) SeiZouev, Sti odò’ HAAN tis TAHY tic AA’ triangle FCE, the greater to the lesser. The very thing is 
7 AA dea tH BE &oxt napdAAnaoc. impossible. Thus, AF is not parallel to BE. Similarly, we 
Tà &pa (ca totywva xà Ext toov Báoeov Svta xoi Ext te can show that neither (is) any other (straight-line) than 
oxà uépr xol Ev toç aUTOic napao &ox(v: önep čer AD. Thus, AD is parallel to BE. 
Seicau. Thus, equal triangles which are on equal bases, and 
on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 


+ This whole proposition is regarded by Heiberg as a relatively early interpolation to the original text. 


























ua’. Proposition 41 
Eàv napaAArAÓyYpouuov TeLYovy ßBáåow te Éyrn Thy If a parallelogram has the same base as a triangle, and 
avthy xoi Ev tos adtoiic napao Ti, SitAc&ovdv oti is between the same parallels, then the parallelogram is 
TO TACAAANACYEALLOV TOD TELYWVODL. double (the area) of the triangle. 
E A D E 
B T B C 


IlapgoAAnAóvpouuov yàp tò ABTA xgwyovo tæ EBT For let parallelogram ABCD have the same base BC 
Báow te &yévo thy aùtày thy BT xoà ev voi wdtolic na- as triangle EBC, and let it be between the same parallels, 
paoc Eotw totic BT, AE: Aéyo, Sti SimAdordv Cott tò BC and AE. I say that parallelogram ABCD is double 
ABTA rapaňànàóypauuov tot BET xetyóvov. (the area) of triangle BEC. 

Eretevyðw yàp f, AT. (oov 54 £ou tò ABT tetywvov For let AC have been joined. So triangle ABC is equal 
t@ EBT tetyove: ent te yàp týs attic Dáoeóc Eotw to triangle EBC. For it is on the same base, BC, as 
autés ti¢ BT xoi &v talc axo napao toas BT, AE. (E BC), and between the same parallels, BC and AE 
AAA TO ABTA napaňànàóypauuov Gu oiv ow toU ABT [Prop. 1.37]. But, parallelogram ABCD is double (the 
toryavou' f| yàp AT Siduetpoc atò Stya téuver ote area) of triangle ABC. For the diagonal AC cuts the for- 
tò ABTA rapaňànàóypauuov xoi toù EBT 1ptyóvou gott mer in half [Prop. 1.34]. So parallelogram ABCD is also 


GuxA otov. double (the area) of triangle E BC. 

"Edy doa topo Ar óyveoguov TeLyYOve B&oty te Éyr Thy Thus, if a parallelogram has the same base as a trian- 
autHy xol ev voc adtoic napao fj, SA dotóv &ox( tò gle, and is between the same parallels, then the parallel- 
TapaAAnAóypaupov Tov tpryovou: ónep Eder deko. ogram is double (the area) of the triangle. (Which is) the 


very thing it was required to show. 


up. Proposition 42 
TG 9600évu tetyava toov rapoXAnAÓóYpouuov cuoc To construct a parallelogram equal to a given triangle 
coacta £v xfj Sovelon yovia sòðuypåuuw. in a given rectilinear angle. 
"Eotw TÒ uèv 8600&v telywvov tò ABT, fj dé 600cica Let ABC be the given triangle, and D the given recti- 


yovia evdvypayyoc Y, A: Set 67] 16 ABT toryovw tcov na- linear angle. So it is required to construct a parallelogram 
eahAnrdypayoy ouocfjcaco: £v tý A ywvig ev0vypdéuuw. equal to triangle ABC in the rectilinear angle D. 
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B E T 

Tetuńoðw BT dtya xoxà tò E, xoi exeTevydw f, AE, 
xol ovveotatw Teds TH ET cvVeiq xal xG npòs aùt ono 
1G E xfj A yovig ton ñ nò TEZ, xoi 9i uèv tod A t ET 
rapáAArAoc fyc 5 AH, did 6€ tot T xfj EZ rapáňňnňos 
HXVw 7 TH: naparAnddyeayuov doa &oxi tò ZETH. xoi exet 
ton cotlv f, BE xfj ED, oov &oxi xoi tò ABE totywvov t& 
AEP xptycóvox ent te yàp toov Dáoeov cio: xv BE, ET xoi 
Ev tois otóxolic MaPAAANAOts tos BT, AH: SinAcovov &pa tot 
tò ABT toetywvov tot AET xptyóvou. éott 68 xoi vo ZEDH 
xapoAArAóYvpouguov SitAcotov tol AET terymvou: Báotv te 
yop wutés thy authy exer xol £v taç avtaiic &ottv avTéS 
TAEAAANAOIc’ toov dpa £o tò ZETH napaňànàóypauuov 
t& ABI tayóvo. xa Éyet thy brò DEZ ywviav tony cfi 
doVeton tÅ A. 

TG dpa 600évu TELYOV 16 ABT tcov napakAnAdyeay- 
uov ovvéotata TÒ ZETH ëv ywvig tÅ ond TEZ, fiuc &oxiv 
ton tH A: önep Zdet nooo. 


uY. 

IIovxóc ropoAAnAoyveóupou tæv Teel thy ouigtetpov TA- 
PXAANAOYESUUWY xà TAPATANEOYATA too. HAANAOIC &oxtv. 

"Hot mopgoAAnAóyoouuov tò ABTA, didueteoc dé 
avtot Hn AT, regi 62 thy AT napahAndrdyeauya uèv Eotw 
tà EO, ZH, xà 868 Aeyvóueva noponnpoyuoxa tà BK, KA: 
Aéyo, Ott toov Eotl tò BK nopornfpoua x KA napa- 
TANOCLOTL. 

"Enel yàp nopoAAnAóyoouuóv &ow tò ABTA, didueteoc 
dé adtod f, AT, (cov éco tò ABT totywvov x ATA 
tptYyOvo. TA, Emel nopoaAAnAÓóYoouuóv ċott TO EO, 
6tdievpoc 06€ oóxoO &oxty f) AK, toov &oxi tò AEK toetywvov 
tH AOK teryove. dia xà atà O7, xoi TO KZT totywvov 
ta KHT otv ioov. nel otv tò u£v AEK totywvov 1G 
AOK tayóvo otv toov, tò 68 KZT xó KHT, tò AEK 
totywvoyv uetà tod KHTI toov &oxi 16 AOK xptyóvo uecxà 
tot KZI: gott è xoi óAov tò ABT telywvov bAw 16 AAT 
ïoov: Aotxóv dea tò BK napanrińpwua AouG và KA rapa- 
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B E C 

Let BC have been cut in half at E [Prop. 1.10], and 
let AE have been joined. And let (angle) CEF, equal to 
angle D, have been constructed at the point E on the 
straight-line EC [Prop. 1.23]. And let AG have been 
drawn through A parallel to EC [Prop. 1.31], and let CG 
have been drawn through C parallel to EF [Prop. 1.31]. 
Thus, FECG is a parallelogram. And since BE is equal 
to EC, triangle ABE is also equal to triangle AEC. For 
they are on the equal bases, BE and EC, and between 
the same parallels, BC and AG [Prop. 1.38]. Thus, tri- 
angle ABC is double (the area) of triangle AEC. And 
parallelogram F ECG is also double (the area) of triangle 
AEC. For it has the same base as (AEC), and is between 
the same parallels as (AEC) [Prop. 1.41]. Thus, paral- 
lelogram F ECG is equal to triangle ABC. (F ECG) also 
has the angle CEF equal to the given (angle) D. 

Thus, parallelogram F ECG, equal to the given trian- 
gle ABC, has been constructed in the angle CEF, which 
is equal to D. (Which is) the very thing it was required 
to do. 


Proposition 43 


For any parallelogram, the complements of the paral- 
lelograms about the diagonal are equal to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EH and FG be the parallelograms about AC, and 
BK and KD the so-called complements (about AC). I 
say that the complement BK is equal to the complement 
KD. 

For since ABCD is a parallelogram, and AC its diago- 
nal, triangle ABC is equal to triangle AC D [Prop. 1.34]. 
Again, since EH is a parallelogram, and AK is its diago- 
nal, triangle AE K is equal to triangle AH K [Prop. 1.34]. 
So, for the same (reasons), triangle K FC is also equal to 
(triangle) K GC. Therefore, since triangle AEK is equal 
to triangle AH K, and K FC to KGC, triangle AEK plus 
KGC is equal to triangle AHK plus KFC. And the 
whole triangle ABC is also equal to the whole (triangle) 
ADC. Thus, the remaining complement BK is equal to 
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TANEOLATL &oxv toov. 


© 





E K 








Ilavxvóc &po noapoAAnAoYvoóupou ywotou tæv negl trjv 
etie xpov TACAAANAOYEGUUWY xà taparàinpouata too X T- 
Aos Eotiv Smee Eder Gci&ou. 


uo. 
IIapà tiv 600£icov ev¥eiav 16 600v vptyóvo toov Ta- 
E SIE xopoo civ £v tH SoVEeton ywvig euduyedu- 


244 
d 


"Eoo f| u&v RE evveta ñ AB, tò a dov_ey Toltywvov 
TÒ T, fj 6£ 6o0cica ywvia evdbyeayoc T, A> det Ò) xapà 
thy Soveiony eddciav thy AB 16 600évu xptyóvo t& T 
fooyv rapaňànàóypauuov rapaßarcù &v ton tH A yovig. 

huveotata 6 I vptyóvo toov nrapoAAnAóypoouguov TO 
BEZH êv vowvía t òrò EBH, rj £owv ton tÅ A xoi xetodo 
Bote én’ evdetac civar thy BE xfj AB, xoi Sijydw n ZH 
&ri tò O, xol dia toh A Onotéea t&v BH, EZ napóXAnAoc 
Tio 7 AO, xoi ExeCebyDuw 7, OB. xoi Enet eic trapo Aj Aouc 
tac AO, EZ cv0cia &véneoev n OZ, oi doa òrò AOZ, OZE 
yovi duoi plaç cio loot. of dpa bro BOH, HZE 
600 Op0Gv &£Aácoovéc eio: od SE dmó £Aoacoóvov ï 600 
ÓpUGv sic &xetpov &xpoXXóuevot cuunirxouotv at OB, ZE 
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the remaining complement K D. 


A H D 
B G C 


Thus, for any parallelogramic figure, the comple- 
ments of the parallelograms about the diagonal are equal 
to one another. (Which is) the very thing it was required 
to show. 











Proposition 44 


To apply a parallelogram equal to a given triangle to 
a given straight-line in a given rectilinear angle. 


Ad? 
d 


Let AB be em given PENEI C the given trian- 
gle, and D the given rectilinear angle. So it is required to 
apply a parallelogram equal to the given triangle C to the 
given straight-line AB in an angle equal to (angle) D. 

Let the parallelogram B EFG, equal to the triangle C, 
have been constructed in the angle EBG, which is equal 
to D [Prop. 1.42]. And let it have been placed so that 
BE is straight-on to AB.! And let FG have been drawn 
through to H, and let AH have been drawn through A 
parallel to either of BG or EF [Prop. 1.31], and let HB 
have been joined. And since the straight-line HF falls 
across the parallels AH and EF, the (sum of the) an- 
gles AHF and HFE is thus equal to two right-angles 
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doa exBarAduevan ouunecoŭvtar. £xpepArjoUooav xol ovy- 
TITTÉTWOQV xoxà TO K, xoi à toŭ K onuelou ónotépa 
t&v EA, ZO noapáAAnAoc HyVw 7, KA, xoi &xpepArjo0ocav 
oi OA, HB ém tà A, M onueia. xapoAAmAÓYpotuov doa 
&cxi tò OAKZ, Guigexpoc SE axo f, OK, nepil òè thy OK 
xapoAAnAóvpougua u&v và AH, ME, xà òè Aeyóueva rapa- 
TÀnpogaxa tà AB, BZ: (cov &pa toti tò AB xà BZ. àAXà 
tò BZ 16 T xpiyóvo &oxiv (cov: xoi tò AB dpa t& T £ouv 
(oov. xoà énei lor] cotlv n Ond HBE voví(a xfj ónó ABM, 
&AA&à f| òrò HBE «fj A otv ïon, xoi f, Und ABM dpa xfj A 
yovia &oxiv ton. 

Ilapà thy 600c€icav &pa csay thy AB 16 600évu 
Toryove TĚ T toov napadkAnrAdyeauov napaBeBAnta tò AB 
év ywvig tÅ bro ABM, fj &oxtv ton xfj A` črep Eder xotfjoot. 


t This can be achieved using Props. 1.3, 1.23, and 1.31. 


UE. 

T6 600évu cdðuypáuuo toov nopoA Ar ÓYpougov ouot- 
fjoaoot ev t Sovdeion yoviy evduyeduUM. 

"How tÒ uèv dSovev có00Yvpougov tò ABTA, f| dé 
do0Veion ywvia còðúypauuos Å E det 5H và ABTA evdv- 
Yeóuuo toov rapaňinióypauuov ouotýoacða Ev TH SoVEton 
yovia tH E. 

"Encteóy0co A AB, xoi cuveoxóáxo x ABA teryove 
loov napaňànàóypauuov tò ZO £v xfj; nò OKZ ywvia, 7 
toti ton xfj E xoi ropopepArjo0o napà thy HO evdeiay 1G 
ABT tetyave tcov xopgoAAnAóvpoouuov tò HM v «fj ono 
HOM yovig, 4 £owv ton th E. xoi nel f, E yovia &xorxépo 
tæv UNO OKZ, HOM Eotw ïon, xoi n òrò OKZ doa tH oro 
HOM £&oty ïon. xow?| npooxscío0o f, nò KOH: oi dpa 
bro ZKO, KOH «oic óxó KOH, HOM ïou cioiv. GAA’ ot 
òrò ZKO, KOH uov ptas toot cioiv: xoi oi òrò KOH, 
HOM doa d00 ptas toa elotv. npóc SH tr cvUeia tH HO 
xal 16) npóc AUTH orici t& O úo cdVeta at KO, OM yr) 
mÀ TH AUTH WEEN xe(uevot Tac ége&fic ywviac ðo dedoiic 
loa¢g nolotow: èn’ evdetuc dpa &odv f, KO tÅ OM: xoi 
&rel eic trapo AjAouc tàs KM, ZH evdeia eveneoev n OH, 
at EVOAAGE Yov(ot at òrò MOH, OHZ cot GA joue eiotv. 
nowy Teooxeiodw À brò OHA: ai doa Und MOH, OHA tos 
òrò OHZ, OHA tom ciow. GA’ at Ord MOH, OHA 600 
OpVdiic tom eloív: xoi oi Und OHZ, OHA dea 600 deVaiic 
fou eiotv: én’ ev0etuc doa éotly f, ZH xfj HA. xoà. &nel f 
ZK tf, OH ton te xoà rapiXAnAóc Eotww, GAAX xoi n OH tÅ 
MA, xa 7 KZ doa tH MA ton te xoà rapáAArAóc otv: xol 
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[Prop. 1.29]. Thus, (the sum of) BHG and GF E is less 
than two right-angles. And (straight-lines) produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, being pro- 
duced, HB and FE will meet together. Let them have 
been produced, and let them meet together at K. And let 
K L have been drawn through point K parallel to either 
of EA or FH [Prop. 1.31]. And let HA and GB have 
been produced to points L and M (respectively). Thus, 
HLKF is a parallelogram, and HK its diagonal. And 
AG and M E (are) parallelograms, and LB and BF the 
so-called complements, about H K. Thus, LB is equal to 
BF [Prop. 1.43]. But, BF is equal to triangle C. Thus, 
LB is also equal to C. Also, since angle GBE is equal to 
ABM [Prop. 1.15], but GBE is equal to D, ABM is thus 
also equal to angle D. 

Thus, the parallelogram LB, equal to the given trian- 
gle C, has been applied to the given straight-line AB in 
the angle ABM, which is equal to D. (Which is) the very 
thing it was required to do. 


Proposition 45 


To construct a parallelogram equal to a given rectilin- 
ear figure in a given rectilinear angle. 

Let ABCD be the given rectilinear figure,! and E the 
given rectilinear angle. So it is required to construct a 
parallelogram equal to the rectilinear figure ABCD in 
the given angle E. 

Let DB have been joined, and let the parallelogram 
FH, equal to the triangle ABD, have been constructed 
in the angle H K F, which is equal to E [Prop. 1.42]. And 
let the parallelogram GM, equal to the triangle DBC, 
have been applied to the straight-line GH in the angle 
GH M, which is equal to E [Prop. 1.44]. And since angle 
E is equal to each of (angles) HKF and GH M, (an- 
gle) HKF is thus also equal to GHM. Let KHG have 
been added to both. Thus, (the sum of) FK H and K HG 
is equal to (the sum of) KHG and GHM. But, (the 
sum of) FKH and K HG is equal to two right-angles 
[Prop. 1.29]. Thus, (the sum of) KHG and GHM is 
also equal to two right-angles. So two straight-lines, K H 
and H M, not lying on the same side, make adjacent an- 
gles with some straight-line GH, at the point H on it, 
(whose sum is) equal to two right-angles. Thus, KH is 
straight-on to HM [Prop. 1.14]. And since the straight- 
line HG falls across the parallels KM and FG, the al- 
ternate angles M HG and HGF are equal to one another 
[Prop. 1.29]. Let HGL have been added to both. Thus, 
(the sum of) MHG and HGL is equal to (the sum of) 
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emiCevywovuow abxàc cvVEeioan ot KM, ZA: xoi at KM, ZA 
doa loot te xal napåňànàoí low napaànàóypayuov pot 
£c tò KZAM. xoi énel toov gotl tò u£v ABA tolywvov 
1G ZO napadkAndoyeduyw, tò 6€ ABT và HM, dhov &pa 
tò ABTA sòðúypauuov Aw t KZAM xapoXXnAovpáupuo 


totl toov. 


A 


HI 


T6 goa So0évu có0uvopóuuo tæ ABTA {oov napad- 
Anàóypauuov cuvéovoxat TO KZAM êv vovía xfj òrò ZKM, 
H £owv ton th Sovcion th E önep edet roroa. 


E 
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HGF and HGL. But, (the sum of) MHG and HGL is 
equal to two right-angles [Prop. 1.29]. Thus, (the sum of) 
HGF and HGL is also equal to two right-angles. Thus, 
FG is straight-on to GL [Prop. 1.14]. And since FK is 
equal and parallel to HG [Prop. 1.34], but also HG to 
ML [Prop. 1.34], KF is thus also equal and parallel to 
ML [Prop. 1.30]. And the straight-lines KM and FL 
join them. Thus, KM and FL are equal and parallel as 
well [Prop. 1.33]. Thus, KF LM is a parallelogram. And 
since triangle ABD is equal to parallelogram FH, and 
DBC to GM, the whole rectilinear figure ABC D is thus 
equal to the whole parallelogram KF LM. 


D 
C 
A 
E 
B 
F G L 
K H M 


Thus, the parallelogram K FLM, equal to the given 
rectilinear figure ABC D, has been constructed in the an- 
gle FK M, which is equal to the given (angle) E. (Which 
is) the very thing it was required to do. 








t The proof is only given for a four-sided figure. However, the extension to many-sided figures is trivial. 


UT. 
Ano ts 6o0e(orc evVetuc tetekywvov &vorypórpou. 
"How f, 600cicoa ev0eta n AB: det SH and tic AB 
evvetac vevpiyovov dvor pórpou. 
"Hyd tH AB cdVeig and tod npóc aUTH onueiou tod 
A npóc dpdac f, AT, xoi xetodw tÅ AB ion À AA: xoi dre 
uèv tod A onuetov t AB napdAAnAoc fy0o f, AE, die 
öè tod B onuctou t AA napáAAnAoc fjy0o f, BE. rapoA- 
Anàóypauuov doa £o tò AAEB: ion &pa &odiv f, uév AB 
tf, AE, fj 6 AA xfj BE. wAG f, AB tH AA otw ion: 
oi xécoapec doa ai BA, AA, AE, EB toot dX jAouc ciotv: 
ioórAeupov doa &oxi tò AAEB napoAAróYvpouuov. Aévo 
of, Sti xol ópÜovovtov. Enel yàp eic ropa A jAouc Tac AB, 
AE cvveia &véneosv f| AA, oi &pa òrò BAA, AAE yeovica 
600 ÓpÜoüc (cot ciotv. ópü7, SE Å LTO BAA: ded} dea xal 


Proposition 46 


To describe a square on a given straight-line. 

Let AB be the given straight-line. So it is required to 
describe a square on the straight-line AB. 

Let AC have been drawn at right-angles to the 
straight-line AB from the point A on it [Prop. 1.11], 
and let AD have been made equal to AB [Prop. 1.3]. 
And let DE have been drawn through point D parallel to 
AB [Prop. 1.31], and let BE have been drawn through 
point B parallel to AD [Prop. 1.31]. Thus, ADEB isa 
parallelogram. Therefore, AB is equal to DE, and AD to 
BE [Prop. 1.34]. But, AB is equal to AD. Thus, the four 
(sides) BA, AD, DE, and EB are equal to one another. 
Thus, the parallelogram ADEB is equilateral. So I say 
that (it is) also right-angled. For since the straight-line 
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f, vmod AAE. x&v 6& napoAAnAoYoóupov yopiwv at åns- 
vavttov mAeupaí te xol Ywvlat toot. Ahac eiotv: óp) doa 
xol Exatéoa x&v anevavtiov tv ónó ABE, BEA vovv: 
ópÜovcovtov &pa £oxi tò AAEB. edety Oy 6€ xoi ioórAeupov. 














A B 


Tetecywvov dea &oxív: xal &owv and ts AB evVetuc 
dvayeyeaevov’ ónep Edel rotfjoon. 


uc. 

‘Ey xoic ópüovov(otz xptyovotc TO ànó tÅs Thy py 
ywviay brotewovons rAeupüc vexpéyeovov loov &odi toic 
dnd tæv thy py ywviav mepieyoucGv mAeupGv TE- 
1patYovotc. 

"Eoo teltywvov ópüovovwov tò ABT ptv Éyov thy 
òrò BAT yoviav: Aéyo, St TO and týs BI vevpévovov 
{oov &oxi xoic and x&v BA, AT tetoayavoic. 

Avayeyeapdw yàp dno ué£v týs BI vevpéyovov. TÒ 
BAET, àxó 6£ vv BA, AT tà HB, OL, xoi 6ià tod 
A onotéeg t&v BA, TE napóXAmAoc fy0co 7 AA: xol 
éneCeOy0ocav ai AA, ZT. xoi Enel pth otv &xoxépa 
t&v tnd BAT, BAH vovv, npóc 0f, ww evdeta t BA 
xoi TG npóc AUTH onucio và A 600 cvVeim ai AD, AH ur) 
ETÀ xà AUTH uépr, xe(uevot Tac pegis Yovíoc 6uotv ptos 
loac motovow: én’ edvdetac dpa &oxiv f| TA tÅ AH. óià xà 
auta 07) xoi À BA tÅ AO &oxv En’ cdVelac. xoi Enel ton 
éotlv f, Und ABT ywvia tH nó ZBA: óp07, yàp &xoxépoc 
xowy npooxeí(o0c f, UNO ABT: GAn doa fj ónó ABA O^ tH 
ono ZBI &owv lor. xoi &nei ton &oxiv fj u£v AB «fj BT, f, 
dé ZB t BA, 800 54 oi AB, BA 600 xoc ZB, BT (cot ciolv 
Exatéoa &xorépor xal ywvia À òrò ABA yovig xfj òrò ZBT 
ton: Bács dow Y, AA Bdoet tH ZI [ov] ton, xoà tò ABA 
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AD falls across the parallels AB and DE, the (sum of 
the) angles BAD and ADE is equal to two right-angles 
[Prop. 1.29]. But BAD (is a) right-angle. Thus, ADE 
(is) also a right-angle. And for parallelogrammic figures, 
the opposite sides and angles are equal to one another 
[Prop. 1.34]. Thus, each of the opposite angles ABE 
and BED (are) also right-angles. Thus, ADEB is right- 
angled. And it was also shown (to be) equilateral. 














C 
D E 
A B 


Thus, (ADEB) is a square [Def. 1.22]. And it is de- 
scribed on the straight-line AB. (Which is) the very thing 
it was required to do. 


Proposition 47 


In right-angled triangles, the square on the side sub- 
tending the right-angle is equal to the (sum of the) 
squares on the sides containing the right-angle. 

Let ABC be a right-angled triangle having the angle 
BACa right-angle. I say that the square on BC is equal 
to the (sum of the) squares on BA and AC. 

For let the square BDEC have been described on 
BC, and (the squares) GB and HC on AB and AC 
(respectively) [Prop. 1.46]. And let AL have been 
drawn through point A parallel to either of BD or CE 
[Prop. 1.31]. And let AD and FC have been joined. And 
since angles B AC and BAG are each right-angles, then 
two straight-lines AC and AG, not lying on the same 
side, make the adjacent angles with some straight-line 
BA, at the point A on it, (whose sum is) equal to two 
right-angles. Thus, C A is straight-on to AG [Prop. 1.14]. 
So, for the same (reasons), BA is also straight-on to AH. 
And since angle DBC is equal to F BA, for (they are) 
both right-angles, let ABC have been added to both. 
Thus, the whole (angle) DBA is equal to the whole (an- 
gle) FBC. And since DB is equal to BC, and FB to 
BA, the two (straight-lines) DB, BA are equal to the 
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totywvoyv t& ZBI toryove &oxlv ïoov: xal [£ox] tod uèv 
ABA tetyavou dinAcotov tò BA napahkAnAdyeauov: D&ow 
Te yàp Thy atv Eyovot thy BA xal Ev toç adtoii¢ eiot 
xapoAAfAotc voc BA, AA: tod dé ZBI xeryovou SitAcotov 
tò HB tetpáywvov: Påow te yàp x&v THY auth Éyouot 
thy ZB xal £v tos autoiic clot rapa AfjAotc voz ZB, HI". 
[xà dè x&v toov SitAcota tow GO otc &oxtv:] toov dpa tot 
xoi tÒ BA xapgoAAnAóveougov xà HB cxexvpoyovo. Ouotwe 
dr ériCeuvvugévov x&v AE, BK 9eoürjoexot xoi tò TA 
rapoAAnAóYveouuov toov tě OL vevpaYovox ÓXov doa TO 
BAET tetpoáywvov ðuo tois HB, OL teteayavoic toov 
éottv. xal £o TÒ u£v BAET xexpévyovov and ts BT àvo- 
ypagév, xà òè HB, OT and t&v BA, AT. 16 dow and ts 
BI mAeupüc tetekywvov {oov éotl voic and x&v BA, AT 
TACUPEY TETEAY VOL. 

















A A E 


‘Ey doa toic opVoywviog 1puyovotz; TO ARO tÅS Thy 
oeviy yoviav LUnotEWwoUoNc rxAeupóüc tetpáywvov toov £odi 
xoic dnd x&v thy ptv [ywviay] nepieyovodsv MAEUEGSY te- 
toeaywvoic’ ónep Eder SetEau. 


t The Greek text has “F B, BC”, which is obviously a mistake. 


t This is an additional common notion. 
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two (straight-lines) CB, BF,' respectively. And angle 
DBA (is) equal to angle FBC. Thus, the base AD [is] 
equal to the base FC, and the triangle ABD is equal to 
the triangle FBC [Prop. 1.4]. And parallelogram BL 
[is] double (the area) of triangle ABD. For they have 
the same base, BD, and are between the same parallels, 
BD and AL [Prop. 1.41]. And square GB is double (the 
area) of triangle FBC. For again they have the same 
base, FB, and are between the same parallels, FB and 
GC [Prop. 1.41]. [And the doubles of equal things are 
equal to one another.]* Thus, the parallelogram BL is 
also equal to the square GB. So, similarly AE and BK 
being joined, the parallelogram CL can be shown (to 
be) equal to the square HC. Thus, the whole square 
BDEC is equal to the (sum of the) two squares GB and 
HC. And the square BDEC is described on BC, and 
the (squares) GB and HC on BA and AC (respectively). 
Thus, the square on the side BC is equal to the (sum of 
the) squares on the sides BA and AC. 
H 

















D L E 
Thus, in right-angled triangles, the square on the 
side subtending the right-angle is equal to the (sum of 
the) squares on the sides surrounding the right-[angle]. 
(Which is) the very thing it was required to show. 
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, 
HN: 

‘Edy TelLyYOVOU TO AMO Uldic TOV rAeupGv teTpáywvov 
{oov f| toi; and tæv AowGv TOD teLy@vou 000 nrAEUpGv 
TETOXYOVOLS, f| repgieyouévr, Yovía UNO tæv Aouv Tod 
Totyovou 8060 rAeupóv GED £ouv. 








A A B 

Teryovou yàp tot ABT tò ånò wes týs BIT rAeupüic 
tetedywvov {oov čotw voic and x&v BA, AT 1AeupGv te- 
tpayóvos: Aévo, Sti pth Eotw FH UNO BAT ywvia. 

Hyw yàp &nó x00 A onuetou th AT evdeta npóc dedac 
n AA xoi xeiodw tH BA ton 7 AA, xoi ExeTedydw 7 AT. 
¿nel ton &odiv 5j AA ti AB, toov gott xoi tÒ ånò ts 
AA tetecywvov 16 ånò ts AB tetoxymve. xotvóv npo- 
oxetoVw tO dnd tis AT xexpéyovov: xà doa &nd xv AA, 
AT tetecywva too tot) xoic and x&v BA, AT tetpayavotc. 
GAA xoic u&v dnd viv AA, AT toov £o tò and ts AT: 
öp yée otv f, òrò AAT yovia toic òè dnd xv BA, 
AT ícov éoti tò and tfjg BI" tndxerta yao: TÒ &pa and 
tiic AT vevpétyovov toov oti 16 and týs BP teteayaove 
Hote xoi tAcved ñ AT tH BT otw ton: xol Enel ton Eotiv 
n AA xfj AB, xow?y õè f, AT, 600 54 oi AA, AT 600 toç 
BA, AT (cot sioiv: xoi Bácic f, AT Bácet tH BT tory yovia 
goa Å Und AAT yoovig tH òrò BAT [Eotw] ton. dedi 5é Å 
òrò AAT" óp07, goa xoà f, òrò BAT. 

"Edy ded TOLYOVOU TO ATÒ dic TéSV rAeupGv vexpétyovov 
{oov f| toig; and tæv AowuGv TOD tpryóvou 000 nrAEUpGv 
TETONYWVOIC, fj Mepleyouevyn Yovia Ono t&v AowGv to 
1piy vou 600 xAeupGv dpl Eotw: Sree Eder Seta. 
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Proposition 48 


If the square on one of the sides of a triangle is equal 
to the (sum of the) squares on the two remaining sides of 
the triangle then the angle contained by the two remain- 
ing sides of the triangle is a right-angle. 








D A B 

For let the square on one of the sides, BC, of triangle 
ABC be equal to the (sum of the) squares on the sides 
BA and AC. I say that angle B AC is a right-angle. 

For let AD have been drawn from point A at right- 
angles to the straight-line AC [Prop. 1.11], and let AD 
have been made equal to BA [Prop. 1.3], and let DC 
have been joined. Since DA is equal to AB, the square 
on DA is thus also equal to the square on AB. Let the 
square on AC have been added to both. Thus, the (sum 
of the) squares on DA and AC is equal to the (sum of 
the) squares on BA and AC. But, the (square) on DC is 
equal to the (sum of the squares) on DA and AC. For an- 
gle DAC is a right-angle [Prop. 1.47]. But, the (square) 
on BC is equal to (sum of the squares) on BA and AC. 
For (that) was assumed. Thus, the square on DC is equal 
to the square on BC. So side DC is also equal to (side) 
BC. And since DA is equal to AB, and AC (is) com- 
mon, the two (straight-lines) DA, AC are equal to the 
two (straight-lines) BA, AC. And the base DC is equal 
to the base BC. Thus, angle DAC [is] equal to angle 
BAC [Prop. 1.8]. But DAC is a right-angle. Thus, BAC 
is also a right-angle. 

Thus, if the square on one of the sides of a triangle is 
equal to the (sum of the) squares on the remaining two 
sides of the triangle then the angle contained by the re- 
maining two sides of the triangle is a right-angle. (Which 
is) the very thing it was required to show. 


* Here, use is made of the additional common notion that the squares of equal things are themselves equal. Later on, the inverse notion is used. 
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USTOIXEION p’. 


“Opor. 


o. Ilàv mopoAArAÓYvpouuov ópðoyoviov neptéyeoot 
héyeta ónó 060 xGv thy pův yYwviav nepieyovoðv 
euvetisy. 

B. Ilavtòs òè nopoAAnAovoógupou ywpiou x&v negl thy 
SIGUETEOV AUTO TAPAAANAOYEGUUMY £v OTOLOVOUY oùv coic 
duol TapATANEa@paor Yvagucov xadrcioVu. 


a. 

"Edy Got dúo cvdetan, tundh Se Å tépa AUTH eic oa- 
SyTotovyv TUnUATA, TO nepieyóuevov CPDOYOVIOV UNO THYV 
600 £OU&tGv {oov &o1i xolc UNG TE tfjc ATuÁTOL xol &xáorou 
TOV TUNUATOY nepreyouévotc opDovovíoic. 


A 





A E 

















H 
A © 
Z 


"Eorocav 000 cvdeia oi. A, BT, xoi tetujodw 7, BI, 
óc Éxuyev, xata xà A, E onucior Aévo, Sti TÒ nó x&v A, 
BT negteyouévov dpdoyawov toov toti xà te nd x&v A, 
BA nepieyouévo ópÜovcovico xoi 16 bnd Gv A, AE xoi Et 
16 Ono x&v A, ET. 

Hyw yàp ano tod B tH BI npóc óp0dc f, BZ, xoi 
xetodo fj A ton f, BH, xoi die uèv tod H xfj BP rapdAAnroc 
XV f, HO, dae xGv A, E, T tH BH rapddAdrnror rjüoocav 
ai AK, EA, TO. 

"[cov 95, £ou tò BO toic BK, AA, EO. xai got tÒ 
u&v BO tò nò xv A, BI" nepgiéyevot uèv yàp Und tiv 
HB, BT, ion òè ñ BH t A: tò òè BK tò ono xv A, BA: 
xepiéyevot u£v yàp Und x&v HB, BA, ion dé ñ BH xfj A. tò 
dé AA 16 nò x&v A, AE: ton yoo f, AK, toutéotw ñ BH, 
TÑ A. xoi Ett ôuolws TO EO tò òrò t&v A, ET: tò doa ono 
tv A, BT tcov &ox tõ te bro A, BA xoi xà bnd A, AE 
xoà Ett TG) Od A, ET. 

"Edy dpa Gor Dúo csöve, tun SE H tépa AdTOY cic 
ooadymotobyv TUAYATA, TO nepiexyóuevov ópÜovovtov UNO 
tæv 000 evVEl&v oov oT) roig UNG te Tio aTUNTOU xa 
EXLOTOV TOV TUNUATWY neptexouévotc GEVoYwviolc’ STEP 





K 
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Definitions 
1. Any rectangular parallelogram is said to be con- 
tained by the two straight-lines containing the right- 
angle. 
2. And in any parallelogrammic figure, let any one 
whatsoever of the parallelograms about its diagonal, 
(taken) with its two complements, be called a gnomon. 


Proposition 1! 


If there are two straight-lines, and one of them is cut 
into any number of pieces whatsoever, then the rectangle 
contained by the two straight-lines is equal to the (sum 
of the) rectangles contained by the uncut (straight-line), 
and every one of the pieces (of the cut straight-line). 


A 
B D E C 

















5 K L H 
F 


Let A and BC be the two straight-lines, and let BC 
be cut, at random, at points D and E. I say that the rect- 
angle contained by A and BC is equal to the rectangle(s) 
contained by A and BD, by A and DE, and, finally, by A 
and EC. 

For let BF have been drawn from point B, at right- 
angles to BC [Prop. 1.11], and let BG be made equal 
to A [Prop. 1.3], and let GH have been drawn through 
(point) G, parallel to BC [Prop. 1.31], and let DK, EL, 
and CH have been drawn through (points) D, E, and C 
(respectively), parallel to BG [Prop. 1.31]. 

So the (rectangle) BH is equal to the (rectangles) 
BK, DL, and EH. And BH is the (rectangle contained) 
by A and BC. For it is contained by GB and BC, and BG 
(is) equal to A. And BK (is) the (rectangle contained) by 
A and BD. For it is contained by GB and BD, and BG 
(is) equal to A. And DL (is) the (rectangle contained) by 
A and DE. For DK, that is to say BG [Prop. 1.34], (is) 
equal to A. Similarly EH (is) also the (rectangle con- 
tained) by A and EC. Thus, the (rectangle contained) 
by A and BC is equal to the (rectangles contained) by A 
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det deko. and BD, by A and DE, and, finally, by A and EC. 

Thus, if there are two straight-lines, and one of them 
is cut into any number of pieces whatsoever, then the 
rectangle contained by the two straight-lines is equal 
to the (sum of the) rectangles contained by the uncut 
(straight-line), and every one of the pieces (of the cut 
straight-line). (Which is) the very thing it was required 
to show. 


t This proposition is a geometric version of the algebraic identity: a (b +c+d+---)=abtac+ad+::-. 


ce Proposition 2! 
"Eàv evveia ypauury tunt, ac £voxev, TO UNO Tic ČANG If a straight-line is cut at random then the (sum of 
xoi &xorxépou x&v Tunudtwv nepieyóuevov ópÜovoviov toov the) rectangle(s) contained by the whole (straight-line), 
£c 1G ànó tc GANS vevpaoy ovo. and each of the pieces (of the straight-line), is equal to 


the square on the whole. 


A Dr B Ac 3€ B 

















A Z E D F E 


Evveta yàp 5, AB tetuńoðw, Gc Évoyxev, xatà tò T For let the straight-line AB have been cut, at random, 
onuciov’ Aévo, óu TO ONO xv AB, BI nepieyduevov at point C. I say that the rectangle contained by AB and 
dpvoyavov uexà tol Und BA, AT nepiexyouévou dedo- BC, plus the rectangle contained by BA and AC, is equal 


voviou tcov Eotl 16 and týs AB tetpayavw. to the square on AB. 

Avayeyeapde yàp and ts AB tetedywvov tò AAEB, For let the square ADEB have been described on AB 
xoi Hydw Sia to} T ónoxéga tõv AA, BE napddAndoc 5j [Prop. 1.46], and let CF have been drawn through C, 
TZ. parallel to either of AD or BE [Prop. 1.31]. 


"[cov 959, Eotl tò AE xoic AZ, TE. xat ott tò uèv AE So the (square) AF is equal to the (rectangles) AF 
tO and týs AB tetpoåywvov, tò 6$ AZ tò rò tHv BA, and CE. And AE is the square on AB. And AF (is) the 
AT nepieyduevov ópÜovoviov: nepleyetat uèv yàp Und x&v rectangle contained by the (straight-lines) BA and AC. 
AA, AT, ton 66 7 AA tf AB: tò 66 TE 16 rò xv AB, For it is contained by DA and AC, and AD (is) equal to 
BT: ton yàp i BE tf AB. tò &pa óxó vv BA, AT uexà AB. And CE (is) the (rectangle contained) by AB and 
tov òrò x&v AB, BI tcov éotl 1G dnd tis AB tetpayóovo. BC. For BE (is) equal to AB. Thus, the (rectangle con- 

"Edy doa evVeia year tuni, oc £vuyev, TO UNO vfjc tained) by BA and AC, plus the (rectangle contained) by 
Ane xol Exatépov x&v TUNUdtwv Tepleyduevov ópÜovovov AB and BC, is equal to the square on AB. 

{oov Eotl 1G ånò tç ANS vevpaty vo: Ónep Edel Seta. Thus, if a straight-line is cut at random then the (sum 
of the) rectangle(s) contained by the whole (straight- 
line), and each of the pieces (of the straight-line), is equal 
to the square on the whole. (Which is) the very thing it 
was required to show. 
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t This proposition is a geometric version of the algebraic identity: ab + ac = a? if a = b + c. 


Y 
"E&v cddeia youu vunüfj, oc EtUXEV, TO ono Tic CANS 
xal Evo TOY vurji&xov TepleyduUEvov opÜovovtov loov EoTl 
tà Te UNO THY TUNUATWV nxepiexou£vo öpoywviy xol x 
ANS TOU MECELONUEVOY TUNUATOS TETEAYOVE. 


A D B 











Z A E 


Evveta yàp f, AB xexvurjo0o, wc £voyev, xoxà tò T: 
Aéyo, ött TO ONO x&v AB, BI nepgueyóuevov åpðoyóviov 
{oov &ox 1G te nò x&v AT, TB negieyouévo ópüoyvovio 
uexà tod and tij¢ BI tetpayovov. 

Avayeyeapdw yàp and ts TB vevpéyovov tò DAEB, 
xoà SujyVo Å EA ém tò Z, xoi à tod A onotépg vv TA, 
BE nagóAAnAoc fyc 7 AZ. tcov 6f, ow tò AE xoic AA, 
TE: xat £o tÒ uèv AE tò nò x&v AB, BI nepieyóuevov 
ópÜovcovtov: nepiéyexot uèv yàp Und x&v AB, BE, ton 6€ ñ 
BE «fj BT: tò 86 AA tò nò xv AT, TB: ton yàp 5| AT 
tfj TB: tò 6& AB tò ånò týs DB tetedywvov: 16 &pa ono 
t&v AB, BI nepieyóuevov ópÜovovtov toov £o xà ono 
t&v AT, TB negieyouévo ópüovovío uexà tod and týs BT 
TETPAYOVOU. 

"E&v doa cdVeia ypauuh tundy, c £vuyev, TO UNO TÄS 
ČANG xal £vóc THY TUNUATWY nepieyóuevov OPTOYavoV toov 
Eotl 1G te UNO THY TUNUdTwYV nepie yopévy ópðoywviw xol 
tà ATÒ TOU npocipnuévou tTuńuaTtos xexpoY vor Ónep Edel 
Seton. 


Proposition 3! 


If a straight-line is cut at random then the rectangle 
contained by the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to the rectangle con- 
tained by (both of) the pieces, and the square on the 
aforementioned piece. 


A C B 








F D E 


For let the straight-line AB have been cut, at random, 
at (point) C. I say that the rectangle contained by AB 
and BC is equal to the rectangle contained by AC and 
C B, plus the square on BC. 

For let the square CDEB have been described on CB 
[Prop. 1.46], and let ED have been drawn through to 
F, and let AF have been drawn through A, parallel to 
either of CD or BE [Prop. 1.31]. So the (rectangle) AE 
is equal to the (rectangle) AD and the (square) C E. And 
AE is the rectangle contained by AB and BC. For it is 
contained by AB and B E, and BE (is) equal to BC. And 
AD (is) the (rectangle contained) by AC and CB. For 
DC (is) equal to CB. And DB (is) the square on CB. 
Thus, the rectangle contained by AB and BC is equal to 
the rectangle contained by AC and CB, plus the square 
on BC. 

Thus, if a straight-line is cut at random then the rect- 
angle contained by the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to the rectangle 
contained by (both of) the pieces, and the square on the 
aforementioned piece. (Which is) the very thing it was 
required to show. 


t This proposition is a geometric version of the algebraic identity: (a + b) a = a b + a2. 


o. 


'Eàv eó0cia yoouur tundy, ac £vuyev, TO ano Tic 
ČANG TEtTE&ywvoy toov &oxl xoic TE ATÒ THY TUNUdTWV TE- 
TOEAyavolc xal TE Sic ONO x&v TUNUdTWV neptexouévo dEVO- 


Proposition 4! 


If a straight-line is cut at random then the square 
on the whole (straight-line) is equal to the (sum of the) 
squares on the pieces (of the straight-line), and twice the 
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yovi. 
A D B 
© H K 
A Z E 


Evvdeta yàp yeauyr 7, AB tetuńoðw, óc Éxoyev, XATA 
tÒ T. Aéyo, ów TÒ ånò týs AB vevpéyovov {oov £ox oic 
te ano xv AT, TB tetpayovois xoi 16 dic Und t&v AT, 
TB nepieyouévo opdoyavie. 

Avayeyeapdw yàp and ts AB tetoáywvov tò AAEB, 
xai &neCeoy 0o À BA, xal die uèv toŭ T óxoxépa tõv AA, 
EB nrapáňňnàos HyxIw TZ, 9 6€ to} H ônotépg vv AB, 
AE napáåňňnňos jo f, OK. xal Enel rapáňňnàós Eotw ñ 
TZ xfj AA, xoi eic abxàc Eunéntwxev f| BA, f, êxtòs yovia 
7; òrò THB ton &oxi t £vxóc xol ånevavtiov xfj Und AAB. 
aA’ fj òrò AAB «fj ónó ABA Eo ton, Exel xol xAeupá ñ 
BA «fj AA éotw tory xoi 9| òrò THB doa Yowd xfj òrò HBT 
éotw ton ote xol mAcved f, BT rAcved xfj TH &oxv tory 
OAK’ fj uv DB «fj HK otw ïon. 59; 62 TH tH KB: xoi 5j HK 
&pa tÅ KB éotw ton: ioónAeupov doa &oxi tò THKB. Aéyo 
dH, OTL xoi doVoyawov. Emel yàp napóAArAÓc Eotw f, TH 
tf BK [xoi eic aùtàs &unérvoxev evdeia f| TB], at dow oro 
KBT, HIB yavio 600 ptas ciotv toot... óp07 6£ f| UNO 
KBI* 690) dea xoi Y, Und BTH: Gote xol at amevavtiov 
ai bro THK, HKB opvat eiotv. dedoyavov dea éotl TO 
THKB: edeiydy 6& xal ioónAeupov: tetecywvov dpa £oxtv: 
xot otv and ts TB. dà xà obxà 67] xoi tò OZ xexpétyovóv 
otv: xal otv and týs OH, toutéotw [and] tic AT: xà 
goa OZ, KT vexvpéyova and vv AT, PB eiow. xol Enel 
{oov £c tò AH xà HE, xat £o tò AH tò rò x&v AT, 
TB: ton yàp n HI th TB xoi tò HE dea toov &od 16 
òrò AT, PB: xà &pa AH, HE (ca éoti 16 dic bnd tõv 
AT, TB. got 6€ xoi xà OZ, TK xexpéyovao and t&v AT, 
TB: xà dea téoocapa tà OZ, TK, AH, HE tow ott xoic te 
ano tv AT, TB tetpayóvos xoi 16 dic bnd vv AT, TB 
regiexouévo ópÜoycovio. àXXà và OZ, PK, AH, HE óAov 
£c to AAEB, 6 éotw ånò týs AB xexpgéyovov: tò &pa 
and týs AB tetecywvov (cov Eotl tols ve and vv AT, 
TB tetpayavoic xoà xG dic bnd x&v AT, TB negueyouévo 
ópUoYcovlo. 

"Ey doa e0cto Yoouur, vurjüfi, ac £vuyev, TO TÒ TÄS 
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rectangle contained by the pieces. 




















A C B 
H G K 
D F E 


For let the straight-line AB have been cut, at random, 
at (point) C. I say that the square on AB is equal to 
the (sum of the) squares on AC and CB, and twice the 
rectangle contained by AC and CB. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let BD have been joined, and let CF 
have been drawn through C, parallel to either of AD or 
EB [Prop. 1.31], and let HK have been drawn through 
G, parallel to either of AB or DE [Prop. 1.31]. And since 
CF is parallel to AD, and BD has fallen across them, the 
external angle CGB is equal to the internal and opposite 
(angle) ADB [Prop. 1.29]. But, ADB is equal to ABD, 
since the side BA is also equal to AD [Prop. 1.5]. Thus, 
angle CGB is also equal to GBC. So the side BC is 
equal to the side CG [Prop. 1.6]. But, CB is equal to 
GK, and CG to KB [Prop. 1.34]. Thus, GK is also equal 
to KB. Thus, CGK B is equilateral. So I say that (it is) 
also right-angled. For since CG is parallel to BK [and the 
straight-line C'B has fallen across them], the angles KBC 
and GC B are thus equal to two right-angles [Prop. 1.29]. 
But K BC (is) a right-angle. Thus, BCG (is) also a right- 
angle. So the opposite (angles) CGK and GK B are also 
right-angles [Prop. 1.34]. Thus, CGKB is right-angled. 
And it was also shown (to be) equilateral. Thus, it is a 
square. And it is on CB. So, for the same (reasons), 
HF is also a square. And it is on HG, that is to say [on] 
AC [Prop. 1.34]. Thus, the squares HF and KC are 
on AC and CB (respectively). And the (rectangle) AG 
is equal to the (rectangle) GE [Prop. 1.43]. And AG is 
the (rectangle contained) by AC and CB. For GC (is) 
equal to CB. Thus, GE is also equal to the (rectangle 
contained) by AC and CB. Thus, the (rectangles) AG 
and GE are equal to twice the (rectangle contained) by 
AC and CB. And HF and CK are the squares on AC 
and C B (respectively). Thus, the four (figures) HF, CK, 
AG, and GE are equal to the (sum of the) squares on 
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ANS TEtTE&ywvoy toov &oxl xvoic TE ATÒ THY TUNUdTWV TE- 
TOEAyOvolc xal TE Sic ONO TV TUNUdTWV neptexouévo dEVO- 
yoviy: ónep eet SetEau. 
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AC and BC, and twice the rectangle contained by AC 
and CB. But, the (figures) HF, CK, AG, and GE are 
(equivalent to) the whole of ADEB, which is the square 
on AB. Thus, the square on AB is equal to the (sum 
of the) squares on AC and CB, and twice the rectangle 
contained by AC and CB. 

Thus, if a straight-line is cut at random then the 
square on the whole (straight-line) is equal to the (sum 
of the) squares on the pieces (of the straight-line), and 
twice the rectangle contained by the pieces. (Which is) 
the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: (a + b)? = a? + b? + 2a b. 


£. 

"E&v eó8€io Y oou tundf; cic toa xol &vioo, TÒ UNO vv 
&v(oov TÄS CANS TUNUTWV nepieyóuevov ÖpOYÓVIOV ETÀ 
toU dxOÓ ts uetačù tæv TOUBY rexpaYovou toov Eotl 1 
UNO TÅG fjuuce(ac TETPAYOV. 
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Evveta váp tic Å AB tetuńoðw cic uèv loa xatà tÒ 
T, eic õè &wca xatà TO A: AEYw, StL TO ONO tõv AA, AB 
TEpleyOUEvov ópÜovcovtov ETÀ TOD and ts TA tetTpayóvou 
loov £oxi xà ano tic DB tetpayovo. 

Avayeyeapdw yàp &no týs DB tetodywvov tò TEZB, 
xal eneTedy0w 7 BE, xoi dià u£v tod A onotéeg xv TE, 
BZ napadaAndoc (yo 5, AH, ài dé to} O notépg tæv 
AB, EZ nopáAXAnoc nóAv fyc 9, KM, xol náv Sid xo0 A 
onotépg TOV DA, BM noapáAAnAoc xvw 9, AK. xoi nel toov 
éott tò TO napomAfjpoua 16 OZ rapandnewyati, xowov 
npooxsíoüco tò AM: ddov doa tò TM óXo 165 AZ toov 
éottv. GAAX tò TM x AA ícov éotiv, Exel xoi f, AT tH 
TB éow ion xoi tò AA &pga 165 AZ (oov éotiv. xowóv 
teooxeio0w tò TO: óAov ğpa tò AO tă MNE! yvópovı 
{oov gottv. GAAd tò AO 16 onó x&v AA, AB £ouv ton 
yàp f, AO xfj AB: xoi ó MNE doa yvauwv {ooç &od xà 
òrò AA, AB. xotvóv npooxetodw tò AH, 6 éotw toov 1G 
ano ts DA: 6 doa MNE yvauwv xoi tò AH {oa &oxi 1G 
òrò x&v AA, AB nepieyouévo ópÜoyvovio xol 16 ànó fic 


Proposition 5+ 


If a straight-line is cut into equal and unequal (pieces) 
then the rectangle contained by the unequal pieces of the 
whole (straight-line), plus the square on the (difference) 
between the (equal and unequal) pieces, is equal to the 
square on half (of the straight-line). 


A C D B 
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For let any straight-line AB have been cut—equally at 
C, and unequally at D. I say that the rectangle contained 
by AD and DB, plus the square on CD, is equal to the 
square on C B. 

For let the square CEF B have been described on CB 
[Prop. 1.46], and let BE have been joined, and let DG 
have been drawn through D, parallel to either of CE or 
BF [Prop. 1.31], and again let KM have been drawn 
through H, parallel to either of AB or EF [Prop. 1.31], 
and again let AK have been drawn through A, parallel to 
either of CL or BM [Prop. 1.31]. And since the comple- 
ment CH is equal to the complement HF [Prop. 1.43], 
let the (square) DM have been added to both. Thus, 
the whole (rectangle) CM is equal to the whole (rect- 
angle) DF. But, (rectangle) CM is equal to (rectangle) 
AL, since AC is also equal to CB [Prop. 1.36]. Thus, 
(rectangle) AL is also equal to (rectangle) DF. Let (rect- 
angle) CH have been added to both. Thus, the whole 
(rectangle) AH is equal to the gnomon NOP. But, AH 
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TA tetpayave. àÀAà ó MNE yvauey xoi tò AH óXov £o 
tò TEZB tetpáywvov, 6 &oxty and ts TB: tÒ dow ono xv 
AA, AB nepieyóuevov dpdoyavov uexà tod and ts TA 
xevpatY vou toov &ox 1G and Tic TB teteaxyave. 

"E&v dow evveta ypauud tunt eic too xot &vtoo, TÒ UNO 
TOV dviowy Thc SANS TUNUdTwWY nepieyóuevov ópüoyovtov 
ETÀ TOD ANO TS UETAEL x&v TOV xevparyovou toov £ox 
TH ANO fic Nuroetuc vexpoty vo. Ónxep det Seiza. 
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is the (rectangle contained) by AD and DB. For DH 
(is) equal to DB. Thus, the gnomon NOP is also equal 
to the (rectangle contained) by AD and DB. Let LG, 
which is equal to the (square) on C D, have been added to 
both. Thus, the gnomon NOP and the (square) LG are 
equal to the rectangle contained by AD and DB, and the 
square on C'D. But, the gnomon NOP and the (square) 
LG is (equivalent to) the whole square CEF B, which is 
on CB. Thus, the rectangle contained by AD and DB, 
plus the square on CD, is equal to the square on C B. 

Thus, if a straight-line is cut into equal and unequal 
(pieces) then the rectangle contained by the unequal 
pieces of the whole (straight-line), plus the square on the 
(difference) between the (equal and unequal) pieces, is 
equal to the square on half (of the straight-line). (Which 
is) the very thing it was required to show. 


t Note the (presumably mistaken) double use of the label M in the Greek text. 


t This proposition is a geometric version of the algebraic identity: a b + [(a + b)/2 — b]? = [(a + b)/2]?. 


s. 

"Edy eo0€ia. yearn tunt Stya, npootef| Dé vic ooi 
evveta en’ eüOc(ac, TÒ UNO Tic ČANG oov TH npgooxetuévr xoi 
Thc TPOOXELIUÉVNG nepieyóuevov deVdyavoyv UETA TOD and 
Tic fjutoe(oc tetoxyvou toov oT) T AMO Tic ouYxeuévrc 
£x TE THC Nuloctac xoi Thc npgooxetévrc TETEAYOVE. 
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Evveta yde tic f, AB tetuńoðw diya xatà tò T onueiov, 
npooxsioðw 6€ uc atf evVEta En’ evDeluc H BA: Aévo, 
óu TO Und t&v AA, AB repieyduevov dpdoyavov uecxà 
to and ts TB teteaywvou toov &od 16) and tis DA te- 
TOAYOVE. 

Avayeyeapdw yàp and tis TA vevpéyovov tò TEZA, 
xoi eneTevy0u T, AE, xoi de u£v tot B onuciov ónoxépa 
t&v ET, AZ napáAAnAoc fyc 7 BH, dù 62 tod O onuctou 
onotéeg t&v AB, EZ rapdddnroc fo 7, KM, xoi £u oux 
tot A onotépg t&v TA, AM napóáAAnAoc fyc f, AK. 

‘Enel odv ton Eotlv f, AT tH LB, toov &o xoi tò AA 


Proposition 6! 


If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the rectangle contained by 
the whole (straight-line) with the (straight-line) having 
being added, and the (straight-line) having being added, 
plus the square on half (of the original straight-line), is 
equal to the square on the sum of half (of the original 
straight-line) and the (straight-line) having been added. 


A C B D 
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For let any straight-line AB have been cut in half at 
point C, and let any straight-line BD have been added to 
it straight-on. I say that the rectangle contained by AD 
and DB, plus the square on CB, is equal to the square 
on C D. 

For let the square CEFD have been described on 
CD [Prop. 1.46], and let DE have been joined, and 
let BG have been drawn through point B, parallel to 
either of EC or DF [Prop. 1.31], and let KM have 
been drawn through point H, parallel to either of AB 
or EF [Prop. 1.31], and finally let AK have been drawn 
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16 TO. GAd& tò TO xà OZ {oov Eotiv. xol tò AA &pa t& 
OZ otw toov. xowdv neooxetodw tò TM: óXov dea tò 
AM xà NEO yvauovi gotw toov. àÀAAà tò AM &ox TÒ nó 
t&v AA, AB: ion yap otw f, AM xfj AB: xoi 6 NEO &pa 
Yvayuwv toog &oxi tă Und xv AA, AB [nepieyoueva dedo- 
Yovio]. xowóv npooxcíoüc tò AH, 6 otv toov t &nd 
ts BT xexpoy vox TÒ doa nrò x&v AA, AB nepteyóuevov 
ópÜovovtov petà to and týs TB teteaxyavou toov £od 
16 NEO yveuow xoà tæ AH. àÀA& ô NEO yvauwv xoi 
tò AH ddov ot) tò TEZA tetecywvov, 6 &ouv and tS 
DA: tò &ga nò x&v AA, AB repieyduevov dpdoyavov 
ETà tod and tis TB tetpayovou toov £ox 16 and ts TA 
TETOXY OVO. 

‘Edy doa cvveta yeouury tunt dixa, moootedy dé vic 
avty evVela en’ evVelac, TO UNO tc ČANG obv TH npo- 
OXEIWEVY xal Thc rpooxetgévric TepleydUEvov ópóyðvov 
METÀ TOU ANO TÜs fjutoe(oc tetexyavou toov Eotl T ATÒ 
Thc ovyxewmevnc £x te vfjc Nulociac xal vfjc TPOOxELUÉVNG 
xexpatY vox ónep Eder Seigau. 
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through A, parallel to either of CL or DM [Prop. 1.31]. 
Therefore, since AC is equal to C B, (rectangle) AL is 
also equal to (rectangle) CH [Prop. 1.36]. But, (rectan- 
gle) CH is equal to (rectangle) HF [Prop. 1.43]. Thus, 
(rectangle) AL is also equal to (rectangle) H F. Let (rect- 
angle) CM have been added to both. Thus, the whole 
(rectangle) AM is equal to the gnomon NOP. But, AM 
is the (rectangle contained) by AD and DB. For DM is 
equal to DB. Thus, gnomon NOP is also equal to the 
[rectangle contained] by AD and DB. Let LG, which 
is equal to the square on BC, have been added to both. 
Thus, the rectangle contained by AD and DB, plus the 
square on CB, is equal to the gnomon NOP and the 
(square) LG. But the gnomon NOP and the (square) 
LG is (equivalent to) the whole square CEF D, which is 
on CD. Thus, the rectangle contained by AD and DB, 
plus the square on C B, is equal to the square on C D. 
Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the rectangle contained 
by the whole (straight-line) with the (straight-line) hav- 
ing being added, and the (straight-line) having being 
added, plus the square on half (of the original straight- 
line), is equal to the square on the sum of half (of the 
original straight-line) and the (straight-line) having been 
added. (Which is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: (2 a + b) b + a? = (a + 0)2. 


e 
"E&v cddeia youu tunt, oc ETUXEV, TO AMO cfjc CANS 
xoà TO AQ’ £vóc THY TUNUATOV TH OCUVAUPÓTEpA TETpÁYOVA 
tou Eotl 16 te Olc ONO TS ÓArjc xoi TOU cipnuévou tTuńuaTtos 
repgtexouévo OPVOYwvin xol TGS AMO TOD Aou tufjuatoc 
TETOXY Qvo. 
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Evveta váp tıs f, AB tetunodw, óc Etvyev, xoxà tò T 
onusiov’ Aévo, ów xà AO t&v AB, BT xexpéyova {oa £o 
1G te dic Und x&v AB, BI negteyouévo ópÜoYovíio xoi xà 





Proposition 7! 


If a straight-line is cut at random then the sum of 
the squares on the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to twice the rectan- 
gle contained by the whole, and the said piece, and the 
square on the remaining piece. 


A C B 
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For let any straight-line AB have been cut, at random, 
at point C. I say that the (sum of the) squares on AB and 
BC is equal to twice the rectangle contained by AB and 
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ano ts TA xexpoyovo. 

Avayeyeapdw yàp and týs AB tetedywvov tò AAEB: 
xa xatayeypdpve TO oyua. 

‘Enel odv {oov éoti tò AH 16 HE, xowov npooxeloðw 
tò TZ: dkov dpa tò AZ 6dw 16 TE oov éotiv: tà dpa 
AZ, TE ðmàgoid ċott tov AZ. GAG xà AZ, TE 6 KAM 
£c YYOUMY xoi tò TZ vevpéáyvovov: 6 KAM doa yvóuwv 
xoi tò TZ Gu &otá Eott tod AZ. Zot 6€ tod AZ SinAc&ovov 
xal tÒ dic Und xv AB, BI: ton yàp 7, BZ tH BT: 6 dpa 
KAM yvóuwv xal tò TZ tete&ywvov toov &oxi 1G dic ono 
t&v AB, BT. xowóv npgooxcíodo tò AH, 6 otw and ts 
AT tetpoåywvov: 6 toa KAM yvauwv xoi xà BH, HA 
Tetodywva too toti 16 te Sic Und x&v AB, BT negteyouévo 
opvoywvie xoi xà and tio AT tetpayava. GAAG O KAM 
Yvopuov xoi tà BH, HA tetpoáywva óAov éotl tò AAEB xol 
tò TZ, & £owv and x&v AB, BT vevpéyovoc xà dpa and xv 
AB, BI xexpgévova tox éoti té [te] dic bnd xv AB, BT 
repgiexouévo ópÜoycovio uexà TOD and ts AT tetpayóvov. 

'Eàv doa ccia ypauu tundf, ac Etuyev, TÒ and 
tfc OANS xoà TO AP’ &vóc TÕV TUNUATWY xà ouvoupótepo 
teTpåywva ioa oti tÆ Te dic Önò Tic SANS xal TOD 
eienuévou TUALATOS xepteyouévo ópðoywviw xol TG amo 
Tov Aotto0 1yufjuaxoc tetpayóvo Óxep Edel Seta. 


t This proposition is a geometric version of the algebraic identity: (a 4 
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BC, and the square on C A. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let the (rest of) the figure have been 
drawn. 

Therefore, since (rectangle) AG is equal to (rectan- 
gle) GE [Prop. 1.43], let the (square) CF have been 
added to both. Thus, the whole (rectangle) AF is equal 
to the whole (rectangle) C E. Thus, (rectangle) AF plus 
(rectangle) CE is double (rectangle) AF. But, (rectan- 
gle) AF plus (rectangle) CE is the gnomon K LM, and 
the square CF. Thus, the gnomon KLM, and the square 
CF, is double the (rectangle) AF. But double the (rect- 
angle) AF is also twice the (rectangle contained) by AB 
and BC. For BF (is) equal to BC. Thus, the gnomon 
KLM, and the square CF, are equal to twice the (rect- 
angle contained) by AB and BC. Let DG, which is 
the square on AC, have been added to both. Thus, the 
gnomon KLM, and the squares BG and GD, are equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. But, the gnomon K LM and the squares 
BG and GD is (equivalent to) the whole of ADEB and 
CF, which are the squares on AB and BC (respectively). 
Thus, the (sum of the) squares on AB and BC is equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. 

Thus, if a straight-line is cut at random then the sum 
of the squares on the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to twice the rect- 
angle contained by the whole, and the said piece, and the 
square on the remaining piece. (Which is) the very thing 
it was required to show. 


b)? +a? 2 2(a - b) a - t2. 





7 
n š 

"E&v cvdeia ypauud xurüf, ac ËTUXEV, TÒ TETpÁXIÇ UNO 
TÄS OAc xal &vóc THY TUNUdTwY neprexóuevov CPDOYaVLOV 
METÀ To ano tod Aouo0 TURUATOC xevpoyovou toov EoTl 
tà UNO TE tS ÖANG xoi tod cionuevou tufjuaroc óc ATÒ 
MIS avery POKPEVTL xexpany ovo. 

Evveta yåp uc f, AB xexvurjo0o, óc Éxuyev, xaxà TO 
I onuciov A€yw, óu TÒ vexvpóoac Und xv AB, BI’ me- 
giexóuevov ópÜoYovtov uex& To and tic AT teteaywvou 
{oov £o 16 and ts AB, BT óc and wes åvaypapévt 
tetpotY vo. 

"ExpepAWo0o yàp en’ edvVetac [tf AB cdVeia] À BA, 
xoi xetodw tH DB ton f, BA, xoi avayeyeapdw &nd cfc 
AA xexpévovov tò AEZA, xoà xatayeypapdw dimAoby tò 
oytiua. 


Proposition 8! 


If a straight-line is cut at random then four times the 
rectangle contained by the whole (straight-line), and one 
of the pieces (of the straight-line), plus the square on the 
remaining piece, is equal to the square described on the 
whole and the former piece, as on one (complete straight- 
line). 

For let any straight-line AB have been cut, at random, 
at point C. I say that four times the rectangle contained 
by AB and BC, plus the square on AC, is equal to the 
square described on AB and BC, as on one (complete 
straight-line). 

For let BD have been produced in a straight-line 
[with the straight-line AB], and let BD be made equal 
to CB [Prop. 1.3], and let the square AEF D have been 
described on AD [Prop. 1.46], and let the (rest of the) 
figure have been drawn double. 
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E © Z 
‘Enel obdv ton &odiv ATB xfj BA, à3A& f; u&v DB xf; HK 
gow ton, ñ 66 BA «fj KN, xoi À HK doa tÅ KN otw ton. 
tà xà HUTA SY) xoi H IP tH PO Eotw ton. xoà Enel ton £oxiv 
n BT th BA, fj òè HK «jj KN, {oov toa éoti xoi tÒ uèv 
TK xà KA, tò òè HP xà PN. àAAà tò TK xà PN otw 
oov: napanàinpðuata yàp to} TO rapoAAnAoyveóugou: xoi 
tò KA dpa t& HP (cov &ox(v: xà xéooapa doa xà AK, TK, 
HP, PN toa àAAfjAotc £oxtv.. xà xécoopa Kou TeTeEATAcord 
éott tov DK. náv éxel ton éotlv HTB xfj BA, àAAà f| uv 
BA «fj BK, xvouiéo tH TH ton, f, 66 DB tý HK, toutéot 
th HII, £oxty ton, xoà 7 DH sow th HII ton £oxtv. xoi &nei 
lor cotiv f; u£v TH th HII, 5j de IP th PO, oov &ox xoà tò 
u&v AH t& MII, tò dé ILA 16 PZ. GAA tò MII 165 IA Eotw 
loov: TapaTAnepouata yàp tol MA rapadkAnAoyeduuou’ xol 
tò AH doa t& PZ toov gottv: xà xécoapa doa tà AH, MIT, 
IIA, PZ ica áho Eotiv’ xà xécoopa doa tot AH £o 
tetparAdoa. edety0n ðè xoi xà tEcoupa xà TK, KA, HP, 
PN tot TK tetpanarcovn xà doa oxtw, & nepiéye Tov UT YT 
YvOuOva, xexpoxA cout £o to AK. xol Enel tò AK tò bn 
t&v AB, BA éot: ton yàp f, BK t BA: tò &pa xexpóoac 
òrò tév AB, BA tetpanàgoióv oti tot AK. edetydn dé 
tot AK cexpomAdotoc xoi ô STY yvóuwv: TÒ doa tetedxic 
òrò tév AB, BA toov &od tă NTT yvauow. xowóv npo- 
oxetodw tò ZO, 6 tot {oov 165 and tis AT tetexyaver TÒ 
&pa tetoduic Und x&v AB, BA mepieyduevov dpdoyavov 
yeta tot and AT tetpayavou (oov £o xà STY yvauov 
xol 16 ZO. AGO LTT yvouwv xoi tò ZO čov Eotl to 
AEZA «e1péyovov, 6 gotw and ts AA: TÒ &pa tetedxic 
òrò tv AB, BA yex&à tot and AT {oov é&od xi and AA 
tetoanyove’ ton 08 f, BA «fj BE. 16 doa xvexvpóoac UNO xGv 
AB, BP nepieyóuevov depdoyawuov uexà tod &nd AT te- 
teaywvou toov &oxi 16) and ts AA, vouxéo T and fic 
AB xa BT óc and utc avaypapévtt vexpory ovo. 
"E&v doa euvdeia voor] tundy, óc £vuyev, TO vexpóodc 
ONO Thc CANS xoi Evdc x&v TUnUdTWY xepieyóuevov OPDOYO- 
viov uexà TOU and Tov AoiTOD tTuńuaTOS TeTPAYwVOU toou 


A 
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Therefore, since C'B is equal to BD, but CB is equal 
to GK [Prop. 1.34], and BD to KN [Prop. 1.34], GK is 
thus also equal to KN. So, for the same (reasons), QR is 
equal to RP. And since BC is equal to BD, and GK to 
KN, (square) C K is thus also equal to (square) K D, and 
(square) GR to (square) RN [Prop. 1.36]. But, (square) 
CK is equal to (square) RN. For (they are) comple- 
ments in the parallelogram CP [Prop. 1.43]. Thus, 
(square) K D is also equal to (square) GR. Thus, the 
four (squares) DK, CK, GR, and RN are equal to one 
another. Thus, the four (taken together) are quadruple 
(square) CK. Again, since CB is equal to BD, but BD 
(is) equal to BK —that is to say, CG—and CB is equal 
to GK —that is to say, GQ—CG is thus also equal to GQ. 
And since CG is equal to GQ, and QR to RP, (rectan- 
gle) AG is also equal to (rectangle) MQ, and (rectangle) 
QL to (rectangle) RF [Prop. 1.36]. But, (rectangle) MQ 
is equal to (rectangle) QL. For (they are) complements 
in the parallelogram M L [Prop. 1.43]. Thus, (rectangle) 
AG is also equal to (rectangle) RF. Thus, the four (rect- 
angles) AG, MQ, QL, and RF are equal to one another. 
Thus, the four (taken together) are quadruple (rectan- 
gle) AG. And it was also shown that the four (squares) 
CK, KD, GR, and RN (taken together are) quadruple 
(square) CK. Thus, the eight (figures taken together), 
which comprise the gnomon STU, are quadruple (rect- 
angle) AK. And since AK is the (rectangle contained) 
by AB and BD, for BK (is) equal to BD, four times the 
(rectangle contained) by AB and BD is quadruple (rect- 
angle) AK. But the gnomon STU was also shown (to 
be equal to) quadruple (rectangle) AK. Thus, four times 
the (rectangle contained) by AB and BD is equal to the 
gnomon STU. Let OH, which is equal to the square on 
AC, have been added to both. Thus, four times the rect- 
angle contained by AB and BD, plus the square on AC, 
is equal to the gnomon STU, and the (square) OH. But, 
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£o T dnd te ts SANS xoà To eipnuévou tuńuatoçs óc the gnomon STU and the (square) OH is (equivalent to) 
åTÒ ut&c AvaYPAPEVTL vevporyo vox óxep Eder SetZau. the whole square AEF D, which is on AD. Thus, four 
times the (rectangle contained) by AB and BD, plus the 
(square) on AC, is equal to the square on AD. And BD 
(is) equal to BC. Thus, four times the rectangle con- 
tained by AB and BC, plus the square on AC, is equal to 
the (square) on AD, that is to say the square described 
on AB and BC, as on one (complete straight-line). 
Thus, if a straight-line is cut at random then four times 
the rectangle contained by the whole (straight-line), and 
one of the pieces (of the straight-line), plus the square 
on the remaining piece, is equal to the square described 
on the whole and the former piece, as on one (complete 
straight-line). (Which is) the very thing it was required 
to show. 


İt This proposition is a geometric version of the algebraic identity: 4 (a + b) a + b? = [(a + b) + a}?. 


v. Proposition 9! 


'Eàv eó0cia ypoggu? uro? eic toa xoi dvioa, xà dnd If a straight-line is cut into equal and unequal (pieces) 
t&v dviowy tfj; ČANS Tunudtov xexpéyova GuAGoik oti then the (sum of the) squares on the unequal pieces of the 
TOU Te ARO tc Hutoelac xol Tob and tic uetačù xóv vouv whole (straight-line) is double the (sum of the) square 
TETOMY vou. on half (the straight-line) and (the square) on the (dif- 

ference) between the (equal and unequal) pieces. 


E E 








A T A B A C D B 


Evveta váp tic Å AB tetufodw cic u&v tow xatà tÒ For let any straight-line AB have been cut—equally at 
T, cic òè &vicw xoxà TO Ac Evo, StL TK àxó xv AA, AB C, and unequally at D. I say that the (sum of the) squares 
tetedyove Gur oi &oxt THY and vàv AT, TA tetexymvwv. on AD and DB is double the (sum of the squares) on AC 

"Hyw yàp &nd tod Dl t AB npdc óp0óc A TE, xa and CD. 
xetodw ton exatéoa x&v AT, DB, xoi &neCeoy0ooav at EA, For let CE have been drawn from (point) C, at right- 
EB, xoi 8t èv tot A tf ET napdddndoc To f, AZ, && angles to AB [Prop. 1.11], and let it be made equal to 
dé tov Z tH AB T, ZH, xoi exeCevydw f, AZ. xoi Enel ion each of AC and CB [Prop. 1.3], and let EA and EB 
cotly fj AT xfj TE, ton £o xoi fj Und EAT yovia xfj óxó have been joined. And let DF have been drawn through 
AFT. xoi exe do04 Eotw f, npóc THT, Aowtoi Goa oi Und (point) D, parallel to EC [Prop. 1.31], and (let) FG 
EAT, AFT uğ óp0f too eiotv: xal eiotv too ñulosia &ğpa (have been drawn) through (point) F, (parallel) to AB 
ópÜfjc Eotw Exatépa x&v óró TEA, DAE. Sia tà aùtà 97) [Prop. 1.31]. And let AF have been joined. And since 
xoa exatépa vv bnd DEB, EBT nuce otv ópüfic: 6An AC is equal to CE, the angle E AC is also equal to the 
&pa 7 Und AEB pth &£ouv. xol Exel jj UNO HEZ ñuiosid (angle) AEC [Prop. 1.5]. And since the (angle) at C is 
cotw ópÜfic, óp07, 5é 7j UNO EHZ: ton váp Eot tÅ £vtóc xol a right-angle, the (sum of the) remaining angles (of tri- 
ånevavtíov t ond ETB: Aou] dea f| Und EZH fjutoei&£éouv angle AEC), EAC and AEC, is thus equal to one right- 
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òptic: ton dea [£o xiv] 9j Und HEZ yovia xfj nd EZH: Hote 
xoi TAcved f, EH th HZ otw ton. náv Enel f) góc xà B 
yovia nuloer& Eotw ptc, óp o£ Å UNO ZAB: torn yàp 
TOA Eotl TH &vxóc xol ànevavtiov TH LTO ETB: Aot doa 
n Und BZA ñuiosig Eotw dedijc: ton dea f, Ted và B yovia 
ifj bro AZB: ote xoi rAeupà n ZA nAeup& tH AB otw 
ïon. xoi énet ton £oxv f, AT tÅ TE, toov cott xoi tò and AT 
1G and DE: xà &pa and xv AT, DE tetodywva 6mAóot& 
oti tov and AT. xoic òè dnd tõv AT, TE toov oti tò and 
ts EA xexo&vovov: óp07, yàp 7 Und ATE ywvia tO &pa 
ano ts EA Gu dotóv £o tov ano tis AT. nv, &nel ton 
éotly f) EH xfj HZ, toov xoà tò and ts EH 1G and týs HZ: 
xà doa and x&v EH, HZ tetpáywva ditAcowk OTL tol ano 
thc HZ tetoayavov. tois 66 and x&v EH, HZ teteayavoic 
loov &od TÒ and ts EZ tetpáywvov: tò doa and týs EZ 
teETpåywvov SitAcoLOv ċott x00 and ts HZ. ton be ý HZ 
tf DA: tò doa and týs EZ SitAcovdv £o 100 and tis TA. 
Zot o€ xoi TO ånò ts EA GA otov tod and týs AT: xà 
dou and t&v AE, EZ tetodywva Ou dot& ott TV AMO xv 
AT, TA teteayoveyv. oic 6é dnd x&v AE, EZ toov £o 
TÒ and tc AZ xexpévovov: ded} yuo otv f, tnd AEZ 
yovia TÒ doa and ts AZ tetecywvov SinAcotdy £o tV 
ano t&v AT, DA. và dé and ts AZ loa xà dnd x&v AA, 
AZ: 6e9% yàp Å rpòs 165 A vovíor xà dpa and xv AA, AZ 
ditAdcovs £o xv and x&v AT, TA tetpayavwv. ton dé f| 
AZ xfj AB: xà &pa and x&v AA, AB xexpéyova dimAcore 
£c x&v and vv AT, TA tetodyavev. 

"E&v dow evdeia Your] tuni eic tox xod device, xà dro 
TOV &víoov tfjc CANS xunuéxov TeTEdywva 6A óot& EOTL 
TOŬ Te &NO fic Nuloetac xoà ToD and xfic UETAED Tov TOUV 
Tetoaywvou: ónep Eder Deion. 
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angle [Prop. 1.32]. And they are equal. Thus, (angles) 
CEA and CAE are each half a right-angle. So, for the 
same (reasons), (angles) CEB and EBC are also each 
half a right-angle. Thus, the whole (angle) AEB is a 
right-angle. And since GEF is half a right-angle, and 
EGF (is) a right-angle—for it is equal to the internal and 
opposite (angle) ECB [Prop. 1.29]—the remaining (an- 
gle) EFG is thus half a right-angle [Prop. 1.32]. Thus, 
angle GEF [is] equal to EFG. So the side EG is also 
equal to the (side) GF [Prop. 1.6]. Again, since the an- 
gle at B is half a right-angle, and (angle) FDB (is) a 
right-angle—for again it is equal to the internal and op- 
posite (angle) EC'B [Prop. 1.29]—the remaining (angle) 
BFD is half a right-angle [Prop. 1.32]. Thus, the angle at 
B (is) equal to DF B. So the side FD is also equal to the 
side DB [Prop. 1.6]. And since AC is equal to CE, the 
(square) on AC (is) also equal to the (square) on C E. 
Thus, the (sum of the) squares on AC and CE is dou- 
ble the (square) on AC. And the square on EA is equal 
to the (sum of the) squares on AC and CE. For angle 
ACE (is) a right-angle [Prop. 1.47]. Thus, the (square) 
on EA is double the (square) on AC. Again, since EG 
is equal to GF, the (square) on EG (is) also equal to 
the (square) on GF. Thus, the (sum of the squares) on 
EG and GF is double the square on GF. And the square 
on EF is equal to the (sum of the) squares on EG and 
GF [Prop. 1.47]. Thus, the square on EF is double the 
(square) on GF. And GF (is) equal to CD [Prop. 1.34]. 
Thus, the (square) on EF is double the (square) on CD. 
And the (square) on EA is also double the (square) on 
AC. Thus, the (sum of the) squares on AE and EF is 
double the (sum of the) squares on AC and CD. And 
the square on AF is equal to the (sum of the squares) 
on AE and EF. For the angle AEF is a right-angle 
[Prop. 1.47]. Thus, the square on AF is double the (sum 
of the squares) on AC and CD. And the (sum of the 
squares) on AD and DF (is) equal to the (square) on 
AF. For the angle at D is a right-angle [Prop. 1.47]. 
Thus, the (sum of the squares) on AD and DF is double 
the (sum of the) squares on AC and CD. And DF (is) 
equal to DB. Thus, the (sum of the) squares on AD and 
DB is double the (sum of the) squares on AC and CD. 
Thus, if a straight-line is cut into equal and unequal 
(pieces) then the (sum of the) squares on the unequal 
pieces of the whole (straight-line) is double the (sum of 
the) square on half (the straight-line) and (the square) on 
the (difference) between the (equal and unequal) pieces. 
(Which is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: a? + b? = 2[([a + b]/2)? + ([a + b]/2 — b)?]. 
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ie 
"Edy cv¥eia yearn tunt dixa, npootef| Dé vic ooi 
evveta en’ cvtetac, TO aNd Thc CANS oov TH npooxeiyévr 
xoà TO ATÒ tfjc npooxewévrc và OUVAUPÓTEpA TETpÁYOVA 
SiTAKOLe EoTL TOU xe UNO tis Nuloetac xal Tod and tis ouy- 
xeuiévrc EX TE Thc fjuce(ac xol TÄS MeEooxEIWEVICS WC ATÒ 
MIS avery PAPEVTOS TETEXY VOL. 


E Z 








A 





H 


Eó0cia yao uc 5, AB tetufolw dtya xoxà tò D, tpo- 
oxtío0«o dé xc at evVEta En’ eote(oc Y) BA: Aévo, STL xà 
and tév AA, AB cexpévyova Ou dou £o vv dxó xv 
AT, TA xexpov vov. 

"Hyw yàp and tot T onuetou xfj AB npóc pàs À TE, 
xol xetow ton exatéea x&v. AT, TB, xoi exeCebyDwoav 
oi EA, EB: xoi 6X u&v tot E xfj AA napddAnroc Hy f| 
EZ, 9X 88$ to} A «jj DE napóXAnAoc Hydw f, ZA. xoi enet 
eic rapa jAouc evVetac tac ET, ZA eo0ctóá xc &véneoev 
ñ EZ, oi òrò TEZ, EZA dea 6uoiv ptis tou ciotv: oi 
&pa Und ZEB, EZA 600 ópüGv £Aáccovéc ciow: at dé 
an’ &£Aacoóvov T, 600 óp06Gv exBarAduevar cuunítrtouctv: 
at doa EB, ZA éxpoXXóuevot eri xà B, A uépn ovy- 
neoovvta. &xpeBArioUooov xol ouumiiévooav xatà tò H, 
xoi &xeCeOy 0c 7 AH. xoi &nel ton £oxiv f| AT xfj TE, ton 
£c xol Yoví(a Y, òrò EAT xfj óxó AET: xoi 0p7, Å mpdc t& 
I" fuloeia dou ptic [tot] &xoxépa x&v òrò EAT, AFT. 
Sid TA KUTA OF xoti Exatéoa x&v rò TEB, EBT fjutoeu tot 
ÓpÜf|c: Óp07, dow Eotly T) Und AEB. xol Exel hutoera ded Fc 
gov f; Und EBT, hulosa doa pis xoi ñ òrò ABH. £o 
dé xal f óxó BAH ptr: ton våg £o tH 0x0 ATE: EvorAaE 
ye Aou) Goa A óxó AHB jytoerd Eotw optic: f) doa ono 
AHB «fj óxó ABH &oxtv ton: ote xoi nAeupà f, BA rxAeup& 
tf HA &owv lon. nó, én& fj, Und EHZ jutoewk otw 
ÓpUfjc, óp SE Å poc xG Z on Yóp toti TH ånevavtiov TY} 
rpóc 1G I" Aou] doa ù ónó ZEH ju(oet& Eotw dedfic: tor, 
goa f, ónó EHZ ywovia t óxó ZEH: Hote xoi rAcved n HZ 
rAeupG tý EZ &oxtv ton. xoi &nel [ton ocv 7 ET tH DA], 
toov &cx [xo] tò àxó tic ET vexoéyovov t and týs TA 
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Proposition 10! 


If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the sum of the square on 
the whole (straight-line) with the (straight-line) having 
been added, and the (square) on the (straight-line) hav- 
ing been added, is double the (sum of the square) on half 
(the straight-line), and the square described on the sum 
of half (the straight-line) and (straight-line) having been 
added, as on one (complete straight-line). 


E F 








D 





G 


For let any straight-line AB have been cut in half at 
(point) C, and let any straight-line BD have been added 
to it straight-on. I say that the (sum of the) squares on 
AD and DB is double the (sum of the) squares on AC 
and CD. 

For let CE have been drawn from point C, at right- 
angles to AB [Prop. 1.11], and let it be made equal to 
each of AC and CB [Prop. 1.3], and let EA and EB have 
been joined. And let EF have been drawn through E, 
parallel to AD [Prop. 1.31], and let FD have been drawn 
through D, parallel to CE [Prop. 1.31]. And since some 
straight-line EF falls across the parallel straight-lines EC 
and FD, the (internal angles) CEF and EFD are thus 
equal to two right-angles [Prop. 1.29]. Thus, FEB and 
EFD are less than two right-angles. And (straight-lines) 
produced from (internal angles whose sum is) less than 
two right-angles meet together [Post. 5]. Thus, being pro- 
duced in the direction of B and D, the (straight-lines) 
EB and FD will meet. Let them have been produced, 
and let them meet together at G, and let AG have been 
joined. And since AC is equal to C E, angle E AC is also 
equal to (angle) AEC [Prop. 1.5]. And the (angle) at 
C (is) a right-angle. Thus, EAC and AEC [are] each 
half a right-angle [Prop. 1.32]. So, for the same (rea- 
sons), CEB and EBC are also each half a right-angle. 
Thus, (angle) AEB is a right-angle. And since EBC 
is half a right-angle, DBG (is) thus also half a right- 
angle [Prop. 1.15]. And BDG is also a right-angle. For 
it is equal to DCE. For (they are) alternate (angles) 
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xexparyó voy xà &pa and vv ED, TA tetedywva dinAcord 
gout tov and tis TA xexvparyovou. xoi òè and vv ET, TA 
{oov &ox tO ånò ts EA: 16 doa and ts EA tetepkywvov 
ditAcordy Eott Tov and ts AT tetpaywvov. nó, Exel tor 
éotly f; ZH «fj EZ, toov cotl xoi tò and týs ZH 16 and ts 
ZE: xà dea and t&v HZ, ZE binAdcovk £o tod ano tij¢ EZ. 
toic òè and vv HZ, ZE {oov &ox tò àxó týs EH: tò dow 
and ts EH binAdoudv &oxt tov ano tis EZ. ton 62 f, EZ ij 
TA: 10 &pa ånò ts EH tetodywvov 8i &otóv &oxt tot ano 
tfic DA. edetydn dé xoi tò dnd ts EA Gu otov tod and 
tis AT: xà dou dnd x&v AE, EH tetodywva ou oté £o 
t&v and Tv AD, TA tetpayóvwv. toic 68 and vv AE, 
EH teteayavoic toov &oxi tò ånò tc AH vevpéyovov: tò 
&pa and tic AH dinAdcoudy cot xv and x&v AT, TA. 165 
dé dnd tic AH tou tot) xà dnd vv AA, AH: xà dou and 
tév AA, AH [tetedyove] drido &ox x&v and tev AT, 
TA [tetexyovey]. ton dé ñ AH tH AB: xà dpa dnd tõv 
AA, AB [xexpéyova] Gu doi ċott x&v àxó x&v AT, TA 
XETpotY vov. 

"Edy doa cvveta year tunt dixa, meootedH dé tic 
avty evVeia en’ cvVelac, TO dno TY\¢ ČANS obv TH npo- 
oxeuévy xol TO ANO Tc npooxstuévrc TH OUVAUPOTEPA 
TETEAYOVa 8utA Got EOTL TOU Te AMO cíjc Huloetac xal tod 
aNd Tic cuYxeiévrc EX te Tic Nuloeclac xoà tic npo- 
OXEIUEVIS óc ATÒ ÕS avAYEAPEVTOS xevpoayovou: Ónep 
£6&t deltou. 


ELEMENTS BOOK 2 


[Prop. 1.29]. Thus, the remaining (angle) DGB is half 
aright-angle. Thus, DGB is equal to DBG. So side BD 
is also equal to side GD [Prop. 1.6]. Again, since EGF is 
half a right-angle, and the (angle) at F (is) a right-angle, 
for it is equal to the opposite (angle) at C [Prop. 1.34], 
the remaining (angle) F EG is thus half a right-angle. 
Thus, angle EGF (is) equal to FEG. So the side GF 
is also equal to the side EF [Prop. 1.6]. And since [EC 
is equal to CA] the square on EC is [also] equal to the 
square on CA. Thus, the (sum of the) squares on EC 
and CA is double the square on CA. And the (square) 
on EA is equal to the (sum of the squares) on EC and 
CA [Prop. 1.47]. Thus, the square on EA is double the 
square on AC. Again, since FG is equal to EF, the 
(square) on FG is also equal to the (square) on FE. 
Thus, the (sum of the squares) on GF and FE is dou- 
ble the (square) on EF. And the (square) on EG is equal 
to the (sum of the squares) on GF and FE [Prop. 1.47]. 
Thus, the (square) on EG is double the (square) on EF. 
And EF (is) equal to C D [Prop. 1.34]. Thus, the square 
on EG is double the (square) on CD. But it was also 
shown that the (square) on EA (is) double the (square) 
on AC. Thus, the (sum of the) squares on AE and EG is 
double the (sum of the) squares on AC and C D. And the 
square on AG is equal to the (sum of the) squares on AE 
and EG [Prop. 1.47]. Thus, the (square) on AG is double 
the (sum of the squares) on AC and CD. And the (sum 
of the squares) on AD and DG is equal to the (square) 
on AG [Prop. 1.47]. Thus, the (sum of the) [squares] on 
AD and DG is double the (sum of the) [squares] on AC 
and CD. And DG (is) equal to DB. Thus, the (sum of 
the) [squares] on AD and DB is double the (sum of the) 
squares on AC and CD. 

Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the sum of the square 
on the whole (straight-line) with the (straight-line) hav- 
ing been added, and the (square) on the (straight-line) 
having been added, is double the (sum of the square) on 
half (the straight-line), and the square described on the 
sum of half (the straight-line) and (straight-line) having 
been added, as on one (complete straight-line). (Which 
is) the very thing it was required to show. 





+ This proposition is a geometric version of the algebraic identity: (2a 


, 
ite a 
Thy 600€tcav cvdetav veuetv Hote TO UNO Tic GANS xoi 
toU &£vépou TV vurj&rov neptexóuevov opüovovtov toov 
eivat TG ATÒ TOD AOLTOŬ xufjuoxoc xexporóvo. 


Hb)? + 6? = 2 [a? + (a -- b)?]. 


Proposition 11! 


To cut a given straight-line such that the rectangle 
contained by the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to the square on the 
remaining piece. 
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"How f| soveion cóücta n AB: det 07, thy AB xeuciv 
@ote TÒ ÙTÒ tfjc ÓÀnc xoi tol tépou TV TUNUdTWV 
xeptexóuevov opÜoyvoviov (oov civar xG and tod Aouo0 
TUNUATOS vevpoY vo. 

Avayeyeapdw yàp and týs AB vevp&áyovov tò ABAT, 
xal tetuńoðw f, AT diya xatà tò E onusiov, xoi &xeCeoy 0o 
7 BE, xoi Guo f, TA ent tò Z, xoi xe(o0o xfj BE ton f, 
EZ, xol dvayeyeapdw and týs AZ tetecywvov tò ZO, xoi 
ey o 7 HO Eni tò K: Aévo, ów fj AB xévunot xoxà tò O, 
Hote TÒ tnd x&v AB, BO nepieyduevov ópÜovovtov toov 
Totely xà and tç AO tetpayovo. 

‘Enel yàp có0cia 5, AD tétunta diya xatà tò E, 
mpdoxetta è otf Å ZA, tò &pa bnd Gv TZ, ZA me- 
piexóuevov ópÜoyovtov uex& tod àxó týs AE tetexywvou 
loov Eotl 1G and ts EZ xexvpoy ovo. ton 98 f, EZ xfj EB: 
TÒ dpa Und tv TZ, ZA yeta tod ånò tfj; AE (cov ot 
1G and EB. àAAà 16 ånò EB toa £c tà and x&v BA, 
AE: 6997 yàp 5| npòs TH A ywvia tÒ doa Und t&v TZ, 
ZA yet tod &nd tis AE {oov Eotl xoic and x&v BA, AE. 
xotvóv aonefjodw tò and týs AE: Aoxóv dpa tò ONO t&v 
TZ, ZA nepieyóuevov dpdoyavovy toov &oxi 1G and týs AB 
xexporyó vo. xal £o TO pèv oónó t&v TZ, ZA tò ZK: ton 
yoo ù AZ xfj ZH: tò òè and týs AB tò AA: 16 doa ZK toov 
£c 16) AA. xotvóv åpneńoðw tò AK: Aoindv doa tò ZO 
16) OA ïoov &ox(v. xal Eott TO u£v OA tò ono x&v AB, 
BO: ïon yàp f, AB xf, BA: tò è ZO tò ånò tç AO: tò 
pa Und vGv AB, BO nepteyóyuevov dpdoyavov toov &odi 
16 dnd OA tetpayovo. 

‘H dea Sovcion cocta ñ AB tétunto xoxà TÒ O dote 
tÒ Und xv AB, BO nepieyóuevov ôpðoyóviov tcov notiv 
T and ts OA tetopayove Sree Eder roroa. 
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Let AB be the given straight-line. So it is required to 
cut AB such that the rectangle contained by the whole 
(straight-line), and one of the pieces (of the straight- 
line), is equal to the square on the remaining piece. 

For let the square ABDC have been described on AB 
[Prop. 1.46], and let AC have been cut in half at point 
E [Prop. 1.10], and let BE have been joined. And let 
CA have been drawn through to (point) F, and let EF 
be made equal to BE [Prop. 1.3]. And let the square 
FH have been described on AF [Prop. 1.46], and let GH 
have been drawn through to (point) K. I say that AB has 
been cut at H such as to make the rectangle contained by 
AB and BH equal to the square on AH. 

For since the straight-line AC has been cut in half at 
E, and FA has been added to it, the rectangle contained 
by CF and FA, plus the square on AE, is thus equal to 
the square on EF [Prop. 2.6]. And EF (is) equal to EB. 
Thus, the (rectangle contained) by CF and FA, plus the 
(square) on AE, is equal to the (square) on EB. But, 
the (sum of the squares) on BA and AE is equal to the 
(square) on EB. For the angle at A (is) a right-angle 
[Prop. 1.47]. Thus, the (rectangle contained) by CF and 
FA, plus the (square) on AE, is equal to the (sum of 
the squares) on BA and AE. Let the square on AE have 
been subtracted from both. Thus, the remaining rectan- 
gle contained by CF and FA is equal to the square on 
AB. And FK is the (rectangle contained) by CF and 
FA. For AF (is) equal to FG. And AD (is) the (square) 
on AB. Thus, the (rectangle) FK is equal to the (square) 
AD. Let (rectangle) AK have been subtracted from both. 
Thus, the remaining (square) FH is equal to the (rectan- 
gle) HD. And HD is the (rectangle contained) by AB 
and BH. For AB (is) equal to BD. And FH (is) the 
(square) on AH. Thus, the rectangle contained by AB 
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and BH is equal to the square on H A. 

Thus, the given straight-line AB has been cut at 
(point) H such as to make the rectangle contained by 
AB and BH equal to the square on H A. (Which is) the 
very thing it was required to do. 


t This manner of cutting a straight-line—so that the ratio of the whole to the larger piece is equal to the ratio of the larger to the smaller piece—is 


sometimes called the “Golden Section”. 


p’. 

Ev xoig åußàuyoviois terymvoig tÒ ånò tS TÙY 
duPAciav ywviayv Unotewovonc rAeupüc tetpáywvov ueitóv 
ċott tæv dnd THY Thy aUBAciav yæviav nepieyovoðv 
TÀEUPÕV TETPAYÖVWV TG TEPLEYOUEVYD Sic ONO TE uto TOV 
nepi THY auUBAEtav ywvlav, Em fjv n x&üexoc ninte, xol xfic 
dnohkaUBavoyevys &xxóc UNO tis xaVETOV npóc TH àuAc(o 
yovig. 


B 








A A D 


"Eoo óygfAuyowov telywvov tò ABT duBAciav Éyov 
thy ónó BAT, xoi ñx% and tod B onyuetou ém thy TA 
&xpAnÜcicoav xáðetos n BA. Aéyo, Sti TO ånò tH¢ BD 
TETEdYWVov ueiCóv Eotl t&v dnd vv BA, AT teteayove 
1G Sic Ond xv TA, AA negteyouévo ópÜovovíio. 

‘Enel yàp evdeta ñ DA tétunta, óc Éxuyev, XATA TO A 
onysiov, 16 dpa ano tij¢ AT toov éoti toic and x&v TA, 
AA tetpayavoic xal 16 dic Und x&v TA, AA nepteyouévo 
ópÜovcovio. xowòv tecoxeiodw TO ånò ts AB: xà dpa 
ano x&v TA, AB tow Eotl xoic te and tõv DA, AA, AB te- 
TEAYOVOLS xoi TES Sic Und vv TA, AA [nepieyouévo pvo- 
yoviy]. àAX& xoic uèv and tév TA, AB icov £od tò &nd 
ts TB: 600% yàp Å xpoc tă A ywovia xoic 6€ dnd tõv AA, 
AB ícov tò ånò týs AB: tò dpa ånò týs TB vexpéyvovov 
{oov éoti xoic te and x&v TA, AB tetpayavoig xol t& dic 
òrò t&v TA, AA nepieyouévo ópÜoYvovio: Gote TÒ &NO TÅG 
TB tetpéywvov t&v àxó vv DA, AB tetpayóvwv uctCóv 
£c 1G dic Und xv TA, AA nepieyouévo ópÜovovio. 

"Ey doa xoig àupAuYvowtow vptyóvotz TO ànó ts TÙY 
&uAelav ywviay Umotetwovonc rAeupüc cevpétycvov uettóv 
£o TV and HV Thy aUBAciav ywviav mepueyouoGv 


Proposition 12! 


In obtuse-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the (sum of the) 
squares on the sides containing the obtuse angle by twice 
the (rectangle) contained by one of the sides around the 
obtuse angle, to which a perpendicular (straight-line) 
falls, and the (straight-line) cut off outside (the triangle) 
by the perpendicular (straight-line) towards the obtuse 
angle. 


B 


D A C 


Let ABC be an obtuse-angled triangle, having the an- 
gle BAC obtuse. And let BD be drawn from point B, 
perpendicular to CA produced [Prop. 1.12]. I say that 
the square on BC is greater than the (sum of the) squares 
on B A and AC, by twice the rectangle contained by CA 
and AD. 

For since the straight-line CD has been cut, at ran- 
dom, at point A, the (square) on DC is thus equal to 
the (sum of the) squares on CA and AD, and twice the 
rectangle contained by CA and AD [Prop. 2.4]. Let the 
(square) on DB have been added to both. Thus, the (sum 
of the squares) on CD and DB is equal to the (sum of 
the) squares on CA, AD, and DB, and twice the [rect- 
angle contained] by CA and AD. But, the (square) on 
CB is equal to the (sum of the squares) on CD and DB. 
For the angle at D (is) a right-angle [Prop. 1.47]. And 
the (square) on AB (is) equal to the (sum of the squares) 
on AD and DB [Prop. 1.47]. Thus, the square on CB 
is equal to the (sum of the) squares on CA and AB, and 
twice the rectangle contained by CA and AD. So the 
square on CB is greater than the (sum of the) squares on 
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TACUEGY TETPAYMVWY TG) neptyouévo dlc onÓ TE WLdc THY 
nepi THY duUBAEtav ywvlav, EM fjv n xéüecoc ninte, xol xfic 
dnorkauBavouevync &xxóc UNO tis xaVETOV npóc TH àuAc(o 
yovi: ónep Eder SetEau. 
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CA and AB by twice the rectangle contained by C A and 
AD. 

Thus, in obtuse-angled triangles, the square on the 
side subtending the obtuse angle is greater than the (sum 
of the) squares on the sides containing the obtuse an- 
gle by twice the (rectangle) contained by one of the 
sides around the obtuse angle, to which a perpendicu- 
lar (straight-line) falls, and the (straight-line) cut off out- 
side (the triangle) by the perpendicular (straight-line) to- 
wards the obtuse angle. (Which is) the very thing it was 
required to show. 


t This proposition is equivalent to the well-known cosine formula: BC? = AB? + AC? — 2 AB AC cos BAC, since cos BAC = —AD/AB. 


ly’. 

"Ev voic b€vywvioig Tery@voig TÒ and Tic Thy O€etav 
ywviay Umotetwovonsg mAeupüc t&tpáyovov EAaTTOV £o 
TOY TÒ TV viv Ó&ciov Ywviav nepteyouoGv nAÀsupGv TE- 
tpaycvov TG) nepgtexouévo Bic UNG ve utc THY Teel tiv 
ó&ciav ywviav, Ey’ fjv fj xdVetoc ninter, xoi thc &moAaupa- 
vouévric &vxóc UNO fic xoüéxou npóc TH ó&cía yovig. 


A 








B A D 


"Eo ofvyowov tetywvov tò ABT ó&ciav éyov thy 
med¢ 16 B ywviav, xoà frc dxó tot} A onyetou &ri thy 
BT xadetog 7 AA: Aéyo, Sti TÒ ànó ts AT tetekywvov 
édattdov £o x&v ano t&v DB, BA tetpayóovwv v6 dic ono 
tév I'B, BA nepieyouévo ógÜovowio. 

"Enci yàp cvVeia A TB vévurot, óc Évuyev, xoxà TÒ 
A, Tà &pa dnd x&v TB, BA tetodywva (oa &od 1G te 
dic oxó v&v TB, BA nepuieyouévo ópðoywviy xol t and 
tiic AT xexpgoY vo. xowóv npooxeloðw tÒ and vfjc AA 
xexpéryovov: xà dea and x&v TB, BA, AA tetpåywva toa 
éotl xà te dic Und x&v TB, BA negteyouévo ópÜovovio 
xal toic and vv AA, AT vevpotyovtoc. GAAG xoic u&v amo 
t&v BA, AA {oov tò àxó týs AB: pù yàp fj npóc TH A 
yovig tois 6€ and xv AA, AT (oov tò àxó týs AT: xà 
&pa dnd x&v TB, BA (co £oxl 16 te ånò týs AT xoi 16 dic 
òrò t&v TB, BA: óoxe uóvov TÒ àxó tij¢ AU čAATTÓV £o 


Proposition 13! 


In acute-angled triangles, the square on the side sub- 
tending the acute angle is less than the (sum of the) 
squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by the 
perpendicular (straight-line) towards the acute angle. 


A 








B D C 


Let ABC be an acute-angled triangle, having the an- 
gle at (point) B acute. And let AD have been drawn from 
point A, perpendicular to BC [Prop. 1.12]. I say that the 
square on AC is less than the (sum of the) squares on 
C B and BA, by twice the rectangle contained by C B and 
BD. 

For since the straight-line CB has been cut, at ran- 
dom, at (point) D, the (sum of the) squares on CB and 
BD is thus equal to twice the rectangle contained by CB 
and BD, and the square on DC [Prop. 2.7]. Let the 
square on DA have been added to both. Thus, the (sum 
of the) squares on CB, BD, and DA is equal to twice 
the rectangle contained by CB and BD, and the (sum of 
the) squares on AD and DC. But, the (square) on AB 
(is) equal to the (sum of the squares) on BD and DA. 
For the angle at (point) D is a right-angle [Prop. 1.47]. 
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t&v and t&v DB, BA tetpayóvwv 16 dic Un xàv TB, BA 
TEpleyouev OoVoywviw. 

"Ev dpa xoic 6€vywviots TeLrywvolg TÒ ANO fic Thy O€etav 
yoviay brotewovons nAeupüc vetpáyovov EAATTOV EOTL 
TOY dxOÓ Tév tiv Ó&ciov Ywviav nepteyouoGv TAEUPHSY TE- 
TOENYMVWV TG) nepgtexouévo Bic UNG ve utc THY negl tiv 
ó&ciav ywviav, ey’ Hv fj xóüexoc ninte, xoi xfic émoAoupa- 
vouévric &vxóc UNO ts xoétxou npóc TH OEela Ywvia ónep 
£6&t Ocio. 
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And the (square) on AC (is) equal to the (sum of the 
squares) on AD and DC [Prop. 1.47]. Thus, the (sum of 
the squares) on CB and BA is equal to the (square) on 
AC, and twice the (rectangle contained) by C B and BD. 
So the (square) on AC alone is less than the (sum of the) 
squares on C B and B A by twice the rectangle contained 
by CB and BD. 

Thus, in acute-angled triangles, the square on the side 
subtending the acute angle is less than the (sum of the) 
squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by 
the perpendicular (straight-line) towards the acute angle. 
(Which is) the very thing it was required to show. 


t This proposition is equivalent to the well-known cosine formula: AC? = AB? + BC? — 2 AB BC cos ABC, since cos ABC = BD/AB. 


i. 
TG 600évu evOvyeduum tcov vexpéyovov ouotfjoac- 
Dou. 














© 

E 
B H Z 
D A 


"Eo tò 000é£v có0Oygoauuov tÒ A- det 5H x A 
cevOvyeaUUa toov texpityovov ouotfjoacot. 

Luveotatw yàp t A évduyeduu@ toov napaAATAÓ- 
Yeouguov dpvoyMvov tò BA: cei u£v obv ton cv 7 BE 
tf, EA, vevovóc àv etn TÒ EmitayVEv. ouvéotata yàp x 
A eO0uYvoáuuo toov tetpåywvov tò BA: ei dé o0, ula x&v 
BE, EA yusíCov éotiv. Éovo ue(Cov 7 BE, xoi &xpepArio0o 
én tò Z, xol xeioUo xfj EA ton fj EZ, xoi tetujodw 7 BZ 
dtya xatà tò H, xoà xévtow 1G H, Stacthyati 6& Evi tæv 
HB, HZ fjuxóxAtov yeypådgðw tò BOZ, xoi &xpepAXrioto f 
AE ¿mì tò O, xoi éneCeoy 0o ñ HO. 

‘Enel oov cd0eia ñ BZ tétunta eic uev too xatà tò H, eic 
öè &vtca xatà TO E, TO doa UNO tõv BE, EZ nepieyóuevov 
ópÜoyovtov uexvà Tov ano ts EH xexvpayovou toov £o 
1G and týs HZ tetpayovo. ton d€ f, HZ t HO: tò dow 
òrò t&v BE, EZ uetà tod ano týs HE (cov £o 1G ano 
thc HO. 16 be and týs HO tou ot. tà and vv OE, EH 
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Proposition 14 


To construct a square equal to a given rectilinear fig- 
ure. 














H 
E 

B G F 

C D 


Let A be the given rectilinear figure. So it is required 
to construct a square equal to the rectilinear figure A. 

For let the right-angled parallelogram BD, equal to 
the rectilinear figure A, have been constructed [Prop. 
1.45]. Therefore, if BE is equal to ED then that (which) 
was prescribed has taken place. For the square B D, equal 
to the rectilinear figure A, has been constructed. And if 
not, then one of the (straight-lines) BE or ED is greater 
(than the other). Let BE be greater, and let it have 
been produced to F, and let EF be made equal to ED 
[Prop. 1.3]. And let BF have been cut in half at (point) 
G [Prop. 1.10]. And, with center G, and radius one of 
the (straight-lines) GB or GF, let the semi-circle BHF 
have been drawn. And let DE have been produced to H, 
and let GH have been joined. 

Therefore, since the straight-line BF has been cut— 
equally at G, and unequally at E—the rectangle con- 
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TeTed&ywva TO Goa ono x&v BE, EZ uexà tod and HE tow 
£o tols ano x&v OE, EH. xotvóv àqnorjodo tò ano týs HE 
tetTpåywvov: AoIMOV Goa TO UNO x&v BE, EZ repieyduevov 
deVoyavoy toov tot x6 UNO týs EO teteayave. GAA TO 
òrò x&v BE, EZ tò BA &ouv ion yàp ñ EZ tý EA: tò 
&pa BA napoAAnAóyvpauuov tcov gotl t &nd týs OE te- 
1pgoY vo. toov dé tò BA 16 A ed0uypduue. xoi to A doa 
eo00Ypouuov toov £o tă and rfjg EO &voypoqgnooguévo 
TETPAYOVO. 

TG &pa 600évu evOvypduUH và A (cov tetpáywvov 
OVVECTATAL TO AMO týs EO avaypapnoduevov’ Onep eet 
ToLo. 
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tained by BE and EF, plus the square on EG, is thus 
equal to the square on GF [Prop. 2.5]. And GF (is) equal 
to GH. Thus, the (rectangle contained) by BE and EF, 
plus the (square) on GE, is equal to the (square) on GH. 
And the (sum of the) squares on H E and EG is equal to 
the (square) on GH [Prop. 1.47]. Thus, the (rectangle 
contained) by BE and EF, plus the (square) on GE, is 
equal to the (sum of the squares) on H E and EG. Let 
the square on GE have been taken from both. Thus, the 
remaining rectangle contained by B E and EF is equal to 
the square on EH. But, BD is the (rectangle contained) 
by BE and EF. For EF (is) equal to ED. Thus, the par- 
allelogram BD is equal to the square on HE. And BD 
(is) equal to the rectilinear figure A. Thus, the rectilin- 
ear figure A is also equal to the square (which) can be 
described on EH. 

Thus, a square—(namely), that (which) can be de- 
scribed on E H—has been constructed, equal to the given 
rectilinear figure A. (Which is) the very thing it was re- 
quired to do. 
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Fundamentals of Plane Geometry Involving 
Circles 


STOIXEION y. 


“Opor. 


a’. "Icot xÓxXot cioiv, àv ai Sidueteor toa eotv, Ñ Qv at 
£x tõv xévtpwv toot eiotv. 

p. Hoveia xóxAou eganteoda Aévevot, Htc amtouevy 
TOŬ xUxAoU xoi ExBahAouEevy OV TéUvEel TOV xÓxÀov. 

y. KóxAot &gárxxeoot Gov. Aéyovtau otxivec &mxó- 
UEVOL GAAHAWY oÙ xéuvouotv GAATAOUC. 

©. "Ev x0xAw toov anéyew ano tod xévipou evdeta 
Aéyovta, Óvav al and tol xévtpov En” avtTac xáüetot 
&Yóuevou toot Gow. 

g’. MeiCov 8& anéyew Aéyexon, Ep 
TITTEL. 

v. Tyufjua xúxňov Eotl TO neptexóuevov oyua UNG TE 
evvetac xol xUxAOU nepupeps(ac. 

C. Tunuatoc 8& yovia &oviv Å nepieyouévy Und te 
evuvetac xol xúxou nepupeps(ac. 

"n. Ev tufyatt è ywvia otiv, Ötav ém tic Tepl- 
wepeiag tod tTuńuatTos Anpdy xt onuctov xol an’ aÙTtoŭ Ext 
tà népata tfj; cvVelac, f| ott Báo tov turatoc, Èn- 
Cevyddow cvei, f, nepleyouevn yYovia Uno v&v eEmCev- 
yVetodyv cvVerdy. 

0. "Oxav 8& al xeptéyoucot Thy ywvlav cvdeta dro- 
AauBdvoot tia xepupépetav, en” Exetvnc Agyetou Depryxévot 
7j Yovia. 

V. T'ouebc 8& xóxAou Eotiv, OTav npóc 1G xévtipG TOD 
XOxAou cuoxof Ywvia, TO repiexóuevov oyua UT ve TOV 
Thy yoviay Tepleyovodsy cbVElav xol Tic ircoAogupovouévnc 
br’ aÙTÕV nepupepetac. 

vo’. “Quota tuńuata xóxAcv toti Ta SeyduEva Yovíac 
loa, Y, £v oic at ywvior loot AAA Aous etotv. 


2 è 


Tiv fj ue(Cov x&Veto¢ 


Oe 

Tod d00€vto¢ xOxA0U TO xévtpov còpe. 

"Eoo 0 oleis xdxAo¢ 6 ABT: det 97) o0 ABD xóxAou 
TO xévtpov ELEELV. 

Avhy9@ tic cic abxóv, Gc Évoyev, evVEeta fj AB, xoi 
TeTUHOVE Stya xatà TO A onuEiov, xoi dnd tod A t AB 
xpóc pàs To HAT xoi Dyw Eri tò E, xoi tetufjodw 
ATE dtya xatà TÒ Z: AEyw, ÖT TÒ Z xévipov toti tov ABT 
[xbxAou]. 

My Yóág, &XX' et Suvatdy, Eotw tò H, xoi ExneCebyDwoav 
oi HA, HA, HB. xoi énet ton cotiv f, AA xfj AB, xow) dé H 
AH, 800 87, of AA, AH 600 tos HA, AB tou eiolv exatépa 
exatéea xal Báoic f, HA aoe xfj HB ot ton &x xévteou 
yoo: yovia dea f, bnd AAH Yovía ti bn6 HAB tor, Eotiv. 
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Definitions 

1. Equal circles are (circles) whose diameters are 
equal, or whose (distances) from the centers (to the cir- 
cumferences) are equal (i.e., whose radii are equal). 

2. A straight-line said to touch a circle is any (straight- 
line) which, meeting the circle and being produced, does 
not cut the circle. 

3. Circles said to touch one another are any (circles) 
which, meeting one another, do not cut one another. 

4. In a circle, straight-lines are said to be equally far 
from the center when the perpendiculars drawn to them 
from the center are equal. 

5. And (that straight-line) is said to be further (from 
the center) on which the greater perpendicular falls 
(from the center). 

6. A segment of a circle is the figure contained by a 
straight-line and a circumference of a circle. 

7. And the angle of a segment is that contained by a 
straight-line and a circumference of a circle. 

8. And the angle in a segment is the angle contained 
by the joined straight-lines, when any point is taken on 
the circumference of a segment, and straight-lines are 
joined from it to the ends of the straight-line which is 
the base of the segment. 

9. And when the straight-lines containing an angle 
cut off some circumference, the angle is said to stand 
upon that (circumference). 

10. And a sector of a circle is the figure contained by 
the straight-lines surrounding an angle, and the circum- 
ference cut off by them, when the angle is constructed at 
the center of a circle. 

11. Similar segments of circles are those accepting 
equal angles, or in which the angles are equal to one an- 
other. 


Proposition 1 


To find the center of a given circle. 

Let ABC be the given circle. So it is required to find 
the center of circle ABC. 

Let some straight-line AB have been drawn through 
(ABC), at random, and let (AB) have been cut in half at 
point D [Prop. 1.9]. And let DC have been drawn from 
D, at right-angles to AB [Prop. 1.11]. And let (CD) have 
been drawn through to E. And let CE have been cut in 
half at F [Prop. 1.9]. I say that (point) F is the center of 
the [circle] ABC. 

For (if) not then, if possible, let G (be the center of the 
circle), and let GA, GD, and GB have been joined. And 
since AD is equal to DB, and DG (is) common, the two 


TO 


STOIXEION y. 


tav dé edVeta En’ evVEtav oTadeion tàs tyes ywviac 
oas AAAs noi, Ged) Exatéoa t&v loov ywwdsy &octv 
Óp07, doa Eotly f; UNO HAB. ot dé xoi fj Und ZAB óp: 
lor doa f, òrò ZAB tH ónó HAB, f| us(Cov tH £Aávcovc 
ónep Eotly ddUvatov. ox dpa TO H xévtpov &oxi to} ABT 
XOxAou. Ouoícc SH 6e(&ouev, StL oÙ’ &AAo xt TAHy TOŬ Z. 











E 


Tò Z doa onusiov xévtpov £o tob ABT [xóxXov]. 


, 
IIóptoya. 
"Ex 07 voÓxou qovegóv, OTL &Xv Ev KOXAM cóUci& TIC 
cvuvdeiay tiva diya xal npóc ópÜdc TéEUVN, &ri tS veu voborc 
&o1l TO xévt1pov TOŬ xÓxAou. — Ónep Edel roroa. 


t The Greek text has “GD, D B", which is obviously a mistake. 


p. 

"E&v xOxAou émi týs nepupepe(ac Anpdf S00 tuydvta 
cnygeia, f êm xà ovjueia &riCeo Yvuuévr evVEta &vvoc neoctvou 
toU xbxAov. 

"Eo x0x^oc ò ABT, xoi ent ts xepupepeíac oxo0 
eU fgüc 600 tuyóvta onucia xà A, B: Aévo, dt f| and 
tov A ém tò B éniCevyvuuevyn evdeta &vxóc meoeita tod 
XÜXAOU. 

My yáp, GA’ ei Duvatóv, MINTETW &xóc oc f) AEB, xoi 
ciAnpdw TÒ xévxpov tod ABT xóxAovu, xoi Eotw TO A, xoi 
&neCeoy0ocav at AA, AB, xoi Siyva 7, AZE. 

"Eni obv ton ċotiv n AA «fj AB, ton hoa xa yovia À 
ond AAE tf ónó ABE: xal nel torymvou tod AAE pia 
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(straight-lines) AD, DG are equal to the two (straight- 
lines) BD, DG,' respectively. And the base GA is equal 
to the base GB. For (they are both) radii. Thus, angle 
ADG is equal to angle GDB [Prop. 1.8]. And when a 
straight-line stood upon (another) straight-line make ad- 
jacent angles (which are) equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, GDB 
is a right-angle. And FDB is also a right-angle. Thus, 
FDB (is) equal to GDB, the greater to the lesser. The 
very thing is impossible. Thus, (point) G is not the center 
of the circle ABC. So, similarly, we can show that neither 
is any other (point) except F. 

C 








E 
Thus, point F is the center of the [circle] ABC. 


Corollary 


So, from this, (it is) manifest that if any straight-line 
in a circle cuts any (other) straight-line in half, and at 
right-angles, then the center of the circle is on the for- 
mer (straight-line). — (Which is) the very thing it was 
required to do. 


Proposition 2 


If two points are taken at random on the circumfer- 
ence of a circle then the straight-line joining the points 
will fall inside the circle. 

Let ABC be a circle, and let two points A and B have 
been taken at random on its circumference. I say that the 
straight-line joining A to B will fall inside the circle. 

For (if) not then, if possible, let it fall outside (the 
circle), like AEB (in the figure). And let the center of 
the circle ABC have been found [Prop. 3.1], and let it be 
(at point) D. And let DA and DB have been joined, and 
let DF E have been drawn through. 

Therefore, since DA is equal to DB, the angle DAE 
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rAeupgk npocexféBArot f| AEB, ycitwv doa f, Und AEB 
yovia tic tnd AAE. ton òè n nò AAE qH tnd ABE: 
ue(Cov &pa 9| òrò AEB ts ónó ABE. nò è thy uetCova 
yov(av 7 ue(Gcov mAcved Oxocetvev. ueiGov dea À AB «fic 
AE. ton 68 ñ AB tÅ AZ. useitov doa fj, AZ ts AE fi 
éAdttwv ts ue(Covoc: Önep Eotly adbvatov. oOx toa f| 
ano to A ént tò B emCevyvouevn eücia &xvóc neoeitar 
Tov xOóxAou. uolws 07) SeiGouev, StL OVdE En’ ats TÄS 
xepupepe(ac: Evtdc dpa. 


A 


B 


"E&v doa x0xXou éni tc tepupepetoc Angi 660 tuyóvta 
onucia, f êm xà ovueia &riCeo Yvuyuévr evVEta Evtoc neoctvou 
Tov xvxAou’ önep Eder Setka. 


Y. 

"Eàv tv xÓxAo cdvVeta tis dà Tob xévvpou evdeidy twa 
uÀ Sid xoO xévxpou Slya téuvy, xal npóc ópOdc MUTINY véuvev 
xal àv npóc ÓpUdc aUTIY véuvn, xol iya aot] véuvet. 

"Eoto x0x^oc ô ABT, xoi £v oOx) co0ctó tie Sid TOD 
xév1pou Ý L'A eOOciáv tiva ur dià tod xévipou thy AB diya 
TEUVETO KATH TO Z onuciov: Aévo, OTL xol MEd GEDAC AUTHY 
TEUVEL. 

EiApIe yàp tò xévteov tod ABT xÓxXAou, xoà Eotw 
TÒ E, xoi &neCeOyüocav oi EA, EB. 

Kot ¿nei ton &oxiv f| AZ xfj ZB, xow dé f, ZE, 500 uov 
tou [ciotv]: xoi Bácic f, EA Bdoet xf, EB ton ywvia toa ñ 
òrò AZE ywvia t óxó BZE ion éotiv. dtav ðè eotcia én’ 
evvetav otadeion tàs Ége&fic ywviac toas ås rof, 
ÓpU1, £xoépa t&v locv ywvidsy otv: Exatéea doa xGv 
òrò AZE, BZE óp0üf, éotw. f, DA dpa Dà tot xévipou 
ovoa thy AB uù dià tod xévxpou oboav Stya véuvouoa xal 
xpóc pàs TEUVEL. 
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(is) thus also equal to DBE [Prop. 1.5]. And since in tri- 
angle DAE the one side, AEB, has been produced, an- 
gle DEB (is) thus greater than DAE [Prop. 1.16]. And 
DAE (is) equal to DBE [Prop. 1.5]. Thus, DEB (is) 
greater than DBE. And the greater angle is subtended 
by the greater side [Prop. 1.19]. Thus, DB (is) greater 
than DE. And DB (is) equal to DF. Thus, DF (is) 
greater than DE, the lesser than the greater. The very 
thing is impossible. Thus, the straight-line joining A to 
B will not fall outside the circle. So, similarly, we can 
show that neither (will it fall) on the circumference itself. 
Thus, (it will fall) inside (the circle). 


A 


EE 


Thus, if two points are taken at random on the cir- 
cumference of a circle then the straight-line joining the 
points will fall inside the circle. (Which is) the very thing 
it was required to show. 


Proposition 3 


In a circle, if any straight-line through the center cuts 
in half any straight-line not through the center then it 
also cuts it at right-angles. And (conversely) if it cuts it 
at right-angles then it also cuts it in half. 

Let ABC be a circle, and, within it, let some straight- 
line through the center, C D, cut in half some straight-line 
not through the center, AB, at the point F. I say that 
(C D) also cuts (AB) at right-angles. 

For let the center of the circle ABC have been found 
[Prop. 3.1], and let it be (at point) E, and let EA and 
EB have been joined. 

And since AF is equal to FB, and FE (is) common, 
two (sides of triangle AF E) [are] equal to two (sides of 
triangle BF E). And the base FA (is) equal to the base 
EB. Thus, angle AF E is equal to angle BFE [Prop. 1.8]. 
And when a straight-line stood upon (another) straight- 
line makes adjacent angles (which are) equal to one an- 
other, each of the equal angles is a right-angle [Def. 1.10]. 
Thus, AF E and BFE are each right-angles. Thus, the 


STOIXEION y. 


A 


AAAA 69) fj DA thy AB ngóc ópüàc xeuvévox AEYW, OTL 
xol dtya adthy véuvet, Toutéotw, óu ton oiv f, AZ tH ZB. 

Tõv yàp obtGv xoxooxeuooÜÉvtov, Enel fon Eotlv f| 
EA ti EB, ton éotl xoi Yovía f| óxó EAZ «fj ónó EBZ. 
éotl de xoi pð fj, nd AZE óp tH UNO BZE ion: 000 
doa tetywva £o EAZ, EZB tac 500 ywviag Svol Yovíotc 
loug Eyovta xoi Ulav TAcvEdy Wa TACLES tony xotv]v oro tv 
thy EZ brotetvovoay O76 uíav v&v locov yovv: xol TAÇ 
Aoindc dea nAecupàç tos ornas MAEUPAIIC toas É&ev ton Goa 
n AZ xfj ZB. 

"Ey doa £v xÓxAXo eo0€i& tic Sik tod xévtpou evdEtdv 
Tiva uÙ Sia to xévteou Biya véuvr, xol npóc opüàc adTIYY 
Téuver xal Exv npóc pàs avTHY véuvr, xoà Slya a’TIYY 
téuver ónep Eder dcia. 


0. 


"E&v &v KUxAw 000 eO0&iot véuvooty GAATAAC uÀ dia TOD 
xév1pou oboot, OV xéuvouoty dA Aoc Biya. 

"Eoo x0xXoc 6 ABTA, xoi &v adt@ 600 cv0cin ot AT, 
BA «xeuvéxvooav GAXÉAac xoxà TO E uù di& tod xévtpou 
ovoa AEYwW, OTL OV xéguvouoty GA AAC Gba. 

Ei yàp Duvatóv, teuvétwouv adAhAac Ga Bote tony 
civar thy u£v AE «fj ET, thy 68 BE t EA: xa eigo tò 
xévxpov tol ABTA xúxňouv, xol Eotw tÒ Z, xol éxeCeoy 0o 
n ZE. 

‘Enel obv eo0&t& tic Od To xévtpou f, ZE eó0ciáv twa 
uÀ Sia tod xévtpov thy AT diya téuver, xol medc ópüdc 
avtHy xéuvev. 6e0} dpa Eotiv f) UNO ZEA: náv, Enel eo0ció 
tig f, ZE evvetdv twa thy BA 66a véuvet, xoi npóc ópüóc 
avtHy tÉuvev. Cody) doa Å ónó ZEB. edetyDn dé xol H ono 
ZEA Ogp0Y; ton &pa Y, òrò ZEA «fj Und ZEB f| Erdttwv T 
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(straight-line) C D, which is through the center and cuts 
in half the (straight-line) AB, which is not through the 
center, also cuts (AB) at right-angles. 


D 


And so let CD cut AB at right-angles. I say that it 
also cuts (AB) in half. That is to say, that AF is equal to 
FB. 

For, with the same construction, since EA is equal 
to EB, angle EAF is also equal to EBF [Prop. 1.5]. 
And the right-angle AF E is also equal to the right-angle 
BFE. Thus, EAF and EFB are two triangles having 
two angles equal to two angles, and one side equal to 
one side—(namely), their common (side) EF, subtend- 
ing one of the equal angles. Thus, they will also have the 
remaining sides equal to the (corresponding) remaining 
sides [Prop. 1.26]. Thus, AF (is) equal to FB. 

Thus, in a circle, if any straight-line through the cen- 
ter cuts in half any straight-line not through the center 
then it also cuts it at right-angles. And (conversely) if it 
cuts it at right-angles then it also cuts it in half. (Which 
is) the very thing it was required to show. 


Proposition 4 


In a circle, if two straight-lines, which are not through 
the center, cut one another then they do not cut one an- 
other in half. 

Let ABC D be a circle, and within it, let two straight- 
lines, AC and BD, which are not through the center, cut 
one another at (point) E. I say that they do not cut one 
another in half. 

For, if possible, let them cut one another in half, such 
that AE is equal to EC, and BE to ED. And let the 
center of the circle ABC D have been found [Prop. 3.1], 
and let it be (at point) F, and let FE have been joined. 

Therefore, since some straight-line through the center, 
FE, cuts in half some straight-line not through the cen- 
ter, AC, it also cuts it at right-angles [Prop. 3.3]. Thus, 
FEAisaright-angle. Again, since some straight-line FE 
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uetCow Step Eotly ådúvatov. ovx dea at AT, BA téuvovow 


GAA Aas Gba. 


A A 
B D 


"Eàv doa ev xbxAw dvo eo0€iot xéuveocty GAY Aoc uÀ dia 
tov xév1pou oboot, OU xéuvouoty GAANAAS dixa ónep Edel 
citar. 


, 


£. 


‘Edy 600 xÓxXAot xéuvooty AAAA ouc, oOx čata aOtGv 
TO QUTO xévtpov. 





A00 yàp xóx^ot oi ABD, TAH xeuvévoocav adAhAouc 
xoxà tà B, T onucta. Aévo, Sti oóx £ocot AÛTÕV TO ATO 
XEVTOOV. 

Et yàp Suvatév, Zotw TO E, xoi eneTevydw T, ET, xoi 
ouo 7 EZH, wc £vuyev. xol Enel tò E onuciov xévteov 
éotl to ABT xbxAov, ton £cxiv f| ET tH EZ. nédw, ¿nel tò 
E onuctov xévtpov &oxi tol TAH xdxAovu, ton cotiv f, ET 
th EH: cdeiydn o£ 7 ET xoi th EZ ton: xoà fj EZ dea th EH 
gow ton f, £Aáooov t uelCove óxnep Eotly åðúvatov. OVX 
&pa xó E onusiov xévtpov &oxi x&v ABT, PAH xdxdwv. 

‘Edy doa 060 xóxAot TE“VWoW AAAA ouc, oÓx EoTIV 
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cuts in half some straight-line BD, it also cuts it at right- 
angles [Prop. 3.3]. Thus, FEB (is) a right-angle. But 
FEA was also shown (to be) a right-angle. Thus, FEA 
(is) equal to FEB, the lesser to the greater. The very 
thing is impossible. Thus, AC and BD do not cut one 
another in half. 


A 
B 


Thus, in a circle, if two straight-lines, which are not 
through the center, cut one another then they do not cut 
one another in half. (Which is) the very thing it was re- 
quired to show. 


Proposition 5 


If two circles cut one another then they will not have 
the same center. 





For let the two circles ABC and C DG cut one another 
at points B and C. I say that they will not have the same 
center. 

For, if possible, let E be (the common center), and 
let EC have been joined, and let EFG have been drawn 
through (the two circles), at random. And since point 
E is the center of the circle ABC, EC is equal to EF. 
Again, since point E is the center of the circle CDG, EC 
is equal to EG. But EC was also shown (to be) equal 
to EF. Thus, EF is also equal to EG, the lesser to the 
greater. The very thing is impossible. Thus, point E is not 
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avtév TÒ aAdTO xEvtpOV’ ónep Eder Deléon. 


rd 
Tx 
"Eàv 600 xÓxAot EQaNTWVTAL GAAHAWY, oOx EoTOL atv 
TO QUTO XEVTEOV. 


D 


A 


Abo yàp xóxXot ot ABT, TAE eqantéodwouy GAAHAwY 
xoxà tò Dl onuciov’ Aéyw, Sti oOx Éotot atv TO ATO 
XÉvt1pov. 

Ei yàp Suvatév, gotw tò Z, xoi &neCeoy o T) ZT, xoi 
Oy Oc, Gc Éxuxev, fj ZEB. 

‘Enel ov xó Z onusiov xévtpov &oxi toù ABT xbxAou, 
lor £cxiv f, ZI th ZB. nédw, Enel tò Z onuciov xévteov 
got tol TAE xbxAov, ton &oxv f, ZT tH ZE. edetydn 98 f 
ZI th ZB low xoi f, ZE doa tH ZB eotw ton, f) £A&xvov 
tfj ueitow ónep &oxlv dSbvatov. oOx dpa TO Z onuetov 
xévtpov oti x&v ABD, TAE xóxXov. 

"Edy doa S00 xÓxAot &gámvovvot GAAHAWY, oOx £oxou 
oO1Gv TO ATO XEVTPOV’ ónep Ede deion. 


da 

"Ey xóxAou Ertl ts Stauetoeou An xt onueiov, 6 ur, 
£o xévtipov TOU xUxXAOL, TÒ SE TOU onuciou npóc Tov 
X0XAov npoonínrtcooty evVetiat tives, ueyíotr, uev £oxot, £g 
fic TO xévtpov, EdAaylotn SE H Aouxfj, x&v OE GAXcV Gl À 
čyylov tfjc Sila tov xévipou tc dnwtepov us(Cov Eotiv, 
600 è uóvov toot and to onusíou npooneocoUvtot npóc 
Tov XÓxAov EM’ ExdTEpA Tic &Aoylotrc. 
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the (common) center of the circles ABC and CDG. 

Thus, if two circles cut one another then they will not 
have the same center. (Which is) the very thing it was 
required to show. 


Proposition 6 


If two circles touch one another then they will not 
have the same center. 


C 


A 

For let the two circles ABC and CDE touch one an- 
other at point C. I say that they will not have the same 
center. 

For, if possible, let F be (the common center), and 
let FC have been joined, and let FEB have been drawn 
through (the two circles), at random. 

Therefore, since point F is the center of the circle 
ABC, FC is equal to FB. Again, since point F is the 
center of the circle CDE, FC is equal to FE. But FC 
was shown (to be) equal to FB. Thus, FE is also equal 
to FB, the lesser to the greater. The very thing is impos- 
sible. Thus, point F is not the (common) center of the 
circles ABC and CDE. 

Thus, if two circles touch one another then they will 
not have the same center. (Which is) the very thing it was 
required to show. 


Proposition 7 


If some point, which is not the center of the circle, 
is taken on the diameter of a circle, and some straight- 
lines radiate from the point towards the (circumference 
of the) circle, then the greatest (straight-line) will be that 
on which the center (lies), and the least the remainder 
(of the same diameter). And for the others, a (straight- 
line) nearer’ to the (straight-line) through the center is 
always greater than a (straight-line) further away. And 
only two equal (straight-lines) will radiate from the point 
towards the (circumference of the) circle, (one) on each 
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"Eotw x0xdoc¢ ó ABTA, ótáuexpoc 0& abtO Eotw | AA, 
xai ent tic AA eio x onuciov tò Z, 6 uh £ow xévipov 
tov xbxAov, xEvtpov 6& TOŬ xbxAOU EoTw TO E, xal and tod 
Z ngóc tov ABTA xvxrov npoomintétwoay evvetat tives ait 
ZB, ZT, ZH: AEyw, Str ueyloty uév &owv f, ZA, Erayiotn 
dé f, ZA, x&v SE &GAXov f| u&v ZB ts ZI use(Cov, 1j òè ZT 
ts ZH. 

"Encteóy0cocov yoo oi BE, TE, HE. xoi &xei ravtóc 
tpiYOvou ai 000 rAeupol ts Aos ue(Govéc cio, oi dpa 
EB, EZ «fic BZ us(Covéc ciow. ton òè 7 AE cf; BE [oi dou 
BE, EZ toot ciot xf, AZ]: ueiCov dow f, AZ tis BZ. nó, 
nel ton cotly f, BE tH TE, xow) 68 ñ ZE, 600 OF of BE, 
EZ dvol tos TE, EZ toot etotv. GÀA& xoà ywvia f, óxó BEZ 
yoviag tis tnd TEZ ucitov: Báo toa f, BZ Bdoewe tis 
TZ uei@ov éotiv. Sa ta HUT BY xoi 7| TZ xfic ZH uetCov 
éottv. 

IIdAw, &xei of HZ, ZE ts EH ue(Covéc iow, ton òè ñ 
EH tf EA, oi &ápa HZ, ZE tç EA ueiCovéc elow. xowr| 
&Qnerjo0c f, EZ: Xo] &pga f, HZ Aois ts ZA ueiCov 
éottv. ueyíiocr uv doa f, ZA, édaytoty 68 À ZA, uetGov òè 
n u&v ZB ts ZI, 5; Se ZI ts ZH. 

Aéyw, ÖT xoi and tot Z onuelou 8600 uóvov (oot tpo- 
onecovvta npóc Tov ABTA xúxňov ey’ Exdtepa ts ZA 
&Aaylotric. ouveotatw yàp Teds tÅ EZ cvVeta xol xà npóc 
AUTH onuct 6 E tÅ ónó HEZ ywvia ton f, òrò ZEO, xoi 
&neCeOy o f, ZO. &nel oov ton ċotiv 7 HE xfj EO, xowr| 
dé f, EZ, 600 oh oi HE, EZ bvol voi; OE, EZ toa eiotv 
xol yovia f|, ónó HEZ yovia xf; ónó OEZ ton: Báo tow 
?, ZH Béoe «fj ZO ton &oxtv. A€yw Oh, Ott tH ZH GAAy 
lon o0 MecoTEcEita npóc Tov xOxAov dnó ToD Z onyUEtov. 
el yàp Guvaxóv, Neoomintétw f| ZK. xol exel f| ZK tH ZH 
ton £oxtv, MAX À ZO «ij ZH [ton &oxiv], xoi 7 ZK dow tH 
ZO £o ton, f| £y tov xfjc Sia to xévtpou TH &noepov 
low Önep adbvatov. oOx doa and Tod Z onueiou &xépa tic 
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(side) of the least (straight-line). 











Let ABCD be a circle, and let AD be its diameter, and 
let some point F, which is not the center of the circle, 
have been taken on AD. Let E be the center of the circle. 
And let some straight-lines, FB, FC, and FG, radiate 
from F towards (the circumference of) circle ABCD. I 
say that FA is the greatest (straight-line), FD the least, 
and of the others, F B (is) greater than FC, and FC than 
FG. 

For let BE, CE, and GE have been joined. And since 
for every triangle (any) two sides are greater than the 
remaining (side) [Prop. 1.20], EB and EF is thus greater 
than BF. And AE (is) equal to BE [thus, BE and EF 
is equal to AF]. Thus, AF (is) greater than BF. Again, 
since BE is equal to C E, and FE (is) common, the two 
(straight-lines) BE, EF are equal to the two (straight- 
lines) CE, EF (respectively). But, angle BEF (is) also 
greater than angle CEF. Thus, the base BF is greater 
than the base C'F. Thus, the base BF is greater than the 
base CF [Prop. 1.24]. So, for the same (reasons), CF is 
also greater than FG. 

Again, since GF and FE are greater than EG 
[Prop. 1.20], and EG (is) equal to ED, GF and FE 
are thus greater than ED. Let EF have been taken from 
both. Thus, the remainder GF is greater than the re- 
mainder FD. Thus, FA (is) the greatest (straight-line), 
FD the least, and FB (is) greater than FC, and FC than 
FG. 

I also say that from point F only two equal (straight- 
lines) will radiate towards (the circumference of) circle 
ABCD), (one) on each (side) of the least (straight-line) 
FD. For let the (angle) FEH, equal to angle GEF, have 
been constructed on the straight-line EF, at the point E 
on it [Prop. 1.23], and let FH have been joined. There- 
fore, since GE is equal to EH, and EF (is) common, 
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TEOOTEOEITH npóc TOV XOXAOV ton TH HZ: ula dea uóvn. 
‘Edy doa xbxAovu ën tic Siaeteou Anpdy tt onuciov, 
Ó Un £o xévtipov TOU xUXAOL, aNd dE ToD onuelou npóc 
TOV XUXAOV TeCOTintwow cbUElat tives, UEyloTH u&v £ocot, 
EM Hc TO xévtpov, EAaytoty ðè f, Aoh, xGv SE GAAwv del ñ 
£v vtov TYj¢ Sia To xévtpou ts ånotepov ue(Cov Eotiv, 600 
d€ uóvov toot ANTÒ ToD aAvVTOD ONuEÍOU npooneooÜvrot npóc 
TOV xOxAov EY £xáxepa. xfic EAayiothc’ Sree Eder SetEau. 


İt Presumably, in an angular sense. 
t This is not proved, except by reference to the figure. 


, 
n . 

"E&kv xóxAou Anpdf tı onusiov extdc, and ðè TOD 
onysiou npóc tov xÓxAov Otoy0Gotv evdetat tives, Ov pia 
èv OLA TOU xévtpou, ai SE AOITAL, óc EtUYXEV, THY LEV npóc 
THY xolAny nepipéperay TEOCOTINTOVODY edVELév ueyiotr 
Uv COTY f| Sta TOU xévtpou, x&v bE GU Xv del f| Ey lov Tic 
dia tod xév1pou ts anwtepov us(Cov Eotiv, xv Sé npóc 
THY XUETIY TEPLEPELAV TECOTIMTOVIGY evVELv Ehayioth 
ÉV Eotw Å pETAČÙ tod te onuelou xol ts Õlauétpou, xv 
öè Ghrwv del f| EYYLOV Tic EAaylotns TÄS AnOTEpÓV &oxty 
eAdttwv, 500 6€ uóvov toa ATÒ Tod onuelou npgooneooÜvrot 
xpóc TOV KUXAOV EM ExdTEOA vfjc EAaytotne. 

*Kotw xbxdoc ó ABT, xoi tob ABT cidjpdw xt onuciov 
éxtog TÒ A, xol dn’ avtod SijyDwouy edVetat tives ai AA, 
AE, AZ, AT, Éovo òè 7 AA Sta tod xévtpov. Eva, 
Ou tæv uèv Ted¢ Thy AEZT xotAny xepupépetav npoomn- 
Ttovody cvdeldv yeyiotn uév otv Å Sie xoO xévtpou f| 
AA, us(Cov õè f, uàv AE cfic AZ f| 6€ AZ tic AT, xv 
d€ npóc THY OAKH xvoetiy nepupépeuxrv npoonurtoucGv 
edUelev chaytotn uév otv f| AH f| uetagd tod onueiou xol 
tfc Stauetoou ts AH, del 6€ Å Eyyrov týs AH &Xoy(otrc 
&A&tvo Eotl vfjc &moxepov, Ù u£v AK ts AA, f| 68 AA 
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the two (straight-lines) GE, EF are equal to the two 
(straight-lines) H E, EF (respectively). And angle GEF 
(is) equal to angle HEF. Thus, the base FG is equal to 
the base FH [Prop. 1.4]. So I say that another (straight- 
line) equal to FG will not radiate towards (the circumfer- 
ence of) the circle from point F. For, if possible, let FK 
(so) radiate. And since FK is equal to FG, but FH [is 
equal] to FG, FK is thus also equal to FH, the nearer 
to the (straight-line) through the center equal to the fur- 
ther away. The very thing (is) impossible. Thus, another 
(straight-line) equal to GF will not radiate from the point 
F towards (the circumference of) the circle. Thus, (there 
is) only one (such straight-line). 

Thus, if some point, which is not the center of the 
circle, is taken on the diameter of a circle, and some 
straight-lines radiate from the point towards the (circum- 
ference of the) circle, then the greatest (straight-line) 
will be that on which the center (lies), and the least 
the remainder (of the same diameter). And for the oth- 
ers, a (straight-line) nearer to the (straight-line) through 
the center is always greater than a (straight-line) further 
away. And only two equal (straight-lines) will radiate 
from the same point towards the (circumference of the) 
circle, (one) on each (side) of the least (straight-line). 
(Which is) the very thing it was required to show. 


Proposition 8 


If some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circum- 
ference of the) circle, one of which (passes) through 
the center, the remainder (being) random, then for the 
straight-lines radiating towards the concave (part of the) 
circumference, the greatest is that (passing) through the 
center. For the others, a (straight-line) nearer! to the 
(straight-line) through the center is always greater than 
one further away. For the straight-lines radiating towards 
the convex (part of the) circumference, the least is that 
between the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight- 
lines) will radiate from the point towards the (circum- 
ference of the) circle, (one) on each (side) of the least 
(straight-line). 

Let ABC be a circle, and let some point D have been 
taken outside ABC, and from it let some straight-lines, 
DA, DE, DF, and DC, have been drawn through (the 
circle), and let DA be through the center. I say that for 
the straight-lines radiating towards the concave (part of 
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EU ypüo yàp TÒ xévxpov tot ABT x0xAou xal Zotw TO 
M: xa &neCeOy0ocav at ME, MZ, MT, MK, MA, MO. 

Koi &nel fon &oxiv 7 AM «fj EM, xow? npooxeioto À 
MA: f| doa AA tcr, £o xoi; EM, MA. add’ oi EM, MA 
ts EA uetGovéc ciow: xol f| AA doa ts EA us(Cov &oxív. 
x&v, Enel ton ċotiv ñ ME xf; MZ, xowr dé n MA, oi EM, 
MA &ga tos ZM, MA ïou eiotv: xoà ywvia Y, òrò EMA 
vovíac ts òrò ZMA us(Cov &oxtv. Báotc doa Y, EA Dáoeoc 
tfic ZA ue(Gov &oxtv: Ouoiws 97 6e(&ouev, Óxt xoi À ZA fic 
TA ue(Cov éotiv: ueyiotn uèv doa f, AA, uciCov 8€ Å u&v 
AE ts AZ, fj 68 AZ xfic AT. 

Koi &nei at MK, KA «fic MA usíCovéc eio, ton dé À 
MH «fj MK, Aou dow f| KA dans týs HA uetCov Eotiv: 
ote ý HA tic KA &A&xvov éotiv: xal Enel teryovou to 
MAA ém uðs x&v nÀAeupGv týs MA úo eó0ciot &vxóc 
cuveoxáünoav at MK, KA, oi doa MK, KA xv MA, AA 
éhattoves ciow: ton òè ñ MK tÅ MA: Aoinh &ga f, AK 
Aans vfjic AA &A&vxov Eotiv. Ouotwc SY SetZouev, St 
xoà HAA xfic AO &A&ttov &oxív: £Xay(or u&v doa n AH, 
éhdttwv 88 Å u£v AK ts AA ġ SE AA tis AO. 

Aéyw, Óu xoi 600 uóvov toa &nd tot A onuetou 
TMpoonecoUvta npóc Tov xÜxAov ey xåtepa tcs AH 
éhaytotns’ ouveotatw npóc t MA evddeia xol 16 npóc 
aut, onue(o xà M ti òrò KMA yovia ton Yovía 7 òrò 
AMB, xoi éxeCevy0w 7 AB. xoi &nel ton &oviv f MK «fi 
MB, xow dé À MA, 660 BY oi KM, MA 600 voi; BM, MA 
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the) circumference, AE FC, the greatest is the one (pass- 
ing) through the center, (namely) AD, and (that) DE (is) 
greater than DF, and DF than DC. For the straight-lines 
radiating towards the convex (part of the) circumference, 
HLKG, the least is the one between the point and the di- 
ameter AG, (namely) DG, and a (straight-line) nearer to 
the least (straight-line) DG is always less than one far- 
ther away, (so that) DK (is less) than DL, and DL than 
than DH. 

D 


For let the center of the circle have been found 
[Prop. 3.1], and let it be (at point) M [Prop. 3.1]. And let 
ME, MF, MC, MK, ML, and MH have been joined. 

And since AM is equal to EM, let MD have been 
added to both. Thus, AD is equal to EM and M D. But, 
EM and MD is greater than ED [Prop. 1.20]. Thus, 
AD is also greater than ED. Again, since M E is equal 
to MF, and MD (is) common, the (straight-lines) EM, 
MD are thus equal to FM, MD. And angle EMD is 
greater than angle FMD.‘ Thus, the base ED is greater 
than the base FD [Prop. 1.24]. So, similarly, we can 
show that FD is also greater than CD. Thus, AD (is) the 
greatest (straight-line), and DE (is) greater than DF, 
and DF than DC. 

And since MK and KD is greater than MD [Prop. 
1.20], and MG (is) equal to MK, the remainder K D 
is thus greater than the remainder GD. So GD is less 
than KD. And since in triangle MLD, the two inter- 
nal straight-lines M K and K D were constructed on one 
of the sides, M D, then MK and KD are thus less than 
ML and LD [Prop. 1.21]. And MK (is) equal to ML. 
Thus, the remainder DK is less than the remainder DL. 
So, similarly, we can show that DL is also less than DH. 
Thus, DG (is) the least (straight-line), and DK (is) less 
than DL, and DL than DH. 

I also say that only two equal (straight-lines) will radi- 


STOIXEION y. 


fou eiolv exatépa Exatéegy xoà ywvia 7 òrò KMA yoovia 
ifj nó BMA ton: Báotc dpa 9| AK Béoet xf, AB ion éotiv. 
Aévo [SA], ów tH AK cbVela GAN ton od neooneceita 
xpóc Tov xÜxAov TÒ TOU A onusíou. ci yàp Duvatóv, npo- 
onucxéxo xol Eotw f, AN. nel oov 5| AK xf; AN &owv ion, 
AX fj AK tH AB Eotw ton, xoi 7 AB dpa tH AN otw 
ton, f, £yytov. tic AH édaytotns tÅ &moepov [£o] ton: 
Ónep adbvatov edetyDn. oOx hoa nAs(ouc T] 600 toot npóc 
tov ABT xóxAov &nd tod A onuetou &g' &x&xepa ts AH 
&Aoylotrc MeoonecoUvtau. 

"Eà&v doa xÓxAou Anodf, v onusiov Extdc, ano o£ to 
onysiou npóc tov xbxAov SiayDGow evdetat tives, àv ula 
èv Già Tod xévtpou ai Se Monal, óc EtUxEV, x&v u&v npóc 
THY xo(Ànv negupégetxv npoonuxtouoGv cvVELév ueyiotr 
év COTW f| Sid TOD xévxou, x&v OE GA Xov Gel H EYYLOv TS 
dia tod xév1pou fic dnwtepov ue(Cov Eotiv, xv Sé npóc 
THY KUETHY mepupépgetov npoonuttouoóv eU0etGv &£Aaylotr 
uév Eotw f| ueva&U tod te onuelou xal tc Guruévpou, xv 
6£ GAAcv del f| EYYLOV Tic &£Aoytotrc TÄS Gro tepóv OTV 
eAdttwv, 600 6€ uóvov toa ATÒ Tod onuelou npooneooÜvtot 
TEOG TOV KXOXAOV EM Exórega ts EAaylothnc’ Sree eer 
deicoau. 


+ Presumably, in an angular sense. 
i This is not proved, except by reference to the figure. 


v. 


"Eàkv xóxAou Anpdy th onuciov Evtdc, amo ðè tod 
onyctov npóc TOV XUXAOV npoonínrtoot nAs(ouc i 600 tom 
£O0clot, TO Anovev onuciov xévtpov Eotl tov xOxAov. 

"Ecco xóxXoc ó ABT, &vvóc 6$ ax00 onueiov tò A, xoi 
ano tov A npóc tov ABT xOxAov npoonixiévocav nAc(ouc 
Ñ 600 tom cddeia at AA, AB, AT" Aéyo, óu TÒ A onuctov 
xévtpov &oxi tod ABT xóxAov. 
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ate from point D towards (the circumference of) the cir- 
cle, (one) on each (side) on the least (straight-line), DG. 
Let the angle DM B, equal to angle KMD, have been 
constructed on the straight-line M D, at the point M on 
it [Prop. 1.23], and let DB have been joined. And since 
MK is equal to MB, and MD (is) common, the two 
(straight-lines) KM, M D are equal to the two (straight- 
lines) BM, MD, respectively. And angle KMD (is) 
equal to angle BM D. Thus, the base DK is equal to the 
base DB [Prop. 1.4]. [So] I say that another (straight- 
line) equal to DK will not radiate towards the (circum- 
ference of the) circle from point D. For, if possible, let 
(such a straight-line) radiate, and let it be DN. There- 
fore, since DK is equal to DN, but DK is equal to DB, 
then DB is thus also equal to DN, (so that) a (straight- 
line) nearer to the least (straight-line) DG [is] equal to 
one further away. The very thing was shown (to be) im- 
possible. Thus, not more than two equal (straight-lines) 
will radiate towards (the circumference of) circle ABC 
from point D, (one) on each side of the least (straight- 
line) DG. 

Thus, if some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circumfer- 
ence of the) circle, one of which (passes) through the cen- 
ter, the remainder (being) random, then for the straight- 
lines radiating towards the concave (part of the) circum- 
ference, the greatest is that (passing) through the center. 
For the others, a (straight-line) nearer to the (straight- 
line) through the center is always greater than one fur- 
ther away. For the straight-lines radiating towards the 
convex (part of the) circumference, the least is that be- 
tween the point and the diameter For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight- 
lines) will radiate from the point towards the (circum- 
ference of the) circle, (one) on each (side) of the least 
(straight-line). (Which is) the very thing it was required 
to show. 


Proposition 9 


If some point is taken inside a circle, and more than 
two equal straight-lines radiate from the point towards 
the (circumference of the) circle, then the point taken is 
the center of the circle. 

Let ABC be a circle, and D a point inside it, and let 
more than two equal straight-lines, DA, DB, and DC, ra- 
diate from D towards (the circumference of) circle ABC. 
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STOIXEION y. 
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"Encteóy0ücocov yoo oi AB, BI xoi tetuńoðwoav 
diya xatà tà E, Z onucta, xoi emCevyVetou at EA, ZA 
dijyVwouy &ri xà H, K, O, A onueia. 

‘Enel obdv ton cotiv 7 AE ti EB, xot? 8$ f, EA, 600 
öd at AE, EA 900 tas BE, EA tom eiotv: xoà Baoig 9| AA 
B&oce «fj AB tow yovia doa f; Und AEA yovig tÅ òrò BEA 
ton £oxív: óp07, pa Exatéoa xv òrò AEA, BEA vovv: Å 
HK dea thy AB xéuvet diya xol npóc ópüdc. xoi nel, &v 
£v X0XÀ« evvetd tic cOVEidy tiva diya te xol npóc pàs 
TéUVN, ETL Thc xeuvoborc Eotl TO xEvTOOV TOU xÓxAov, Ertl 
thc HK doa oti 16 xévtpov x00 xOxAov. Sid xà MUTE O7, xol 
&ri ts OA oti tÒ xévtpov tod ABT xdxAov. xol oddév 
čtepov xowòv čyovow ai HK, OA cdVeion 7| tò A onuciov: 
TÒ A doa onustov xévtpov &oxi toŭ ABT xdxAov. 

"E&v doa xÓxAou ANnpdf th onusiov Evtdc, and dé tod 
onusiou npóc 16v xOxXAOV TecoTintwot nAs(ouc rj 600 toa 
evvetou, TO Anpdev onuciov xévtpov Eotl tov xOxAov: OTE 
£6&t deltou. 


i 
Kúóxňoç xÓxXov où xéuvet xoà tàciova orta ñ 000. 
Ei yàp Suvatév, xOóx^oc ô ABT xóx^ov tov AEZ 
TEUVETO KATA nAe(ova ongucia 7| 600 xà B, H, Z, O, xoi 
émiCevyveion at BO, BH diya teuvéoðwoav xoxà xà K, A 
oneio: xoà dnd x&v K, A tas BO, BH npóc pàs dy Deion 
at KT, AM õyðwocav ét tà A, E onueta. 
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I say that point D is the center of circle ABC. 
L 














H 


For let AB and BC have been joined, and (then) 
have been cut in half at points E and F (respectively) 
[Prop. 1.10]. And ED and FD being joined, let them 
have been drawn through to points G, K, H, and L. 

Therefore, since AE is equal to EB, and ED (is) com- 
mon, the two (straight-lines) AE, ED are equal to the 
two (straight-lines) B E, ED (respectively). And the base 
DA (is) equal to the base DB. Thus, angle AED is equal 
to angle BED [Prop. 1.8]. Thus, angles AED and BED 
(are) each right-angles [Def. 1.10]. Thus, GK cuts AB in 
half, and at right-angles. And since, if some straight-line 
in a circle cuts some (other) straight-line in half, and at 
right-angles, then the center of the circle is on the former 
(straight-line) [Prop. 3.1 corr.], the center of the circle is 
thus on GK. So, for the same (reasons), the center of 
circle ABC is also on HL. And the straight-lines GK and 
HL have no common (point) other than point D. Thus, 
point D is the center of circle ABC. 

Thus, if some point is taken inside a circle, and more 
than two equal straight-lines radiate from the point to- 
wards the (circumference of the) circle, then the point 
taken is the center of the circle. (Which is) the very thing 
it was required to show. 


Proposition 10 


A circle does not cut a(nother) circle at more than two 
points. 

For, if possible, let the circle ABC cut the circle DEF 
at more than two points, B, G, F, and H. And BH and 
BG being joined, let them (then) have been cut in half 
at points K and L (respectively). And KC and LM be- 
ing drawn at right-angles to BH and BG from K and 
L (respectively) [Prop. 1.11], let them (then) have been 
drawn through to points A and E (respectively). 


STOIXEION y. 





‘Emel ov év xóxAo tă ABT cótüciá vc H AT cdvVciav 
twa tiv BO diya xoi npóc deVac téuver, Ent ts AT &pa 
éotl tO xévtpov tol ABT xbxAov. mdéAw, Enel £v x0xXo TES 
ave t ABT evVetd uc f, NE evdeidv twa thy BH dtya 
xal npóc OpVac téuvet, Ent vfjg NE toa &odi tÒ xévteov 
tov ABT xóxAou. edetyOn dè xoi ent tic AT, xoà xoc 
ovdéy cuufáAXoucty of AD, NE evdetou Ñ xoxà tò O: tò 
O doa onuctov xévtpov &oxi tod ABT xbxAov. uolos 51 
detEouev, óxt xoi tod AEZ xdxdou xévtpov &oxi tÒ O: 600 
doa XOXAWY TELVOVTWY GAARAOUc tæv ABT, AEZ tò adtd 
toti xév1pov TO O: ónep £oxiv &ðúvatov. 

Ovx doa xOxAoc KUXAOV xéuvet KATH nAe(ovo. onto ñ 
600: Ónep Eder dcia. 


tac. 

"Eàv 600 xÓxAot &gártovtot GAAHAWY £vxóc, xol Arq 
avtev tà xévtpa, H nì và xévipa abi émieuYvuuévrn 
evveta ual &xpoAXouévr émi Thy ovvaphy meoeita xv 
XUXAWYV. 

Abo yàp xbxAo1 ot ABT, AAE égantéodwoay åA wv 
ÈVTÒG xaxà TÒ A onuecïov, xol ciha tod u£v ABT xóxXou 
xévtpov TÒ Z, tod 6€ AAE 16 H: Aéyw, Óx f| and tod H êm 
TÒ Z &riCevvuuévr, evveta &xBoXXouévr, &ri to A meoeita. 

M7, yee, GAA’ et Ouvaxóv, mntétTw óc À ZHO, xoi 
éreCeby0woav at AZ, AH. 

‘Enel obv al AH, HZ týs ZA, toutéott ts ZO, uetCovéc 
ciow, xow àqnofjodo Y, ZH: Aoud dow ñ AH dAownije tfc 
HO yusí(Gov &oxtv. ior òè 5 AH tÅ HA: xoi ñ HA dpa 
tfic HO ue(Cov &odlv f) £A&vvov tis ueiCovoc: Smee Eotiv 
åðúvatov: oOx dea Å and tov Z eri tò H emCevyvouevn 
evUela ExtOc Teoeita xatà TO A doa ém vfjc cuvoupfic 
TEOELTAL. 
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Therefore, since in circle ABC some straight-line 
AC cuts some (other) straight-line BH in half, and at 
right-angles, the center of circle ABC is thus on AC 
[Prop. 3.1 corr]. Again, since in the same circle ABC 
some straight-line NO cuts some (other straight-line) BG 
in half, and at right-angles, the center of circle ABC is 
thus on NO [Prop. 3.1 corr.]. And it was also shown (to 
be) on AC. And the straight-lines AC and NO meet at 
no other (point) than P. Thus, point P is the center of 
circle ABC. So, similarly, we can show that P is also the 
center of circle DEF. Thus, two circles cutting one an- 
other, ABC and DEF, have the same center P. The very 
thing is impossible [Prop. 3.5]. 

Thus, a circle does not cut a(nother) circle at more 
than two points. (Which is) the very thing it was required 
to show. 


Proposition 11 


If two circles touch one another internally, and their 
centers are found, then the straight-line joining their cen- 
ters, being produced, will fall upon the point of union of 
the circles. 

For let two circles, ABC and ADE, touch one another 
internally at point A, and let the center F of circle ABC 
have been found [Prop. 3.1], and (the center) G of (cir- 
cle) ADE [Prop. 3.1]. I say that the straight-line joining 
G to F, being produced, will fall on A. 

For (if) not then, if possible, let it fall like FGH (in 
the figure), and let AF and AG have been joined. 

Therefore, since AG and GF is greater than FA, that 
is to say FH [Prop. 1.20], let FG have been taken from 
both. Thus, the remainder AG is greater than the re- 
mainder GH. And AG (is) equal to GD. Thus, GD is 
also greater than GH, the lesser than the greater. The 
very thing is impossible. Thus, the straight-line joining F 
to G will not fall outside (one circle but inside the other). 
Thus, it will fall upon the point of union (of the circles) 


STOIXEION y. 
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at point A. 
H 


S 3) S) 


‘Ey doa 600 xÓxAot Sepa tay con DAhrov &vvóc, [xa 
Andy aótGv tà xévtpa], f, éni tà xévtpa avTHV EmTev- 
yvuuévn còca [xod &xBoXXXouévn] Ext thy ovvagry neoeitat 
Tov xOxAov: STEP Eder SetEan. 


1". 
‘Edy 600 xvxAOL EQantwvta GAAAAwY &xxóc, H El tà 
Xév1pat AUTEY EniCevy VUUEV La ts nags EAcvoetaL. 


Thus, if two circles touch one another internally, [and 
their centers are found], then the straight-line joining 
their centers, [being produced], will fall upon the point 
of union of the circles. (Which is) the very thing it was 
required to show. 


Proposition 12 


If two circles touch one another externally then the 
(straight-line) joining their centers will go through the 
point of union. 


RD 


Abo yàp xbxAo1 ot ABT, AAE égantéodwoay åA wv 
éxtog “ata TÒ A omuciov, xoi eA püc tod uèv ABT 
xévtpov TÒ Z, tov 08 AAE tò H: Aévo, óu f| àxÓ TOU 
Z &ri tò H éniCevyvuyevy evvdeta Sie thc xatà TO A tnais 
EAEVOETAL. 

My yée, GAM’ ci Duvatóv, £pyéo0o óc f, ZPAH, xoi 
éreCeby0woav at AZ, AH. 

‘Enel obv tò Z onusiov xévtpov &oxi tot ABT xóxAov, 
fon cotiv H ZA tH ZI. nédw, ¿nel tò H onuciov xévtpov 
éotl toù AAE xúxňou, ton &oxiy f, HA xf; HA. edetydn 
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For let two circles, ABC and ADE, touch one an- 
other externally at point A, and let the center F of ABC 
have been found [Prop. 3.1], and (the center) G of ADE 
[Prop. 3.1]. I say that the straight-line joining F to G will 
go through the point of union at A. 

For (if) not then, if possible, let it go like FCDG (in 
the figure), and let AF and AG have been joined. 

Therefore, since point F is the center of circle ABC, 
FA is equal to FC. Again, since point G is the center of 
circle ADE, GA is equal to GD. And FA was also shown 
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STOIXEION y. 


dé xoi f, ZA tÅ ZI tory at doa ZA, AH tos ZT, HA toot 
eiotv: Hote ÖAN f; ZH tæv ZA, AH yetCwv gotiv: GAAG xol 
&£Aávtov: ónep Eotly GSvvatov. oOx doa f| ano tot Z ém 
tò H émCevyvuyevy eóüeia Ou tic xoxà TO A tragis ovx 
&AeÓcexat OU aUTHHS Kea. 

“Edy doa dbo xÓxAot EQAMTWVTAL AAAA wy ExTdc, f| El 
tà xévtpa AUTEY EmCevYVUUEVY [edDEta] Già vfjc naps 
éhevoetat’ Ónep Eder SetEan. 


ly’. 
KobxAo¢ xdxAou obx EpantEta xoà TACtova onucia ñ 
xa’ Ev, Ev TE EVTOS Edy TE EXTOS EPaNTHTOL. 








Et yàp 6uvaxóv, xúxňoç 6 ABTA xvxAou tot EBZA 
EMantéoVw npóxepov EvTOG KATH mAe(ova ona Ñ £v xà A, 
B. 

Kat e jpüc tod uev ABTA xóxAXou xév1pov tò H, tot 
dé EBZA 10 O. 

‘H doa and tod H ent tò O émeuvvuyévr &ri tà B, 
A neocita. mrtétw óc 7 BHOA. xoi nel tò H onuciov 
xévtpov oti tov ABTA xóxàov, ton £oxiv f, BH tH HA: 
ueiCov dea f, BH ts OA: xoAAG doa use(Cov f, BO tic OA. 
náv, Enel TO O onuciov xévxpov £oxi tov EBZA »xXov, 
ton Eotlv f; BO tH OA? EdetyIn SE ATIC xol TOAAG uctov: 
Ónep doÓvoxov: OLX hoa xÜxAoc xOxAou EMaNTETA EVTOC 
xatà TAciova onusta Ñ £v. 

Aéyw dh, dt O0SE &xtóc. 

Et yàp Ouvaxóv, xóxXoc 6 ATK xóxňov tod} ABTA 
épantéoVw &xxóc xatà TAciova onueta Ñ £v xà A, T, xoi 
&neCeOy o n AT. 

"Enel obv xOxXov xv ABTA, ATK cwm ent ts 
repupepe(ac Exatéeov 8600 tuydvta onueia xà A, T, fj &ri 
xà Onucta &riCeuyvuyuévr, ebüeia Evtdc &xaépou neositar 
d4AAà tod èv ABTA évróc Exeoev, vo0 06 ATK &xxóc 
ÖTEP &xoxov: OLX doa x0xXoc xOxAou EPANTETAL EXTOS KATH 
TActova onueta ñ £v. edely0n dé, Ów OVSE Evtdc. 
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(to be) equal to FC. Thus, the (straight-lines) FA and 
AG are equal to the (straight-lines) FC and GD. So the 
whole of FG is greater than FA and AG. But, (it is) also 
less [Prop. 1.20]. The very thing is impossible. Thus, the 
straight-line joining F to G cannot not go through the 
point of union at A. Thus, (it will go) through it. 

Thus, if two circles touch one another externally then 
the [straight-line] joining their centers will go through 
the point of union. (Which is) the very thing it was re- 
quired to show. 


Proposition 13 


A circle does not touch a(nother) circle at more than 
one point, whether they touch internally or externally. 








For, if possible, let circle ABDC" touch circle EBF D— 
first of all, internally—at more than one point, D and B. 

And let the center G of circle ABDC have been found 
[Prop. 3.1], and (the center) H of EBF D [Prop. 3.1]. 

Thus, the (straight-line) joining G and H will fall on 
B and D [Prop. 3.11]. Let it fall like BGHD (in the 
figure). And since point G is the center of circle ABDC, 
BG is equal to GD. Thus, BG (is) greater than HD. 
Thus, BH (is) much greater than H D. Again, since point 
H is the center of circle EBFD, BH is equal to HD. 
But it was also shown (to be) much greater than it. The 
very thing (is) impossible. Thus, a circle does not touch 
a(nother) circle internally at more than one point. 

So, I say that neither (does it touch) externally (at 
more than one point). 

For, if possible, let circle ACK touch circle ABDC 
externally at more than one point, A and C. And let AC 
have been joined. 

Therefore, since two points, A and C, have been taken 
at random on the circumference of each of the circles 
ABDC and ACK, the straight-line joining the points will 
fall inside each (circle) [Prop. 3.2]. But, it fell inside 
ABDC, and outside ACK [Def. 3.3]. The very thing 


MTOIXEION y. 


Kó»xXAoc doa xóxXou oOx EMUTTETA KATA TAElova onusta 
A [kað] čv, &&v te Evtdc Edy te &xxóc EQantnta Önep ét 
citoar. 


t The Greek text has “ABC D”, which is obviously a mistake. 
0. 


Ev xóx^o ai tom edVeta i(cov anéyovow and tod 
XévtpoU, xol oi (cov adnéyovcm ATÒ roO xévtipou tom 
AAA houg etotv. 


A 


DL 
E 


"Eoo x0xAoc 6 ABTA, xoi &v adt6 tom eo0ciot Eotw- 
cav at AB, TA: Aéyo, ów oi AB, TA {oov anéyovow and 
TOŬ xév1pou. 

Eito yàp tò xévtov tod ABTA xdxAou xoi Eotw TO 
E, xoà ano tod E ént tac AB, TA xótexot HyIwouv at EZ, 
EH, xoi eneTevyOwouy at AE, EL. 

‘Enel obdv cdVeta tic õla x00 xévteou f, EZ eo0cióv twa 
uÀ Sia xoO xévteou thy AB xpdc ópüüc tépve, xoi diya 
aut téyvet. ton toa À AZ tÅ ZB: Sindh how À AB fic 
AZ. die xà HOTA BH xoi TA cfic TH £o SAF xat &ouv 
ton f, AB xfj TA: ton how xoi f, AZ xfj TH. xoi &neiíor, cotiv 
n AE xfj EL, tcov xoi tò and týs AE xG and ts ED. 6x 
tG u£v and ts AE toa xà and vv AZ, EZ: pù yàg f| 
Ted tT Z Yovior x6 SE and tis ET toa xà and tv EH, HI: 
Óp07, yàp Å poc 16 H Yovíoc xà doa and xv AZ, ZE toa 
éotl tois and xv D'H, HE, Gv 16 and ts AZ {oov toti 165 
ano ts TH: ion yee otv f, AZ xf, TH: Aowndv Goa tò and 
thc ZE tă ano tij¢ EH toov Eotty: ton doa f, EZ xfj EH. &v 
öè XUXAW toov ånéyetv Tò Tov xévtpou evVeia Aéyovta, 
Óvav al dnd ToD xévtpou n’ obtüc x&DETOL àyóuevar toot 
Gotv: at doa AB, TA toov anéyovow and tod xévtpov. 

AAG 67 at AB, DA evdeian toov dneyétwouv and tod 
xév1pou, TOLTÉOTIV ton Éoxo f, EZ th EH. Aévo, ót toy 
éotl xoi À AB tH TA. 
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(is) absurd. Thus, a circle does not touch a(nother) circle 
externally at more than one point. And it was shown that 
neither (does it) internally. 

Thus, a circle does not touch a(nother) circle at more 
than one point, whether they touch internally or exter- 
nally. (Which is) the very thing it was required to show. 


Proposition 14 


In a circle, equal straight-lines are equally far from the 
center, and (straight-lines) which are equally far from the 
center are equal to one another. 


D 


C 


A 


Let ABDC" be a circle, and let AB and C D be equal 
straight-lines within it. I say that AB and CD are equally 
far from the center. 

For let the center of circle ABDC have been found 
[Prop. 3.1], and let it be (at) E. And let EF and EG 
have been drawn from (point) E, perpendicular to AB 
and C D (respectively) [Prop. 1.12]. And let AE and EC 
have been joined. 

Therefore, since some straight-line, EF, through the 
center (of the circle), cuts some (other) straight-line, AB, 
not through the center, at right-angles, it also cuts it in 
half [Prop. 3.3]. Thus, AF (is) equal to FB. Thus, AB 
(is) double AF. So, for the same (reasons), C'D is also 
double CG. And AB is equal to CD. Thus, AF (is) 
also equal to CG. And since AE is equal to EC, the 
(square) on AE (is) also equal to the (square) on EC. 
But, the (sum of the squares) on AF and EF (is) equal 
to the (square) on AF. For the angle at F (is) a right- 
angle [Prop. 1.47]. And the (sum of the squares) on EG 
and GC (is) equal to the (square) on EC. For the angle 
at G (is) a right-angle [Prop. 1.47]. Thus, the (sum of 
the squares) on AF and FE is equal to the (sum of the 
squares) on CG and GE, of which the (square) on AF 
is equal to the (square) on CG. For AF is equal to CG. 
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Tõv yàp avtiv xataoxevaodEvtwy duotwc Oc(Couev, 
óu Ouf £o Å u£v AB ts AZ, fj 6€ TA tis TH: xoi nel 
fon cotiv f) AE ti TE, (cov éoti tò and týs AE té and 
ts TE: åAAà x u£v and ts AE tow Eotl xà and xv EZ, 
ZA, 16 6€ and tis TE tow xà and xàv EH, HT. xà doa and 
t&v EZ, ZA tow éotl toic dnd x&v EH, HI: Gv tò ånò tic 
EZ t& ano tij¢ EH cot toov: ton yàp f, EZ tý EH: Aounov 
&oa tÒ and ts AZ loov Eotl tă dnd ts TH: ion &pa ñ AZ 
tf; TH: xat cou tic u£v AZ Sindy} f, AB, týs òè PH Gu, 
f, DA: ton boa ñ AB xfj TA. 

"Ev xóx^o doa at tou evdeian toov anéyovow ano 
tov xévteou, xol at (cov anéyovou àxó tot xévteou toot 
GAANAaus eiotv: óxep Eder dego. 


t The Greek text has “ABC D”, which is obviously a mistake. 


t£". 

"Ev xóxAo UEYlOTH u£v f| Sidueteac, x&v è GAhwy del 
f, ëyylov tov xévxpou fic anwtepov usetGov &otv. 

"Eoo xóx^oc ó ABTA, ótáuexpoc 0& a0x00 Éovo f| AA, 
xévtpov ðè tò E, xal ëyyiov uèv ts AA ñiauétpov gow À 
BI, anwtepov 88 f, ZH: Aéyw, öt ueyiotn uév Eotw H AA, 
ueiGov òè 7, BT tic ZH. 

"HyOcocoeav yàp and tod E xévteou &mi tac BT, ZH 
xåðeto ai EO, EK. xo ¿nel Ey yoy èv tod xévtpou Eotiv 
7 BT, anatepoy õè f, ZH, use(Cov doa f, EK tis EO. xeiodw 
tÑ EO ïon ġ EA, xoi 81d tot A tH EK npòs ópÜüdc ayVeton 
7 AM dujydw ent tò N, xoi &xeCeoy0ocav at ME, EN, ZE, 
EH. 

Kot &nel ton &oxiv f, EO tH EA, ton &oxi xoi 5| BI tH 
MN. záv, nel ton &oxiv Ñ uev AE t EM, f 6£ EA «fi 
EN, f; dea AA tos ME, EN ion &oxtv. GAA’ oi u£v ME, EN 
ts MN yuetCovéc eiot [xoi | AA týs MN ustCov &osty], 
ïon òè Å MN cf; BT: 5; AA dow tic BD ueGov eottv. xoi 
&nel 600 at ME, EN 900 tos ZE, EH tou cioty, xoà ywvia 
ñ Und MEN Yowvíac ts òrò ZEH us(Cov [Eottv], Bois dpa 
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Thus, the remaining (square) on FE is equal to the (re- 
maining square) on EG. Thus, EF (is) equal to EG. And 
straight-lines in a circle are said to be equally far from 
the center when perpendicular (straight-lines) which are 
drawn to them from the center are equal [Def. 3.4]. Thus, 
AB and CD are equally far from the center. 

So, let the straight-lines AB and CD be equally far 
from the center. That is to say, let EF be equal to EG. I 
say that AB is also equal to CD. 

For, with the same construction, we can, similarly, 
show that AB is double AF, and CD (double) CG. And 
since AE is equal to CE, the (square) on AE is equal to 
the (square) on CE. But, the (sum of the squares) on 
EF and FA is equal to the (square) on AE [Prop. 1.47]. 
And the (sum of the squares) on EG and GC (is) equal 
to the (square) on CE [Prop. 1.47]. Thus, the (sum of 
the squares) on EF and FA is equal to the (sum of the 
squares) on EG and GC, of which the (square) on EF is 
equal to the (square) on EG. For EF (is) equal to EG. 
Thus, the remaining (square) on AF is equal to the (re- 
maining square) on CG. Thus, AF (is) equal to CG. And 
AB is double AF, and CD double CG. Thus, AB (is) 
equal to C D. 

Thus, in a circle, equal straight-lines are equally far 
from the center, and (straight-lines) which are equally far 
from the center are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 15 


In a circle, a diameter (is) the greatest (straight-line), 
and for the others, a (straight-line) nearer to the center 
is always greater than one further away. 

Let ABCD be a circle, and let AD be its diameter, 
and E (its) center. And let BC be nearer to the diameter 
AD,! and FG further away. I say that AD is the greatest 
(straight-line), and BC (is) greater than FG. 

For let EH and EK have been drawn from the cen- 
ter E, at right-angles to BC and FG (respectively) 
[Prop. 1.12]. And since BC is nearer to the center, 
and FG further away, EK (is) thus greater than EH 
[Def. 3.5]. Let EL be made equal to EH [Prop. 1.3]. 
And LM being drawn through L, at right-angles to EK 
[Prop. 1.11], let it have been drawn through to N. And 
let M E, EN, FE, and EG have been joined. 

And since EH is equal to EL, BC is also equal to 
MN [Prop. 3.14]. Again, since AE is equal to EM, and 
ED to EN, AD is thus equal to M E and EN. But, ME 
and EN is greater than MN [Prop. 1.20] [also AD is 


STOIXEION y. ELEMENTS BOOK 3 


5, MN Bdoews týs ZH yetZwv gotiv. àAXXà fj, MN tH BP greater than MN], and MN (is) equal to BC. Thus, AD 
edety0y ton [xoi f, BT tis ZH ue(Cov &oxtv]. weyiotn u&v is greater than BC. And since the two (straight-lines) 
goa n AA didueteoc, ue(Cov òè 7| BP tic ZH. ME, EN are equal to the two (straight-lines) FE, EG 
(respectively), and angle M EN [is] greater than angle 
FEG; the base MN is thus greater than the base FG 
[Prop. 1.24]. But, MN was shown (to be) equal to BC 
[(so) BC is also greater than FG]. Thus, the diameter 
AD (is) the greatest (straight-line), and BC (is) greater 



































than FG. 
M —^ M — 
N A T N D C 
"Ev x0xA@ doa peyloty uèv éoxty Å Gtéuetpoc, tõv 58 Thus, in a circle, a diameter (is) the greatest (straight- 
Drov det f| čyylov x00 xévtpou tc dnwtepov ue(Cov cottv’ line), and for the others, a (straight-line) nearer to the 
bree Eder Oci&on. center is always greater than one further away. (Which 


is) the very thing it was required to show. 


t Euclid should have said “to the center", rather than "to the diameter AD”, since BC, AD and FG are not necessarily parallel. 
t This is not proved, except by reference to the figure. 


, 


IT". Proposition 16 


e 


H ti Stayétew to xOóxAou npóc ópÜàc dn’ äxpas A (straight-line) drawn at right-angles to the diameter 
&youevyn &xtóc neotivot tod xbxAov, xoi cic tòv ueta€d of a circle, from its end, will fall outside the circle. And 
tónov tij; ve evLNElac xol vfjc repupepe(ac tépa evVeia où another straight-line cannot be inserted into the space be- 
TOPEUTEGETAL, xoi Ñ uèv TOU fjuoroxA(ou ywvia ànáonc; tween the (aforementioned) straight-line and the circum- 
yoviac d&elac evduypduyou uc(Cov eotiv, fj 6& Aou ference. And the angle of the semi-circle is greater than 


EAQTIOY. any acute rectilinear angle whatsoever, and the remain- 
"Eotw xdxhoc 6 ABT negi xévtpov tò A xoi Giigevpgov ing (angle is) less (than any acute rectilinear angle). 
thy AB: Aévo, Ott f, and tot A tH AB npóc ópüàc an’ Let ABC be a circle around the center D and the di- 
dxpac &youévr, &xxóc TEoEita TOŬ xÓxAov. ameter AB. I say that the (straight-line) drawn from A, 
My yd, GAN’ ci Duvatóv, mintétTW évxóc óc fj TA, xoà at right-angles to AB [Prop 1.11], from its end, will fall 
&neCeoy 0o f, AT. outside the circle. 
"Eni ton cotly f, AA xfj AT, ton Eotl xod yovia f, ono For (if) not then, if possible, let it fall inside, like CA 


AAT yovig xfj óxó ATA. óp0T, 68 ñ ono AAT: ded} Goa (in the figure), and let DC have been joined. 

xoi f, bnd ATA: tetrymvou ð tot ATA oi 900 ywvion oi Since DA is equal to DC, angle DAC is also equal 

ond AAT, ATA d00 plais tom cio(v: önep Eotiv d50vatov. to angle ACD [Prop. 1.5]. And DAC (is) a right-angle. 

ovx dea Å and tov A onucíou xfj BA npóc dpdac &youévyn Thus, ACD (is) also a right-angle. So, in triangle ACD, 

£vióc Teoeita tol xÓxAou. Opoícoc Sf Seiouev, dt: odò’ the two angles DAC and ACD are equal to two right- 

&ri tis Mepupepetac: &xxóc dow. angles. The very thing is impossible [Prop. 1.17]. Thus, 
the (straight-line) drawn from point A, at right-angles 
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E 








Iltntétw óc f, AE: Aévo Òh, Sti eic xóv uevo£b xónov 
ts te AE evdetac xoi týs TOA xepupepe(ac Etépa còÛeŭa 
Ov nopeumneoticot. 

Ei yàp Suvatév, napeumimtétw óc f, ZA, xoi HyVw and 
tov A onyetou êm tiv ZA xéüexoc f, AH. xoi éxel dodh 
¿otw fj ónó AHA, éddttwv ðè pts H Und AAH, uetCov 
&pa 7) AA ts AH. ton 68 ñ AA tH AO" uetGov doa f, AO 
tic AH, 5| &A&vxov tis ueiCovoc: ónep Eotiv åðúvatov. OVX 
&pa cig TOV UETAEY tónov tG Te eUe(ac xol tic repupepetoc 
Etépa cUvein topeuneoeicot. 

Aéyw, Óxt xol f| u&v TOD HurxvxAtov yovia f| repieyouévn 
bond te tic BA evVetac xoi tic TOA nepupepe(oc àmáorc 
yovlac d€etac cÒVuypåuuouv uelGov gotiv, À DÈ Aou) Å ne- 
piexouévr, bró te ts TOA xepupepe(ac xoi tic AE ed0etac 
&náonc ywvlac d€etac ebOvuvpóupuou EAdTIWY &oxtv. 

Ei yàp oti tic ywvia eoó00ypoguuoc us(Cov uev cfc 
xepieyouévri Und te ts BA evdetuc xoi týs TOA repi- 
wepetac, EAdttwv SE ts nepteyouévrc Ond te týs TOA 
xepupepeíac xol tàs AE evdetauc, cic tov uexa&o xónov cfjc 
te TOA nepupepetac xoi xfj AE eó0c(ac cocta mapeu- 
TEoEitat, f|uc norost ue(Cova uev tic repteyouévrc ono 
te ts BA ev¥etauc xoi týs TOA nepupepet(ac tnd evdetéiv 
TEPLEYOUEVYV, EAdTTOVa bE tS MEpleyouevNc onÓ xe fic 
TOA nepupepeíac xoi ts AE evdetac. ob napeuntinter dé 
00x pa Tic regtexouévrc ywviac Und te tic BA edVetac 
xoi tic TOA nepupepetag oto ueiGov d€eta Und evderéiv 
repteyouévr, OVSE UNV EAdTTWY Tic repueyouévric UNO TE 
tfic TOA nepupepe(ac xoi tic AE evdetac. 
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to BA, will not fall inside the circle. So, similarly, we 
can show that neither (will it fall) on the circumference. 
Thus, (it will fall) outside (the circle). 

B 











Let it fall like AF (in the figure). So, I say that another 
straight-line cannot be inserted into the space between 
the straight-line AE and the circumference CH A. 

For, if possible, let it be inserted like FA (in the fig- 
ure), and let DG have been drawn from point D, perpen- 
dicular to FA [Prop. 1.12]. And since AGD is a right- 
angle, and DAG (is) less than a right-angle, AD (is) 
thus greater than DG [Prop. 1.19]. And DA (is) equal 
to DH. Thus, DH (is) greater than DG, the lesser than 
the greater. The very thing is impossible. Thus, another 
straight-line cannot be inserted into the space between 
the straight-line (AE) and the circumference. 

And I also say that the semi-circular angle contained 
by the straight-line BA and the circumference CHA is 
greater than any acute rectilinear angle whatsoever, and 
the remaining (angle) contained by the circumference 
CH A and the straight-line AF is less than any acute rec- 
tilinear angle whatsoever. 

For if any rectilinear angle is greater than the (an- 
gle) contained by the straight-line BA and the circum- 
ference CH A, or less than the (angle) contained by the 
circumference CHA and the straight-line AE, then a 
straight-line can be inserted into the space between the 
circumference C'H A and the straight-line AE—anything 
which will make (an angle) contained by straight-lines 
greater than the angle contained by the straight-line B.A 
and the circumference CHA, or less than the (angle) 
contained by the circumference CH A and the straight- 
line AE. But (such a straight-line) cannot be inserted. 
Thus, an acute (angle) contained by straight-lines cannot 
be greater than the angle contained by the straight-line 
BA and the circumference C H A, neither (can it be) less 
than the (angle) contained by the circumference CHA 
and the straight-line AE. 
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IIógtoya. 

"Ex 67, 1oOtou qavepóv, OTL Å TH Siauetew tod x0xAXou 
npóc pàs an’ &xpgoc dyouévr Epanteto oU xOxAou 
[xo dtu cvVeia xOxXou xo^ Ev uóvov &g&ntevot onov, 
&retor|xep xal f) xoxà 660 AVTES cuupóéAXouca £vvóc ADTOD 
nintovoa edetyOn]: Sree Eder Gei&ou. 


C. 
Ano tod 600évxoc onge(ou tot Go0Évvoc xóxAou &qa- 
Ttovevyy cvVeiav Yea cyoyeiv. 


as 


oy 





"Ecco TÒ uèv 800&v onuctov tò A, 0 6€ 6o0clc xbxAOC 
ò BIA: bet ÖA and tod A onuetov to} BTA xóxAou ga- 
Ttovevyy cvveiav ypauuňy cyoyeiv. 

EUMykpüc yàp TO xEévteov xoO0 xóxAou tò E, xoi 
éneCevy0w Y, AE, xoà xévvpo u&v 16 E ótaocrjuo 08 x6 
EA xóxXoc yeypåágðw 6 AZH, xoi and tod A ti EA npóc 
pàs Tyco f, AZ, xoi &neCeoy0oo0ov at EZ, AB: Méyo, 
ott åTÒ tod A onuctov tod BLA xOxXou Epantouevy Feta 
n AB. 

‘Enel yàp tò E xévtpov £oxi tv BIA, AZH »xóxXov, 
lor dpa éotiv f, u£v EA ti EZ, 5, 6£ EA tÅ EB: 900 dh 
at AE, EB 900 tos ZE, EA toa eiotv: xoà ywviav xowhy 
regiéyouot tjv npóc x E: Bdouc koa f, AZ Båosı tÅ AB 
ton Eottv, xoi tò AEZ tetywvov té EBA xptyóvo toov 
éotty, xal at Aoital y«ov(ot tç Aovunoüc ywvios: ton doa ñ 
òrò EAZ tÅ ónó EBA. óp07 62 5| O26 EAZ: 6007 doa xol À 
ono EBA. xat &oxty 7 EB x tod xévteou: 7| 68 xfj Gtuévpo 
toU xÓxAou xpóc OEDaC dm Oxpoc KYOUEVN &gártevot. tod 
x0xAovu: f, AB &pa &gárxevot tot BTA xdxAov. 

Ano tod toa 6oüévroc onusíou tot A tod 8oÜ0Évtoc 
x0xAou tod BTA égantouéevyn ev0eta ypauu Tpecot A AB: 
Ónep Edel roroa. 
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Corollary 


So, from this, (it is) manifest that a (straight-line) 
drawn at right-angles to the diameter of a circle, from 
its extremity, touches the circle [and that the straight-line 
touches the circle at a single point, inasmuch as it was 
also shown that a (straight-line) meeting (the circle) at 
two (points) falls inside it [Prop. 3.2]]. (Which is) the 
very thing it was required to show. 


Proposition 17 


To draw a straight-line touching a given circle from a 
given point. 


A 


E 


ee i 





Let A be the given point, and BCD the given circle. 
So it is required to draw a straight-line touching circle 
BCD from point A. 

For let the center E of the circle have been found 
[Prop. 3.1], and let AE have been joined. And let (the 
circle) AFG have been drawn with center E and radius 
EA. And let DF have been drawn from from (point) D, 
at right-angles to EA [Prop. 1.11]. And let EF and AB 
have been joined. I say that the (straight-line) AB has 
been drawn from point A touching circle BC D. 

For since E is the center of circles BC D and AFG, 
EA is thus equal to EF, and ED to EB. So the two 
(straight-lines) AE, EB are equal to the two (straight- 
lines) FE, ED (respectively). And they contain a com- 
mon angle at E. Thus, the base DF is equal to the 
base AB, and triangle DEF is equal to triangle EBA, 
and the remaining angles (are equal) to the (corre- 
sponding) remaining angles [Prop. 1.4]. Thus, (angle) 
EDF (is) equal to EBA. And EDF (is) a right-angle. 
Thus, EBA (is) also a right-angle. And EB is a ra- 
dius. And a (straight-line) drawn at right-angles to the 
diameter of a circle, from its extremity, touches the circle 
[Prop. 3.16 corr.]. Thus, AB touches circle BC D. 

Thus, the straight-line AB has been drawn touching 
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[4 
Ww. 
‘Ey xóxAou epantytat tic evVEta, dno 6£ Tod xévtpou 
&ri Thy apr eniCevy DF tic cvVeta, A EmCevyVeioa xáüecoc 
£oxot &ri Thy &£gortou£vrv. 








E 


KoóxAovu yàp tob ABT &gorxéoto xc e0Veta n AE xoà 
TÒ T onuciov, xoà cipto tÒ xévvpov tot ABT xóxAou tò 
Z, xol and tot Z ent tò T &neCeOy o 7| ZI: Aéyo, ów 9| ZT 
xóüexóc £owv ext thy AE. 

Et yàp wh, Ïx% and tod Z ext thy AE xéüecoc n ZH. 

‘Enel oðv 7 òrò ZHT Yovía ph Eotw, d€eia dpa &oxiv 
n bno ZTH: óxó òè thy ue(Cova. ywviav f; ueiGov TAcVEa 
onroteivev ue(Gov doa À ZI tis ZH: ton òè H ZI xfj ZB: 
uei Gov dea xoà À ZB ts ZH f| EAdt wv tis ueCovoc: Smee 
éotly dd0vatov. ovx doa ñ ZH xáüexóc Eotw Ext thy AE. 
Ouotws 67, SetGouev, StL OS’ ZAAN uc xA tij¢ ZT: H ZT 
&ou xdVetd¢ Eottv Ext thy AE. 

"Eàv doa xúxňou epdntyntat tic evdeta, and be tod 
Xévvpou Erk THY APhy EmCevydF tic evVEIA, f) EmiCevyVeton 
xav_etog Eota &ri thy Epantovevyy’ ónep Eder SeiEan. 


v). 


‘Ey xóxAou egantytat tic cea, and Se tio Aps TH 
EPANTONEVN npóc óp0àc [ywviac] còca voor, dy dF, Ext 
thc aydetoncg Eota TÒ xévtpov x00 xOxXov. 

KoóxAou yàp tod ABT &gorxéo0o xc cocta n AE xoà 
tÒ I onyusiov, xoi and tot T tj, AE npóc pàs Tyro f 
TA: Xéyo, Ott Ext vfjc AT oti TÒ xévipov tot xÓxXAov. 
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the given circle BCD from the given point A. (Which is) 
the very thing it was required to do. 


Proposition 18 


If some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir- 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. 








E 


For let some straight-line DE touch the circle ABC at 
point C, and let the center F of circle ABC have been 
found [Prop. 3.1], and let FC have been joined from F 
to C. I say that FC is perpendicular to DE. 

For if not, let FG have been drawn from F, perpen- 
dicular to DE [Prop. 1.12]. 

Therefore, since angle FGC is a right-angle, (angle) 
FCG is thus acute [Prop. 1.17]. And the greater angle is 
subtended by the greater side [Prop. 1.19]. Thus, FC (is) 
greater than FG. And FC (is) equal to FB. Thus, FB 
(is) also greater than F'G, the lesser than the greater. The 
very thing is impossible. Thus, F'G is not perpendicular to 
DE. So, similarly, we can show that neither (is) any other 
(straight-line) except FC. Thus, FC is perpendicular to 
DE. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir- 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. (Which is) 
the very thing it was required to show. 


Proposition 19 


If some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-[angles] 
to the tangent, then the center (of the circle) will be on 
the (straight-line) so drawn. 

For let some straight-line DE touch the circle ABC at 
point C. And let CA have been drawn from C, at right- 
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A E 
T 

MÌ yuo, GAX’ ci duvatóv, čotw Tò Z, xoi &neCeOy o f) 
TZ. 

‘Enel [oov] xóxXou to} ABT &g&rvexoí tis edVeia 7j AE, 
&ró 6€ tod xévtpou Ext thy aphy enéCevata | ZI, n ZT doa 
xáüexóc Eotw Ent thy AE 600} doa &oxiv f, Und ZTE. ¿ot 
dé xoi f, Und ATE öp: ton doa Eotiv H Und ZTE «fj ono 
ATE f| £A&vvov t ueiCow óxep Eotly ddbvatov. obx &pa 
TÒ Z xévtpov ott tod ABT xbxAov. duolwc 97) SetEouev, 
ó 00S’ GAAO xt TAH Ext ts AT. 

"Ey dow xOxAOU Eq~antytat tic evVETA, AMO OE THe «fic 
TH Epantouevyn npóc pàs cvVEia ypauu aydH, émi thc 
aydelonc Eota TÒ xévxpov Tov xOxXou: ónep Eder Geiton. 


X. 

"Ev x0xAW f| ngóc TH xévtipo Y«ov(a SITAGCtWY £o tfic 
TPOS TH repupepeío, óvav thy aAvTHY repupépgeurv Béo ëX- 
ow ai yoviar. 

"Eotw xvxdoc 0 ABT, xoi npóc uèv TẸ xévipo avTOD 
yovia čëotw f, óxó BET, npóc 6& tH nepupege(a ñ òrò BAT, 
éyétwouv È tv avTHY nepupépoetay Påow thy BI" Aéyo, 
óu SitAaotwv olv f, òrò BET ywvia tis òrò BAT. 

"Emevyveion yàp f, AE Guy do Ent tò Z. 

Enel oðv ton ċotiv f, EA ti EB, ton xoi ywvia f, Und 
EAB tf óxó EBA: oi &pa ónó EAB, EBA yoovian ts ono 
EAB dinAaotouc eiotv. ton 5 f, UNO BEZ toç óxó EAB, 
EBA: xoi 4 nò BEZ doa ts óxó EAB £o Ouf. Sid TH 
avte 57 xoi f, Ond ZET tis bnO EAT oti Oui. SAH &pa 
n bn0 BET óArg ts rò BAT £o Ouf. 
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angles to DE [Prop. 1.11]. I say that the center of the 
circle is on AC. 


A 








D C E 

For (if) not, if possible, let F be (the center of the 
circle), and let CF have been joined. 

[Therefore], since some straight-line DE touches the 
circle ABC, and FC has been joined from the center to 
the point of contact, FC is thus perpendicular to DE 
[Prop. 3.18]. Thus, FCE is a right-angle. And ACE 
is also a right-angle. Thus, FCE is equal to ACE, the 
lesser to the greater. The very thing is impossible. Thus, 
F is not the center of circle ABC. So, similarly, we can 
show that neither is any (point) other (than one) on AC. 


Thus, if some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-angles to 
the tangent, then the center (of the circle) will be on the 
(straight-line) so drawn. (Which is) the very thing it was 
required to show. 


Proposition 20 


In a circle, the angle at the center is double that at the 
circumference, when the angles have the same circumfer- 
ence base. 

Let ABC be a circle, and let BEC be an angle at its 
center, and B AC (one) at (its) circumference. And let 
them have the same circumference base BC. I say that 
angle BEC is double (angle) BAC. 

For being joined, let AE have been drawn through to 
F. 

Therefore, since EA is equal to EB, angle EAB (is) 
also equal to EBA [Prop. 1.5]. Thus, angle EAB and 
EBA is double (angle) EAB. And BEF (is) equal to 
EAB and EBA [Prop. 1.32]. Thus, BEF is also double 
EAB. So, for the same (reasons), FEC is also double 
EAC. Thus, the whole (angle) BEC is double the whole 
(angle) BAC. 


STOIXEION y. 





A 


B 


KexAáoc0o 97) nda, xoi čotw tépa Yovía n Ord BAT, 
xoi em@evydeion f, AE éexBeBAhodw &ni tò H. ópotoc 5h 
det€ouev, ó Ouf Eotw f; UNO HET Yovía ts òrò EAT, 
Gv f; óxó HEB Gu ott xfj UNO EAB: doin ápa f, brò 
BET 8uf ott tis rò BAT. 

"Ev x0xAW Goa f, Ted TH) xévtpo Ywvla 6uAaotov ¿oTt 
Thc npóc TH repupepeto, OTAV THY HUTYY nepupépetay Bow 
éywow [at yovi]: önep Eder déo. 


L 


Xa. 


"Ev x0xAW oi £v TH ao16 urat Yovíot toot. AAHAS 


€iotv. 
A 


T 

"Hot xóx^oc 0 ABTA, xoi év t abt vufjuou TH 
BAEA yovia gotwoav at òrò BAA, BEA: Aévo, Öt oi 
òrò BAA, BEA yovio toot aAAnAaus ciotv. 

Eijpdw yàp tod ABTA »xóxAou 16 xévtpov, xoi Éovo 
TÒ Z, xoi eneCebvyNwouv oi BZ, ZA. 

Kat énet f, u£v òrò BZA yovia npóc 1&5 KEvtEw Eotty, f| 
dé Und BAA npóc tH nepupepeío, xoi Eyovot THy abt TE- 
pupégetav Baow ty BLA, f; &pa òrò BZA ywvia GuXatotov 
£c tij¢ UNO BAA. dià xà avTa BY Å ONO BZA xoi ts ono 
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B 


So let another (straight-line) have been inflected, and 
let there be another angle, BDC. And DE being joined, 
let it have been produced to G. So, similarly, we can show 
that angle GEC is double EDC, of which GEB is double 
EDB. Thus, the remaining (angle) BEC is double the 
(remaining angle) BDC. 

Thus, in a circle, the angle at the center is double that 
at the circumference, when [the angles] have the same 
circumference base. (Which is) the very thing it was re- 
quired to show. 


Proposition 21 


In a circle, angles in the same segment are equal to 
one another. 


A 


C 

Let ABCD be a circle, and let BAD and BED be 
angles in the same segment BAED. I say that angles 
BAD and BED are equal to one another. 

For let the center of circle ABCD have been found 
[Prop. 3.1], and let it be (at point) F. And let BF and 
FD have been joined. 

And since angle BFD is at the center, and BAD at 
the circumference, and they have the same circumference 
base BC D, angle BF D is thus double BAD [Prop. 3.20]. 


M TOIXEION y. 


BEA Eott Ou otov: ton dpa f| Und BAA «fj tnd BEA. 
"Ev xóxAo doa ai £v T aut turo yovi toot 
GAANAaus eiotv: önep Eder deté. 


+ 
xp’. 
Tõv Ev tois xÓxXotc tetparàcúpwv ai ànevavtiov vovtot 
6uolv ptas tom eiotv. 


A 


"Ecco xóxXoc ó ABTA, xoi &v wité tetedmAeupov Éovo 
tò ABTA: Xéyo, ów oi ånevavtiov ywviat dvolv deVaiic toot 
ciotv. 

"Encteóy0oocav at AD, BA. 

‘Emel obv navtóc xpuyovou al vpeic Yoviot 6uolv ptos 
fou ciotv, tol ABT &pga terymvou oi teeic yovlar oi ono 
TAB, ABT, BTA uov pois tom eiotv. ton è f| uèv UNO 
TAB qt óxó BAT: &v yàp 16 wdt6 tuńuatí eiot tă BAAT: 
n õè Und ATB tH ónó AAB: &v yàp TẸ aT tuńuatí eiot 
t& AATB: Ay doa H UXO AAT tos óxó BAT, ATB ïon 
éotlv. xow npooxciodw À Und ABT: at dea ónó ABT, 
BAT, ATB totic ónó ABD, AAT ïou cictv. dXX ai oxó 
ABT, BAT, ATB uov ópüoüc tom cioty. xoi ai òrò ABT, 
AAT doa dualv ptis tom elotv. Ouoiwe 97) SelEouev, óu 
xoi ai òrò BAA, ATB ywoviaa dvolv dedaiic tom ciotv. 

Tov dea Ev toic xÓxAotc vevpaxAeOpov ai ånevavtiov 
yovi Svolv pás toot eio(v: nep Eder Seta. 


L4 
xy’. 
"Eni tic atis cbÛelas 600 tuńuata XOXAWY Öuora xol 
&vica 00 cuoco joexot &ri xà HUTH uépn. 
Ei yàp Ouvaxóv, ent tfjg avtij¢ evVEtac tic AB 000 
TUAUATA xOxAov ógott Kol ÖVLOA OUVEOTÅTW ETL TH QÙTÀ 


uégn tà ATB, AAB, xoi òx f, ATA, xoi &neCeoy 0oocav 
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So, for the same (reasons), BFD is also double BED. 
Thus, BAD (is) equal to BED. 

Thus, in a circle, angles in the same segment are equal 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 22 


For quadrilaterals within circles, the (sum of the) op- 
posite angles is equal to two right-angles. 


B 


D 


Let ABCD be a circle, and let ABCD be a quadrilat- 
eral within it. I say that the (sum of the) opposite angles 
is equal to two right-angles. 

Let AC and BD have been joined. 

Therefore, since the three angles of any triangle are 
equal to two right-angles [Prop. 1.32], the three angles 
CAB, ABC, and BCA of triangle ABC are thus equal 
to two right-angles. And C AB (is) equal to BDC. For 
they are in the same segment BADC [Prop. 3.21]. And 
ACB (is equal) to ADB. For they are in the same seg- 
ment ADCB [Prop. 3.21]. Thus, the whole of ADC is 
equal to BAC and ACB. Let ABC have been added to 
both. Thus, ABC, BAC, and ACB are equal to ABC 
and ADC. But, ABC, BAC, and ACB are equal to two 
right-angles. Thus, ABC and ADC are also equal to two 
right-angles. Similarly, we can show that angles BAD 
and DCB are also equal to two right-angles. 

Thus, for quadrilaterals within circles, the (sum of 
the) opposite angles is equal to two right-angles. (Which 
is) the very thing it was required to show. 


Proposition 23 


Two similar and unequal segments of circles cannot be 
constructed on the same side of the same straight-line. 

For, if possible, let the two similar and unequal seg- 
ments of circles, ACB and ADB, have been constructed 
on the same side of the same straight-line AB. And let 


STOIXEION y. 


oi PB, AB. 


A B 


‘Enel oov óuotóv £cu TO ATB xufjua tă AAB tuńuat, 
óuotx SE tuńuata xbxAWY £o tà SeydUEVA Yovíac toas, 
ton &pa Eotlv f, Und ATB ywvia tH Ond AAB Tj &xxóc tH 
&v1Óc: Ónep &oxlv AdVVaTOV. 

Ovx doa Ent tio avutiic evdeiac S00 tuńuata xOxAXcov 
Öuo xol &vica cuovoüfjoexot Ent TH AUTH uépry Step &óet 


citou. 


xo. 
Ta ent toov cdderéiv uoa tuńuata KOA too GAAHAOLC 
éotly. 


E 








T A 


"Eotwouv yàp ém (oov evVeiiv xv. AB, TA ðuow 
Tuńuata xOóx^ov t AEB, TZA: dEyw, Sti oov Eotl tO 
AEB tuua xà TZA thot. 

"E«oguoCouévou yàp tol AEB tyyuatoc ent tò TZA xoi 
vÜüsuévou tod u&v A onyetou &ri tò I tùs 6£ AB cdVetac 
&ri thy DA, &gapuóoet xoi tò B onueiov ext tò A onuciov 
tà TO tony elvat thy AB tÅ DA: tis 68 AB Ext thy TA gap- 
uooóorgc &qapuóoet xoi To AEB tuua ext tò TZA. ei yàp 
n AB coveta ext thy TA éqapyudoet, tò 66 AEB tuua ext 
TÒ TZA uù &gagyuóost, Htot &vxóc adtod neoettou Ñ &xxóc 
Ñ tapoXA eet, óc tò THA, xol x0xXoc x0xXov xéuvet XATA 
TActova ona ï dúo: ónep &oxiv &ðúvatov. oOx hoa E~pap- 
uoCouévrc tic AB evdelac ext thy TA oóx &gapuóoet xol 
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AC D have been drawn through (the segments), and let 
CB and DB have been joined. 


D 





A B 


Therefore, since segment AC B is similar to segment 
ADB, and similar segments of circles are those accept- 
ing equal angles [Def. 3.11], angle ACB is thus equal 
to ADB, the external to the internal. The very thing is 
impossible [Prop. 1.16]. 

Thus, two similar and unequal segments of circles 
cannot be constructed on the same side of the same 
straight-line. 


Proposition 24 


Similar segments of circles on equal straight-lines are 
equal to one another. 


E 








C D 


For let AEB and CFD be similar segments of circles 
on the equal straight-lines AB and CD (respectively). I 
say that segment AEB is equal to segment CF D. 

For if the segment AEB is applied to the segment 
CFD, and point A is placed on (point) C, and the 
straight-line AB on CD, then point B will also coincide 
with point D, on account of AB being equal to CD. And 
if AB coincides with C D then the segment AEB will also 
coincide with CF D. For if the straight-line AB coincides 
with CD, and the segment AEB does not coincide with 
CF D, then it will surely either fall inside it, outside (it),* 
or it will miss like CGD (in the figure), and a circle (will) 
cut (another) circle at more than two points. The very 
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M TOIXEION y. 


tO AEB tuñua ext tò TZA: &gopuóoet dpa, xoi toov ox 
Éoxot. 

Tà doa ent toov euder@v uow tuńuata xóxAov too 
AA hAon Eotiv’ Ónep Eder deiga. 


t Both this possibility, and the previous one, are precluded by Prop. 3.23. 


, 


XE. 


Kúxňou tuńuatoç 600Évvoc npoocovorrpádot TOV xOxXov, 
o0nép £o Tuua. 
A 








A A 

BLA E B ^ B ^ 
E 

Ý T T 











"Ecco TÒ 800&v tuua x0xA0v tò ABT: det 67, tod ABT 
1Urjuoxoc xpooavorypótpot Tov x0xAOV, ONES EOTL tuñua. 

Texurjodo yàp 7 AT dtya xoxà 160 A, xoi HyVw and tod 
A onyetou ti AT npóc óp0àc 7 AB, xal &neCeoy 0o f, AB: 
n òrò ABA vowví(a doa tig ónó BAA Tjxvot ue(Cov Eotiv T 
ton fj £A&txov. 

"Eoo npóxegov ue(Gov, xoi cuveoxáxo npóc t BA 
edvveta xol T npóc AUTH onus(o và A tH LTO ABA vovía 
fon ġ òrò BAE, xoi dijydw 7 AB ém tò E, xoi éneCeoy 0o 
ñ ET. ncl oov ton Eotiv H ónó ABE ywvia tfj óxó BAE, 
ïon dea oti xoi f; EB còca xfj EA. xoi &nel ton £oxiv À 
AA xfj AT, xow? dé f, AE, 600 54 oi AA, AE 900 tos 
TA, AE ‘oa eioiv &xoxépa &xorépoc xol yovia f, ond AAE 
yovig tH tnd TAE &owv ion 0p) yàp &xoxépor Dáocic dpa 
n AE Báce tH TE &owv ion. HAG A AE xfj BE édetydn 
ton xoi À BE doa tH TE £owv tor at teeic dpa oi AE, EB, 
ED tom Aous ciotv: 6 doa xévteq t& E Guxotrjuaxt ðè 
evi x&v AE, EB, ED xóxAoc vpoqóuevoc čet xoi die xv 
oInGY onueiwv xoi Eotor npooovayeyYpouuévoc. xbxAOU 
&pa tuńuatoç Sovévtog Teocavayéypanta Ò xbxAOC. xol 
dffAov, ðs TO ABT tuua čňattóv otv HurxvxAtov Sia TO 
TÒ E xévt1pov &x1óc avtod tuYyó&vetv. 

‘Ouotuc [dè] x&v Å Å 9x0 ABA yovia ton xfj òrò BAA, 
tic AA tone vevouévrc exatéea x&v BA, AT oi xpeic oi 
AA, AB, AT tom GO jAotc Eoovta, xol čata TÒ A xévtpov 
toO npooavanenAnpcoguévou xOxAou, xol OrnAoO7| EoTa TO 
ABT fixcxAov. 

"Ey 8$ 5j UNO ABA éhattwv f| tic ónó BAA, xal ov- 
otnooucda npóc t BA evdeta xoi 16 npóc adt onus(o 
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thing is impossible [Prop. 3.10]. Thus, if the straight-line 
AB is applied to C D, the segment AEB cannot not also 
coincide with CF D. Thus, it will coincide, and will be 
equal to it [C.N. 4]. 

Thus, similar segments of circles on equal straight- 
lines are equal to one another. (Which is) the very thing 
it was required to show. 


Proposition 25 


For a given segment of a circle, to complete the circle, 
the very one of which it is a segment. 


A A A 

B D E B D B D 
E 

C C C 











Let ABC be the given segment of a circle. So it is re- 
quired to complete the circle for segment ABC, the very 
one of which it is a segment. 

For let AC have been cut in half at (point) D 
[Prop. 1.10], and let DB have been drawn from point 
D, at right-angles to AC [Prop. 1.11]. And let AB have 
been joined. Thus, angle ABD is surely either greater 
than, equal to, or less than (angle) BAD. 

First of all, let it be greater. And let (angle) BAE, 
equal to angle ABD, have been constructed on the 
straight-line B.A, at the point A on it [Prop. 1.23]. And 
let DB have been drawn through to E, and let EC have 
been joined. Therefore, since angle ABE is equal to 
BAE, the straight-line EB is thus also equal to EA 
[Prop. 1.6]. And since AD is equal to DC, and DE (is) 
common, the two (straight-lines) AD, DE are equal to 
the two (straight-lines) CD, DE, respectively. And angle 
ADE is equal to angle C DE. For each (is) a right-angle. 
Thus, the base AE is equal to the base CE [Prop. 1.4]. 
But, AE was shown (to be) equal to BE. Thus, BE is 
also equal to CE. Thus, the three (straight-lines) AE, 
EB, and EC are equal to one another. Thus, if a cir- 
cle is drawn with center E, and radius one of AE, EB, 
or EC, it will also go through the remaining points (of 
the segment), and the (associated circle) will have been 
completed [Prop. 3.9]. Thus, a circle has been completed 
from the given segment of a circle. And (it is) clear that 
the segment ABC is less than a semi-circle, because the 
center E happens to lie outside it. 


STOIXEION y. 


1G A tf òrò ABA ywvig tony, évtdo¢ tod ABT tujuatoc 
Teoeitat tO xévtpov &ri ts AB, xoi oto Snad xo ABI 
Tuua uctov nuxuxAtov. 

KóxAou dea tuńuatoçs Go0Évtoc npocavayéypantoat O 
XÜxAoc: Önep Edel roroa. 


7 


XT. 


‘Ey tois ïoo xóxAoic oi toot yovi &rl toov. nepupe- 
pev BeBrxaow, &&v te npóc toic xévtpotc Edy TE npóc 
tos xepupepetouc Got BeBrnxvion. 


7 








D: E 


N 


K 


*Eotwoay toot x0xXov ot ABT, AEZ xol év adtoic tom 
Yov(ot £oxooov npóc u£v xoic xévrpotc oi Und BHI’, EOZ, 
Tec SE toüs repupepetotc at UNO BAT, EAZ: Aévo, Öt ton 
éotlv 7 BKT xepupégeta tH EAZ nepupepeto. 

*EneCevydwoav yàp at BT, EZ. 

Koi nel icon eioi ot ABT, AEZ xOxXAot, tom sioù ai 
&x tæv xévtepwv 000 67 oi BH, HI 660 xoi EO, OZ toa: 
xol vovia f| med¢ 1G H Yovíia tfj npóc tă O ton Påois pa 
n BI Báce th EZ cotw ton. xoà &nel ton £oxiv f| npóc xG 
A yovia tÑ mpd¢ xG A, óuovov dow £o tò BAT tuñua t& 
EAZ tupati xat etow &ri toov evderésv [tév BT, EZ]: tà 
dé Ext flowy evdeldv ðuoia vurjuoxa. xbxrAwWY low GAAAOLC 
éottv: toov doa tò BAT tuua x EAZ. £ox ðè xoi óXoc 6 
ABT xóxXoc Ao 16 AEZ xdxAq tooc: Aou &ga yj BKT 
xepupépeiuat tH EAZ neoupepeta &oxlv ton. 

"Ev dea tois tootc x0xAotc at toot yovlar Ext toov. rept- 
Qepeu3v Deprixoctw, áv Te npóc TOS xévipotc &&v TE npóc 
tos mepipepetucg Got Deprxuiav nep Eder deToa. 
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[And], similarly, even if angle ABD is equal to BAD, 
(since) AD becomes equal to each of BD [Prop. 1.6] and 
DC, the three (straight-lines) DA, DB, and DC will be 
equal to one another. And point D will be the center 
of the completed circle. And ABC will manifestly be a 
semi-circle. 

And if ABD is less than BAD, and we construct (an- 
gle BAE), equal to angle ABD, on the straight-line B.A, 
at the point A on it [Prop. 1.23], then the center will fall 
on DB, inside the segment ABC. And segment ABC will 
manifestly be greater than a semi-circle. 

Thus, a circle has been completed from the given seg- 
ment of a circle. (Which is) the very thing it was required 
to do. 


Proposition 26 


In equal circles, equal angles stand upon equal cir- 
cumferences whether they are standing at the center or 
at the circumference. 


A 








K 

Let ABC and DEF be equal circles, and within them 
let BGC and EHF be equal angles at the center, and 
BAC and EDF (equal angles) at the circumference. I 
say that circumference BKC is equal to circumference 
ELF. 

For let BC and EF have been joined. 

And since circles ABC and DEF are equal, their radii 
are equal. So the two (straight-lines) BG, GC (are) equal 
to the two (straight-lines) EH, HF (respectively). And 
the angle at G (is) equal to the angle at H. Thus, the base 
BC is equal to the base EF [Prop. 1.4]. And since the 
angle at A is equal to the (angle) at D, the segment BAC 
is thus similar to the segment EDF [Def. 3.11]. And 
they are on equal straight-lines [BC and EF]. And simi- 
lar segments of circles on equal straight-lines are equal to 
one another [Prop. 3.24]. Thus, segment BAC is equal to 
(segment) EDF. And the whole circle ABC is also equal 
to the whole circle DEF. Thus, the remaining circum- 
ference B KC is equal to the (remaining) circumference 
ELF. 

Thus, in equal circles, equal angles stand upon equal 
circumferences, whether they are standing at the center 


STOIXEION y. 


xÇ. 
Ev tois tootc xvxAoI¢ ai Ext locv nepioepery BeBrxuion 
yovi toa aAAnAac elotv, &&v Te npóc tois xévtpotc &áv TE 
xpóc xol repupepetotc Wot PeBnxvion. 


A S. 
T E Z 
K 


"Ev yàp (cot xbxAo1¢ xoic ABT, AEZ êm towv nepi- 
geper&v t&v BD, EZ npòs uèv tois H, O xévtpois yoviar 
BeBrnxétwouy ai Und BHI, EOZ, npóc 8& tos mepupepetouc 
ai óxó BAT, EAZ: Xévo, 6 f; u£v UNO BHT yovia t O26 
EOZ éow ton, f, 6& Und BAT tH nò EAZ otw ion. 

Ei yàp ävoós Eotw f, ónó BHT qt bro EOZ, ula ovv 
ueiGov éotiv. čotw ue(Gov f, Und BHT, xoi ovveotétw 
noòs TH BH cvVeta xoi 16 npóc aùt onuciw và H tH bro 
EOZ yovig fon f, ónó BHK: oi 6€ too yovi &ri toov 
Tepipepelesv Deprjxoctv, OTAV npóc tois xEvTEOIC Wow’ tor 
&pa f| BK nepupépeut tÅ EZ mepupepeig. Aà f, EZ tH BD 
gow lor xoi f, BK dow tÅ BI otv ton fj £Aóxtov tH 
ustCow Step Eotiv &d0vatov. o0x &pa &vioóc tot f| ono 
BHT ywvia tH Und EOZ: ton doa. xal cot tic u£v UNO 
BHT fjutoeta f, npdc 16 A, tis 66 UNO EOZ huiosia 7| npóc 
ta) A: ton dpa xoà f, xpóc 16 A ywvia tH ngóc TH A. 

"Ev dea tois toot xxo ai &ri toov nepupepsetv pe- 
Brycuton yovior toot GO A otc eiotv, &&v te npóc tois XEVTEOIC 
Edy Te npóc tos xepupepe(ouc Hor PeBnxviau önep Eder Setar. 


xr. 

‘Ey tois tooig xóxAotc oi loot ebVEta toas repupepstoc 
&papotot thy u&v ueiCova xfj uetCowt thy DÈ £Advxova TH 
EAÁTTOVI. 

*Eotwoay (cot x0xAot ot ABT, AEZ, xoà &v toic xóxAoic 
fou ev0eta Eotwouv ai AB, AE tàs yev ATB, AZE qepi- 
wepetac uetTovac aparpotoa tàs 6€ AHB, AOE édc&ttovac: 
Aévo, Ott fj u&v ATB ue(Gov negupépeta ton £o tH AZE 
ueCowt mepipepeta Y, 6€ AHB &Aétvov nepupépeta xf, AOE. 
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or at the circumference. (Which is) the very thing which 
it was required to show. 


Proposition 27 


In equal circles, angles standing upon equal circum- 
ferences are equal to one another, whether they are 
standing at the center or at the circumference. 


A D 


C 
K 


For let the angles BGC and EHF at the centers G 
and H, and the (angles) BAC and EDF at the circum- 
ferences, stand upon the equal circumferences BC and 
EF,in the equal circles ABC and DEF (respectively). I 
say that angle BGC is equal to (angle) EHF, and BAC 
is equal to EDF. 

For if BGC is unequal to EH F, one of them is greater. 
Let BGC be greater, and let the (angle) BGK, equal to 
angle EH F, have been constructed on the straight-line 
BG, at the point G on it [Prop. 1.23]. But equal angles 
(in equal circles) stand upon equal circumferences, when 
they are at the centers [Prop. 3.26]. Thus, circumference 
BK (is) equal to circumference EF. But, EF is equal 
to BC. Thus, BK is also equal to BC, the lesser to the 
greater. The very thing is impossible. Thus, angle BGC 
is not unequal to EHF. Thus, (it is) equal. And the 
(angle) at A is half BGC, and the (angle) at D half FHF 
[Prop. 3.20]. Thus, the angle at A (is) also equal to the 
(angle) at D. 

Thus, in equal circles, angles standing upon equal cir- 
cumferences are equal to one another, whether they are 
standing at the center or at the circumference. (Which is) 
the very thing it was required to show. 


Proposition 28 


In equal circles, equal straight-lines cut off equal cir- 
cumferences, the greater (circumference being equal) to 
the greater, and the lesser to the lesser. 

Let ABC and DEF be equal circles, and let AB 
and DE be equal straight-lines in these circles, cutting 
off the greater circumferences ACB and DFE, and the 
lesser (circumferences) AGB and DHE (respectively). I 
say that the greater circumference ACB is equal to the 
greater circumference DFE, and the lesser circumfer- 


STOIXEION y. 


T Z 
H © 


EUypüco yàp tà xévtpa xGv xOxAov tà K, A, xoi 
&neCeOy0ocav at AK, KB, AA, AE. 

Kai nel (oot xÓxAot eioív, loot ciol xoà oi Ex Gv 
xévtowy 600 87] at AK, KB duo voic AA, AE toa eiotv: 
xoi Báoic n AB Báce xf, AE tow Yov(a doa ñ Und AKB 
yovia tH bro AAE ïon &oxív.. at dè (oot yovi &ri toov 
repupepetv Deprixaoty, Otav npóc tois xévtipotc Qoi: tor 
&pa f, AHB nepupégeta tH AOE. ¿oti òè xoi dAoc ó ABT 
x0üxXoc ÓAo tæ AEZ x0x^o tcoc xoà Aou &pa À ATB 
xepipépetat Aou tH AZE nepupepeía ton &oxtv. 

‘Ev dea toic (cot; xOxAotc oi too evVEto oas ne- 
pupepe(oc deoupobOot thy u£v ueiCova ty} ue(Cov. thy dé 
EAATTOVa xfj £Aáxxovv. Smee Eder Geiou. 








x). 


‘Ey tois toot xÓxAotc Ta looc nepupepe(oc too evdetar 
Onoce(vouoty. 








H © 
*Eotwoay toot xóxXot ot ABT, AEZ, xoi êv abtoic tom 
neprpépera dnetaAjpdwouv at BHT, EOZ, xoi eneCevyNwoav 
oi BT, EZ evvetou Aévo, Ott ton £ov f, BI tH EZ. 
Eiio yàp và xévtpa TOV xOxAov, xol Eotw xà K, 
A, xoi &neCeOy0ocav ai BK, KT, EA, AZ. 
Koi éne ton cotly f; BHT nepupepera tH EOZ nepupepeío, 
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ence AGB to (the lesser) DH E. 


C E 
G H 


For let the centers of the circles, K and L, have been 
found [Prop. 3.1], and let AK, KB, DL, and LE have 
been joined. 

And since (ABC and DEF) are equal circles, their 
radii are also equal [Def. 3.1]. So the two (straight- 
lines) AK, K B are equal to the two (straight-lines) DL, 
LE (respectively). And the base AB (is) equal to the 
base DE. Thus, angle AK B is equal to angle DLE 
[Prop. 1.8]. And equal angles stand upon equal circum- 
ferences, when they are at the centers [Prop. 3.26]. Thus, 
circumference AGB (is) equal to DH E. And the whole 
circle ABC is also equal to the whole circle DEF. Thus, 
the remaining circumference ACB is also equal to the 
remaining circumference DFE. 

Thus, in equal circles, equal straight-lines cut off 
equal circumferences, the greater (circumference being 
equal) to the greater, and the lesser to the lesser. (Which 
is) the very thing it was required to show. 








Proposition 29 


In equal circles, equal straight-lines subtend equal cir- 
cumferences. 








A D 
L 

B C E F 
G H 


Let ABC and DEF be equal circles, and within them 
let the equal circumferences BGC and EHF have been 
cut off. And let the straight-lines BC and EF have been 
joined. I say that BC is equal to EF. 

For let the centers of the circles have been found 
[Prop. 3.1], and let them be (at) K and L. And let BK, 
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lor Eotl xoà yYwvia 7 ónó BKT xfj óxó EAZ. xoà nel {oor 
eiolv ot ABT, AEZ xvdxAo1, too ciol xo ot £x x&v xévipov: 
600 of at BK, KT uo totic EA, AZ tom eiotv: xoà Yovíoc 
{oas nepiéyouoctv: Báotc doa f, BT Baoet th EZ ton &oxtv: 

"Ey toa xoic tooig xóxAoic tàs looc nepupepe(oc loot 
evvetar Unotetvovow’ Smee £e Seiqa. 


A. 


Try 600€tcav nepupépetov diya xeueiv. 


A T B 


"Ecco 7 Sodcion nepupépgeix À AAB: det 54 thy AAB 
reptupépetatv diya veprelv. 

"Encteóy0co f, AB, xoà tetuńoðw diya xoxà tò D, xoi 
ano tod T onuetou xfj AB cdvVeig npóc pàs Ty 0o 7, DA, 
xoi eneTevydwoav at AA, AB. 

Kot énxel ton &oxiv f, AT xfj DB, xowr, de f, TA, d00 
67 at AT, DA uo tas BD, TA tom ciotv: xoà ywvia f| 
òrò ATA vovía tH ónó BTA tory pt yàp &xoxépoc Báocic 
goa 7| AA Báce tH AB ïon Eotiv. at dè toot cocto toas 
xepupepeíac cuparpodot tiv u£v UetCova xfj ueiCow thy dé 
EAATTOVa TH EAATIOW xé EoTIV Exatépa xiv. AA, AB qe- 
pupepgeuv EAdTIWY HuLxuxAtou: ton doa n AA neprpépera tH 
AB nepupepeta. 

‘H dea Sodeion neprpépeia iya tétunta xatà TO A 
onuciov: Onep Ede roroa. 


Aa. 


"Ey x0xAW Ñ u£v EV 16 fjuocoxALGo ywvia pth otw, f| 6€ 
&v 1G uetCow vufjuot é£A&vxov dedijc, 7j SE Ev và EAdTIOW 
1urjuoct uetGov ópÜfjc: xoi Ext fj u£v TOD uetCovoc xuriuaxoc 
yovia ue(Gov &oxv ópüfic, Y, SE tol &Aévxovoc xufjuococ 
yovia chdttwv opfic. 
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KC, EL, and LF have been joined. 

And since the circumference BGC is equal to the cir- 
cumference EH F, the angle BKC is also equal to (an- 
gle) ELF [Prop. 3.27]. And since the circles ABC and 
DEF are equal, their radii are also equal [Def. 3.1]. So 
the two (straight-lines) BK, KC are equal to the two 
(straight-lines) EL, LF (respectively). And they contain 
equal angles. Thus, the base BC is equal to the base EF 
[Prop. 1.4]. 

Thus, in equal circles, equal straight-lines subtend 
equal circumferences. (Which is) the very thing it was 
required to show. 


Proposition 30 


To cut a given circumference in half. 


D 





A C B 


Let ADB be the given circumference. So it is required 
to cut circumference ADB in half. 

Let AB have been joined, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let CD have been 
drawn from point C, at right-angles to AB [Prop. 1.11]. 
And let AD, and DB have been joined. 

And since AC is equal to CB, and CD (is) com- 
mon, the two (straight-lines) AC, CD are equal to the 
two (straight-lines) BC, CD (respectively). And angle 
ACD (is) equal to angle BCD. For (they are) each right- 
angles. Thus, the base AD is equal to the base DB 
[Prop. 1.4]. And equal straight-lines cut off equal circum- 
ferences, the greater (circumference being equal) to the 
greater, and the lesser to the lesser [Prop. 1.28]. And the 
circumferences AD and DB are each less than a semi- 
circle. Thus, circumference AD (is) equal to circumfer- 
ence DB. 

Thus, the given circumference has been cut in half at 
point D. (Which is) the very thing it was required to do. 


Proposition 31 


In a circle, the angle in a semi-circle is a right-angle, 
and that in a greater segment (is) less than a right-angle, 
and that in a lesser segment (is) greater than a right- 
angle. And, further, the angle of a segment greater (than 
a semi-circle) is greater than a right-angle, and the an- 
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B 


"Ecco x0x^oc ò ABTA, àtáuexpoc 68 adtob Éovo H BI, 
xévtpov ðè tò E, xoi &neCeoy0ocav at BA, AT, AA, AT: 
Aévo, Ott fj uev ev 16 BAT qurxuxrio ywvia 9, òrò BAT 
op0y tot, f| 68 &v tă ABT yeiTow tod fjuocoxA(ov tuńuatı 
yovia f, óxó ABT &Aávxov &odiv pôs, H 66 ev 165 AAT 
éAdttov Tov fjuocoxAtou tuńuati ywvia 7, Ord AAT pelov 
éotly opvic. 

‘EneCevy0w f, AE, xoi dujydw 7 BA &ri tò Z. 

Kat énel ton £oxv A BE ti EA, ton éotl xoà yovia A 
òrò ABE «jj 0nd BAE. néAtv, &ncl ton cotiv f, TE ti EA, 
ïon goth xoi f, Und ATE xfj ónó PAE: óA dea f| Und BAT 
dvol voc óxó ABT, ATB ton &oxív. &oxi 868 xoi f; Und ZAT 
&xxóc to} ABT xguyóvou duo tas óxó ABT, ATB vovíotc 
ton ton doa xoi f, bn BAT ywvia tH nrò ZAT: pt) &pa 
exatépa yj Goa &v tă BAT fjuoxuxA(o ywvia A òrò BAT 
òp otw. 

Koi énet to} ABT tetywvou 800 ywvion of òrò ABT, 
BAT $600 ópüGv £Aóvvovéc ciow, dedi è ñ òrò BAT, 
éAdttwv doa ópÜfjc otv f, UNO ABT ywvia xal Eotw v 
t@ ABT us(Cow tod jurxvxAtov tTuńuaT. 

Kot &nel &v xdxAw xexpánAeupóv cout tò ABTA, x&v dé 
£v toic xÓxAotc TeTPATAELEWY al amevavtiov Ywviat duol 
OpVdiic too city [ai &pa òrò ABT, AAT vov(ot 6uotv plais 
tous etotv], xal &owv f, Und ABT &A&cvvov dedijc Aou) doa 
f, òrò AAT yovia us(Cov ptis Eotw: xal otw &v 16 AAT 
EAdttove TOŬ AuxuxAtov TUAVATL. 

Aéyo, Óxt xoi f) u&v Tob ueiCovoc vurjuaxoc vovía Ñ ne- 
pleyouevy bró [xe] týs ABT nepupepstac xol thc AT còðeiac 
ueiCwv &oxiv dedijc, 7 Dè To EAdTIOVOS tuńuatos Ywvia f 
nepieyouévn nó [xe] tic AA[T] nepupeostac xoi týs AT 
evdelac &A&vvov EoTly ópÜfjc. xal otv aAvTOVEV pavepóv. 
¿nel yàp H Und xv BA, AT edVeéiv Óp0r, Eotw, H &pa 
bono tis ABT nepupepeto xoi týs AT ebüe(oc nepteyouévn 
uetCov &oxlv dodvijc. méAw, Exel f) Ond xv AT, AZ evderésv 
Oey Eotw, fj &po Und ts TA cdVetac xoi týs AA[D] nepi- 
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gle of a segment less (than a semi-circle) is less than a 
right-angle. 
F 


B 


Let ABCD bea circle, and let BC be its diameter, and 
E its center. And let BA, AC, AD, and DC have been 
joined. I say that the angle BAC in the semi-circle BAC 
is a right-angle, and the angle ABC in the segment ABC, 
(which is) greater than a semi-circle, is less than a right- 
angle, and the angle ADC in the segment ADC, (which 
is) less than a semi-circle, is greater than a right-angle. 

Let AE have been joined, and let BA have been 
drawn through to F. 

And since BE is equal to EA, angle ABE is also 
equal to BAE [Prop. 1.5]. Again, since CE is equal to 
EA, ACE is also equal to CAE [Prop. 1.5]. Thus, the 
whole (angle) BAC is equal to the two (angles) ABC 
and ACB. And FAC, (which is) external to triangle 
ABC, is also equal to the two angles ABC and ACB 
[Prop. 1.32]. Thus, angle B AC (is) also equal to FAC. 
Thus, (they are) each right-angles. [Def. 1.10]. Thus, the 
angle BAC in the semi-circle B AC is a right-angle. 

And since the two angles ABC and BAC of trian- 
gle ABC are less than two right-angles [Prop. 1.17], and 
BAC isaright-angle, angle ABC is thus less than a right- 
angle. And it is in segment ABC, (which is) greater than 
a semi-circle. 

And since ABCD is a quadrilateral within a circle, 
and for quadrilaterals within circles the (sum of the) op- 
posite angles is equal to two right-angles [Prop. 3.22] 
[angles ABC and ADC are thus equal to two right- 
angles], and (angle) ABC is less than a right-angle. The 
remaining angle ADC is thus greater than a right-angle. 
And it is in segment ADC, (which is) less than a semi- 
circle. 

I also say that the angle of the greater segment, 
(namely) that contained by the circumference ABC and 
the straight-line AC, is greater than a right-angle. And 
the angle of the lesser segment, (namely) that contained 
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(Qepelac nepieyouévn £A&vov £oxtv ópüfic. 

"Ev x0xAW Goa Å u£v EV TE fjuxuxA(o Yavia opi, tot, 
f, 6€ Ev TH ue(Cow tuńpatı EAdttIwy opüfjc, f, SE Ev xà 
Ehattovt [vufjuoca] uet Gov ópÜfjc: xot Em H u&v tod uetCovoc 
1urjuaxoc [ywvia] uetCov [Eotly] dec, Y, 6$ tod £A&xxovoc 
xufjuaxoc [vovto] £X&vxov òptic: Sree Eder oei&on. 


Mp. 

‘Edy xÓxAou egpantytat tis cvVeta, nò SE ts fc cic 

TOV xUXAOV Otoy0jj tic eudeia véuvouca Tov xbxAOV, Gc 

not Yoviag Meds TH &porxouévr, toot Ecovta xoc Ev toic 
EVAAAGE ToD xbxAOU xurjuaot Yovíiotc. 


A 





E F 
B 


KóxAou yàp to} ABTA éqpantéodw tic edvdeia 5| EZ 
xoxà tò B onuciov, xoi and tol B onuctou dxa uc 
evveta cic vov ABTA xóxXov xéuvouoa abxóv f, BA. Eva, 
Ott &c novi Yovíac AH BA uexà týs EZ &garxouévnc, toag 
EOOVTaL toic Ev toic EVOAAKE tuńuacı voO x0xAou Yovíotc, 
TOUTEOTLY, OTL f| u&v UNO ZBA ywvia ton &od tH Ev tã BAA 
TUAATL ouUviotayevyn Yovia, f, 66 UO EBA Yovía ton tot 
tÑ £v 16 ATB thats ovvioxogiévr yovia. 

"Hy0o yàp àxó tot B tH EZ npóc dpdac f| BA, xol 
ciot ent tic BA nepgupegetac tuyov onuetov tò T, xoi 
éreCebyDwoav o AA, AT, PB. 

Kot éxet xóxAXou tod ABTA égantetat tis cocta 7, EZ 





ELEMENTS BOOK 3 


by the circumference AD|C] and the straight-line AC, is 
less than a right-angle. And this is immediately apparent. 
For since the (angle contained by) the two straight-lines 
BA and AC is a right-angle, the (angle) contained by 
the circumference ABC and the straight-line AC is thus 
greater than a right-angle. Again, since the (angle con- 
tained by) the straight-lines AC and AF is a right-angle, 
the (angle) contained by the circumference AD[C] and 
the straight-line C A is thus less than a right-angle. 

Thus, in a circle, the angle in a semi-circle is a right- 
angle, and that in a greater segment (is) less than a 
right-angle, and that in a lesser [segment] (is) greater 
than a right-angle. And, further, the [angle] of a seg- 
ment greater (than a semi-circle) [is] greater than a right- 
angle, and the [angle] of a segment less (than a semi- 
circle) is less than a right-angle. (Which is) the very thing 
it was required to show. 


Proposition 32 


If some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. 


A 





E F 
B 


For let some straight-line EF touch the circle ABCD 
at the point B, and let some (other) straight-line B.D 
have been drawn from point B into the circle ABCD, 
cutting it (in two). I say that the angles BD makes with 
the tangent EF will be equal to the angles in the alter- 
nate segments of the circle. That is to say, that angle 
F BD is equal to the angle constructed in segment BAD, 
and angle EBD is equal to the angle constructed in seg- 
ment DC B. 

For let BA have been drawn from B, at right-angles 
to EF [Prop. 1.11]. And let the point C have been taken 
at random on the circumference BD. And let AD, DC, 
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xoxà TO B, xoà ano tic apis Hutu tH Epantouevy ngóc 
pàs À BA, ¿mì týs BA &pa tò xévtpov &oxi o0 ABTA 
xúxňov. f; BA dea diduetdc Eott ToD ABTA xúxňov: f, doa 
òrò AAB vovía év HutxvxAlw odoa pth otv. Aono &pa 
at óxó BAA, ABA we óp tom elotv. goth 68 xoi f| UNO 
ABZ pù: fj &pa ónó ABZ ton Eotl xoi; ónó BAA, ABA. 
xoty?) &nprjo0o ý óxó ABA: downy dow f, òrò ABZ vovía 
fon £o tH Ev TH EvaAAGE tuńuatı TOD xóxňou vovía TH 
uno BAA. xoi énel £v xdxhw xexpánAeupóv &ow tò ABTA, 
at anevavtiov avtot ywvlat dvolv dpVvdic toot elotv. eol dé 
xoi at ónó ABZ, ABE dvolv ptos toa ai dpa bnd ABZ, 
ABE tois ónó BAA, BTA tow ciotv, Gv fj Und BAA t ono 
ABZ edetyDy ton: Aou), doa f, 0x0 ABE t £v 16 EvadAaE 
Tov xUxAov xyrjuaxt x ATB t óxó ATB yovig &oxiv ton. 
"Eàv doa xdxAOv egantytat tic evVEtaA, AMO OE THe Apc 
cic TOV XUXAOV ða yÜ tic cbVEtAa véuvouca TOV xÓxAov, OC 
not yovias Meds TH &porxouévr, toot Ecovta Ts Ev toic 
EVAAAGE TOU xÓxXou TURAL Yovíotc: Sree eer SeiEau. 


, 


ry’. 
"Eri tic 6o0&(orc evdetac yedpou Tuua xdxAou Sey duE- 
vov ywviay tony tÅ Sodcton yoviy evduyeduU. 


E 


A A 





x 








"Bow h 6o&lca "mS ñ AB, n dé T yovia 
eo0OYeoguoc f| Teds 16) I- Set 87 Ent týs SoVvetone evVetac 
tfc AB yedpou xufjua xbxAou ðeyóuevov yuviav tony TH 
xpóc tă T. 

H 87» xpóc 16H D [yovia] ftot ó&ci& cotw Ñ óp07, ñ 
dupcia Eotw npótepov O&cio, xoi ÒS &ri vfjc TPOTNG XA- 
xaypotpfjc ouveotáåtw npóc tH AB còÛeig xoi và A onuetw 
Th góc 16 T yovi ton 7 nrò BAA: ó£cta dou &ox xol Ñ 
òrò BAA. Fydw tH AA npóc pàs f, AE, xoi tetufodw 
17 AB iya xatà tò Z, xoi HyIw and tot Z onuciov xfj AB 
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and CB have been joined. 

And since some straight-line EF touches the circle 
ABCD at point B, and BA has been drawn from the 
point of contact, at right-angles to the tangent, the center 
of circle ABCD is thus on BA [Prop. 3.19]. Thus, BA 
is a diameter of circle ABC D. Thus, angle ADB, being 
in a semi-circle, is a right-angle [Prop. 3.31]. Thus, the 
remaining angles (of triangle ADB) BAD and ABD are 
equal to one right-angle [Prop. 1.32]. And ABF is also a 
right-angle. Thus, ABF is equal to BAD and ABD. Let 
ABD have been subtracted from both. Thus, the remain- 
ing angle DBF is equal to the angle BAD in the alternate 
segment of the circle. And since ABCD is a quadrilateral 
in a circle, (the sum of) its opposite angles is equal to 
two right-angles [Prop. 3.22]. And DBF and DBE is 
also equal to two right-angles [Prop. 1.13]. Thus, DBF 
and DBE is equal to BAD and BCD, of which BAD 
was shown (to be) equal to DBF. Thus, the remaining 
(angle) DBE is equal to the angle DCB in the alternate 
segment DC B of the circle. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. (Which is) the very thing it was required to 
show. 


Proposition 33 


To draw a segment of a circle, accepting an angle 
equal to a given rectilinear angle, on a given straight-line. 


m E | - 


A A 





D 


E B E 

Let AB be the given straight-line, and C the given 
rectilinear angle. So it is required to draw a segment 
of a circle, accepting an angle equal to C, on the given 
straight-line AB. 

So the [angle] C is surely either acute, a right-angle, 
or obtuse. First of all, let it be acute. And, as in the first 
diagram (from the left), let (angle) BAD, equal to angle 
C, have been constructed on the straight-line AB, at the 
point A (on it) [Prop. 1.23]. Thus, BAD is also acute. Let 
AE have been drawn, at right-angles to DA [Prop. 1.11]. 
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npóc OpVac À ZH, xoi &neCeoy 0o f, HB. 

Kat &nei ton ċotiv À AZ tH ZB, xow) dé À ZH, 600 oF 
at AZ, ZH 600 tos BZ, ZH tom eiotv: xoà ywvia f, ónó 
AZH [yovia] xfj óxó BZH ion Bóácic &pa Y, AH B&ce tH 
BH ton &oxív. ó toa xévipo u£v 16 H Ouwotfjuou 58 16 
HA »xóxAoc vpo«óuevoc ée. xoi dià tod B. yeyedqda xa 
éow ô ABE, xoi &neCeoy 0o 7, EB. nel obv dm’ &xpac cic 
AE ðauétpou and tot A cf; AE npóc pás Eotw f| AA, 
Å AA dea &gárxevot tod ABE xbxAou- &nei obv x0xAXou 
tol ABE égdntetat tic eóUcia 7 AA, xol and Tic xoxà TO 
A fic cic tov ABE xvxdov dtijxtat tıs evdeia 7) AB, f 
&pa Und AAB ywvia ton £o tH Ev TG EvaAAGE Tod x0xXou 
xurjuot yovia tH Ond AEB. ad’ f; òrò AAB fj ngóc 165 T 
gow ton: xol | npóc tă T &pa Yovía ton Eotl tH Und AEB. 

"Eri rfj; Sovetonce dea edvVetac ts AB tuua xdxAou 
yéyeanta to AEB deyduevoyv ywviay thy Und AEB tony 
Th SoVeton tÅ npoc THT. 

'AXA& OF pÀ Eotw f| npóc xà I" xoi SEov ndéAw Eotw 
ént ts AB ypåpor tuua xóxXou Seyduevov ywviav tony TH 
ned 1G T óp [ywvig]. ouveotátw [náv] tH med¢ x6 r 
óp0fi veia ton f, UNO BAA, we Eyer Ext tis Deutépas xata- 
Yeupic, xoi xexurjodo 7, AB diya xoxà xo Z, xol xEvtow 1G 
Z, Siaothatt è Onotépw t&v ZA, ZB, x0xXoc vevpó«üo 
ô AEB. 

"Eganteta doa fj, AA evdeta tot ABE xdxAou Gt tò 
ÓpÜ7 civar thy npóc 16 A ywviav. xal ton Eotiv f| ono 
BAA wvovía xfj £v tă AEB tuńuate 690% yàp xoà oT) v 
NULxUxAtw oBoa. HAAG xoi f| Und BAA tH npdc 16 T ion 
éotlv. xoi ù £v và AEB doa ton £o xfj npoc 1H T. 

Téypanto doa náv ent týs AB tuua xO0xXou tò AEB 
6eyÓóuevov vovíav tony tH npoc tă T. 

AXA& O7) f, npóc xà D dupcia Eotw xoà ovveotatw 
ofi ton npóc tH AB eó0s(q xoi tă A onuetw f, Und BAA, 
ÓS Eyer Ent tic Tpit xatayeapic, xoi tH AA npóc ópüàc 
Ty 9o f, AE, xoi tetyhodw nó f, AB diya xatà tÒ Z, xol 
tfj AB npóc óp0àc HyIw f, ZH, xoi &xeCeoy0o f, HB. 

Kot énel nédw ton £oxiv f, AZ xfj ZB, xoi xot; n ZH, 
600 OF oi AZ, ZH 600 tos BZ, ZH tom eiotv: xol yovia ñ 
òrò AZH ywvia tfj ónó BZH ton: Båois toa 7 AH Báce 
th BH ton &oxív: ò doa xévtow uèv 16) H daothuati 68 1G 
HA »xóxXoc yeapduevoc Her xoi dià tod B. épyéo0o óc 6 
AEB. xoi &ncei xfj AE Gtouévpo an’ dxpac mpd¢ ópÜüdc tot 
7 AA, f; AA doa Epanteta tod AEB xOxAov. xol dnd fic 
xoxà TÒ A nagis Sixt Y, AB: H doa Und BAA ywvia 
fon £o tH Ev TG vaù tod xóxAou tuńuatı tæ AOB 
cuvioxauévr, Yovía. Gr’ f| òrò BAA ywvia tH npóc x T 
ton £oxtv. xoà f, £v 16 AOB doa xurjuo ywvla ton £o tH 
rpóc x6 T. 

"Eri tic doa 6o0e(onc eo0c(ac tic AB yYéyporcvot tuua 
xóxAXou tò AOB deyduevoyv ywviav tony xfj poc xà T- ónep 
£óet notfjoot. 


ELEMENTS BOOK 3 


And let AB have been cut in half at F [Prop. 1.10]. And 
let FG have been drawn from point F, at right-angles to 
AB [Prop. 1.11]. And let GB have been joined. 

And since AF is equal to FB, and FG (is) common, 
the two (straight-lines) AF, FG are equal to the two 
(straight-lines) BF, FG (respectively). And angle AFG 
(is) equal to [angle] BFG. Thus, the base AG is equal to 
the base BG [Prop. 1.4]. Thus, the circle drawn with 
center G, and radius GA, will also go through B (as 
well as A). Let it have been drawn, and let it be (de- 
noted) ABE. And let EB have been joined. Therefore, 
since AD is at the extremity of diameter AE, (namely, 
point) A, at right-angles to AE, the (straight-line) AD 
thus touches the circle ABE [Prop. 3.16 corr]. There- 
fore, since some straight-line AD touches the circle ABE, 
and some (other) straight-line AB has been drawn across 
from the point of contact A into circle ABE, angle DAB 
is thus equal to the angle AEB in the alternate segment 
of the circle [Prop. 3.32]. But, DAB is equal to C. Thus, 
angle C is also equal to AEB. 

Thus, a segment AEB of a circle, accepting the angle 
AEB (which is) equal to the given (angle) C, has been 
drawn on the given straight-line AB. 

And so let C be a right-angle. And let it again be 
necessary to draw a segment of a circle on AB, accepting 
an angle equal to the right-[angle] C. Let the (angle) 
BAD [again] have been constructed, equal to the right- 
angle C [Prop. 1.23], as in the second diagram (from the 
left). And let AB have been cut in half at F [Prop. 1.10]. 
And let the circle AEB have been drawn with center F, 
and radius either FA or FB. 

Thus, the straight-line AD touches the circle AB E, on 
account of the angle at A being a right-angle [Prop. 3.16 
corr.]. And angle BAD is equal to the angle in segment 
AEB. For (the latter angle), being in a semi-circle, is also 
a right-angle [Prop. 3.31]. But, BAD is also equal to C. 
Thus, the (angle) in (segment) AFB is also equal to C. 

Thus, a segment AFB of a circle, accepting an angle 
equal to C, has again been drawn on AB. 

And so let (angle) C be obtuse. And let (angle) BAD, 
equal to (C), have been constructed on the straight-line 
AB, at the point A (on it) [Prop. 1.23], as in the third 
diagram (from the left). And let AE have been drawn, at 
right-angles to AD [Prop. 1.11]. And let AB have again 
been cut in half at F [Prop. 1.10]. And let FG have been 
drawn, at right-angles to AB [Prop. 1.10]. And let GB 
have been joined. 

And again, since AF is equal to FB, and FG (is) 
common, the two (straight-lines) AF, FG are equal to 
the two (straight-lines) BF, FG (respectively). And an- 
gle AFG (is) equal to angle BFG. Thus, the base AG is 
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dO’. 


Ano tod d00€vto¢ xbxAOU tuua d&pedreiv ðeyóuevov 
yoviav tony tH Soveton yoviy cöðuypáåuuo. 


Z 


A 





E A 

"Eo ó dodeic xóx^oc ô ABT, f| 5é SodEiow vovía 
ev00ypauuoc H npòs v& A: det 07] ånò tot ABD xóxAou 
tuua àpeciv Seyduevov ywviav onv t Sodeton yvig 
cùÛuypáåuuy TH npóc xà A. 

"Hyd tod ABT épantoyévn 7 EZ xoxà tò B onuciov, 
xol ovveotatw npóc TH ZB cvVeta xol 16 npóc adt onuety 
xà B ti ngóc 165 A vovía ton f) òrò ZBI. 

‘Enel oov xóxAou tol ABT &gárxexoí vic evVeta f, EZ, 
xol ano Thc xatà TO B exapiie Sixt Y) BI, f; òrò ZBI doa 
yovia ton £o tH £v TH BAT évodAdE xurjuot ocuonotayevy 
yovig. GAN f; ONO ZBI tH npóc v A otw torn xoà f) Ev 
t@ BAT doa cujua ton &oxt tH xpóc x6 A [yeovig]. 

‘Ano tod 600Évtoc dow x0xAou tod ABT tuñua aphentot 
tò BAT deyduevov yoviav tony xfj Soveton yovi ev0UYeduU- 
Uw TH npóc t A: nep Fer roroa. 
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equal to the base BG [Prop. 1.4]. Thus, a circle of center 
G, and radius GA, being drawn, will also go through B 
(as well as A). Let it go like AEB (in the third diagram 
from the left). And since AD is at right-angles to the di- 
ameter AF, at its extremity, AD thus touches circle AEB 
[Prop. 3.16 corr]. And AB has been drawn across (the 
circle) from the point of contact A. Thus, angle BAD is 
equal to the angle constructed in the alternate segment 
AH B of the circle [Prop. 3.32]. But, angle BAD is equal 
to C. Thus, the angle in segment AH B is also equal to 
C. 

Thus, a segment AH B of a circle, accepting an angle 
equal to C, has been drawn on the given straight-line AB. 
(Which is) the very thing it was required to do. 


Proposition 34 


To cut off a segment, accepting an angle equal to a 
given rectilinear angle, from a given circle. 


F C 


D 





E A 

Let ABC be the given circle, and D the given rectilin- 
ear angle. So it is required to cut off a segment, accepting 
an angle equal to the given rectilinear angle D, from the 
given circle ABC. 

Let EF have been drawn touching ABC at point B.t 
And let (angle) FBC, equal to angle D, have been con- 
structed on the straight-line FB, at the point B on it 
[Prop. 1.23]. 

Therefore, since some straight-line EF touches the 
circle ABC, and BC has been drawn across (the circle) 
from the point of contact B, angle FBC is thus equal 
to the angle constructed in the alternate segment BAC 
[Prop. 1.32]. But, FBC is equal to D. Thus, the (angle) 
in the segment BAC is also equal to [angle] D. 

Thus, the segment BAC, accepting an angle equal to 
the given rectilinear angle D, has been cut off from the 
given circle ABC. (Which is) the very thing it was re- 
quired to do. 


t Presumably, by finding the center of ABC [Prop. 3.1], drawing a straight-line between the center and point B, and then drawing EF through 
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point B, at right-angles to the aforementioned straight-line [Prop. 1.11]. 


Ae". 


‘Edy tv xóxAo 000 cóOctot téuvwow AAAs, TO LTO 
TOV TÄS utc TUNUATWV xepteyóuevov GEVOYavOV ïoov EoTl 
TG) UNO TOY Tic ETEPAC TUNUATWV nepieyou£vo CEDOYwVIw. 


A 





"Ev yàp xóx^o xà ABTA d0o cóücio ai AT, BA 
TEUVETWORY GAANAaC xoxà TO E onusiov’ Aévo, StL TO LTO 
t&v AE, ET nepieyduevov ópüovovov tcov éoti xà ono 
t&v AE, EB negteyouévo ópÜovowvio. 

Ei uèv oov ot AT, BA Gà tod xévxpou ciolv Hote tò E 
xév1pov civar xo0 ABTA x0xAov, qavepóv, óx toov oóoGv 
t&v AE, ET, AE, EB xol tò x0 x&v AE, ET nepgteyóuevov 
ópÜovcoviov (cov éoti Té Und x&v AE, EB nepteyouévo 
ópUoYcovio. 

My géotwoav 87 at AT, AB Ou tod xévipou, xol 
ciAnpdw tÒ xévvpov tol ABTA, xoi gotw TÒ Z, xol ano 
tot Z èm tac AT, AB cdVetac x&Vetor HyIwoauy oi ZH, 
ZO, xoi eneCevyDwoay oi ZB, ZI, ZE. 

Kot &nel eo0ci& tic 61a tod xévteou f, HZ evdeidv two 
un Sia to xévipou thy AT npóc dpVac téuver, xoà (ya 
auth xéuvev. ton doa f, AH xf; HT. &xel ov cddeia 9| AT 
TETUNTAL eic u&v toa xatà TO H, eic bE dvica xatà TO E, tO 
&pa Und x&v AE, ET nepieyduevov dpdoyavwoyv ETA to 
ånò tc EH tetpayóvouv tcov &oxi té5 àxó týs HT: [xowòy] 
npooxtsíoUo tÒ and ts HZ: tò doa Und xv AE, ED uexà 
t&v and vv HE, HZ toov &ox tois ano x&v TH, HZ. garg 
toic u£v and t&v EH, HZ tcov toti tò and tfj; ZE, voic 
6€ ano x&v TH, HZ (oov ot) tò ano ts ZI" tò dea Uno 
t&v AE, ED uexà tod and ts ZE (cov &od 16 ånò ts 
ZT. ton òè H ZU th ZB: tò doa nò x&v AE, ET uexà tod 
and ts EZ toov &oxi 16 and týs ZB. Dà xà HUTA OÙ xoi 
TÒ Uno t&v AE, EB uetà tod àxó tis ZE toov Eotl 16 ano 
ts ZB. edetyOn Sé xoi tò bnd x&v AE, ET uexà tot and 
tfic ZE toov 16 àxó ts ZB: tò dpa ónó x&v AE, ET uexà 
toU &no ts ZE (cov &od 1G nó x&v AE, EB yex& tod 
and ts ZE. xotvóv apfejodVw tò and ts ZE: Aowóv oa 
TÒ Uno t&v AE, ET nepieyóuevov dpdoyavov toov &oxi t 
oro x&v AE, EB nepieyouévo ópbovovio. 

"E&v doa £v xOxAc evVeton 600 vÉuvooty GAAYAacC, TO 
ONO TOY TÅG ws TUNUATWYV negieyóuevov opüoycovuov toov 
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Proposition 35 


If two straight-lines in a circle cut one another then 
the rectangle contained by the pieces of one is equal to 
the rectangle contained by the pieces of the other. 


A 
-- 
C 


For let the two straight-lines AC and BD, in the circle 
ABCD, cut one another at point E. I say that the rect- 
angle contained by AE and EC is equal to the rectangle 
contained by DE and EB. 

In fact, if AC and BD are through the center (as in 
the first diagram from the left), so that E is the center of 
circle ABC D, then (it is) clear that, AE, EC, DE, and 
EB being equal, the rectangle contained by AE and EC 
is also equal to the rectangle contained by DE and EB. 

So let AC and DB not be though the center (as in 
the second diagram from the left), and let the center of 
ABCD have been found [Prop. 3.1], and let it be (at) F. 
And let FG and FH have been drawn from F, perpen- 
dicular to the straight-lines AC and DB (respectively) 
[Prop. 1.12]. And let FB, FC, and FE have been joined. 

And since some straight-line, GF, through the center, 
cuts at right-angles some (other) straight-line, AC, not 
through the center, then it also cuts it in half [Prop. 3.3]. 
Thus, AG (is) equal to GC. Therefore, since the straight- 
line AC is cut equally at G, and unequally at E, the 
rectangle contained by AE and EC plus the square on 
EG is thus equal to the (square) on GC [Prop. 2.5]. Let 
the (square) on GF have been added [to both]. Thus, 
the (rectangle contained) by AE and EC plus the (sum 
of the squares) on GE and GF is equal to the (sum of 
the squares) on CG and GF. But, the (square) on FE 
is equal to the (sum of the squares) on EG and GF 
[Prop. 1.47], and the (square) on FC is equal to the (sum 
of the squares) on CG and GF [Prop. 1.47]. Thus, the 
(rectangle contained) by AE and EC plus the (square) 
on FE is equal to the (square) on FC. And FC (is) 
equal to FB. Thus, the (rectangle contained) by AE 
and EC plus the (square) on FE is equal to the (square) 
on FB. So, for the same (reasons), the (rectangle con- 
tained) by DE and EB plus the (square) on FE is equal 
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£o 1G UNO THY Tic ETEPAC TUNUATWV neptexouévo po- 
yoviy: ónep eer SetEau. 


As. 


"Eàv xóxAXou Angdy tı onyusiov extdc, xol an” wdvtod 
TES TOV XUXAOV npoonír cot 000 eco, xol Y, u&v atv 
TEV) TOV x0xAov, f, SE EGANTHTAL, čata TO UNO CANS fic 
Te“vovonc xal Tic &xxóc &noAaUBavouevNc UETAgd tod te 
onyctov xoà vfjc xuptfjc xepupepetac toov tT ANO fc tpa- 
TTOUÉVNG TETEMY OVE. 


A 








A 

KoóxAovu yàp tot ABT eigo x onuciov &xxóc xo A, 
xol and tol A npóc tov ABT xbxAov neoomntétwoay 000 
evdetan ai AT [A], AB: xoi f, u&v ATA xeuvévo tov ABT 
xóxAov, f, 6€ BA éEqantéodw Aéyw, óu TO UNO x&v AA, 
AT mepiexóuevov ópgÜovo viov (cov £o xG dnd ts AB 
TETPAYOVO. 

‘H pa [A] TA fixot ðA tod xévxpou &oxlv fj o0. Éoxo 
TpóTEpOV OtX TOD xévteOL, xa Eotw TÒ Z xévtpov tov ABT 
XOxAou, xoi EneCevyVw T, ZB: ded dea &oxiv f ono ZBA. 
xal &rei evdeta f, AT Diya tétuntoa xoxà TÒ Z, npóoxetcot 
dé at f| DA, 16 doa onó vv AA, AT uexà tod and fic 
ZT (cov &cx 16 and tis ZA. ton 68 f, ZT tH ZB: tò doa 
òrò t&v AA, AT petà tod and ts ZB toov Eotl 1G and 
tho ZA. 16 8 and ts ZA loa £o xà and tõv ZB, BA: 
TÒ dpa ónó tõv AA, AT puetà tod and tfic ZB {oov ot 
toic and vv ZB, BA. xowóv apnpjodw tò &nd ts ZB: 
Aotxóv doa tò Und xiv AA, AT (toov &ox 16 and ts AB 
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to the (square) on FB. And the (rectangle contained) 
by AE and EC plus the (square) on FE was also shown 
(to be) equal to the (square) on FB. Thus, the (rect- 
angle contained) by AE and EC plus the (square) on 
FE is equal to the (rectangle contained) by DE and EB 
plus the (square) on FE. Let the (square) on FE have 
been taken from both. Thus, the remaining rectangle con- 
tained by AE and EC is equal to the rectangle contained 
by DE and EB. 

Thus, if two straight-lines in a circle cut one another 
then the rectangle contained by the pieces of one is equal 
to the rectangle contained by the pieces of the other. 
(Which is) the very thing it was required to show. 


Proposition 36 


If some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and the (other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer- 
ence, will be equal to the square on the tangent (line). 

A 


w 








D 

For let some point D have been taken outside circle 
ABC, and let two straight-lines, DC[A] and DB, radi- 
ate from D towards circle ABC. And let DCA cut circle 
ABC, and let BD touch (it). I say that the rectangle 
contained by AD and DC is equal to the square on DB. 

[D|C A is surely either through the center, or not. Let 
it first of all be through the center, and let F be the cen- 
ter of circle ABC, and let FB have been joined. Thus, 
(angle) FBD is a right-angle [Prop. 3.18]. And since 
straight-line AC is cut in half at F, let CD have been 
added to it. Thus, the (rectangle contained) by AD and 
DC plus the (square) on FC is equal to the (square) on 
FD [Prop. 2.6]. And FC (is) equal to FB. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FB is equal to the (square) on FD. And the (square) 
on FD is equal to the (sum of the squares) on FB and 
BD [Prop. 1.47]. Thus, the (rectangle contained) by AD 
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ÈGATTOUÉVNG. 

AAG 67) f, ATA uù čotw 0X tot xévtpov to} ABT 
xbdxrov, xol ciAnpdw tO xévtpov tÒ E, xoi dnd tod E ext 
thy AT xáðetos Tc 7 EZ, xoi ExneCevyIwoay oi EB, EF, 
EA: p07 &pa Eotiv f| ónó EBA. xoi Exel edVetd tis Sie tot 
xévxpou Ñ EZ evdetay twa uù Già tod xévtpou tiv AT npóc 
OpVas xéuvet, xoi Stya adTHY xéuvev Å AZ dow tÅ ZI otv 
ïon. xa Enel cvVeta f, AT tétunto diya xoà TO Z onusiov, 
Tedoxettat òè ofi TA, 16 dow onó vv AA, AT uexà tod 
ano ts ZI (oov Eotl 16 dnd ts ZA. xowdv teooxeiodw 
TÒ &nO tc ZE: tò dow bnd x&v AA, AT uexà x&v and xv 
TZ, ZE ioov £c toic and tv ZA, ZE. xoic 5é and xv 
TZ, ZE tcov &cx tò àxó týs ET: pð yàp [Eotw] f ONO 
EZT [vow(o]: toic 6€ dnd x&v AZ, ZE toov &oxi tò ånò tS 
EA: Tò dea nò x&v AA, AT uetà tod and tis ET toov 
éotl 16) dnd tij¢ EA. ton dé f, ET th EB: tò dpa nò xGv 
AA, AT petà tod and ts EB {oov &odi 16 no tic EA. 
tà è dnd ts EA {oa £o tà dnd x&v EB, BA: pù yàp 
n ónó EBA ywvia tÒ dpa tnd vv AA, AT uexà tod and 
tfic EB toov &oxi xoic and xv EB, BA. xotvóv éqnorjodo 
TO and ts EB: Aoutóv doa tò UN xGv AA, AT {oov £o 
1G &nd tç AB. 

"E&v doa x0xXou ANnpdf xt onustov Extdc, xoi dn’ ox00 
xpóc TOV XUXAOV npoonír oot 000 coco, xol Y, u&v atv 
TEV) TOV KUXAOY, NOE &gárrjvot, £oxot TO UNO CANS fic 
Te“vovonc xal vfjc &xxóc &moAaUBavouevyc UETAgd tod te 
onuctov xoà vfjc xuptfjc repupepetac toov tT ANO tfc Epa- 
xouévr TeTPAYOVU STEP Eder SetEan. 


AC. 

"E&kv xóxAou Ano tı ornusiov extdc, nò ðè TOD 
onusíou npóc Tov xÓxAov npooníntoot 000 evel, xol 
3| u&v abx&v véuvr] TOV xÜxAov, fj 6€ npooníintry, fj SE TO 
ond [tfc] ÓAnc tio veuvobonc xoà tfjg &xtóc énoAoua- 
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and DC plus the (square) on FB is equal to the (sum 
of the squares) on FB and BD. Let the (square) on 
FB have been subtracted from both. Thus, the remain- 
ing (rectangle contained) by AD and DC is equal to the 
(square) on the tangent DB. 

And so let DCA not be through the center of cir- 
cle ABC, and let the center E have been found, and 
let EF have been drawn from E, perpendicular to AC 
[Prop. 1.12]. Andlet EB, EC, and ED have been joined. 
(Angle) EBD (is) thus a right-angle [Prop. 3.18]. And 
since some straight-line, EF, through the center, cuts 
some (other) straight-line, AC, not through the center, 
at right-angles, it also cuts it in half [Prop. 3.3]. Thus, 
AF is equal to FC. And since the straight-line AC is cut 
in half at point F, let C D have been added to it. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FC is equal to the (square) on FD [Prop. 2.6]. Let 
the (square) on FE have been added to both. Thus, the 
(rectangle contained) by AD and DC plus the (sum of 
the squares) on CF and FE is equal to the (sum of the 
squares) on FD and FE. But the (square) on EC is equal 
to the (sum of the squares) on CF and FE. For [angle] 
EFC [is] a right-angle [Prop. 1.47]. And the (square) 
on ED is equal to the (sum of the squares) on DF and 
FE [Prop. 1.47]. Thus, the (rectangle contained) by AD 
and DC plus the (square) on EC is equal to the (square) 
on ED. And EC (is) equal to EB. Thus, the (rectan- 
gle contained) by AD and DC plus the (square) on EB 
is equal to the (square) on ED. And the (sum of the 
squares) on EB and BD is equal to the (square) on ED. 
For EBD (is) a right-angle [Prop. 1.47]. Thus, the (rect- 
angle contained) by AD and DC plus the (square) on 
EB is equal to the (sum of the squares) on EB and BD. 
Let the (square) on EB have been subtracted from both. 
Thus, the remaining (rectangle contained) by AD and 
DC is equal to the (square) on BD. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and (the other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer- 
ence, will be equal to the square on the tangent (line). 
(Which is) the very thing it was required to show. 


Proposition 37 


If some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
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VOUÉVNG uexa&U tod te onuciou xol tic xuprfjc Tepipepetac 
{oov 16) ÅTÒ TÅS rpoonurxoDorgc, f, poonírcouoa Epapetan 
tov x0xAOv. 


A 


B A 


Kóxňou yàp tot ABT cidfpdw xt onuciov &xxóc xo A, 
xoà and tol A npóc tov ABT xbxAov neoomntétTwoay 000 
edvveta ot ATA, AB, xoi f| u&v ATA xeuvéxo tov xbxAov, fi 
dé AB npoonintétw, Eotw 08 TÒ O16 x&v AA, AT {oov 1G 
ano tfjc AB. Aéyo, ött f; AB Eqanteta tod ABD xóxAov. 

"Hy9o yàp tot ABT &gorxoyévr À AE, xoi ei fpc to 
xévtpov tov ABT xbxAou, xo Eotw TÒ Z, xa &neCeOy 0 oooty 
oi ZE, ZB, ZA. fj &pa brò ZEA óg0Y, Eotw. xoi Exel f| AE 
épanteta. tod ABT xóxAou, téuver 68 n ATA, TÒ dpa ono 
tGv AA, AT icov &cd 16 and týs AE. fy 68 xoi tÒ ono 
tév AA, AT {oov 1G &nd vfjc AB: tò dpa and tis AE 
{oov &oxi té and ts AB: ion dow 5, AE xf, AB. toti dé 
xoi f, ZE xfj, ZB ton: 600 67, of AE, EZ 600 tas AB, BZ 
loot &iotv: xoi Bá&cic autéiv xow 7 ZA: yovia doa Å oro 
AEZ vowví(a ti 0nd ABZ otv ion. pA dé f, Und AEZ: 
ópU7, &pa xoi f, Und ABZ. xal gotw f, ZB exBaddouevy 
Otdguetpoc: f| OE TH ütauétpo tov xóxAou npóc ÓpOdc an’ 
dxpac dy ouévr E~anteta tod x0xAou: T, AB dou epantetoa 
tod ABT »xóxAou. ógoíoc 97) SetyIfoeta, xàv TO xévtpov 
êm tic AT xuvy vn. 

"Eàv doa xÓxAou Arf tt onyusiov Extdc, and dé tod 
onysiov npóc tov xúxàov TecoTintwor 000 evVetou, xol À 
Èv ATHY TEUV TOV KUXAOV, 7 SE TECOTITTY, T; 66 TO UNO 
ONG TÄS veuvoborg xoi Tij¢ &xxóc inoAogBoavouévnc uexaco 
tob te omueiou xoi tic xuprfjc mepupepe(oc toov xà and 
TÑS tpoonurtoborg, f; Neconintovoa pépet tot x0xXou: 
bree Eder Oci&on. 
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line) cutting (the circle), and the (part of it) cut off out- 
side (the circle), between the point and the convex cir- 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. 


D 
E 


B A 


For let some point D have been taken outside circle 
ABC, and let two straight-lines, DC'A and DB, radiate 
from D towards circle ABC, and let DCA cut the circle, 
and let DB meet (the circle). And let the (rectangle con- 
tained) by AD and DC be equal to the (square) on DB. 
I say that DB touches circle ABC. 

For let DE have been drawn touching ABC [Prop. 
3.17], and let the center of the circle ABC have been 
found, and let it be (at) F. And let FE, FB, and FD 
have been joined. (Angle) FED is thus a right-angle 
[Prop. 3.18]. And since DE touches circle ABC, and 
DCA cuts (it), the (rectangle contained) by AD and DC 
is thus equal to the (square) on DE [Prop. 3.36]. And the 
(rectangle contained) by AD and DC was also equal to 
the (square) on DB. Thus, the (square) on DE is equal 
to the (square) on DB. Thus, DE (is) equal to DB. And 
FE is also equal to FB. So the two (straight-lines) DE, 
EF are equal to the two (straight-lines) DB, BF (re- 
spectively). And their base, FD, is common. Thus, angle 
DEF is equal to angle DBF [Prop. 1.8]. And DEF (is) 
a right-angle. Thus, DBF (is) also a right-angle. And 
FB produced is a diameter, And a (straight-line) drawn 
at right-angles to a diameter of a circle, at its extremity, 
touches the circle [Prop. 3.16 corr.]. Thus, DB touches 
circle ABC. Similarly, (the same thing) can be shown, 
even if the center happens to be on AC. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
line) cutting (the circle), and the (part of it) cut off out- 
side (the circle), between the point and the convex cir- 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. (Which is) the very thing it 
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was required to show. 
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Construction of Rectilinear Figures In and 
Around Circles 
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“Opor. 


a’. yua £090 Ypauguov eic oyua còðúypauuov ey yod- 
cova AEYETAL, ÖTAV ExdOTH THY TO Ey pAPOUEVOY oyfiuac- 
OG YOY ExdkoTNS rAeupóc TOU, eic Ó &YYodqpexon, ANTHTOL. 

p'. Uyfua dè Ouotwc negl oyfua neorypapeodou Xévecou, 
ÖTAV ExLOTH TAcvEd tov neptyporpouévou ExdoTHs Yoviac 
tov, regi 6 neplypdpetou, Unt TOU. 

y. Lyfua sudvypauovy cic xoxXov ey yedpeovan A&Yexot, 
tav &xáotr Ywvla tov eyyeapouevou miro tfj; TO 
XÜxAou TepLpepetac. 

9. Lyfua Se eó00ypouguov negl xOÓxAov mepryedcpe- 
o0ot A€yetou, Stav &xóotr MAcved tod meQtyporouévou 
EMANTHTAL Thc TOU x0xXou nepupepstac. 

e’. KóxXoc ðè eic oyfjua Ouotwc EyypdpeoDou Aévecot, 
dtav fj To xOxAou nepupépeta ExdoTHS rÀeupüc TOU, eic Ó 
EY YOUPETOL, ANTHTHL. 

T’. Koxdog 8& negl oyfjua neprypåyeoða Aéyeta, Stav 
7 toU xOxAOU nepupépeta &xáotric Ywviac to, epi 6 ne- 
pt péexon, UMTNHTOL. 

C. Hvveia cic xOóxAXov &vapguóCec0ot Aéyevon, Stav TH 
TEOATA ats &ri Thc repupeps(oc Ñ To xOxAov. 


, 


Qa. 


Eis tov 600évxa xOóxAov TH 600c(or, cdVeig UH uciCov 
ovon Tic voU xOxAou ðiauétpou tony EvVEtav &vopuóoot. 


A 





Z 


"Ecco 6 dovelc x0xA0¢ ó ABT, 7 66 600cica cocta uÀ 
uci@av tic voO x0xAou Otagiéxpou Å A. det 5H eic tov ABT 
xdxrov tH A evdeig tony ed0eiav £vopuócot. 

"Hyd tot ABT xbxAou ðıáuetpos f, BY. ci u&v ov tor, 
éotlv f, BP «fj A, yeyovoc äv ety tò EmitayVEv &vfiguooxot 
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Definitions 

1. A rectilinear figure is said to be inscribed in 
a(nother) rectilinear figure when the respective angles 
of the inscribed figure touch the respective sides of the 
(figure) in which it is inscribed. 

2. And, similarly, a (rectilinear) figure is said to be cir- 
cumscribed about a(nother rectilinear) figure when the 
respective sides of the circumscribed (figure) touch the 
respective angles of the (figure) about which it is circum- 
scribed. 

3. A rectilinear figure is said to be inscribed in a cir- 
cle when each angle of the inscribed (figure) touches the 
circumference of the circle. 

4. And a rectilinear figure is said to be circumscribed 
about a circle when each side of the circumscribed (fig- 
ure) touches the circumference of the circle. 

5. And, similarly, a circle is said to be inscribed in a 
(rectilinear) figure when the circumference of the circle 
touches each side of the (figure) in which it is inscribed. 

6. And a circle is said to be circumscribed about a 
rectilinear (figure) when the circumference of the circle 
touches each angle of the (figure) about which it is cir- 
cumscribed. 

7. A straight-line is said to be inserted into a circle 
when its extemities are on the circumference of the circle. 


Proposition 1 


To insert a straight-line equal to a given straight-line 
into a circle, (the latter straight-line) not being greater 
than the diameter of the circle. 


=p- 





Let ABC be the given circle, and D the given straight- 
line (which is) not greater than the diameter of the cir- 
cle. So it is required to insert a straight-line, equal to the 
straight-line D, into the circle ABC. 

Let a diameter BC of circle ABC have been drawn.! 
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yàp eic tov ABT xvxdov t A edvVeig ton f, BI. ef òè ueiCov 
éotl f| BI ts A, xeiodw tH A ion f, TE, xoi xévtoew 
16 T 6uocfjuo ðè tă DE x0xAoc yeyeapdw ó EAZ, xol 
&neCeOy o f, TA. 

‘Enel oóv to I onuciov xévtpov &oxi tod EAZ xbxAou, 
ton cotiv f, DA tH DE. àAA& tH A 5, E £owv ion xoà 7 A 
dea tH TA &owv lon. 

Eic doa tov SodEvta x0xAXov Tov ABT t Sodetoy cdVetg 
tÑ A ion Evijpuoota Y, TA: óxep der noioa. 
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Therefore, if BC is equal to D then that (which) was 
prescribed has taken place. For the (straight-line) BC, 
equal to the straight-line D, has been inserted into the 
circle ABC. And if BC is greater than D then let CE be 
made equal to D [Prop. 1.3], and let the circle HAF have 
been drawn with center C and radius CE. And let CA 
have been joined. 

Therefore, since the point C is the center of circle 
EAF, CA is equal to CE. But, CE is equal to D. Thus, 
D is also equal to C A. 

Thus, C A, equal to the given straight-line D, has been 
inserted into the given circle ABC. (Which is) the very 
thing it was required to do. 


İt Presumably, by finding the center of the circle [Prop. 3.1], and then drawing a line through it. 


p 
Hic tov 600évxa xOxXov 16 SOVEVTL xvptyovo ioovovtov 
totywvov &yypórpou. 


B E 
Z 
T 
H 
A 
A 
© 


"How ô doveic x0xXoc 6 ABT, tò dé 600&v tprywvov 
tO AEZ: det 57) cic tov ABT xdxAov 16 AEZ teryovw 
iooyavov tetywvov eyyedPpa. 

“Hyd tod ABT xóxAovu Epantouevn f, HO xoxà TÒ A, 
xa cu veoxáo npóc TH AO evvete xol 16 npóc AUTH orueto 
1G A t nó AEZ yovig ton f, òrò OAT, npgóc òè tH AH 
£O (a xal v& npóc HUTH onusio 16 A xfj Ond AZE [vovía] 
ïon fj Und HAB, xoi &neCeoyo 1 BI. 

‘Enel oov xbxAov tod ABT &gárnexoí xc eo0cio 9| AO, 
xal dnd TÄS Kata TÒ A tragis eic TOV x0xXov Oufpccot EVVETA 
f, AT, f; ápa Und OAT ton Eotl tH Ev TH EvOAAGE tod x0xXou 
tupati Yovía tH òrò ABT. GAM’ fj ónó OAT xfj ónó AEZ 
gov low xoa f, Und ABT doa ywvia xfj Ond AEZ otw 
fon. Sid xà adTH OF xoi À Und ATB tH Und AZE otw 
fon xoà Aou doa f, UNO BAT onf tÅ òrò EAZ &ovv ton 
[icoyavov goa £c tò ABT tetywvov 16 AEZ tetyove, 
xol evyyeypanta cic tov ABT xóxXov]. 

Eig tov ðoðévta doa xÓxA^ov 16 Oo0évu cptyóvo 
looyaviov tetywvoy eyyéeypanta Ónep Edel noioa. 


Proposition 2 


To inscribe a triangle, equiangular with a given trian- 
gle, in a given circle. 


B E 
F 
C 
: D 
A 
H 


Let ABC be the given circle, and DEF the given tri- 
angle. So it is required to inscribe a triangle, equiangular 
with triangle DEF, in circle ABC. 

Let GH have been drawn touching circle ABC at A.t 
And let (angle) H AC, equal to angle DEF, have been 
constructed on the straight-line AH at the point A on it, 
and (angle) GAB, equal to [angle] DF E, on the straight- 
line AG at the point A on it [Prop. 1.23]. And let BC 
have been joined. 

Therefore, since some straight-line AH touches the 
circle ABC, and the straight-line AC has been drawn 
across (the circle) from the point of contact A, (angle) 
HAC is thus equal to the angle ABC in the alternate 
segment of the circle [Prop. 3.32]. But, H AC is equal to 
DEF. Thus, angle ABC is also equal to DEF. So, for the 
same (reasons), AC B is also equal to DF E. Thus, the re- 
maining (angle) BAC is equal to the remaining (angle) 
EDF [Prop. 1.32]. [Thus, triangle ABC is equiangu- 
lar with triangle DEF, and has been inscribed in circle 
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t See the footnote to Prop. 3.34. 
Y 
IIegi tov 800£vta xÓxAXov 16 SOVEVTL vptY ovo tooYovtov 
totywvov neptypótpou. 


7 A 


, B 


E 


H 





A T N 


"Eoo ô doveic x0xXoc 6 ABT, tò dé 600&v Toelywvov 
tO AEZ: dei 97) rept tov ABT xdxAov tă AEZ provo 
iooyavov tetywvov xeprypdótpon. 

"ExpeBAfQo0o 7 EZ ep’ &xéxega tà uégr xoxà tà H, O 
onto, xoi ciAnpdw toù ABT xóxAou xévtpov tò K, xoi 
Ono, ðs £vuyev, cbVeia Y, KB, xoi ovveotatw npoc TH 
KB ev0eta xoi 16 npóc aofj orusio xà K tH u£v òrò AEH 
yovig ton 9j òrò BKA, xfj 68$ Und AZO ion f; O26 BKT, xoi 
dia x&v. A, B, T onuctwv ýyðwoav epantduevar xo0 ABI 
xóxAou ot AAM, MBN, NIA. 

Kat ¿nel égantovta tot ABT xóxAou at AM, MN, NA 
xata tà A, B, T onucia, dnd 68 tot K xévtpou ent tà A, B, 
T onucia eneTevypevat eiotv ai KA, KB, KT, dpdal &pa ciolv 
at xpóc tois A, B, T onuetoic ywviow. xoi Exel xo0 AMBK 
xevpaxAeÓpou ai xéooopec YWVlaL vévpaotv pis loot eiotv, 
&neiofmep xoi eic 800 Totywva Ottpetvot TO AMBK, xal sio 
ópUoi at óxó KAM, KBM vowvíot, Aotxot doa oi óró AKB, 
AMB Svolv ópÜoüc tom cio(v. ciol 6& xoi oi bnd AEH, 
AEZ uov plas tou ai doa òrò AKB, AMB tos ono 
AEH, AEZ {oa ciotv, Sv f, Und AKB «fj ónó AEH éotw 
fon Aou doa f, UNO AMB onf tH Und AEZ otw ton. 
Ouotuc 97 SetyDhoeta, Str xoi Å Und ANB ti ónó AZE 
éotw ton: xoi Aou doa f, Und MAN fony] tA òrò EAZ 
got ton. icoyovov tea éotl tò AMN totywvov x AEZ 
tp vo: xol nepryéyeaurnta regi tov ABT xbxAov. 

Ilep tov d00Evta dpa xOxAXov TE 600évu ptyóvo 
icoyóvov xplyovov Neplyéyeurtau Onee Edel Toon. 
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ABC]. 

Thus, a triangle, equiangular with the given triangle, 
has been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 3 


To circumscribe a triangle, equiangular with a given 
triangle, about a given circle. 





G 

L G N 

Let ABC be the given circle, and DEF the given tri- 
angle. So it is required to circumscribe a triangle, equian- 
gular with triangle DEF, about circle ABC. 

Let EF have been produced in each direction to 
points G and H. And let the center K of circle ABC 
have been found [Prop. 3.1]. And let the straight-line 
KB have been drawn, at random, across (ABC). And 
let (angle) BKA, equal to angle DEG, have been con- 
structed on the straight-line KB at the point K on it, 
and (angle) BKC, equal to DFH [Prop. 1.23]. And let 
the (straight-lines) LAM, MBN, and NCL have been 
drawn through the points A, B, and C (respectively), 
touching the circle ABC.! 

And since LM, MN, and NL touch circle ABC at 
points A, B, and C (respectively), and KA, KB, and 
KC are joined from the center K to points A, B, and 
C (respectively), the angles at points A, B, and C are 
thus right-angles [Prop. 3.18]. And since the (sum of the) 
four angles of quadrilateral AM BK is equal to four right- 
angles, inasmuch as AM BK (can) also (be) divided into 
two triangles [Prop. 1.32], and angles KAM and KBM 
are (both) right-angles, the (sum of the) remaining (an- 
gles), AK B and AM B, is thus equal to two right-angles. 
And DEG and DEF is also equal to two right-angles 
[Prop. 1.13]. Thus, AK B and AMB is equal to DEG 
and DEF, of which AK B is equal to DEG. Thus, the re- 
mainder AM B is equal to the remainder DEF. So, sim- 
ilarly, it can be shown that LNB is also equal to DF E. 
Thus, the remaining (angle) M LN is also equal to the 
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t See the footnote to Prop. 3.34. 
ny 


Eis tò d00Ev totywvov xóxXov &vyoóupot. 


A 
ZIA 


Z 


"Eoo tÒ 600v tetywvov tò ABI" det 5H eic tò ABT 
xeiyovov xóxXov &vyoóupot. 

Texufjo9ocav oi óró ABT, ATB voví(ot diya voc BA, 
TA evdetaic, xoi cuupoAAévooav aAAAac xoxà TO A 
onysiov, xoà Ty'üccov and tod A m tac AB, BT, TA 
evvetac xaVetor ot AE, AZ, AH. 

Koi &nel ton &oxiv 5| òrò ABA ywvia xfj ónó D BA, 
gotl 8€ xoi pÀ f, Und BEA Ogp0fj tH ónó BZA ton, 600 
67, tetywve Eott xà EBA, ZBA tac 600 ywvias voc uol 
ywviac oas Eyovta xal utav TAcvEdy We TALES tony TAV 
onotetvoucavy UNO Ulav x&v lowv vovv xoWhy atv tiv 
BA: xoà tàs Aotxàc doa TAEUEKS toç oinas rAeupolic toas 
É&ouot: ton &pga ñ AE xf, AZ. did xà abxà 97) xoi À AH 
tfj AZ otv ton. at vp&ic dow evdeia at AE, AZ, AH 
fou &AAjXotc cioiv: 6 dou xévtpés và A xoi Guocrjuo. Evi 
t&v E, Z, H xóxXoc yeapduevoc HEet xoi oux vv Aotnv 
onyetwy xoi &gópevor vv AB, BD, TA eó0etv Ou tò 
ÓpÜdc civar tàs npóc toic E, Z, H onueiois ywviac. ei yàp 
TEMEl ovác, EOTAL f) TH StavetTEw tov xÜxAou npóc opüüc 





an’ Gxpoc &Youévr) &vvóc Tintovca Tod xóxAou: ónep &TO- 
Tov &Oc(y v ovx dpa ô xévxpo 1G A Otaofjuaxt ðè Evi t&v 
E, Z, H ypapdyevoc xóxXAoc tepe tac AB, BT, TA cvdetac: 
Epabetoar doa otv, xol Éovot ô xóxXoc &vYevpouuévoc eic 
tò ABT totywvov. é&vyevoóqüo óc ô ZHE. 

Hic doa tò 600£&v xp(Yovov tò ABT x0xXoc &yyévyponcvot 
ò EZH: ónep eet noro. 
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[remaining] (angle) EDF [Prop. 1.32]. Thus, triangle 
LMN is equiangular with triangle DEF. And it has been 
drawn around circle ABC. 

Thus, a triangle, equiangular with the given triangle, 
has been circumscribed about the given circle. (Which is) 
the very thing it was required to do. 


Proposition 4 


To inscribe a circle in a given triangle. 


A 
KRY G 
B F C 

Let ABC be the given triangle. So it is required to 
inscribe a circle in triangle ABC. 

Let the angles ABC and ACB have been cut in half by 
the straight-lines BD and CD (respectively) [Prop. 1.9], 
and let them meet one another at point D, and let DE, 
DF, and DG have been drawn from point D, perpendic- 
ular to the straight-lines AB, BC, and CA (respectively) 
[Prop. 1.12]. 

And since angle ABD is equal to CBD, and the right- 
angle BED is also equal to the right-angle BF D, EBD 
and FBD are thus two triangles having two angles equal 
to two angles, and one side equal to one side—the (one) 
subtending one of the equal angles (which is) common to 
the (triangles)—(namely), B D. Thus, they will also have 
the remaining sides equal to the (corresponding) remain- 
ing sides [Prop. 1.26]. Thus, DE (is) equal to DF. So, 
for the same (reasons), DG is also equal to DF. Thus, 
the three straight-lines DE, DF, and DG are equal to 
one another. Thus, the circle drawn with center D, and 
radius one of E, F, or G,' will also go through the re- 
maining points, and will touch the straight-lines AB, BC, 
and CA, on account of the angles at E, F, and G being 
right-angles. For if it cuts (one of) them then it will be 
a (straight-line) drawn at right-angles to a diameter of 
the circle, from its extremity, falling inside the circle. The 


very thing was shown (to be) absurd [Prop. 3.16]. Thus, 
the circle drawn with center D, and radius one of E, F, 
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* Here, and in the following propositions, it is understood that the radius 


, 


£. 


Iepi tò 800&v tetywvov xbxAov nepiypåþpour. 


A A 
LA du Spe N 
EM wF 

"How TÒ 600£v tetywvov tò ABI" det dé epi tò 600&v 
totywvov tò ABT xóxXov neptypótpou. 


Texufjo9ocav at AB, AT eóciot diya xoxà xà A, E 
onto, xoi and tév A, E onueiwv tais AB, AT npóc ópüàc 
T0ocav at AZ, EZ: ovyneootvta 54 fjcot £vxóc tov ABT 
1etY vou ñ &ri týs BT cvVetuc 7| &xxóc vfjc BY. 

NUUMITETWOAV npótepov évxóc xaxà TO Z, xoi &neCeOyü- 
woav ai ZB, ZT, ZA. xoi ¿nel ton Eotiv f| AA tH AB, xow) 
è xoi npóc CEVA HAZ, D&ocic doa n AZ Báce tÅ ZB &oxv 
fon. Ouotwc 87) SetEouev, dtu xoi f, TZ xfj AZ &owv ion: 
ote xoi 7 ZB tÅ ZI &cwv tory at vpetc doa at ZA, ZB, ZT 
loot aAAAaic clotv. ò dou xévtoew tà Z Siaothuatt ðè evi 
t&v A, B, T x6»xXoc yeupdyevog fi&et xol oux vv Aotnv 
onueciwv, xoi É£oxot nepiyeypauuévos ô x0xXoc negl TO ABT 
totywvov. nepiyeypgðw óc ó ABI. 

'AXA& 6| of AZ, EZ ouumintétwouy éni týs BP eóüe(oc 
wate TÒ Z, Gc Eyer &ml thc Deutépas xooypoupfjc, xol 
éneCevy0w 7) AZ. ouoíoc Sr Ge(&ouev, ów tO Z onuciov 
xévtpov oT} tov negl tò ABT tetywvov neprypapouevou 
XÜXAOU. 

AAG 675) at AZ, EZ ovuunintétwoav exto¢ tod ABT 
Toly@vou xoà TÒ Z nó, óc Eyet nì thc TEÍTNS xaTa- 
yeupic, xat eneCevydwoav ot AZ, BZ, TZ. xoi nel náAty 
ton olv f, AA xfj AB, xo? dé xoi npóc pàs À AZ, Bdouc 
goa n AZ Dáce ti BZ &oxtv ïon. óuotoc 97) Delčouev, óx 
xoi *| UZ xf, AZ otw tory ote xoi f, BZ tH ZT ot ton: 
ô dou [nów] xévxpo x& Z ðaotýuatıi sé evi xv ZA, ZB, 
ZT xóxXoc yeupouevoc fj&e xoi Gui x&v Aowdv onuetwv, 
xol £oxot reptyevpouguévoc negi tò ABT tetywvov. 

Ilep tò 800&v dpa tpí(vovov xÓxAoc nepiyéypantar 
Ónep Edel roroa. 
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or G, does not cut the straight-lines AB, BC, and CA. 
Thus, it will touch them and will be the circle inscribed 
in triangle ABC. Let it have been (so) inscribed, like 
FGE (in the figure). 

Thus, the circle EFG has been inscribed in the given 
triangle ABC. (Which is) the very thing it was required 
to do. 


is actually one of DE, DF, or DG. 


Proposition 5 


To circumscribe a circle about a given triangle. 


A A 
l IS B 
LE deeem. 
Let ABC be the given triangle. So it is required to 


pow. 
circumscribe a circle about the given triangle ABC. 

Let the straight-lines AB and AC have been cut in 
half at points D and E (respectively) [Prop. 1.10]. And 
let DF and EF have been drawn from points D and E, 
at right-angles to AB and AC (respectively) [Prop. 1.11]. 
So (DF and EF) will surely either meet inside triangle 
ABC, on the straight-line BC, or beyond BC. 

Let them, first of all, meet inside (triangle ABC) at 
(point) F, and let FB, FC, and FA have been joined. 
And since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base F B 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF. So that FB is also equal to FC. Thus, the 
three (straight-lines) FA, FB, and FC are equal to one 
another. Thus, the circle drawn with center F, and radius 
one of A, B, or C, will also go through the remaining 
points. And the circle will have been circumscribed about 
triangle ABC. Let it have been (so) circumscribed, like 
ABC (in the first diagram from the left). 

And so, let DF and EF meet on the straight-line 
BC at (point) F, like in the second diagram (from the 
left). And let AF have been joined. So, similarly, we can 
show that point F is the center of the circle circumscribed 
about triangle ABC. 

And so, let DF and EF meet outside triangle ABC, 
again at (point) F, like in the third diagram (from the 
left). And let AF, BF, and CF have been joined. And, 
again, since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base BF 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF. So that BF is also equal to FC. Thus, 


B 
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, 


ge 


Hic tov 600évto xbxdov vevpiyovov &vyoóipot. 








IB 

"Eoo Ñ doveic x0xXoc 6 ABTA: Set 57 eic tov ABTA 
XÜxAov tetTpåywvov &Yvypótpou. 

"Hydwoav tot ABTA x0xXou 800 didueteot npóc ópüóc 
HAVA at AT, BA, xoi &xeCeoy0ocav oi AB, BT, TA, 
AA. 

Kat &nel ton &cxiy fj BE xfj EA: xévtpov yàp tò E: xow| 
dé xol npóc pàs f, EA, Dáctc dou T, AB Bdoet tH AA ton 
gottv. Sid và HUTA OH xoi &xoxépa vv BI, TA &xoxépa 
tév AB, AA ion &oxív. icónAeupov tea &oi tò ABTA 
TetodmAcupov. Aéyo Of, OTL xol OPVoyavov. Enel yàp f| 
BA cvdeia Guiyevpóc £o tod ABTA xóxAou, fiuxóxAtov 
&pga éox tò BAA: óp07, toa f, UNO BAA yovia. Ou xà 
avte 7] xo Exdoty t&v Und ABT, BTA, TAA 0p0f, ouv: 
ópÜovcovtov dpa £o tò ABTA xexvpánAeupov. edetyOn 6€ 
xal ioónAeupov: xexpéyovov dow Eotiv. xol êyyéypantoa eic 
tov ABTA xóxXov. 

Eis doa tov dodévta xOxAOV TeTEdYWVOV EYYEYEATTAL 
tò ABTA: önep der notioa. 
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[again] the circle drawn with center F, and radius one 
of FA, FB, and FC, will also go through the remaining 
points. And it will have been circumscribed about trian- 
gle ABC. 

Thus, a circle has been circumscribed about the given 
triangle. (Which is) the very thing it was required to do. 


Proposition 6 


To inscribe a square in a given circle. 


A 








C 


Let ABCD be the given circle. So it is required to 
inscribe a square in circle ABCD. 

Let two diameters of circle ABCD, AC and BD, have 
been drawn at right-angles to one another.‘ And let AB, 
BC, CD, and DA have been joined. 

And since BE is equal to ED, for E (is) the center 
(of the circle), and EA is common and at right-angles, 
the base AB is thus equal to the base AD [Prop. 1.4]. 
So, for the same (reasons), each of BC and CD is equal 
to each of AB and AD. Thus, the quadrilateral ABCD 
is equilateral. So I say that (it is) also right-angled. For 
since the straight-line BD is a diameter of circle ABC D, 
BAD is thus a semi-circle. Thus, angle B AD (is) a right- 
angle [Prop. 3.31]. So, for the same (reasons), (angles) 
ABC, BCD, and CDA are also each right-angles. Thus, 
the quadrilateral ABCD is right-angled. And it was also 
shown (to be) equilateral. Thus, it is a square [Def. 1.22]. 
And it has been inscribed in circle ABC D. 

Thus, the square ABCD has been inscribed in the 
given circle. (Which is) the very thing it was required 
to do. 


+ Presumably, by finding the center of the circle [Prop. 3.1], drawing a line through it, and then drawing a second line through it, at right-angles 


to the first [Prop. 1.11]. 


Cs 


Ilegi tov 6o0évxa x0xXov TeTEcywvov TEELYPcuUpan. 


Proposition 7 


To circumscribe a square about a given circle. 
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"How 6 doveic xbxdkoc ó ABTA: Set ò) regi tov ABTA 
XÜxAov vevp&ycovov neptypópou. 
Z 


H A 

















© D K 


"Hyocavy tod ABTA x0xXou 800 àtiuevpot npóc ópüóc 
dna ai AT, BA, xoi òà x&v A, B, T, A onuciov ýyðw- 
cav &garxóuevat o0. ABTA xóxXov oi ZH, HO, OK, KZ. 

‘Enel oov eganteta 5j ZH xo0. ABTA xóxAovu, àxó 68 
tov E xévrpou én thy xoxà tò A nagy énéCeuxvou f| 
EA, oi doa npóc TH A ywvion plal ciow. Sid xà HTH 
67) xol at npóc toic B, T, A onuctoic ywvion dpVat ciow. 
xol Enel ópUr, Eotw f, Und AEB ywvia, Eotl è dpdH xoi H 
òrò EBH, napcdAndoc dpa &oxiv f, HO tH AT. Gu xà abxà 
oy xoi f, AT tH ZK ċott napdAAnroc. Hote xoi f, HO «fj 
ZK &ox napáAAnoc. ógotoc 97, Seifouev, StL xol Exatéoa 
t&v HZ, OK tH BEA &oxt napddAndoc. TapMAANAdY PAULA 
pa £o tà HK, HT, AK, ZB, BK: ïon ápa &oxiv f) uev 
HZ «fj OK, 5; 6£ HO th ZK. xoà &nx& ton Eotlv f, AT tH 
BA, àAX& xoi f, u&v AT &xoxépa xv HO, ZK, 5| 6€ BA 
exatéeg tõv HZ, OK otv ïon [xoi &xoxépa doa cv HO, 
ZK &xoxépa tv HZ, OK otu ton], ioórxAeupov doa £o tò 
ZHOK tetpandeveov. Aéyw Sh, Sti xol ópÜovovtov. Emel 
yàp xopoAAnAÓóYpouuóv &ow tò HBEA, xai £owv pÀ f, 
òrò AEB, óp07, doa xoà 7 Und AHB. ópgoícc Ò) oc(&ouev, 
OTL xa at MEd¢ tois O, K, Z ywvion doVat ciow. dedoyaviov 
&pa tot) tò ZHOK. edety On öè xol loónAeupov: tetecywvov 
dea éotiv. xoà neoryéyepantoa meet tov ABTA xóxAov. 


Ilep tov doVEvta dpa xÓxXov TETEcYWVOV TEPLYEYPATTAL 


Ónep E5el roroa. 


t See the footnote to the previous proposition. 
See the footnote to Prop. 3.34. 
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Let ABCD be the given circle. So it is required to 
circumscribe a square about circle ABCD. 


G A F 














H C K 

Let two diameters of circle ABC D, AC and BD, have 
been drawn at right-angles to one another. And let FG, 
GH, HK, and KF have been drawn through points A, 
B, C, and D (respectively), touching circle ABC D.* 

Therefore, since FG touches circle ABC D, and EA 
has been joined from the center E to the point of contact 
A, the angles at A are thus right-angles [Prop. 3.18]. So, 
for the same (reasons), the angles at points B, C, and 
D are also right-angles. And since angle AEB is a right- 
angle, and E BG is also a right-angle, GH is thus parallel 
to AC [Prop. 1.29]. So, for the same (reasons), AC is 
also parallel to FK. So that GH is also parallel to FK 
[Prop. 1.30]. So, similarly, we can show that GF and 
HK are each parallel to BED. Thus, GK, GC, AK, FB, 
and BK are (all) parallelograms. Thus, GF is equal to 
HK, and GH to FK [Prop. 1.34]. And since AC is equal 
to BD, but AC (is) also (equal) to each of GH and FK, 
and BD is equal to each of GF and HK [Prop. 1.34] 
[and each of GH and FK is thus equal to each of GF 
and HK], the quadrilateral FGH K is thus equilateral. 
So I say that (it is) also right-angled. For since GBEA 
is a parallelogram, and AFB is a right-angle, AGB is 
thus also a right-angle [Prop. 1.34]. So, similarly, we can 
show that the angles at H, K, and F are also right-angles. 
Thus, FGH K is right-angled. And it was also shown (to 
be) equilateral. Thus, it is a square [Def. 1.22]. And it 
has been circumscribed about circle ABC D. 

Thus, a square has been circumscribed about the 
given circle. (Which is) the very thing it was required 
to do. 
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n. 
Hic 16 d00Ev tetpåywvov xóxňov &vyoótpou. 
"Eo tò 600&v tetpåywvov tò ABTA. det 57) cic tO 
ABTA tetecywvov xóxňov eyyeddau. 


A E 


K 











B © D 


Tetujovw xatépa x&v AA, AB diya xoxà tà E, Z 
ongeia, xol did u&v tod E ónoxégo x&v AB, TA napáňňnňos 
Tjy0o ó EO, dià dé tod Z óroxéga x&v AA, BT rapdArnroc 
xð 5 ZK: noapoAAnAóYoouuov doa eotiv Exaotov tédv 
AK, KB, AO, OA, AH, HT, BH, HA, xol oi ànevavtiov 
autéy mAeupol SnAovdétt too [eiotv]. xa &xel ton &oxiv H 
AA tÑ AB, xat £o ts ev AA fjutoeta À AE, ts è AB 
nuloeia 7 AZ, ton dow xoà A AE tH AZ: Gote xoà oi åre- 
vavttov: ton pa xoi n ZH xf, HE. ópotoc Sù 6c(&ouev, óu 
xal exatéoa xv HO, HK exatéea t&v ZH, HE otw ton: 
at xécoapec dow oi HE, HZ, HO, HK too a&ddAnAauc [etoty]. 
ò tea xév1po uèv 16) H diaothuatt 68 evi xv E, Z, O, K 
X0xAoc vpo«óuevoc Het xoà dà x&v Aotv onuctwv xoi 
epaeta x&v AB, BT, TA, AA eó0etóv dia tò pàs civar 
Ta ngóc tois E, Z, O, K ywviac: ei yàp teuet ò xóxXoc Tac 
AB, BT, TA, AA, f, tH 6tauévpo tot xOxAXou npóc ópüóc 
an’ &xpac dyouévn £vxóc TeoEita Tob xÓxAou: ónep &TOTOV 
edely0n. obx doa ò xévipo x6 H dStaothyats dé Evi vv E, 
Z, O, K xdxdo¢ yeapduevoc teue tàs AB, BT, TA, AA 
evvetac. Epcbetar doa aùtõv xal Éovot Eyyeyeayevoc eic 
tò ABTA xexo&yovov. 

Eig wea tò S00Ev tetpåywvov xÓxAXoc ėyyéypanta 
önep Edel roroa. 


v. 


Iepi tò 600&v tetEdywvov x0xXov xeptroódon. 
"Eoo TÒ 600£v vexpéyvovov tò ABTA: det 07) repli tò 
ABTA tetecywvoyv xóxňov nepiypáþor. 
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Proposition 8 


To inscribe a circle in a given square. 
Let the given square be ABCD. So it is required to 
inscribe a circle in square ABCD. 


A E D 




















B H C 

Let AD and AB each have been cut in half at points E 
and F (respectively) [Prop. 1.10]. And let EH have been 
drawn through E, parallel to either of AB or C D, and let 
FK have been drawn through F, parallel to either of AD 
or BC [Prop. 1.31]. Thus, AK, K B, AH, HD, AG, GC, 
BG, and GD are each parallelograms, and their opposite 
sides [are] manifestly equal [Prop. 1.34]. And since AD 
is equal to AB, and AE is half of AD, and AF half of 
AB, AE (is) thus also equal to AF. So that the opposite 
(sides are) also (equal). Thus, FG (is) also equal to GE. 
So, similarly, we can also show that each of GH and GK 
is equal to each of FG and GE. Thus, the four (straight- 
lines) GE, GF, GH, and GK [are] equal to one another. 
Thus, the circle drawn with center G, and radius one of 
E, F, H,or K, will also go through the remaining points. 
And it will touch the straight-lines AB, BC, CD, and 
DA, on account of the angles at E, F, H, and K being 
right-angles. For if the circle cuts AB, BC, CD, or DA, 
then a (straight-line) drawn at right-angles to a diameter 
of the circle, from its extremity, will fall inside the circle. 
The very thing was shown (to be) absurd [Prop. 3.16]. 
Thus, the circle drawn with center G, and radius one of 
E, F, H, or K, does not cut the straight-lines AB, BC, 
CD, or DA. Thus, it will touch them, and will have been 
inscribed in the square ABC D. 

Thus, a circle has been inscribed in the given square. 
(Which is) the very thing it was required to do. 


Proposition 9 


To circumscribe a circle about a given square. 
Let ABCD be the given square. So it is required to 
circumscribe a circle about square ABC D. 


117 


STOIXEION č. 


‘EniCevyveion yàp at AT, BA teuvétwoav aAAhAac 
xoxà TO E. 
A 








D 

Koi énet ton &oxiv n AA xfj AB, xow òè ñ AD, ó00 
dy oi AA, AT Svol voi; BA, AT Yom elotv: xoi Dóoic f| 
AT Baoet xfj BT ton ywvia doa 7) Und AAT yoovig tH 6o 
BAT ïon &oxtv: 7 dea Und AAB yovla diya tétunto ono 
tis AT. ópotoc 97) Seiouev, Sti xoi Exdoty vv Ond ABT, 
BIA, TAA diya tétunta ónó x&v AD, AB eó0etv.. xoi 
énel ton &oxlv Ñ òrò AAB yovia xfj ónó ABD, xai ot 
tfic u£v òrò AAB ñuiosia f) Und EAB, tij¢ 66 nd ABT 
nuloeia f, Und EBA, xoi ñ òrò EAB ä&pa tH Und EBA otw 
fon Bote xoi nAeupà f, EA xfj EB &oxtv ton. ógotoc oh 
Oc(&ouev, Sti xol Exatéoa xv EA, EB [có0ev] exatéog 
t&v ET, EA ton éotiv. oi xécoapec dpa oi EA, EB, ET, 
EA ïou àAXXfjAotc eiotv. 6 doa xévvpo x& E xol Siaothyat 
evi x&v A, B, T, A xOóx^oc yeupduevoc HEer xoi oux xv 
Aoindyv onsíov xa Éoxot nepryeypauuévos regi tò ABTA 
tetpáywvov. meptyeyeupdw ac ó ABTA. 

Ilept tò 600&v dou tetpåywvov xóxAoc Teplyeyeurta’ 
ónep Edel Toon. 


Ü. 

loooxeAéc telywvov ovothnoaova Éyov &xoxépov t&v 
xpóc TH Pace Yowdy SinAaclova ts AOU}. 

"Exxeíoüc tic còca n AB, xoi vevurjoUc xatà tò 
T onuciov, ote tO tnd tæv AB, BI nepieyduevov 
6pVoyavov (cov civa 16 and tic TA tetpayave xol 
xévtow 16 A xoi Owotfuou 76 AB xÜxXoc yeyedgtw 
o BAE, xoi £vnpuóco sic tov BAE x0x^ov t AT evdety 
u uetGov. o067, xfic TOU BAE x0xAou ðiauétpov ton evdeta 
À BA: xoi &xeCeoy0ocav at AA, AT, xoi nepgtyeypóupüo 
regi tò ATA tetywvov x0xXoc 6 ATA. 
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AC and BD being joined, let them cut one another at 
E. 


A 








C 

And since DA is equal to AB, and AC (is) common, 
the two (straight-lines) DA, AC are thus equal to the two 
(straight-lines) BA, AC. And the base DC (is) equal to 
the base BC. Thus, angle DAC is equal to angle BAC 
[Prop. 1.8]. Thus, the angle DAB has been cut in half 
by AC. So, similarly, we can show that ABC, BC D, and 
CDA have each been cut in half by the straight-lines AC 
and DB. And since angle DAB is equal to ABC, and 
EAB is half of DAB, and EBA half of ABC, EAB is 
thus also equal to EBA. So that side EA is also equal 
to EB [Prop. 1.6]. So, similarly, we can show that each 
of the [straight-lines] £A and EB are also equal to each 
of EC and ED. Thus, the four (straight-lines) EA, EB, 
EC, and ED are equal to one another. Thus, the circle 
drawn with center E, and radius one of A, B, C, or D, 
will also go through the remaining points, and will have 
been circumscribed about the square ABC D. Let it have 
been (so) circumscribed, like ABC D (in the figure). 

Thus, a circle has been circumscribed about the given 
square. (Which is) the very thing it was required to do. 


Proposition 10 


To construct an isosceles triangle having each of the 
angles at the base double the remaining (angle). 

Let some straight-line AB be taken, and let it have 
been cut at point C so that the rectangle contained by 
AB and BC is equal to the square on C'A [Prop. 2.11]. 
And let the circle B DE have been drawn with center A, 
and radius AB. And let the straight-line BD, equal to 
the straight-line AC, being not greater than the diame- 
ter of circle BDE, have been inserted into circle BDE 
[Prop. 4.1]. And let AD and DC have been joined. And 
let the circle AC D have been circumscribed about trian- 
gle AC D [Prop. 4.5]. 
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aN 


€ 


Kat éxel tò òrò xGv AB, BI (cov &od té ånò ts 
AT, ton òè f, AT tH BA, tò dou rò x&v AB, BI tcov 
£c 1G and ts BA. xoi &nel xbxA0v tod ATA etAnntat x 
onpelov &xxóc tò B, xoi &nd tod B npóc tov ATA xOóxAov 
TEOCOTENTOXaAGL 000 cvei ai BA, BA, xoi Ñ u£v adtév 
xéuvet, f| 6€ npooníret, xal &ow TO UNO x&v AB, BI toov 
16 dnd ts BA, f| BA &pa Eganteta tot ATA xóxAov. Enel 
ody épanteta uèv f, BA, and 8& ts xoaxà TO A rags 
epe A AT, A doa òrò BAT yowd ton £o tH £v 1G 
EVOAAGE TOU xbxAOU TUAYATL Ywvig TH Und AAT. nel ody 
fon éotiv f, Und BAT xfj ónó AAT, xow npooxeíoto f| 
ono TAA: GAN dea H UNO BAA ton oxi duol tos ónó TAA, 
AAT. ®A& tos òrò TAA, AAT ton Eotiv H Extd¢ H ono 
BTA: xoi 5| òrò BAA dou ton Eotl tH Und BTA. XA H 
ond BAA «fj ónó TBA otw ion, &nel xoi rAcved f, AA 
tf, AB otw ion Gote xoi f| ónó ABA tH óxó BTA otw 
lor. at tpeic dow oi òrò BAA, ABA, BTA too GA hous 
eiotv. xoà enel ton cotiv fj òrò ABT ywvia tH òrò BTA, 
ïon ot) xoi mAcved f, BA nAeup& tH AT. GAA H BA «fi 
TA broéxerto ton xoi Y, TA doa xf, TA cot ton ote xoi 
yovia f, bnd TAA Yvovía tH bnd AAT otw ton: oi dpa 
òrò TAA, AAT tfjg òrò AAT ciot SttAaolouc. ton dè f| 
òrò BTA oic ónó TAA, AAT" xoi fj òrò BTA tow ts ono 
TAA éott Gm. ton dé fj ONO BTA Exatépg x&v Und BAA, 
ABA: xoi Exatépa doa xv Und BAA, ABA fic ónó AAB 
oTt Oui. 

ToooxeAéc dpa totywvov ovvéotata tO ABA éyov 
Exatépav tæv xpóc tfj AB Dóoset vovv SitAaotova fic 
Aos: ónep Eder roro. 


tol’. 


Eic tov d00Evta xbxAov nrevtáywvov icónAeupóv te xol 
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A 


/ 


G 


And since the (rectangle contained) by AB and BC 
is equal to the (square) on AC, and AC (is) equal to 
BD, the (rectangle contained) by AB and BC is thus 
equal to the (square) on BD. And since some point B 
has been taken outside of circle ACD, and two straight- 
lines BA and BD have radiated from B towards the cir- 
cle ACD, and (one) of them cuts (the circle), and (the 
other) meets (the circle), and the (rectangle contained) 
by AB and BC is equal to the (square) on BD, BD thus 
touches circle ACD [Prop. 3.37]. Therefore, since BD 
touches (the circle), and DC has been drawn across (the 
circle) from the point of contact D, the angle BDC is 
thus equal to the angle DAC in the alternate segment of 
the circle [Prop. 3.32]. Therefore, since BDC is equal 
to DAC, let CDA have been added to both. Thus, the 
whole of BDA is equal to the two (angles) CDA and 
DAC. But, the external (angle) BCD is equal to CDA 
and DAC [Prop. 1.32]. Thus, BDA is also equal to 
BCD. But, BDA is equal to CBD, since the side AD is 
also equal to AB [Prop. 1.5]. So that DBA is also equal 
to BCD. Thus, the three (angles) BDA, DBA, and BCD 
are equal to one another. And since angle DBC is equal 
to BCD, side BD is also equal to side DC [Prop. 1.6]. 
But, BD was assumed (to be) equal to CA. Thus, CA 
is also equal to CD. So that angle CDA is also equal to 
angle DAC [Prop. 1.5]. Thus, CDA and DAC is double 
DAC. But BCD (is) equal to CDA and DAC. Thus, 
BCD is also double CAD. And BCD (is) equal to to 
each of BDA and DBA. Thus, BDA and DBA are each 
double DAB. 

Thus, the isosceles triangle ABD has been con- 
structed having each of the angles at the base BD double 
the remaining (angle). (Which is) the very thing it was 
required to do. 


Proposition 11 


To inscribe an equilateral and equiangular pentagon 
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STOIXEION č. 


tooyavuoy éyyedar. 


A 
Z 
T A H © 


"Eo 0 6000s; xóxXoc ò ABDLAE: dei ù cic tov 
ABTAE xÓxAov nevtáywvov icónAsupóv te xoi icoyaviov 
Ev Y pótpou. 

‘Exxciodw tetywvov ioooxeAéc tò ZHO dindAactova 
éyov £xoxépay tæv npóc tois H, O yovv tij¢ npóc t Z, 
xol żyyeypågðw eic tov ABTAE »x0xXov 16 ZHO teryave 
tooyavov tetywvov tò ATA, ote tH uèv npóc xG Z yvig 
tony civar thy Und TAA, &xoxépav 68 tõv npóc tois H, O 
{ony exatéea t&v nò ATA, TAA: xol Exatéoa tea xGv 
òrò ATA, TAA qts óxó TAA oti Ouf. tetuńoðw 97) 
&xoxépa x&v nò ATA, TAA diya bro Exatépac xv TE, 
AB evdetév, xa &neCeoy 0coov at AB, BT, AE, EA. 

‘Enel obv &xoxépa xv Und ATA, TAA ywwdsv ot 
TAdotwy ot) tfj; Und TAA, xoi tetunuévor ciol diya Und 
t&v TE, AB eó0eGv, at névte doa yovian at óxó AAT, 
ATE, ETA, TAB, BAA toot àAAfjXotc ciotv. oi dé fou 
yovi emt owy meoupeosiav BeBhxaow: al mévte dea ne- 
erpéperan ot AB, BI, TA, AE, EA tom GÀ fjXotc eiotv. 16 
dé Tac looc nepupepetac toot eVei DnOTElvoUVOW’ al TévTE 
&pa evveta at AB, BT, TA, AE, EA too cAAnAatc ciotv: 
todrAcupov dea éotl tò ABDAE neviávovov. AEyw fj 
ott xol iooyðviov. nci yàp À AB neptpépeux tÅ AE ne- 
prpecpelg Eotly ïon, xow toeooxetodw À BTA: 6An doa f| 
ABTA nepiyépia AN tÅ EATB xepupepeía &oxlv ton. xoi 
BeBnxev ent uèv tij¢ ABTA nepigepeias ywvia A òrò AEA, 
&ni òè týs EATB repupepstuc vovía f, òrò BAE: xoi bn 
BAE doa ywvia tH òrò AEA otv ïon. die xà adTH 5H 
xal Exdoty t&v Und ABT, BTA, TAE yowdiy exatépa xGv 
òrò BAE, AEA éotw ton: tooyauov épa gott tò ABTAE 
Tevtaywvov. &Oe(y 0r ðè xol ioónAeupov. 

Bic dpa tov Sodevta xUXAOV TEVTÅYWVOV toónAeupóv TE 
xal icoyóviov eyyéyeunta ónep Edel noioa. 





1B". 
Ilept tov 600évxa xúxňov nevtáywvov ioónAeupóv TE 
xoi icooyavioy neptypótpon. 


ELEMENTS BOOK 4 


in a given circle. 


A 
B E ] \ 
C D G H 


Let ABC DE be the given circle. So it is required to 
inscribed an equilateral and equiangular pentagon in cir- 
cle ABCDE. 

Let the the isosceles triangle F'GH be set up hav- 
ing each of the angles at G and H double the (angle) 
at F [Prop. 4.10]. And let triangle ACD, equiangular 
to FGH, have been inscribed in circle ABCDE, such 
that CAD is equal to the angle at F, and the (angles) 
at G and H (are) equal to ACD and CDA, respectively 
[Prop. 4.2]. Thus, ACD and CDA are each double 
CAD. So let ACD and CDA have been cut in half by 
the straight-lines CE and DB, respectively [Prop. 1.9]. 
And let AB, BC, DE and EA have been joined. 

Therefore, since angles AC D and CDA are each dou- 
ble CAD, and are cut in half by the straight-lines CE and 
DB, the five angles DAC, ACE, ECD, CDB, and BDA 
are thus equal to one another. And equal angles stand 
upon equal circumferences [Prop. 3.26]. Thus, the five 
circumferences AB, BC, CD, DE, and EA are equal to 
one another [Prop. 3.29]. Thus, the pentagon ABCDE 
is equilateral. So I say that (it is) also equiangular For 
since the circumference AB is equal to the circumfer- 
ence DE, let BC D have been added to both. Thus, the 
whole circumference ABCD is equal to the whole cir- 
cumference EDCB. And the angle AED stands upon 
circumference ABC D, and angle BAE upon circumfer- 
ence EDCB. Thus, angle BAE is also equal to AED 
[Prop. 3.27]. So, for the same (reasons), each of the an- 
gles ABC, BCD, and CDE is also equal to each of BAE 
and AED. Thus, pentagon ABC DE is equiangular. And 
it was also shown (to be) equilateral. 

Thus, an equilateral and equiangular pentagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 12 


To circumscribe an equilateral and equiangular pen- 
tagon about a given circle. 
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K T A 


"Eotw ò ovelis xOóx^Xoc 6 ABPAE: det 68 regi tov 
ABPAE xvx\ov nevtáywvov ioónAcupóv te xol iooyaviov 
xepry ocupan. 

Nevońoðw tot &Yevpoguévou Tevtayavou TOY yovv 
onycia xà A, B, T, A, E, ote (cac civa tac AB, BI, 
TA, AE, EA mepupepeíac xoi Sid xv A, B, D, A, E 
AyVwouv tod xóxAou epantduevar oi HO, OK, KA, AM, 
MH, xa ei ypüco xo0 ABPAE x0xXou xévtpov TÒ Z, xoi 
&neCeOy0ocav oi ZB, ZK, ZT, ZA, ZA. 

Kat &nei f; u£v KA eddcia &qárvevot tod ABDAE xatà 
tO T, and è tot Z xévvpou ext thy xata tò T enapry 
énéCevutan À ZT, f, ZT dou xé&üexóc &oxtv Ent thy KA: dedh 
doa Eotlv Exatéea x&v npóc T6 I yovv. Sd xà HUTE 57) 
xal at med¢ voic B, A onpeiois ywvian pal eictv. xoi ênel 
óp cot f, UNO ZTK ywvia, tò doa and týs ZK loov £o 
toic and x&v ZI, TK. 6tà xà obxà 07 xoi xoic and t&v ZB, 
BK ïoov éotl tò and ts ZK: Bote tà and x&v ZI, TK 
tois ano x&v ZB, BK cot loa, Qv 10 and tic ZI xà ano 
thc ZB cot loov: Aoimov doa tò and vfjc TK xG and ts 
BK &ov tcov. ton dea ñ BK tH PK. xoi &nel ton eotiv 
n ZB «fj ZI, xoà xow) 5, ZK, 500 7, oi BZ, ZK ðuo toç 
TZ, ZK ïou ciotv: xoi Dácic À BK Báce xij UK [ott] ton: 
yovia toa f| u£v óxó BZK [ywvig] tH óxó KZI eotw ton: 
5, 6€ Und BKZ «fj nò ZKT: dirà Goa H u£v òrò BZT tc 
bro KZT, f; 66 ónó BKT qts Und ZKT. Dà xà HOTA BY xoi 
n u£v ónó TZA fic Und TZA £o Ouf 9, òè ónó AAT 
tfc Und ZAT. xoà Exel ton &oxiv À BI regupégeta xfj DA, 
fon £o xoà ywvia f| Ond BZT tH óxó TZA. xot otw f 
u&v ónó BZT ts nò KZT Sindh, H 66 ónó AZT ts ono 
AZTI: ïon doa xoi f, ONO KZI xfj ónó AZT: &oxi dé xod Å 
òrò ZTK yovia t ónó ZTA ion. 600 97) totywve &ow tà 
ZKT, ZAT tac 600 yovíoc voc duol Yovíotc toas Eyovta 
xoà Ulov mAeupàv ð nAeup& tony xoWw?y aùtõv thy ZIT: 
Xo vàc AOITÒG Hoa TAEUEaC tas Mornas rAeupolic tooc É&et 
xol Thy Aouuy Ywvlayv TY Aani yoviy: ton doa n uev KT 
edveta tH DA, | 66 On ZKT yovia tÅ òrò ZAT. xoi &nel tor 
éotlv f, KT xfj DA, 8n, dpa À KA tis KT. Dià xà oa 67] 
6e ürjoexot xoi n OK thc BK uf. xot £owv f, BK tH KT 
ton: xoi À OK doa xfj KA éotw ton. Ouotwe Sù 6eorü joe vot 
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K C L 

Let ABCDE be the given circle. So it is required 
to circumscribe an equilateral and equiangular pentagon 
about circle ABC DE. 

Let A, B, C, D, and E have been conceived as the an- 
gular points of a pentagon having been inscribed (in cir- 
cle ABC DE) [Prop. 3.11], such that the circumferences 
AB, BC, CD, DE, and EA are equal. And let GH, H K, 
KL, LM, and MG have been drawn through (points) A, 
B, C, D, and E (respectively), touching the circle.! And 
let the center F of the circle ABC DE have been found 
[Prop. 3.1]. And let FB, FK, FC, FL, and FD have 
been joined. 

And since the straight-line K L touches (circle) ABCDE 
at C, and FC has been joined from the center F to the 
point of contact C, FC is thus perpendicular to KL 
[Prop. 3.18]. Thus, each of the angles at C is a right- 
angle. So, for the same (reasons), the angles at B and 
D are also right-angles. And since angle FCK is a right- 
angle, the (square) on FK is thus equal to the (sum of 
the squares) on FC and CK [Prop. 1.47]. So, for the 
same (reasons), the (square) on FK is also equal to the 
(sum of the squares) on FB and BK. So that the (sum 
of the squares) on FC and CK is equal to the (sum of 
the squares) on FB and BK, of which the (square) on 
FC is equal to the (square) on FB. Thus, the remain- 
ing (square) on C'K is equal to the remaining (square) 
on BK. Thus, BK (is) equal to CK. And since FB is 
equal to FC, and FK (is) common, the two (straight- 
lines) BF, FK are equal to the two (straight-lines) CF, 
FK. And the base BK [is] equal to the base CK. Thus, 
angle BFK is equal to [angle] KFC [Prop. 1.8]. And 
BKF (is equal) to FKC [Prop. 1.8]. Thus, BFC (is) 
double KFC, and BKC (is double) F KC. So, for the 
same (reasons), CFD is also double CFL, and DLC (is 
also double) F LC. And since circumference BC is equal 
to CD, angle BFC is also equal to CFD [Prop. 3.27]. 
And BFC is double KFC, and DFC (is double) LFC. 
Thus, K FC is also equal to LFC. And angle FCK is also 
equal to FCL. So, FKC and FLC are two triangles hav- 
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xal exdotyn Tv OH, HM, MA exatépg xv OK, KA ion: 
ioónAeupov doa toti tò HOKAM meviávovov.. Aéyo of, 
OTL xal icovà viov. Enel yàp ton £oxiv H Ond ZKT Yovíta tH 
òrò ZAT, xoi edetyOn tic u£v Und ZKT dirà H òrò OKA, 
ts 68 Und ZAT Ouf f, ONO KAM, xa f|, Od OKA dpa 
tf brò KAM otw ion. óuotoc Sù 6er üjoe xot xol Excdotn 
t&v ónó KOH, OHM, HMA xatépa x&v òrò OKA, KAM 
fon ai névte doa ywvin ai Ond HOK, OKA, KAM, AMH, 
MHO ‘ow &AAfjAotc Elotv. ilooywwov &pa toti tò HOKAM 
TEvtaywvov. edety0n OE xol ioórAseupov, xol nepryéypanTta 
regi tov ABI'AE xvvxdov. 

[IIcgi tov 600évxa &pa xdxAOV nevtáywvov icórAeupóv 
te xol icoYc viov nepiyéypanto]: Step Eder Notion. 


t See the footnote to Prop. 3.34. 


, 


t. 
Eis tò d00év nevtåywvov, 6 otv icónAcupóv te xol 
tooyavoy, x0xXov tyypáþar. 








T K A 


"Kote 10 600&v nevtdywvov ioónňcvpóv te xol looyavi- 
ov tò ABLAE: det 57 eic tò ABDAE nevtáywvov xbxhov 
Ev yecpau. 

Tetujotw yàp exatéea vv tnd BTA, TAE vovv 
dtya nd E£xoxépac xv TZ, AZ evvderdsv- xoi and tod Z 
onov, xo 6 cuuBdAOVOW Ahas ai IZ, AZ eoo, 
&neCeOy0ocav oi ZB, ZA, ZE evdeia. xol &xel ton £oxlv 
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ing two angles equal to two angles, and one side equal 
to one side, (namely) their common (side) FC. Thus, 
they will also have the remaining sides equal to the (cor- 
responding) remaining sides, and the remaining angle to 
the remaining angle [Prop. 1.26]. Thus, the straight-line 
KC (is) equal to CL, and the angle FKC to FLC. And 
since KC is equal to CL, KL (is) thus double KC. So, 
for the same (reasons), it can be shown that H K (is) also 
double BK. And BK is equal to KC. Thus, H K is also 
equal to KL. So, similarly, each of HG, GM, and ML 
can also be shown (to be) equal to each of HK and KL. 
Thus, pentagon GH K LM is equilateral. So I say that 
(it is) also equiangular. For since angle FKC is equal to 
FLC, and HKL was shown (to be) double FAC, and 
KLM double FLC, HKL is thus also equal to KL M. 
So, similarly, each of K HG, HGM, and GML can also 
be shown (to be) equal to each of H K L and K LM. Thus, 
the five angles GH K, HKL, KLM, LMG, and MGH 
are equal to one another. Thus, the pentagon GH K LM 
is equiangular. And it was also shown (to be) equilateral, 
and has been circumscribed about circle ABC DE. 

[Thus, an equilateral and equiangular pentagon has 
been circumscribed about the given circle]. (Which is) 
the very thing it was required to do. 


Proposition 13 


To inscribe a circle in a given pentagon, which is equi- 
lateral and equiangular. 








C K D 


Let ABCDE be the given equilateral and equiangular 
pentagon. So it is required to inscribe a circle in pentagon 
ABCDE. 

For let angles BCD and CDE have each been cut 
in half by each of the straight-lines CF and DF (re- 
spectively) [Prop. 1.9]. And from the point F, at which 
the straight-lines CF and DF meet one another, let the 
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n BU xfj TA, xow) 88 f, TZ, 600 87, oi BT, TZ dvol tos 
AT, TZ tou sioi xoà ywvia 9, bnd BIZ ywvia tÅ ono 
ATZ [Eotw] ton Báow koa f, BZ Bá&ce xf, AZ Eotw ton, 
xoi tò BIZ tetywvov tæ ATZ xpvyóvo otv toov, xol at 
Aoo ywviou voüc Aoumaiic ywvios toot Eoovtat, LY Gc at 
loot mAcueal Umotetvovow: ton dea f, UNO TBZ ywvia tH 
òrò DAZ. xoi énel Sind ouv H Und DAE ts òrò TAZ, 
ton 98 Å u&v UNO TAE tH ónó ABT, 5j è Und DAZ tH ono 
TBZ, xoi 5| òrò TBA da týs tnd TBZ ċott Sina‘ ton 
goa HW UNO ABZ ywvia tH òrò ZBI: f, doa òrò ABT yovía 
iya TETUNTOH UNO Tic BZ cdVeiac. duolws Of Setydfjoeta, 
ou xoà Exatépa tév Und BAE, AEA diya tétunto bro 
&xoxépac tv ZA, ZE evdeiiv. AyIwouv 54 dnd tod Z 
onyctov &ri tàs AB, BT, TA, AE, EA evdetauc xéáüexo 
oi ZH, ZO, ZK, ZA, ZM. xoi enet ton otv f, òrò OTZ 
yovla th 0nd KTZ, oti 5& xoi óp07, H Und ZOT [opi] 
th bn0 ZKT ton, dúo dh tetywve cot xà ZOT, ZKT xàc 
600 Ywviacg duol ywviaic oas Eyovta xol Ulav TAEVEY uğ 
rAeup& tony xownhy t&v thy ZI vrotetvovoay Uno Ulav 
TOY flowy yovv: xol Tac Aou doa MAEVE toüs AOLMAiic 
rAeupoüc oac É&ev. ion doa ñ ZO xcVetoc th ZK xadétw. 
Ouotws BH Setydroeta, Str xol Eexcdotyn xv ZA, ZM, ZH 
éxatéoa xv ZO, ZK ton cotiv: ai névte dow evdeton ot ZH, 
ZO, ZK, ZA, ZM too àXXfjAotc elotv. 6 toa xévipo 16 Z 
Staotruati sé evi vv H, O, K, A, M xdxAo0¢ yeapduevoc 
Heer xoi Sid x&v Aoindyv onuctwv xoi epabeta vàv AB, BI, 
TA, AE, EA eó0ctGv àtà tÒ ópÜXc civar tàs npóc tois H, 
O, K, A, M onustotc vovíac. ei yàp obx Eqabeta otv, 
&AA&à Teel obvác, COUUBHOETH THY TH Gtouévpo tod x0xAXou 
TES ÓpÜdc aN äxpas KYOUEVNHY Evtoc ninte ToD xOxAov: 
Ónep &voxov cdetyIy. Ox Hoa O xEVTEw 1G Z daothuaT: dé 
evi x&v H, O, K, A, M onuetwv yeapduevoc xóxAoc veuet 
tac AB, BT, TA, AE, EA eó0cíac: &gódjevot boa adtéiv. 
yeyedp0u s ò HOKAM. 

Eis doa tò 800&£v nevtáywvov, O EoTW icónAsupóv TE 
xol looyavov, xOxAoc EYYEYEANTAL’ STEP Edel roroa. 


, 
10". 
Ilept tò 600&v nevvéycovov, 6 &oxtv ioónAeupóv te xol 


icoY vtov, xOxAov TepLypdtpan. 
"Eoo TÒ 600&v nrevtáywvov, 6 ott ioónAeupóv te xol 
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straight-lines FB, FA, and FE have been joined. And 
since BC is equal to CD, and CF (is) common, the two 
(straight-lines) BC, CF are equal to the two (straight- 
lines) DC, CF. And angle BCF [is] equal to angle 
DCF. Thus, the base BF is equal to the base DF, and 
triangle BCF is equal to triangle DCF, and the remain- 
ing angles will be equal to the (corresponding) remain- 
ing angles which the equal sides subtend [Prop. 1.4]. 
Thus, angle CBF (is) equal to CDF. And since CDE 
is double CDF, and CDE (is) equal to ABC, and CDF 
to CBF, CBA is thus also double CBF. Thus, angle 
ABF is equal to FBC. Thus, angle ABC has been cut 
in half by the straight-line BF. So, similarly, it can be 
shown that BAE and AED have been cut in half by the 
straight-lines FA and FE, respectively. So let FG, FH, 
FK, FL, and FM have been drawn from point F, per- 
pendicular to the straight-lines AB, BC, CD, DE, and 
EA (respectively) [Prop. 1.12]. And since angle HCF 
is equal to KCF, and the right-angle F HC is also equal 
to the [right-angle] FKC, FHC and FKC are two tri- 
angles having two angles equal to two angles, and one 
side equal to one side, (namely) their common (side) FC, 
subtending one of the equal angles. Thus, they will also 
have the remaining sides equal to the (corresponding) 
remaining sides [Prop. 1.26]. Thus, the perpendicular 
FH (is) equal to the perpendicular FK. So, similarly, it 
can be shown that FL, FM, and FG are each equal to 
each of FH and FK. Thus, the five straight-lines FG, 
FH, FK, FL, and FM are equal to one another. Thus, 
the circle drawn with center F, and radius one of G, H, 
K, L, or M, will also go through the remaining points, 
and will touch the straight-lines AB, BC, CD, DE, and 
EA, on account of the angles at points G, H, K, L, and 
M being right-angles. For if it does not touch them, but 
cuts them, it follows that a (straight-line) drawn at right- 
angles to the diameter of the circle, from its extremity, 
falls inside the circle. The very thing was shown (to be) 
absurd [Prop. 3.16]. Thus, the circle drawn with center 
F, and radius one of G, H, K, L, or M, does not cut 
the straight-lines AB, BC, CD, DE, or EA. Thus, it will 
touch them. Let it have been drawn, like GH K LM (in 
the figure). 

Thus, a circle has been inscribed in the given pen- 
tagon which is equilateral and equiangular. (Which is) 
the very thing it was required to do. 


Proposition 14 


To circumscribe a circle about a given pentagon which 
is equilateral and equiangular. 
Let ABC DE be the given pentagon which is equilat- 
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icovàvov, tò ABPAE: det 67) regi tò ABTAE revtéywvov 
XÜxXAov Teprypcubau. 
A 





D A 


Tetujovw 87 xatépa vv rò BTA, TAE veowóv 
iya tnd Exatéepac vv TZ, AZ, xoi àxó tot Z onuctov, 
xo0' 6 cuuBáAXouoct oi cvVein, êm tà B, A, E onueta 
&neCeOyüocav evdeta ai ZB, ZA, ZE. ópot(oc di v npo 
Tovtou Oct ürjoexot, StL xoi &xáocr vv Und TBA, BAE, 
AEA yovðv dtya tétunto 0nd &xáorc vv ZB, ZA, ZE 
evvev. xol &nel ton &oxiy ġ Und BTA yovía tH Und TAE, 
xaí &oxt tÑ u£v ONO BLA fjutoeu fj Und ZTA, tic dè UNO 
TAE Tito À òrò TAZ, xoi f, òrò ZTA doa xfj òrò ZAT 
éotw ton ote xa tAcved ñ ZI nàeupõ tH ZA &owv lon. 
Ouotws SY) SetyOhoeta, Ott xoi êxáotn vv ZB, ZA, ZE 
&xoxépa tæv ZI, ZA otv ton: oi névte doa evVetor oi 
ZA, ZB, ZT, ZA, ZE toot àXXfjAotc cioiv. 6 koa xévtpo 
1G Z xa ðaothpatı evi vv ZA, ZB, ZI, ZA, ZE xóxXoc 
Yeo«póuevoc Heer xol dud x&v AoinGv onuetwv xol čata ne- 
pıyeypauuévos. nepiyeypågůðw xoi čotw 6 ABTAE. 

IIegi dou tò 600£v Tevtdywvov, 6 EaTW İioónàcvpóv TE 
xal looywviov, xOxAOC nepiyéypantar ónep Edel roroa. 


le’. 

Eic tov 800évxa x0xXov E€&ywvov ioónAeUpÓóv te xol 
icov viov EY odádpon. 

"Eo 6 9800cei; x0xXoc ó ABPAEZ: det ù eic tov 
ABPAEZ xóxXov &&&ycovov ioónAeupóv te xoi ioovovtov 
Ev Y pótpou. 

“Hyd tot ABIAEZ xóxAou didueteo¢ A AA, xoi 
ciAfkpüc. TO xévvpov tov xóxA^ou tò H, xol xévtew uèv 
1G A Ouotfuou dé tă AH xdxAro0¢ yeypaqdw ô EHTO, 
xai emevy Deion oi EH, TH dijydwouy én xà B, Z onueta, 
xoi &neCeoy oco ai AB, BT, TA, AE, EZ, ZA: Xéyo, óu 
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eral and equiangular. So it is required to circumscribe a 
circle about the pentagon ABC DE. 


A 





C D 


So let angles BC D and C DE have been cut in half by 
the (straight-lines) CF and DF, respectively [Prop. 1.9]. 
And let the straight-lines FB, FA, and FE have been 
joined from point F, at which the straight-lines meet, 
to the points B, A, and E (respectively). So, similarly, 
to the (proposition) before this (one), it can be shown 
that angles CBA, BAE, and AED have also been cut 
in half by the straight-lines FB, FA, and FE, respec- 
tively. And since angle BC'D is equal to CDE, and FCD 
is half of BCD, and CDF half of CDE, FCD is thus 
also equal to FDC. So that side FC is also equal to side 
FD [Prop. 1.6]. So, similarly, it can be shown that FB, 
FA, and FE are also each equal to each of FC and FD. 
Thus, the five straight-lines FA, FB, FC, FD, and FE 
are equal to one another. Thus, the circle drawn with 
center F, and radius one of FA, FB, FC, FD, or FE, 
will also go through the remaining points, and will have 
been circumscribed. Let it have been (so) circumscribed, 
and let it be ABCDE. 

Thus, a circle has been circumscribed about the given 
pentagon, which is equilateral and equiangular. (Which 
is) the very thing it was required to do. 


Proposition 15 


To inscribe an equilateral and equiangular hexagon in 
a given circle. 

Let ABCDEF be the given circle. So it is required to 
inscribe an equilateral and equiangular hexagon in circle 
ABCDEF. 

Let the diameter AD of circle ABCDEF have been 
drawn,! and let the center G of the circle have been 
found [Prop. 3.1]. And let the circle EGCH have been 
drawn, with center D, and radius DG. And EG and CG 
being joined, let them have been drawn across (the cir- 
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tò ABTAEZ &&&vovov ioónAeupóv té &ox xoi looywwov. 








"Enc yàp tò H ongciov xévtpov &o tol ABPTAEZ 
X0xAou, ton éotlv f, HE xfj HA. nédw, nei tò A onuciov 
xévtpov £o tov HTO xdxAov, ton ċotiv f, AE tf; AH. 
oA’ f, HE xf; HA edetyOn ton xot ñ HE doa xfj EA ton 
éottv’ loónAeupov doa £oxi tò EHA «p(vovov: xoi oi vpeic 
äpa aùtoðŭ ywview at òrò EHA, HAE, AEH toot GA fjAotc 
cloty, &neief|xep TOV loooxeAGv xptyovov oi npóc TY Dáoet 
yovio loot AAAA elotv: xal eioi al toeic tol terywvou 
yovia Svolv ptos tom T] dpa Und EHA ywvia xp(xov goth 
600 ópÜGv. dyotws 67, SeiyDhoetau xoi n Und AHT xp(xov 
600 opUGv. xol Exel fj TH cvVeta ext thy EB otadeion tac 
ége&fic Yov(ac tàs bnd EHT, THB 6uotv ópüoüc toas notet, 
xol Aou, Koa f, ONO THB «g(xov &oxi 600 ptv: oi dpa 
òrò EHA, AHT, THB yovio toot GO jAouc eiotv: dote xol 
al xor xopLEr adtoi¢c at òrò BHA, AHZ, ZHE ïou ciolv 
[tos Und EHA, AHT, THB]. oi €F dow yovia oi òrò EHA, 
AHT, THB, BHA, AHZ, ZHE too àAXfjAotc ciotv. oi sé 
foo yovi &ri toov. xepupepeusv BeBhxaow: ai EF doa re- 
eupéperat ot. AB, BT, TA, AE, EZ, ZA too GA fjXouc ciotv. 
bn è Tac oac nepupepe(ac at loot evdeion Oxote(vouotv: 
at 8& koa evdetou loot. GO joe elotv: ioónAeupov oa tot 
to ABIAEZ éáywvov. Aéyc 54, Sti xol icooywmwov. Emel 
yàp ton £oxlv n ZA nepupégeux t EA repupeoeia, xo) 
npooxeioUc 7, ABTA nepipépera ÖAN dow À ZABTA ody 
tf, EATBA éotw ion xoi BéBnxev èm uèv ts ZABTA 
nepipepetag f, UNO ZEA yovia, ent dé týs EATBA rep- 
gepetag f, Und AZE yowvia ton dea f, nrò AZE ywvia tH 
óró AEZ. óyotoc 97) Setydroetoau, StL xol at Aoma yoovion 
tov ABPAEZ éFayavou xatà plav (oot cioty exatéeg xv 
òrò AZE, ZEA youdiv: icoyovtov doa £o tò ABTAEZ 
eCaywvov. edelyOy 6€ xol loónAeupov: xol èyyéypantoa eic 
tov ABTAEZ xóxàov. 

Eis &pa tov Sovevta x0xXov &&&yovov icónAcupóv TE 
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cle) to points B and F (respectively). And let AB, BC, 
CD, DE, EF, and FA have been joined. I say that the 
hexagon ABC DEF is equilateral and equiangular. 








For since point G is the center of circle ABCDEF, 
GE is equal to GD. Again, since point D is the cen- 
ter of circle GCH, DE is equal to DG. But, GE was 
shown (to be) equal to GD. Thus, GE is also equal to 
ED. Thus, triangle EGD is equilateral. Thus, its three 
angles EGD, GDE, and DEG are also equal to one an- 
other, inasmuch as the angles at the base of isosceles tri- 
angles are equal to one another [Prop. 1.5]. And the 
three angles of the triangle are equal to two right-angles 
[Prop. 1.32]. Thus, angle EGD is one third of two right- 
angles. So, similarly DGC can also be shown (to be) 
one third of two right-angles. And since the straight-line 
CG, standing on EB, makes adjacent angles EGC and 
CGB equal to two right-angles [Prop. 1.13], the remain- 
ing angle CGB is thus also one third of two right-angles. 
Thus, angles EGD, DGC, and CGB are equal to one an- 
other And hence the (angles) opposite to them BGA, 
AGF, and FGE are also equal [to EGD, DGC, and 
CGB (respectively)] [Prop. 1.15]. Thus, the six angles 
EGD, DGC, CGB, BGA, AGF, and FGE are equal 
to one another. And equal angles stand on equal cir- 
cumferences [Prop. 3.26]. Thus, the six circumferences 
AB, BC, CD, DE, EF, and FA are equal to one an- 
other. And equal circumferences are subtended by equal 
straight-lines [Prop. 3.29]. Thus, the six straight-lines 
(AB, BC, CD, DE, EF, and FA) are equal to one 
another Thus, hexagon ABC DEF is equilateral. So, 
I say that (it is) also equiangular For since circumfer- 
ence FA is equal to circumference ED, let circumference 
ABCD have been added to both. Thus, the whole of 
FABCD is equal to the whole of EDCBA. And angle 
FED stands on circumference FABC D, and angle AF E 
on circumference EDCBA. Thus, angle AFE is equal 
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Xo lOOYMVIOV EYYEYEANTAL’ Önep Edel noioa. 


IIóptoua. 

"Ex 67, tobtou qavepóv, Ott f, Tov ECayovou nAeupà tor, 
£o tfj £x Tov xévt1pou tov xOxAov. 

"Ouotcc dé xoic Ext to nevtayavou &iv OLX xGv XATA 
TOV XUXAOV Ototp£ceov EMANTOUEVaAS TOD x0xAou dyáouev, 
TEplypaphoeta mepl tov xbxAov &&&yovov todmAEUEdV 
Te xa looyavov axordobYwc roig nì tol nevtayavou 
clonuevoic. xoi Ett Sid v&v OUOtwv xoic &ri Tob MevtaywvoU 
eigrjiévotc eic tò Go0&v &&&yvovov x0xXov EyYE&pOUEY xe 
xoi teptyecpouev’ Stee Edet roroa. 


t See the footnote to Prop. 4.6. 
* 
iv. 


Hic tov d00Evta xÓxXov TEVTEXALDEXdY WVOV LOOTAEUEOV 
te xoi looyavov éyyecbau. 


A 








"Ecco ó Dowels xóxXoc ó ABTA: det dù eic tov ABTA 
XÜxAov nevtexaðexáywvov lodTAEUEOV te xol icoyaviov 
èyypåļþoun. 

Eyyeypágðw cic tov ABTA x0xXov xpyóvou pèv ioo- 
rAeÓpou TOU eic MUTOV &YYpodouévou rAeupà ñ AT, nev- 
taywvou sé icorAeOpou f, AB: otov &pa éotiv ò ABTA 
x0xAoc flowy 1ufjuavov Sexanévte, votoOvov A uev ABT 
TEplipépeta toitov ovo tov x0xAXou ota névte, H 6€ AB 
TEOLPEPELA TEUTOV OVGA TOU xUxXAOU EoTaL xptiv: Aou] hea 
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to DEF [Prop. 3.27]. Similarly, it can also be shown 
that the remaining angles of hexagon ABC DEF are in- 
dividually equal to each of the angles AFE and FED. 
Thus, hexagon ABC DEF is equiangular. And it was also 
shown (to be) equilateral. And it has been inscribed in 
circle ABCDE. 

Thus, an equilateral and equiangular hexagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Corollary 


So, from this, (it is) manifest that a side of the 
hexagon is equal to the radius of the circle. 

And similarly to a pentagon, if we draw tangents 
to the circle through the (sixfold) divisions of the (cir- 
cumference of the) circle, an equilateral and equiangu- 
lar hexagon can be circumscribed about the circle, analo- 
gously to the aforementioned pentagon. And, further, by 
(means) similar to the aforementioned pentagon, we can 
inscribe and circumscribe a circle in (and about) a given 
hexagon. (Which is) the very thing it was required to do. 


Proposition 16 


To inscribe an equilateral and equiangular fifteen- 
sided figure in a given circle. 


A 








Let ABCD be the given circle. So it is required to in- 
scribe an equilateral and equiangular fifteen-sided figure 
in circle ABCD. 

Let the side AC of an equilateral triangle inscribed 
in (the circle) [Prop. 4.2], and (the side) AB of an (in- 
scribed) equilateral pentagon [Prop. 4.11], have been in- 
scribed in circle ABCD. Thus, just as the circle ABCD 
is (made up) of fifteen equal pieces, the circumference 
ABC, being a third of the circle, will be (made up) of five 
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n BI tév (cov 900. tetuńoðw f, BI dtya xoxà tò E 
Exatéoa doa xv BE, EL regupepetó?v nevtexcudéexatov Cott 
tot ABTA xóxXAov. 

"Eàv dou em@evEavtec tàs BE, ET toas obvolic xoà TÒ 
ouveyès evdelac Evopudowuev cic tov ABPA[E] xóxXov, 
EOTAL eic AUTOV EY YEYPAUNEVOV TEVTEXALÕEXÁYWVOV IGOTAEU- 
pÓv te xol icoyoviov: ónep Edel noioa. 

‘Ouoltwc 8& coi; Ext tol mevvayovou àv Otà t&v 
KATH TOV KUXAOV Otoipécecov &qQomrouévac tod xbxAOU 
&Yóyopuev, TEPLYPAPÁOETAL xepl TÒV xbxAOV TEVTEXOAL- 
öcxáywvov loónAeupóv te xol icoymwoyv. čt 6&6 Sia 
t&v uolwv toç Ent to Tevtaywvou Oc(teov xoà cic TO 
600£v Tevtexadexckywvoy xoxAov Eyyp&pouey ve xoi re- 
etYeédouev: ónep Edet roroa. 
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such (pieces), and the circumference AB, being a fifth of 
the circle, will be (made up) of three. Thus, the remain- 
der BC (will be made up) of two equal (pieces). Let (cir- 
cumference) BC have been cut in half at E [Prop. 3.30]. 
Thus, each of the circumferences BE and EC is one fif- 
teenth of the circle ABCDE. 

Thus, if, joining BE and EC, we continuously in- 
sert straight-lines equal to them into circle ABC D|[E] 
[Prop. 4.1], then an equilateral and equiangular fifteen- 
sided figure will have been inserted into (the circle). 
(Which is) the very thing it was required to do. 

And similarly to the pentagon, if we draw tangents to 
the circle through the (fifteenfold) divisions of the (cir- 
cumference of the) circle, we can circumscribe an equilat- 
eral and equiangular fifteen-sided figure about the circle. 
And, further, through similar proofs to the pentagon, we 
can also inscribe and circumscribe a circle in (and about) 
a given fifteen-sided figure. (Which is) the very thing it 
was required to do. 
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Proportion! 


+The theory of proportion set out in this book is generally attributed to Eudoxus of Cnidus. The novel feature of this theory is its ability to deal 
with irrational magnitudes, which had hitherto been a major stumbling block for Greek mathematicians. Throughout the footnotes in this book, 
a, D, y, etc., denote general (possibly irrational) magnitudes, whereas m, n, l, etc., denote positive integers. 
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“Opor. 


a’. Mépoc ċotì yéye0oc ueyéðouç tÒ £Aaocov tod 
uelCovos, ÖTAV xATApETE TO UeiCov. 

B’. IoAXomA&otov 8& tò ueiCov tot EAdttovoc, ÖTAV xa- 
TAETpÄŇTAL UNO TOŬ EAdTTOVOS. 

Y. Aóyoc oti 000 ueve0Gv OuoyevOv Å xatà nn- 
ALXOTHTA rota oy£otc. 

ò. Aóyov Éyety npóc Ga ueyéðn Aéyevot, à SUvatou 
xoAAomnAactotóueva GAATAWY onepéysetv. 

€. Ev xG abt óy ueyéðn Aéyetoar civar np6tov 
Ted¢ Sebtep0v xoà Teitov npóc TÉTAPTOV, ÖTAV tà TOD 
Te@toU xat teitov ioóouc NoAAATAGOLA THY TOD SeUtEEOU 
xol TETUOTOL ioóouc ToAAaTAactwy xa)’ óxotovoOv TOAAG- 
TAMOLUOWOV &xáxegov EXATEPOU Ñ GUA onep£ynr, Ñ ua tow f] 
Ñ Wa aein Anovevta xoa. 

v. Tà è TOV avtov Eyovta Aóyov ueyéOr dvåňoyov 
xaretodu. 

C. "Oxav 8& tév toduic noAAonAao(ov TO piv TOD 
TEWTOV mxoAAanAGoiov Onepéyy Tov tod Oeutépou TOÀ- 
AanAaoíou, TO è toO teitov noAAonAGotov Un ónepéym 
toU tod tvexáprou TOAAATAQAOÍOU, TOTE TO npGrov npóc TO 
dedtepov ue(Cova Adyov Éyety Aévevou, Tep TÒ toitov npóc 
TO TÉTAPTOV. 

"|. Avadoyta 6& &v totoly ópotc cAayloty £oxiv. 

0’. "Oxav 8& Tela ueyéür, &váXoyvov Ň, TO npóov npóc 
TO 1pítov OuxAao(ova Aóyov Eyelw Aveta nep npóc TO 
õeútepov. 

V. "Oxav 8& téooapa ueyéðn àváňoyov f, TO npócov 
TEOS TO TETAPTOV tpuxAao(ova AdYOV Eye AÉyevou nep 
TMpd¢ TO ðcútepov, xol del &&fjc ouo(oc, óc &v Å avadoyta 
bnópyn. 

tx. “Ouddroya ueyéür Aéyeta xà u£v fjyoóueva xoc 
fyouuévotc xà bE ENOUEVA tois ENOUEVOIC. 

P’. "EvaAAà& AóYoc oti Afi Tob fyouuévou npóc TO 
nyovuevoy xal Tol &rouévou npóc TO &nróÓuevov. 

ty. AvánaAw Aóyoc goth Afi xo0 &nouévou óc 
NYOLUEVOL npóc TO NYOVUEVOY óc EMOUEVOY. 

10. LOvVeotg Adyou Eotl Afjpic x00 HyouLEevov uexà TOU 
EMOUEVOL óc &vóc npóc AUTO TO EMOUEVOY. 

te’. Atatpeoug Aóyou &o Afjhic tic Unepoy fc, T; Dnepeyer 
TO NyobuEvoy To &rouévou, npóc AUTO TO &nÓuevov. 

ts". Avaotpo~y Adyou Eotl Apis Tol Hyouyevou npóc 
thy Urepoyyy, T; Unepéyet TO fiYoóuevov tov Emouevon. 

C. Av toov Adyog toti nAeióvov Óvvov ueve0Gv xol 
WAwv adtoic loov tò nAfj0oc cóv6uo AogBoevouévov xal 
EV v&) KUTE ADYW, OTAV Å óc EV xoc npoxotc ueyvéüsot TO 
xp ov TENG TO Éoyaxov, obttoc Ev Toic Ocutépotc uevéüeot 
TO TEGTOV npóc TO Éoyoxov: Ñ Aws: Afjpi vv doxpov 
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Definitions 

1. A magnitude is a part of a(nother) magnitude, the 
lesser of the greater, when it measures the greater! 

2. And the greater (magnitude is) a multiple of the 
lesser when it is measured by the lesser. 

3. A ratio is a certain type of condition with respect to 
size of two magnitudes of the same kind.* 

4. (Those) magnitudes are said to have a ratio with re- 
spect to one another which, being multiplied, are capable 
of exceeding one another.’ 

5. Magnitudes are said to be in the same ratio, the first 
to the second, and the third to the fourth, when equal 
multiples of the first and the third either both exceed, are 
both equal to, or are both less than, equal multiples of the 
second and the fourth, respectively, being taken in corre- 
sponding order, according to any kind of multiplication 
whatever." 

6. And let magnitudes having the same ratio be called 
proportional.* 

7. And when for equal multiples (as in Def. 5), the 
multiple of the first (magnitude) exceeds the multiple of 
the second, and the multiple of the third (magnitude) 
does not exceed the multiple of the fourth, then the first 
(magnitude) is said to have a greater ratio to the second 
than the third (magnitude has) to the fourth. 

8. And a proportion in three terms is the smallest 
(possible). 

9. And when three magnitudes are proportional, the 
first is said to have to the third the squared!! ratio of that 
(it has) to the second.!* 

10. And when four magnitudes are (continuously) 
proportional, the first is said to have to the fourth the 
cubed?! ratio of that (it has) to the second.5? And so on, 
similarly, in successive order, whatever the (continuous) 
proportion might be. 

11. These magnitudes are said to be corresponding 
(magnitudes): the leading to the leading (of two ratios), 
and the following to the following. 

12. An alternate ratio is a taking of the (ratio of the) 
leading (magnitude) to the leading (of two equal ratios), 
and (setting it equal to) the (ratio of the) following (mag- 
nitude) to the following.** 

13. An inverse ratio is a taking of the (ratio of the) fol- 
lowing (magnitude) as the leading and the leading (mag- 
nitude) as the following.** 

14. A composition of a ratio is a taking of the (ratio of 
the) leading plus the following (magnitudes), as one, to 
the following (magnitude) by itself.** 
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xa One€atpeow vGv UEOwv. 

wy. Tetapayuévn 8& avadoyia &oxív, Stay TPV Óvvov 
ueYeOGv xol GXXov avtoic toov TO nAf[Ooc yivnta óc uev 
£v toic npootc ueyéüseoty NYOUUEVOY npóc EMOUEVOV, OUTWC 
£v toic SeUTEpOlc UEYEVEOW TYOUUEVOV npóc &nÓuevov, tc 
è Ev toic nporotc uevéOeoty ENdUEVOV npóc GAAO TL, OUTWC 
£v xoc Geuxépotc GAAO TL npóc fYoOuevov. 


t In other words, o is said to be a part of 8 if 8 = ma. 
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15. A separation of a ratio is a taking of the (ratio 
of the) excess by which the leading (magnitude) exceeds 
the following to the following (magnitude) by itself. lI 

16. A conversion of a ratio is a taking of the (ratio 
of the) leading (magnitude) to the excess by which the 
leading (magnitude) exceeds the following.ttt 

17. There being several magnitudes, and other (mag- 
nitudes) of equal number to them, (which are) also in the 
same ratio taken two by two, a ratio via equality (or ex 
aequali) occurs when as the first is to the last in the first 
(set of) magnitudes, so the first (is) to the last in the sec- 
ond (set of) magnitudes. Or alternately, (it is) a taking of 
the (ratio of the) outer (magnitudes) by the removal of 
the inner (magnitudes) .!## 

18. There being three magnitudes, and other (magni- 
tudes) of equal number to them, a perturbed proportion 
occurs when as the leading is to the following in the first 
(set of) magnitudes, so the leading (is) to the following 
in the second (set of) magnitudes, and as the following 
(is) to some other (i.e., the remaining magnitude) in the 
first (set of) magnitudes, so some other (is) to the leading 
in the second (set of) magnitudes.?3? 


t In modern notation, the ratio of two magnitudes, a and 6, is denoted o : 8. 


8 In other words, a has a ratio with respect to if m o > 8 and n 8 > a, for some m and n. 


T In other words, a : 3 :: y : 6 if and only if ma > n B whenever my > nó, and ma = n whenever my = nó, and ma < n whenever 


my < nó, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, and is valid even if a, p, etc., are irrational. 


* Thus if a and 8 have the same ratio as y and ô then they are proportional. In modern notation, a : 3 :: y : 6. 


$ In modern notation, a proportion in three terms—a, 3, and y—is written: a: 8B :: B : y. 


ll Literally, “double”. 

t In other words, if a : 8 :: 8: y theno:y : 02:82. 

tt Literally, “triple”. 

88 In other words, ifa:@::8:y:7:6thena: 5:03:63. 


TT In other words, if a : B :: y : 6 then the alternate ratio corresponds to o : y :: B : 6. 


** In other words, if a : 8 then the inverse ratio corresponds to 3: a. 


$$ In other words, if a : 8 then the composed ratio corresponds to a + £ : 8. 


Ill In other words, if a : 8 then the separated ratio corresponds to a — 6 : (. 


ttt In other words, if a : G then the converted ratio corresponds to a : a — f. 


HHE In other words, if a, 8, y are the first set of magnitudes, and ô, e, C the second set, anda: 8 : y :: 6: e : C, then the ratio via equality (or ex 


aequali) corresponds to o : y :: ó : C. 


888 In other words, if aœ, 8, y are the first set of magnitudes, and ô, e, C the second set, anda: 8 :: ô : e as well as B : y :: C : 6, then the proportion 


is said to be perturbed. 


£ 

Os 
‘Ey fj Onooaoby uevéOr, ònoowvoŭv UEyeddy toov tO 
TAÑÜOG Exaotov Exhotov ladxic TOAAATACCLOV, OGATAKOLOV 
gotw £v tæv ueYeUGv vós, vocautanAÓota čata xod TH 


Proposition 1t 


If there are any number of magnitudes whatsoever 
(which are) equal multiples, respectively, of some (other) 
magnitudes, of equal number (to them), then as many 
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TAVITA TOV TAVTWV. 


A H 





B T 




















E Z 


"Eotw onooaoty peyéðn tà AB, DA ónroowvoðv us- 
Ye06v tæv E, Z loov tò nAf(0oc Exactov &xáorou todkxic 
xoAAanAGotov: AEYW, StL OoaTAdaLdy Eott tò AB tots E, 
xocaxomAdota gota xoi xà AB, DA tõv E, Z. 

"Enel yàp iocouc Eotl xoAXaA&owov tò AB tot E xoi 
tò TA tod Z, óca dow éotiv év 16 AB ueyéðn toa 16 E, 
tooata xoi êv 165 TA loa 16 Z. Sinerjodw tò uèv AB eic xà 
1G E ueyéðn toa tà AH, HB, tò òè DA cic xà 16 Z toa xà 
TO, OA: Eota 87) (cov tò nàğðos vv AH, HB xà 1Afjüet 
t&v TO, OA. xoi &nei toov &oxi tò u£v AH 16 E, tò õè TO 
1G Z, toov doa tò AH x& E, xoi xà AH, TO tois E, Z. ài 
xà ATA 57 toov &cxi tò HB x6 E, xoi xà HB, OA «oic E, 
Z: 60a toa &oxlv êv x AB (ca 16 E, tooatta xal £v xoic 
AB, TA ica xoic E, Z: ócanA&ctov dea £ox tò AB tot E, 
1ocauomAóGoto gota xoi và AB, DA tév E, Z. 

Eàv doa fj, ónocao0v ueyéðn Onocwvoby ueve0Gv 
{owy tO TAO Éxoaotov £xóáotou iodcoic noXAamAGoOOv, 
ócanAGociÓv otv £v tæv ueye0Gv Evdc, TooMUTATAGOLA 
Zotar xol xà. nåvta xv mávxov: ónep Eder deiga. 
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times as one of the (first) magnitudes is (divisible) by 
one (of the second), so many times will all (of the first 
magnitudes) also (be divisible) by all (of the second). 


A G B C H D 


E——— FE 

Let there be any number of magnitudes whatsoever, 
AB, CD, (which are) equal multiples, respectively, of 
some (other) magnitudes, E, F, of equal number (to 
them). I say that as many times as AB is (divisible) by E, 
so many times will AB, CD also be (divisible) by E, F. 

For since AB, CD are equal multiples of E, F, thus 
as many magnitudes as (there) are in AB equal to E, so 
many (are there) also in C.D equal to F. Let AB have 
been divided into magnitudes AG, GB, equal to E, and 
CD into (magnitudes) CH, HD, equal to F. So, the 
number of (divisions) AG, GB will be equal to the num- 
ber of (divisions) CH, H D. And since AG is equal to E, 
and CH to F, AG (is) thus equal to E, and AG, CH to E, 
F. So, for the same (reasons), GB is equal to E, and GB, 
HD to E, F. Thus, as many (magnitudes) as (there) are 
in AB equal to E, so many (are there) also in AB, CD 
equal to E, F. Thus, as many times as AB is (divisible) 
by E, so many times will AB, CD also be (divisible) by 
E, F. 

Thus, if there are any number of magnitudes what- 
soever (which are) equal multiples, respectively, of some 
(other) magnitudes, of equal number (to them), then as 
many times as one of the (first) magnitudes is (divisi- 
ble) by one (of the second), so many times will all (of the 
first magnitudes) also (be divisible) by all (of the second). 
(Which is) the very thing it was required to show. 


* In modern notation, this proposition reads ma -- m B +- — m (o 4- B ^). 


p. 

‘Edy npóivov ðeutépou toóotc Y, MOAAATAcOLov xol Tottov 
xeváprou, Tj 6& xal MéUTTOV Geuxépou iodouc noXAanAGotOV 
xol Éxtov TETÁpTOU, xal cuvveUEv npütov xol néuntov 
6Euxépou loduic Eotar ToAAaTAdOLOV xol Teitov xal £xtov 
XEXÓpTOU. 

Ilpétov yàp to AB Seutépou tod T iocotc Eotw Toà- 
AanA&otov xoà vpívov tò AE teté&etov tod Z, gotw dé xol 
méuntov tò BH 8euxépou tod D ioóodc roXAamAGotov xol 
Éxvov tò EO xexáprou tod Z: Aéyo, Ott xol ovvtedev 
xpótov xoi néuntov to AH deutépou tod DI'ioóouc Éoxot 
ToAAatAcotov xal tettov xoi Extov xó AO xexáprou tot Z. 


Proposition 2t 


If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and a fifth (mag- 
nitude) and a sixth (are) also equal multiples of the sec- 
ond and fourth (respectively), then the first (magnitude) 
and the fifth, being added together, and the third and the 
sixth, (being added together), will also be equal multiples 
of the second (magnitude) and the fourth (respectively). 

For let a first (magnitude) AB and a third DE be 
equal multiples of a second C and a fourth F (respec- 
tively). And let a fifth (magnitude) BG and a sixth EH 
also be (other) equal multiples of the second C and the 
fourth F (respectively). I say that the first (magnitude) 
and the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
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Z m 

‘Enel yàp ioáxıs Eotl MoAAaTAcOLOv tò AB tod T xoi tò 
AE 100 Z, óca dou ċotiv év 16 AB toa 165 T, tooaŬta xal 
év 16) AE toa 165 Z. Dà xà abxà 67) xol Goa Eotly Ev 165 BH 
lou 165 T, tooatta xal £v 165 EO toa 16) Z: dou doa Eativ Ev 
Aw 16 AH tow 165 T, vocata xol ev dAw tõ AO loa xà Z: 
doanAcovov dpa &oxi tò AH tot T, tooavtanAdcovov čata 
xal tò AO tod Z. xol ouvtedéev Koa npóxov xol TÉUTTOV TO 
AH devutépou tod T todxic oto ToAAaTAcotov xol tToettov 
xal Extov T6 AO xexápxou tov Z. 

"Eàv doa npórov Seutépou ioóouc Y| ToAAaTAcoLov xol 
tottov x&exáptou, Å O&£ xoà méumtov Seutéeou icx TOÀ- 
AamA&octov xal Extov xeváprou, xol ouvteðèv TedStov xal 
TMEUNTOV Oeuxépou lodxlc &oxot MOAAATAGOLOV xol xplxov xoi 
Éxxov xexáprou: ónep Eder Seigan. 


* In modern notation, this propostion reads m o + na = (m +n) a. 


Y. 

‘Edy npó3vov ðeutépou loócoc Y; MOAAATAcOLov xal Tettov 
teváptou, Anf, Se todxic noAAaTAcoLa toU TE npocou 
xal tettou, xal GU loou x&v Anpdevtwy Exdtepov &xoxépou 
lodxic čata xoAAomrA&otov TO u£v ToD Geutépou TO bE TOU 
TETHOTOU. 

Ilpéstov yàp tò A eutépou tot B ioduc Éoxo Toà- 
AamA&oiov xoà toitov tò I vevápxou tot A, xa cigoto 
tov A, T todoac nodrkarAdoww xà EZ, HO: Aéyw, Sti iocodc 
£o ToAAaTAdoLov tò EZ x00 B xoi tò HO tot A. 

"Enel yàp ioóouc Eotl noAAanAGotov TO EZ tot A xo 
tò HO tod T, óca dpa Eotlv &v 163 EZ tou 16 A, tooatita 
xoi £v x HO toa 165 T. SinofoVw tò u£v EZ cic và v A 
ueyéðn toa xà EK, KZ, tò òè HO eic xà 165 T toa xà HA, 
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to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 


A B G 





E FH 

For since AB and DE are equal multiples of C and F 
(respectively), thus as many (magnitudes) as (there) are 
in AB equal to C, so many (are there) also in DE equal to 
F. And so, for the same (reasons), as many (magnitudes) 
as (there) are in BG equal to C, so many (are there) 
also in EH equal to F. Thus, as many (magnitudes) as 
(there) are in the whole of AG equal to C, so many (are 
there) also in the whole of DH equal to F. Thus, as many 
times as AG is (divisible) by C, so many times will DH 
also be divisible by F. Thus, the first (magnitude) and 
the fifth, being added together (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 

Thus, if a first (magnitude) and a third are equal mul- 
tiples of a second and a fourth (respectively), and a fifth 
(magnitude) and a sixth (are) also equal multiples of the 
second and fourth (respectively), then the first (magni- 
tude) and the fifth, being added together, and the third 
and sixth, (being added together), will also be equal mul- 
tiples of the second (magnitude) and the fourth (respec- 
tively). (Which is) the very thing it was required to show. 


Proposition 3! 


If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and equal multi- 
ples are taken of the first and the third, then, via equality, 
the (magnitudes) taken will also be equal multiples of the 
second (magnitude) and the fourth, respectively. 

For let a first (magnitude) A and a third C be equal 
multiples of a second B and a fourth D (respectively), 
and let the equal multiples EF and GH have been taken 
of A and C (respectively). I say that EF and GH are 
equal multiples of B and D (respectively). 

For since EF and GH are equal multiples of A and 
C (respectively), thus as many (magnitudes) as (there) 
are in EF equal to A, so many (are there) also in GH 
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AO: Zota 87] (oov tò TAHVOc xv EK, KZ xà nAfjüet xGv 
HA, AO. xoà énel toóxtc &oxi xoAAonAGotov tò A tod B xoi 
tò T tod A, (cov 6& tò uèv EK 16 A, tò 6$ HA HT, 
todxic doa Eotl r'oXXaA oiov tò EK tot B xoi tò HA 100 
A. Dà xà HTK 97) loduig Eotl NOAAATAdOLOV tò KZ tod B 
xoi to AO tot A. éxel obv npGxov tò EK 6cuxépou tot B 
loduic Eotl TOAAaTAcOLOV xal vpívov tò HA tetdéetou tot 
A, éott 8 xoi néuntov tÒ KZ deutépou tod B iocodc Toà- 
LanAcovov xal Extov tò AO xevápxou tod A, xal ouvteðèv 
dea Teéstov xoi néurxov TÒ EZ dSeutéeou tov B ioóodc cotl 
ToAAaTAcoLov xol tpítov xal Extov tò HO xexáprou tot A. 

















H A © 








‘Edy doa meditov beutépou toduic Y| noXAanAGoctOv 
xol teitov tetuetovu, And 6€ tol mowtov xol tettou 
icáxıs TOAAATAcdoLA, xol St toou xv Arüévtov ExdtEPoV 
EXATECOL ioóxic Éoxot MOAAATAGOLOV TO HEV TOU SeUtEEOU 
TÒ d€ tot vevápxou: ónep Eder Deion. 


* In modern notation, this proposition reads m(n o) = (mn) a. 
0 


"Eàv npóstov npóc Sebtepov TOV aUTOV ExN Aóyov xoi 
TEÍTOV npóc TÉTAPTOV, Kal xà ioóouc MOAAATAcOLA TOU TE 
TE@TOV xoi vp(vou rpóc và laduIc TOAAATACOLaA TOU 6eUtÉpou 
xal texáprou xoÜ' óxotovoOv NOAAATAACLAGLOV TOV AUTOV 
£&et Aóyov Angdevta xaTHAANA. 

Iloéstov yàp tò A npóc ðcútepov tò B tov avtov &yéto 
Aóvov xal tettov xó I npóc tétaeptov 16 A, xol eio 
t&v uèv A, T iocoic noAXanAócta xà E, Z, tv 66€ B, A 
&AAa, & Éxuyev, loduic ToAAaTAdoLA xà H, O: AEyw, OTL 
gotly óc TÒ E npóc tò H, ottw¢ tò Z npóc tò O. 
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equal to C. Let EF have been divided into magnitudes 
EK, KF equal to A, and GH into (magnitudes) GL, LH 
equal to C. So, the number of (magnitudes) EK, KF 
will be equal to the number of (magnitudes) GL, LH. 
And since A and C are equal multiples of B and D (re- 
spectively), and EK (is) equal to A, and GL to C, EK 
and GL are thus equal multiples of B and D (respec- 
tively). So, for the same (reasons), K F and LH are equal 
multiples of B and D (respectively). Therefore, since the 
first (magnitude) EK and the third GL are equal mul- 
tiples of the second B and the fourth D (respectively), 
and the fifth (magnitude) K F and the sixth LH are also 
equal multiples of the second B and the fourth D (re- 
spectively), then the first (magnitude) and fifth, being 
added together, (to give) EF, and the third (magnitude) 
and sixth, (being added together, to give) GH, are thus 
also equal multiples of the second (magnitude) B and the 
fourth D (respectively) [Prop. 5.2]. 


A! 


B —3À 


E K F 











C = 
D = 


E 4H 
Thus, if a first (magnitude) and a third are equal mul- 
tiples of a second and a fourth (respectively), and equal 
multiples are taken of the first and the third, then, via 
equality, the (magnitudes) taken will also be equal mul- 
tiples of the second (magnitude) and the fourth, respec- 
tively. (Which is) the very thing it was required to show. 





Proposition 4t 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth then equal multiples of the 
first (magnitude) and the third will also have the same 
ratio to equal multiples of the second and the fourth, be- 
ing taken in corresponding order, according to any kind 
of multiplication whatsoever. 

For let a first (magnitude) A have the same ratio to 
a second B that a third C (has) to a fourth D. And let 
equal multiples E and F have been taken of A and C 
(respectively), and other random equal multiples G and 
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Z> O0ONDHZA 








` 


Ep vw yàp x&v uèv E, Z ioáxıs nodkAartAdcove tà K, 
A, tév òè H, O Bada, & Éxuyev, iocoac noAAaTAdoLe xà M, 
N. 

[Kol] Enel iocoac &oxi xoXXonA&otov tò u£v E x00 A, tÒ 
dé Z 100 T, xoà etAnntou t&v E, Z tocouc noAXom ota xà K, 
A, todoug pa got NOAAaTAdOLOV tò K tot A xoi tò A tod 
T. dà và atà BY ioóo«c Eotl xoAAorA otov TO M tot B xoi 
tO N tod A. xai &ne( Eotw óc TÒ A ngóc tò B, oüvoc tò T 
xpóc tò A, xoà efAnnto x&v u£v A, T tocoac noAAatAcore 
ta K, A, x&v òè B, A GAda, & ëtuyev, locoac noXXomA ota 
ta M, N, ei dow ùnepéyet tò K tod M, brepéyer xoi tò A 
tov N, xoà ei tcov, tcov, xoà et EAattov, EAattov. xaí &oxt 
xà u&v K, A x&v E, Z iocoac roXXarA ota, xà 62 M, N xv 
H, O dda, & čtuyev, iocouc TOAAATAdOLA EaTW hoa óc TO 
E npóc tò H, ottw¢ tÒ Z npóc tò O. 

"Eàv dea npó$vov npóc SevVTEPOV TOV AUTOV ëyy Aóyov 
Xo teitov npóc TÉTAPTOV, xoi xà locouc TOAAATAKOLA TOD TE 
TEWTOV xoi vp(xou TED TH lodxIc MOAAATA GOLA TOU 6eutépou 
xal xexóprou Tov adTOV ÉEet AdYOV xa’ ónotovoOv Toria- 
TAAOLAOLOYV AnpVEvta xaATHAANAA’ ónep Eder deigan. 


H of B and D (respectively). I say that as E (is) to G, so 
F (is) to H. 

































































zo" oponen oce meo moo 


For let equal multiples K and L have been taken of E 
and F (respectively), and other random equal multiples 
M and N of G and H (respectively). 

[And] since E and F are equal multiples of A and 
C (respectively), and the equal multiples K and L have 
been taken of E and F (respectively), K and L are thus 
equal multiples of A and C (respectively) [Prop. 5.3]. So, 
for the same (reasons), M and N are equal multiples of 
B and D (respectively). And since as A is to B, so C (is) 
to D, and the equal multiples K and L have been taken 
of A and C (respectively), and the other random equal 
multiples M and N of B and D (respectively), then if K 
exceeds M then L also exceeds N, and if (K is) equal (to 
M then L is also) equal (to N), and if (K is) less (than M 
then L is also) less (than N) [Def. 5.5]. And K and L are 
equal multiples of E and F (respectively), and M and N 
other random equal multiples of G and H (respectively). 
Thus, as E (is) to G, so F (is) to H [Def. 5.5]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth then equal multi- 
ples of the first (magnitude) and the third will also have 
the same ratio to equal multiples of the second and the 
fourth, being taken in corresponding order, according to 
any kind of multiplication whatsoever. (Which is) the 
very thing it was required to show. 


İt In modern notation, this proposition reads that if a: 8 :: y : ó then ma : n :: my : nó, for all m and n. 
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, 


£. 


‘Eady uéve00c uevéOouc ioóouc 7| MoAAamAdolov, Ónep 
apapevev aparpeVevtoc, xoi TO Aouóv toO Aoto0 todxic 
EOTAL TOAAATAGOLOV, ócooxAGotÓv EOTL TO ÓAov ToD ÓAoU. 


A 





HI ZA 
m 


Méyevdoc yàp tò AB ueyéVouc tot TA iocodc Eotw Toà- 
Aanàgoiov, Step aparpedev tò AE apapedévtoc tod TZ: 
Aéyo, Ott xol Aomòv tò EB Aotrod tod ZA ioéxic čota 
xoAAonAGotov, OoaTAdatdv got ÓAov tò AB ÓXou tov TA. 

"OconAóotov vóp &ow tò AE tod TZ, vocauvonAGotov 
yeyovetw xoi tò EB tot TH. 

Kat érel iocodc &oxl xoAAomA otov tò AE x00 PZ xoà tò 
EB tot HT, ioco«c dea &oxi noXXaxA&otov tò AE tot PZ 
xoi tò AB tod HZ. xeixot 6€ todxic ToAAaTAdoLov tò AE 
tot TZ xoi tò AB tod TA. ioóouc dou &oxi MOAAATAcKOLOV TO 
AB éxatépou x&v HZ, L'A: icov dea tò HZ 16 TA. xowóv 
åoneńoðw tò TZ: Aowóv dpa tò HT Aon 165 ZA ïoov 
éotly. xol éxel todxic oti noAAartAdoLoy tò AE tod TZ 
xoi tò EB tot HT, (cov 6£ tò HT x6 AZ, iocoac dpa £o 
xoAAonAGotov tò AE tod [Z xoi tò EB x00 ZA. ioóoxtc 0€ 
OnÓxevxot ToAAaTAdOLoy tò AE xoà TZ xoi tò AB tod DA: 
todxic doa Eotl roAAonAGotov tò EB tot ZA xoi tò AB 
tot TA. xoà Aowndv &pa tò EB Aotmod tod ZA ioóouc £oxot 
TOAAATACGLOV, OoaTAdatdv got dAov TO AB ÓXou tov TA. 

"Edy doa uéyveOoc uevéOouc ioóouc 7 ToAAaTAdoLoy, 
Ónep apapeVEev apoupedevtoc, xal TO AOIMOV To Aouo0 
loco«c Éotot NOAAATAGOLOV, CoaMAGOLOV EOTL xol TO GAOV 
tov hou: Step Eder SetEau. 





* In modern notation, this proposition reads ma — m 8 = m (a — f). 


T. 

"Eàv 600 ueyéðn 600 ueye06v iocodc Å NOAAATAcOLE, 
xol KparpedEvTA Tia THY otv loóodc T; MOAAATAdOLA, xol 
tà Aotnà tois aùtois Tito toa &oxlv Ñ iodouc aotGv TOÀ- 
anigo. 

Ato yàp uevéün tà AB, TA 9600 ueveüGv tæv E, Z 
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Proposition 5t 


If a magnitude is the same multiple of a magnitude 
that a (part) taken away (is) of a (part) taken away (re- 
spectively) then the remainder will also be the same mul- 
tiple of the remainder as that which the whole (is) of the 
whole (respectively). 


A E B 


eA 
GC FD 


For let the magnitude AB be the same multiple of the 
magnitude CD that the (part) taken away AE (is) of the 
(part) taken away C'F (respectively). I say that the re- 
mainder EB will also be the same multiple of the remain- 
der F'D as that which the whole AB (is) of the whole CD 
(respectively). 

For as many times as AF is (divisible) by CF, so many 
times let EB also have been made (divisible) by CG. 

And since AE and EB are equal multiples of CF and 
GC (respectively), AE and AB are thus equal multiples 
of CF and GF (respectively) [Prop. 5.1]. And AE and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, AB is an equal multiple of each 
of GF and CD. Thus, GF (is) equal to CD. Let CF 
have been subtracted from both. Thus, the remainder 
GC is equal to the remainder FD. And since AE and 
EB are equal multiples of CF and GC (respectively), 
and GC (is) equal to DF, AE and EB are thus equal 
multiples of CF and FD (respectively). And AE and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, EB and AB are equal multiples of 
FD and CD (respectively). Thus, the remainder EB will 
also be the same multiple of the remainder FD as that 
which the whole AB (is) of the whole CD (respectively). 

Thus, if a magnitude is the same multiple of a magni- 
tude that a (part) taken away (is) of a (part) taken away 
(respectively) then the remainder will also be the same 
multiple of the remainder as that which the whole (is) of 
the whole (respectively). (Which is) the very thing it was 
required to show. 








Proposition 6! 


If two magnitudes are equal multiples of two (other) 
magnitudes, and some (parts) taken away (from the for- 
mer magnitudes) are equal multiples of the latter (mag- 
nitudes, respectively), then the remainders are also either 
equal to the latter (magnitudes), or (are) equal multiples 
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toduic Zotw ToAAaTAcoa, xol dotpetévvo tà AH, TO xv 
aùtõv tæv E, Z toduic Eotw noAAanAÓotC AEYW, StL xol 
doina xà HB, OA toic E, Z ijvot tou £oxiv Ñ tocoac adtéiv 
TOAAATAGOLA. 


A 








LS 

"Eoo yàp medtepov tò HB 165 E toov: Aévc, Stu xoi 
tÒ OA xà Z tcov Eotiy. 

Ketodw yàp t& Z toov tò TK. &nxel ioóoac Eotl nod- 
Aanàgoiov tò AH x00 E xoi tò T'O tod Z, toov 6$ tò u£v HB 
tà E, tò òè KT 16 Z, toduic dpa &oxi roXXoxA oiov tò AB 
tov E xoi tò KO tod Z. toduic 6€ UmdxEttH TOAAATAGOLOV 
tO AB tod E xoi tò DA tot Z: toóouc dpa toT} MOAAATAcOLOV 
tÒ KO tot Z xoi tò TA tod Z. ¿nel ov &xáxegov x&v KO, 
TA tod Z todxic Eotl roAAonA&otov, toov &pa Eotl tò KO 
1G TA. xowóv apnehodw tò TO: Aomóv &pa tò KT Aou 
16) OA Ícov &oxtv. DAd tò Z 16 KT otw toov: xoi tò 
OA pa 1G Z toov &oxíiv. dote ci 16 HB xà E toov &oxív, 
xoi tò OA toov Eota 1G Z. 

‘Ouotwc Sù 6e(&£ouev, Sti, x&v noXXaxA&otov f; tò HB 
tov E, xocauxoarAGotov gota xoi tO OA tod Z. 

'"Eàv doa 000 peyéðn 000 ueYeO0Gv iodoic Toà- 
Aanàdoia, xol aporpedevta tid t&v atõv icx Ñ Toà- 
arrdota, xal Tà AOIMA tois aùtois tot toa £oxly Ñ ioáxs 
aùtõv ToAAaTAdoLa STEP čer deion. 


t In modern notation, this proposition reads ma — na = (m 


C. 
Tà tow npóc TO AUTO TOV aov Éyet AÓYOv xol TO ato 
TOS TÀ loo. 
"Eo ioca peyéðn ta A, B, HAO BE u, © Éxuyev, 
uéye0oc tò T: Aéyo, Sti &xáxepgov xv A, B npgóc tò T 
Tov aov Exel Adyov, xoi tò T npóc &xévepov x&v A, B. 


— n)a. 
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of them (respectively). 

For let two magnitudes AB and CD be equal multi- 
ples of two magnitudes E and F (respectively). And let 
the (parts) taken away (from the former) AG and CH be 
equal multiples of E and F (respectively). I say that the 
remainders GB and HD are also either equal to E and F 
(respectively), or (are) equal multiples of them. 


A G B 


I —————L—————Àà4 


H D 








Fr— 

For let GB be, first of all, equal to E. I say that HD is 
also equal to F. 

For let CK be made equal to F. Since AG and CH 
are equal multiples of E and F (respectively), and GB 
(is) equal to E, and KC to F, AB and K H are thus equal 
multiples of E and F (respectively) [Prop. 5.2]. And AB 
and CD are assumed (to be) equal multiples of E and F 
(respectively). Thus, KH and CD are equal multiples of 
F and F (respectively). Therefore, K H and C'D are each 
equal multiples of F. Thus, K H is equal to CD. Let CH 
have be taken away from both. Thus, the remainder KC 
is equal to the remainder H D. But, F is equal to KC. 
Thus, H D is also equal to F. Hence, if GB is equal to E 
then H D will also be equal to F. 

So, similarly, we can show that even if GB is a multi- 
ple of E then H D will also be the same multiple of F. 

Thus, if two magnitudes are equal multiples of two 
(other) magnitudes, and some (parts) taken away (from 
the former magnitudes) are equal multiples of the latter 
(magnitudes, respectively), then the remainders are also 
either equal to the latter (magnitudes), or (are) equal 
multiples of them (respectively). (Which is) the very 
thing it was required to show. 


Proposition 7 


Equal (magnitudes) have the same ratio to the same 
(magnitude), and the latter (magnitude has the same ra- 
tio) to the equal (magnitudes). 

Let A and B be equal magnitudes, and C some other 
random magnitude. I say that A and B each have the 
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E | 
Lou H l 


EUypüo yàp vv uèv A, B toduic norňanàdoia xà A, 
E, tot òè I dAdo, 6 Etvyev, ToAAaTAdOLOV TO Z. 

"Exc obv tocoac Eoti ToAAaTAdoLov TO A tot A xoi tO 
E tot B, tcov òè tò A xà B, toov &pa xoà tò A xi E. &AKO 
0€, 6 Éxuyev, TÒ Z. Ei dou Unepéyer to A tod Z, onepéyet 
xal tO E tod Z, xoà et toov, toov, xoi et Ehattov, EAattov. 
xoí £o xà u£v A, E x&v A, B ioóoac roàňanidoia, TO 6€ 
Z tov T dAdo, 6 Etvyev, TOAAaTAcOLOV’ Éoxtv pa óc TO A 
rpóc tò I, oüvoc tò B npóc x6 I. 

Aévo [dA], óx xoi tò T npóc &xévepov x&v A, B tov 
avtov Éyet AÓYOv. 

Tév yàp avtiiv xataoxevaodEvtwv duotwc Oc(Couev, 
óu oov £o tÒ A 16 E GAXo dé x TÒ Z et dpa Unepeyer 
TÒ Z tov A, Onepéyet xal tod E, xol ei tcov, toov, xoi ci 
édattov, ÉAavxov. xaí £oxt TÒ u£v Z tol I noXAamAGotov, 
ta òè A, E x&v A, B &XXo, & Etvxev, iocouc MoAAaTAcOLE 
gow &pa óc tò T ngóc tò A, oŬtws tò T npóc tò B. 


Twp 














Tà toa dpa npóc TO AUTO TOV ALTOV ExEL AdYOV xoi TO 
avtO xpóc TE tow. 


IIóptoya. 
"Ex 67 tobtou qavepóv, OTL àv ueyéðN xvtvà àváňoyov 
Tj, xol avaradw vá oov Éoxot. Smee Eder Geiton. 


t The Greek text has ^E", which is obviously a mistake. 


* In modern notation, this corollary reads that if œ : 8 :: y :ó then 8: o: 


, 
n * 

Tõv aviowy ueveüóv tò uciCov npóc TO avTO ue(Cova 
Aóyov Exel nep TO Ehattov. xoi TO QAÙTÒ npóc TO EAATTOV 
uetCova Adyov £yet Tjxep npóc TO uctov. 

"How voa uevéür, xà AB, T, xoi Eotw uciCov tò AB, 
&AXAo BE, O Éxuyev, TO Ac Mo, StL TO AB npóc tò A 
uetCova Aóvov Eyet Tfixep tò T npóc tò A, xoi tò A npóc 
to T ue(Cova Adyov Eyer Aree npóc tò AB. 
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same ratio to C, and (that) C (has the same ratio) to 
each of A and B. 


A D: ! 
B E: i 


C— F: i i i 
































For let the equal multiples D and E have been taken 
of A and B (respectively), and the other random multiple 
F of C. 

Therefore, since D and E are equal multiples of A 
and B (respectively), and A (is) equal to B, D (is) thus 
also equal to E. And F (is) different, at random. Thus, if 
D exceeds F then E also exceeds F, and if (D is) equal 
(to F then E is also) equal (to F), and if (D is) less 
(than F then F is also) less (than F). And D and E are 
equal multiples of A and B (respectively), and F another 
random multiple of C. Thus, as A (is) to C, so B (is) to 
C [Def. 5.5]. 

[So] I say that Ct also has the same ratio to each of A 
and B. 

For, similarly, we can show, by the same construction, 
that D is equal to E. And F (has) some other (value). 
Thus, if F exceeds D then it also exceeds E, and if (F is) 
equal (to D then it is also) equal (to E), and if (F is) less 
(than D then it is also) less (than E). And F is a multiple 
of C, and D and E other random equal multiples of A 
and B. Thus, as C (is) to A, so C (is) to B [Def. 5.5]. 

Thus, equal (magnitudes) have the same ratio to the 
same (magnitude), and the latter (magnitude has the 
same ratio) to the equal (magnitudes). 


Corollary? 


So (it is) clear, from this, that if some magnitudes are 
proportional then they will also be proportional inversely. 
(Which is) the very thing it was required to show. 


ô: y. 


Proposition 8 


For unequal magnitudes, the greater (magnitude) has 
a greater ratio than the lesser to the same (magnitude). 
And the latter (magnitude) has a greater ratio to the 
lesser (magnitude) than to the greater. 

Let AB and C be unequal magnitudes, and let AB be 
the greater (of the two), and D another random magni- 
tude. I say that AB has a greater ratio to D than C (has) 
to D, and (that) D has a greater ratio to C than (it has) 
to AB. 
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A E B A E B 
u +4 

T —— T —4 
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A E B A E B 
m m 
C ———3À C —4 

















‘Enel yàp uciCóv cot. tò AB tod T, xetodw 16 T toov 
tO BE: tò 87] £Aaccov x&v AE, EB xoAAanAactaCÓucvov 
gota mote tov A ucitov. ~otw npótepov TO AE ÉAavtov 
tov EB, xoi nenodrarracido0w tò AE, xoi £o adtot 
xoAAonA&otov tò ZH uciGov dv tod A, xol doanAcordy £o 
tÒ ZH tot AE, toowutanAdowov yeyovetw xoi tò uev HO 
tov EB tò dé K tot I" xoà eA fjpüc tod A dimAcotov uev 
tO A, teitAcovov ðè tò M, xal &&fjc Evi MAciov, Éoc àv 1o 
Aaupovóuevov xoAXAXorA&otov u£v yevytat oO A, new@tw¢ dé 
ueiGov tov K. eAYypüc, xal Eotw tò N xexparA&otov uèv 
tot A, TPOTOG 0€ uciCov tod K. 

‘Enel oov tò K tot N npgoóxoc &odxiv £Aaxxov, tò K toa 
tov M oOx cotw EAattov. xoà Enel todxs &oxi MOAAATAGOLOV 
to ZH tod AE xoi tò HO tot EB, ioóoac doa &oxl Toà- 
AaxAGotov tò ZH tov AE xoi tò ZO tod AB. ioóouc OÉ 
ċott xoAAanAGociov tò ZH tot) AE xoi tò K tot I iocodc 
&pa toti TOAAAaTAcOLOv TO ZO tot} AB xoi tò K tod T. xà 
ZO, K doa x&v AB, T iocouc oti moAAaTAcOLM. náv, ¿nel 
loduig Eotl ToAAanAcoLov tò HO tot EB xoi tò K tod DL, 
loov 868 tò EB 165 I, toov toa xoi tò HO xà K. tò 6 K 
tol M obx &oxty £Aavxov: 006’ dea tò HO to} M čňattóv 
éotv. ueiCov 66 tò ZH tod A: ddov ğpa tò ZO ovvay- 
qoxégov x&v A, M ueitóv &ouv. àAAX ouvoypdtepa xà A, 
M tă N otw toa, énerðýnep tò M tod A xpi cotóv £ouv, 
couvaupótepa 88 tà M, A tod A £o tetpanAcoua, Eott 6€ 
xoà tò N tot A tetpanàdoiov: ouvaypdtepa pa xà M, A 
ta) N {oa éotiv. àAAà tò ZO x&v M, A ycitóv otv: 16 
ZO dpa tot} N dnepéyer tò 6€ K tot N ovy drepéyer. xal 
£c xà èv ZO, K x&v AB, T ioduic roAAonAóoto, tò sé N 
tot A dAdo, Ò Évoyev, TOAAaTAdOLOV’ TO AB &pa npóc TO 
A ycíCova Adyov Éyet fixep tò T mpd¢ tò A. 

Aéyw Öh, ów xal tÒ A npóc tò T ue(Cova Adyov Eyer 
fep tò A npóc tò AB. 

Tõv yàp avtiv xataoxevaodevtwv duotwc Oc(&ouev, 
ott TÒ u£v N tot K drepéeyet, 16 òè N tod ZO ovy Onepéyst. 
xal £o TÒ u£v N tot A rnodAardcovov, tà òè ZO, K xGv 
AB, T &AXa, à Éxuyev, iocouc MoAAaTAcOLA TO A dpa npóc 
tO T ue(Cova Adyov éyet fjxep tò A npóc tò AB. 

Adda 83 TO AE tod EB uctov Éoxo. tò 5% EAattov 
tO EB noAAanAactoaCÓuevov Écvot notè to A uciCov. nre- 





K ——4 
Dt 
L——— 
Me 


H N» t H t 1 
For since AB is greater than C, let BE be made equal 
to C. So, the lesser of AE and EB, being multiplied, will 
sometimes be greater than D [Def. 5.4]. First of all, let 
AE be less than EB, and let AE have been multiplied, 
and let FG be a multiple of it which (is) greater than 
D. And as many times as FG is (divisible) by AE, so 
many times let GH also have become (divisible) by EB, 
and K by C. And let the double multiple L of D have 
been taken, and the triple multiple M, and several more, 
(each increasing) in order by one, until the (multiple) 
taken becomes the first multiple of D (which is) greater 
than K. Let it have been taken, and let it also be the 
quadruple multiple N of D—the first (multiple) greater 
than K. 

Therefore, since K is less than N first, K is thus not 
less than M. And since FG and GH are equal multi- 
ples of AE and EB (respectively), FG and FH are thus 
equal multiples of AE and AB (respectively) [Prop. 5.1]. 
And FG and K are equal multiples of AE and C (re- 
spectively). Thus, FH and K are equal multiples of AB 
and C (respectively). Thus, FH, K are equal multiples 
of AB, C. Again, since GH and K are equal multiples 
of EB and C, and EB (is) equal to C, GH (is) thus also 
equal to K. And K is not less than M. Thus, GH not less 
than M either. And FG (is) greater than D. Thus, the 
whole of FH is greater than D and M (added) together. 
But, D and M (added) together is equal to N, inasmuch 
as M is three times D, and M and D (added) together is 
four times D, and N is also four times D. Thus, M and D 
(added) together is equal to N. But, FH is greater than 
M and D. Thus, FH exceeds N. And K does not exceed 
N. And FH, K are equal multiples of AB, C, and N 
another random multiple of D. Thus, AB has a greater 
ratio to D than C (has) to D [Def. 5.7]. 

So, I say that D also has a greater ratio to C than D 
(has) to AB. 

For, similarly, by the same construction, we can show 
that N exceeds K, and N does not exceed FH. And 
N is a multiple of D, and FH, K other random equal 
multiples of AB, C (respectively). Thus, D has a greater 








N» 
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TOAAATAACOLAOV, xoi Eotw TO HO xoAAanAGotov u£v Tod 
EB, uciCov 6& tod A: xoi ôoanàdoióv éco tò HO tot EB, 
TooautanAcowoy yeyovétw xoi tO u£v ZH tot AE, tò è K 
tod T. ópotoc 7; SeiGouev, Ott xà ZO, K xv AB, T iocodc 
£o xoAAamA&otoc xal eio duoiws TO N roXAanAGotov 
u&v tod A, npóoc dé uciCov tot ZH: dote nó tò ZH 
tot M o0x otv £Aaccov. uciGov ðè tò HO tot A: óXov 
&pa tò ZO x&v A, M, xouxécu tot N, brepéyet. tò 68 K 
tot N ovy bnepéyet, éneiorjnep xoi tò ZH ueitov dv 100 
HO, tovtéot tod K, tod N ovy Onspéyst. xoà moabtwe 
xataxorouvovdvtec xoic &nxávo Tepatvouey Thy a&nddetEw. 

Tév dea aviowy ueye0Gv tÒ ueitov npóc TO AUTO 
ue(Cova Aóvov Éyet fjmep TO EAATTOV’ xol TO AUTO npóc TO 
édattov uelCova Aóvov &yet nep npóc TO ueiCov: ónep Eder 
citar. 


Y 
Tà npòs TO AUTO TOV aov čyovta Aòyov toa GAANAOLC 
&ox(v: xal TPÒS A TÒ AUTO TOV AUTOV Exel AÓvov, &xelva tow 
&oxiv. 


A 





Bre 


T l 

"Eyétw yàp Exctepov x&v A, B nodc tò T tov avtov 
AóYvov: AEYO, Sti loov &ox tò A xà B. 

Ei yàp uf, oóx dv &xéxegov vv A, B npóc tò T tov 
aov eiye Aóyov: Exe Gé: toov dou Eoti tò A xà B. 

"Eyétw 87) nå tò T npóc &xéxepov x&v A, B tov otov 
Aóvov: AEYO, Sti loov &ox tò A xà B. 

Ei yàp uf, ox äv tò T npóc &xévepov xv A, B tov 
aov eiye Aóyov: Exet dé: toov dou Eoti tò A xà B. 

Tà doa npóc TO AVTO TOV AVTOV Éyovxa Adyov ioa 
&AAfjAotc Eotiv: xal MEdS à TO AVTO TOV AUTOV Exel AÓYov, 
éxeiva tow éotiv: Ónep det Seta. 





L 


bL. 


Tv npóc TO aAdTO Adyov &yóvxov TO uscíCova Aóyov 
Éyov exeivo ueiCóv &owv: npóc 0 SE TO ATO ue(Cova Aóyov 
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ratio to C than D (has) to AB [Def. 5.5]. 

And so let AE be greater than EB. So, the lesser, 
EB, being multiplied, will sometimes be greater than D. 
Let it have been multiplied, and let GH be a multiple of 
EB (which is) greater than D. And as many times as 
GH is (divisible) by EB, so many times let FG also have 
become (divisible) by AE, and K by C. So, similarly 
(to the above), we can show that FH and K are equal 
multiples of AB and C (respectively). And, similarly (to 
the above), let the multiple N of D, (which is) the first 
(multiple) greater than F'G, have been taken. So, FG 
is again not less than M. And GH (is) greater than D. 
Thus, the whole of FH exceeds D and M, that is to say 
N. And K does not exceed N, inasmuch as FG, which 
(is) greater than GH —that is to say, K—also does not 
exceed N. And, following the above (arguments), we 
(can) complete the proof in the same manner. 

Thus, for unequal magnitudes, the greater (magni- 
tude) has a greater ratio than the lesser to the same (mag- 
nitude). And the latter (magnitude) has a greater ratio to 
the lesser (magnitude) than to the greater. (Which is) the 
very thing it was required to show. 


Proposition 9 


(Magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (mag- 
nitudes) to which the same (magnitude) has the same 
ratio are equal. 


At’ 


C! 

For let A and B each have the same ratio to C. I say 
that A is equal to B. 

For if not, A and B would not each have the same 
ratio to C [Prop. 5.8]. But they do. Thus, A is equal to 
B. 

So, again, let C have the same ratio to each of A and 
B. I say that A is equal to B. 

For if not, C would not have the same ratio to each of 
A and B [Prop. 5.8]. But it does. Thus, A is equal to B. 

Thus, (magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (magni- 
tudes) to which the same (magnitude) has the same ratio 
are equal. (Which is) the very thing it was required to 
show. 


B — ——4A 





Proposition 10 


For (magnitudes) having a ratio to the same (mag- 
nitude), that (magnitude which) has the greater ratio is 
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éyxel, exeivo ČAATTÓV ČOT. 


A! 





Bre 


I" l 

"Exévo yàp TÒ A npóc tò T ueiCova Aóyov Anrep tò B 
mpdc¢ tò I: Aéyo, tt ueiCóv &ow TO A tov B. 

Et yàp uń, fiot toov £o tò A 16 B Ñ £Aacoov. toov 
uèv o0v obx £o tò A xà B: &xéxegov yàp àv t&v A, B 
Teds tò I tov axóv eiye Aóyov. oOx Exel dé: oOx doa toov 
éotl tÒ A 16) B. o06€ uty EAaoody &ou tò A tod B: tò A 
yàp àv ngóc tò I &Aáccova Adyov elyev nep tò B npóc tò 
T. oóx éyet 6€: 00x doa ÉXacoóv £o tÒ A xo0 B. edetydn 
dé OLdE oov: uciCov &pa &oxi TO A tod B. 

"Eyétw 67, náv tò T npóc tò B ue(Cova Aóvov nep tO 
T npóc tò A’ AEY, StL ELacodv Eott tò B tod A. 

Et yàp wh, Ato toov &oxlv f| ueiCov. tcov u&v odv oŬŭx 
£c tÒ B xà A: 10 T yàp àv npóc &xéepov xv A, B tov 
avtov etye Adyov. oOx Exel dé: oOx &pa oov £o tò A 
1G B. o06€ uiv uciCóv Eott tò B tot A: tò T yàp dv npóc 
to B &A&ocova Aóvov elyev Aree npóc TO A. oùx Eyet o 
00x &pa ueiCóv ott tò B tot A. edetyDn Dé, Sti OVdE toov: 
Zdattov čpa &oxi tò B tot A. 

'T&v doa npóc TO WITS Aóyov &yóvxov TO LELTova Aóyov 
£yov ueiCóv Eottv’ xol npóc 6 TÒ abo usciCova Aóyov Exel, 
&xelyo ÉAatxóv otv: Onep Eder deigan. 





, 
je m 
Oi 16 adTES AÓY« Ot ooi xal GAAAAOLS Elolv oi aot. 


] — 
Ate 
O —————3À 


A c———3 M. H l i Ne 

”"Eotwoav yàp óc uèv xó A npóc tò B, oŬtws tò T npóc 
TÒ A, óc 06€ tò T npóc tò A, obxoc TÒ E npóc tÒ Z Mo, 
du Eotlv óc TÒ A npóc tò B, obxoc tò E npóc tò Z. 

EiAp ve yàp tõv A, T, E ioåxıs nokAanAco tà H, O, 
K, x&v d¢ B, A, Z ğa, & čtuyev, ioåxs MoAAATAGOLEA xà 
A, M, N. 

Kat énet gotw óc TÒ A npóc tò B, oŬtws tò T npóc tò 
A, xoà ctAnnta t&v u&v A, T ioåxis noAdanAdow tà H, O, 
tév 68 B, A Aa, & čtuyev, ioåxıs MOAAaTAcOLA tà A, M, 
et dou Unepéyet tò H tot A, Unepéyet xoi tò O tod M, xoi ei 
{oov &oxív, toov, xoà ci &£AAe(net, &AAe(xet.. nó, Enel &oxtv 
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(the) greater. And that (magnitude) to which the latter 
(magnitude) has a greater ratio is (the) lesser. 


A’ B — ——4A 


Gi l 

For let A have a greater ratio to C than B (has) to C. 
I say that A is greater than B. 

For if not, A is surely either equal to or less than B. 
In fact, A is not equal to B. For (then) A and B would 
each have the same ratio to C [Prop. 5.7]. But they do 
not. Thus, A is not equal to B. Neither, indeed, is A less 
than B. For (then) A would have a lesser ratio to C than 
B (has) to C [Prop. 5.8]. But it does not. Thus, A is not 
less than B. And it was shown not (to be) equal either. 
Thus, A is greater than B. 

So, again, let C have a greater ratio to B than C (has) 
to A. I say that B is less than A. 

For if not, (it is) surely either equal or greater. In fact, 
B is not equal to A. For (then) C would have the same 
ratio to each of A and B [Prop. 5.7]. But it does not. 
Thus, A is not equal to B. Neither, indeed, is B greater 
than A. For (then) C would have a lesser ratio to B than 
(it has) to A [Prop. 5.8]. But it does not. Thus, B is not 
greater than A. And it was shown that (it is) not equal 
(to A) either. Thus, B is less than A. 

Thus, for (magnitudes) having a ratio to the same 
(magnitude), that (magnitude which) has the greater 
ratio is (the) greater. And that (magnitude) to which 
the latter (magnitude) has a greater ratio is (the) lesser. 
(Which is) the very thing it was required to show. 





Proposition 11! 


(Ratios which are) the same with the same ratio are 
also the same with one another. 











Ate C = E —— 

Bre D — FeR— 

Gi H i Hi + i Kt 

L= M t t 1+ Nt t H ! 


For let it be that as A (is) to B, so C (is) to D, and as 
C (is) to D, so E (is) to F. I say that as A is to B, so E 
(is) to F. 

For let the equal multiples G, H, K have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so C (is) to D, and the equal 
multiples G and H have been taken of A and C (respec- 
tively), and the other random equal multiples L and M 
of B and D (respectively), thus if G exceeds L then H 
also exceeds M, and if (G is) equal (to L then H is also) 
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Gc tò T npóc tò A, oüxoc 16 E npóc tÒ Z, xoi efAnntou 
tov D, E toóoac xoAXomAóota xà O, K, xv 6& A, Z GAAa, 
à £vuyev, loduic MoAAaTAcOLa và M, N, ei hou onepéyet TO 
© tot M, vrepéyer xoi tò K tod N, xal ei toov, loov, xoi et 
éhAatov, Ehattov. GAAd ei Umepstye tò O tod M, Uneostye 
xol tò H tod A, xoà et toov, toov, xoà ci EAattov, EAattov: 
ote xo ei Umepéye: to H tod A, Onepéyet xoi to K tot 
N, xoà ei (oov, toov, xoà ci EAattov, EAattov. xal Eotr xà 
u&v H, K x&v A, E iocoac noXXanA ota, xà 6€ A, N xv B, 
Z &XXa, & Évoyev, ioóouc roanga: Zotw goa óc TO A 
xpóc TO B, ovtw¢ tÒ E npóc tò Z. 

Oi doa 1G aÙTt& ADV oi ADTOL xoà GAAAAOLC ciolv oi 
avtot nep Eder deiga. 


* In modern notation, this proposition reads that if a: 8 :: y : ô and y: 


L4 
p’. 
‘Edy fj Onocaoby ueyéðn avddoyov, Eota a¢ Ev xGv 
fvouuévov npóc Ev tæv &rouévov, OUTWC ĞTAVTA TH 
NYOVUEVA npóc ANAVTA xà EMOUEVE. 
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equal (to M), and if (G is) less (than L then H is also) 
less (than M) [Def. 5.5]. Again, since as C is to D, so 
E (is) to F, and the equal multiples H and K have been 
taken of C and E (respectively), and the other random 
equal multiples M and N of D and F (respectively), thus 
if H exceeds M then K also exceeds N, and if (H is) 
equal (to M then K is also) equal (to N), and if (H is) 
less (than M then K is also) less (than N) [Def. 5.5]. But 
(we saw that) if H was exceeding M then G was also ex- 
ceeding L, and if (H was) equal (to M then G was also) 
equal (to L), and if (H was) less (than M then G was 
also) less (than L). And, hence, if G exceeds L then K 
also exceeds N, and if (G is) equal (to L then K is also) 
equal (to N), and if (G is) less (than L then K is also) 
less (than N). And G and K are equal multiples of A 
and E (respectively), and L and N other random equal 
multiples of B and F (respectively). Thus, as A is to B, 
so E (is) to F [Def. 5.5]. 

Thus, (ratios which are) the same with the same ratio 
are also the same with one another. (Which is) the very 
thing it was required to show. 


ó:c:Cthenoa:68:e:C. 


Proposition 12! 


If there are any number of magnitudes whatsoever 
(which are) proportional then as one of the leading (mag- 
nitudes is) to one of the following, so will all of the lead- 
ing (magnitudes) be to all of the following. 


























Aima Te Er— A ' C Ec 
Be— A= Z= B— D——~ F= 

H | A | G | L | 
© M © H (M | 
K= N= K——— — N 








”"Eotwoav ónocao0v peyéðn åváňoyov tà A, B, T, A, 
E, Z, óc TÒ A ngóc tò B, oŬtws tò T npóc 16 A, xoi tò E 
npóc to Z Aéyo, Sti Eotly óc TÒ A npóc tò B, obtoc xà 
A, T, E npóc tà B, A, Z. 

EUyp0o yàp xv u&v A, T, E iocoac xoXXonA&ota xà H, 
O, K, x&v òè B, A, Z dXXa, & Éxoyev, locoac noXXomA ota 
ta A, M, N. 

Kat énet &ouv óc TÒ A npóc tò B, o0voc 16 T npóc tò 
A, xoi tò E npóc tò Z, xoà euros xov u&v A, T, E tocoac 
xoAAonAGoct và H, O, K x&v dé B, A, Z dXXa, & Etvyxev, 
toduic moAAatAcora xà A, M, N, ei &pa brepéyet tò H tot A, 
brepéyet xoi TO O tod M, xoi tò K tod N, xoi ei toov, toov, 
xol el EAattov, &Aorcvov. Bote xol ei Unepéyet tò H tov A, 








Let there be any number of magnitudes whatsoever, 
A, B, C, D, E, F, (which are) proportional, (so that) as 
A (is) to B, so C (is) to D, and E to F. I say that as A is 
to B, so A, C, E (are) to B, D, F. 

For let the equal multiples G, H, K have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so C (is) to D, and E to F, and 
the equal multiples G, H, K have been taken of A, C, E 
(respectively), and the other random equal multiples L, 
M, N of B, D, F (respectively), thus if G exceeds L then 
H also exceeds M, and K (exceeds) N, and if (G is) 
equal (to L then H is also) equal (to M, and K to N), 
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bnepeyxet xoi xà H, O, K tõv A, M, N, xoi et toov, toa, xol 
el EAATTOV, EAATTOva. xal ċott TO u£v H xoi xà H, O, K 
tot A xoi téiv A, T, E iocoac roXXanA ota, &neiofiep £v 
Y, órocaobv uevéOr, ónooovoOv ueve0Gv toov TO tAos 
EXQXOTOV &xóáocou ioóxic TOAAATAGOLOV, OOATAKOLOV EOTLV 
£v x&v ueyeU0Gv Evdc, TooautanAdora Éoxot xol xà nóvcat 
TOV návvov. Sie và HUTH O7] xoi TO A xoà xà A, M, N tod 
B xoi x&v B, A, Z ioóoac Eotl NOAAaTAdOLA Éov dpa ic 
TÒ A npóc tò B, o0toc xà A, T, E npóc tà B, A, Z. 

‘Edy doa 3| Onocaoby ueYéOn àváňoyov, Eota éx Ev 
TOV fjyouuévov npóc EV xGv &£xoguévov, OUTWS AMAVTA TH 
nyovueva xpóc Gravta xà &xóuevor STEP Eder deigan. 


t In modern notation, this proposition reads that if o : a! :: 8 : 8 uy: 


, 
t. 

‘Edy npótov npóc OtÓvepov TOV aVTOV ëyy Aóyov xoi 
tpítov nxpóc tétaptov, vpítov sé npóc TétTaptov yElTova 
Aóyov ExN Ñ réurxov npóc Éxcov, xoi np&ov npóc Og0xepov 
ue(Cova Adyov É&et v néuntov npóc Extov. 

At 


D] ——À E —— 








y etc. then a: o :: 
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and if (G is) less (than L then H is also) less (than M, 
and K than N) [Def. 5.5]. And, hence, if G exceeds L 
then G, H, K also exceed L, M, N, and if (G is) equal 
(to L then G, H, K are also) equal (to L, M, N) and 
if (G is) less (than L then G, H, K are also) less (than 
L, M, N). And G and G, H, K are equal multiples of 
A and A, C, E (respectively), inasmuch as if there are 
any number of magnitudes whatsoever (which are) equal 
multiples, respectively, of some (other) magnitudes, of 
equal number (to them), then as many times as one of the 
(first) magnitudes is (divisible) by one (of the second), 
so many times will all (of the first magnitudes) also (be 
divisible) by all (of the second) [Prop. 5.1]. So, for the 
same (reasons), L and L, M, N are also equal multiples 
of B and B, D, F (respectively). Thus, as A is to B, so 
A, C, E (are) to B, D, F (respectively). 

Thus, if there are any number of magnitudes whatso- 
ever (which are) proportional then as one of the leading 
(magnitudes is) to one of the following, so will all of the 
leading (magnitudes) be to all of the following. (Which 
is) the very thing it was required to show. 


(a By): (o BEY e). 


Proposition 13! 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the third (magnitude) 
has a greater ratio to the fourth than a fifth (has) to a 
sixth, then the first (magnitude) will also have a greater 
ratio to the second than the fifth (has) to the sixth. 

Ate 


Cr E er 
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M» t 1 Ht - TOL M: - 1 Gt - ı H! 
N an Ki t t i At Ne Ki | t i Lt 


Ilpéstov yàp tò A npóc SeUtepov tò B tov avtov ExéTW 
Adyov xal xp(xov tò I góc tétaptov tO A, tettov 6€ tò T 
xpóc tétaptov TÒ A usiCova Aóyov &yévo f| néuntov tò E 
xpóc Extov TÒ Z. AEYw, Sti xol npGxov TÒ A npóc 6e0xepov 
tO B ue(Cova Aóvov eet nep néuntov tÒ E npóc Extov TÒ 
Z. 

"Enc yàp £ow uvà tæv u£v T, E tocoac moAdanAdcoug, 
tov 6€ A, Z dXXa, & čtuyev, locoac roXXomA Goto, xol TO uev 
tot I xoAAanAGotov tot tot A moAXaxAoco(ou Oncpéyst, 
TÒ 8£ tol E noXAanAGoiov tol tot} Z noAAonAao(ou ovy 
breptyel, clAfpdu, xol čotw tæv u£v D, E ioóxtc Toà- 
AanAáoia xà H, ©, vv 68 A, Z &AXXao, à Etvyxev, iocouc 
xoAAonAGocit xà K, A, dote tò uèv H tod K brepéeyew, tÒ 
dé O tod A uù bnepéyetv: xoi OoanAdcowov uév éou TO H 
tov T, xocoauvoxAGotov čotw xoi tò M tot A, ócorAóoctov 
dé tò K tod A, tooautanAdoioyv ~otw xol tò N tot B. 


For let a first (magnitude) A have the same ratio to a 
second B that a third C (has) to a fourth D, and let the 
third (magnitude) C have a greater ratio to the fourth 
D than a fifth E (has) to a sixth F. I say that the first 
(magnitude) A will also have a greater ratio to the second 
B than the fifth E (has) to the sixth F. 

For since there are some equal multiples of C and 
E, and other random equal multiples of D and F, (for 
which) the multiple of C exceeds the (multiple) of D, 
and the multiple of E does not exceed the multiple of F 
[Def. 5.7], let them have been taken. And let G and H be 
equal multiples of C and E (respectively), and K and L 
other random equal multiples of D and F (respectively), 
such that G exceeds K, but H does not exceed L. And as 
many times as G is (divisible) by C, so many times let M 
be (divisible) by A. And as many times as K (is divisible) 
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Kat énet £owv óc TÒ A npóc tò B, ottw¢ tò IT npóc 
tO A, xoi exon vv uev A, T iocotc noňanrido xà 
M, H, t&v 6€ B, A &AXo, & éxuyev, todxs noXXamA ota xà 
N, K, ei dou ùnepéyet tò M tod N, brepeyer xoi tò H tod 
K, xoà et toov, toov, xoà et EAattov, EhAatov. Ùnepéyet dé 
tò H tod K: brepéyet doa xoi tò M tod N. tò 8€ O tod 
A oùy brepéyer xal cour tà uèv M, O x&v A, E toduic 
noààanàdoia, tà 6$ N, A x&v B, Z dXXa, & Etvyev, toduc 
TohAaTAdoin TO dea A npòs tò B peilCova Adyov Éyet rep 
TÒ E ngpóc tÒ Z. 

"Edy doa Teétov npóc SeVTEPOV TOV AUTOV ëyy Aóyov 
xal teitov npóc Tétaptov, teitov dé npóc tÉTApTOV ue(Cova 
Aóyov £y rj réuxxov npóc čxtov, xal TEdSTOV npóc Og0tepov 
uetCova Aóyov É&et T] néuntov npóc Éxvov: Sree Eder degon. 


t In modern notation, this proposition reads that if a : 3 :: y : 6 and y 
10’. 

"Eàv npótov npóc Sebtepov TOV aUTOV ExN Aóyov xoi 

toitov npóc Tétaptov, TÒ Öè npóov Tov rpírou UEiTov fj 


xal TÒ SeUTEpOV Tov xexóprou usiGov Éoxot, xàv toov, toov, 
XAV EAATTOV, EAATTOV. 


A 


Br 





Am 

IlpgGvov yàp TÒ A npóc Sevtepov tO B avtdv eyétw 
Aóyov xal teitov tò T npd¢ tétaetov 16 A, uctov 88 Eotw 
TÒ A tod T: Aéyo, óu xoi TO B tod A ucitóv Eotw. 

‘Enel yàp tò A tod T uciCóv otw, &AXo 6€, 6 Évoyev, 
[uéveO0c] tò B, tò A &pa npòs tò B yuetCova Aóvov Eyer 
nep tò T npóc tò B. óc dé tò A npóc tò B, obtxoc TÒ 
T ngóc tò A: xoi tò T doa npóc tò A us(Cova Aóvov Éye 
fep tò T npóc tò B. npóc 6 OE tÒ adTO pelCova Aóyov 
yet, Exeivo ÉAotcoÓv Eottv’ Ehacoov doa tO A tot B: ote 
ueiCóv ċott tò B tot A. 

‘Ouotwc Sù SetGouev, Sti x&v toov Ñ 10 A 16H T, toov 
čato xoi tò B 16 A, x&v ÉXacoov f, tò A tod T, £Aaccov 
éotat xol tò B tod A. 

"Edy doa Tpétov npóc SeUTEPOV TOV AUTOV Éyy| Aóyov 
xal teitov Meds TÉTAPTOV, TO 6€ npGov TOD xp(xou uctov Fj, 
xal TÒ SeUtepoy Tov vevápxou uciGov Eota, x&v toov, toov, 
x&v Ehattov, Ehattov’ Sep Eder SeiEan. 
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by D, so many times let N be (divisible) by B. 

And since as A is to B, so C (is) to D, and the equal 
multiples M and G have been taken of A and C (respec- 
tively), and the other random equal multiples N and K 
of B and D (respectively), thus if M exceeds N then G 
exceeds K, and if (M is) equal (to N then G is also) 
equal (to K), and if (M is) less (than N then G is also) 
less (than K) [Def. 5.5]. And G exceeds K. Thus, M 
also exceeds N. And H does not exceeds L. And M and 
H are equal multiples of A and E (respectively), and N 
and L other random equal multiples of B and F (respec- 
tively). Thus, A has a greater ratio to B than E (has) to 
F [Def. 5.7]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and a third (magni- 
tude) has a greater ratio to a fourth than a fifth (has) 
to a sixth, then the first (magnitude) will also have a 
greater ratio to the second than the fifth (has) to the 
sixth. (Which is) the very thing it was required to show. 


:6>e:Cthena:8>e:¢. 


Proposition 14' 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the first (magnitude) 
is greater than the third, then the second will also be 
greater than the fourth. And if (the first magnitude is) 
equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 

A HK - C E————— 





B t——— Dt— 

For let a first (magnitude) A have the same ratio to a 
second B that a third C (has) to a fourth D. And let A be 
greater than C. I say that B is also greater than D. 

For since A is greater than C, and B (is) another ran- 
dom [magnitude], A thus has a greater ratio to B than C 
(has) to B [Prop. 5.8]. And as A (is) to B, so C (is) to 
D. Thus, C also has a greater ratio to D than C (has) to 
B. And that (magnitude) to which the same (magnitude) 
has a greater ratio is the lesser [Prop. 5.10]. Thus, D (is) 
less than B. Hence, B is greater than D. 

So, similarly, we can show that even if A is equal to C 
then B will also be equal to D, and even if A is less than 
C then B will also be less than D. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and the first (mag- 
nitude) is greater than the third, then the second will also 
be greater than the fourth. And if (the first magnitude is) 
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equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 
(Which is) the very thing it was required to show. 


* In modern notation, this proposition reads that if œ : 8 :: y : ô then a = yas 3 - ó. 


, 


lE. 


Tà uépn voiz WoadTWS TOAAATAKOLOIG TOV QÙTÒV Éyet 
Aóyov Angvevta KaTHAANAG. 


A H © B 





| ee 
A K ^ E 


"How yàp todxic moAAaTtAcooy tò AB tod P xoi to AE 
tot Zr AEyw, Sti Eotly óc tÒ T npd¢ tò Z, oŬtws tò AB 
npóc tò AE. 

‘Enel yàp ioóouc Eotl noAAaTAcowov tò AB tod T xoi 
tO AE tod Z, óca tea &oxiv év tă AB ueyéðn toa 1G 
T, tooatita xoi £v tă AE ica 16 Z. Sinefhodw tò yev AB 
cic tà xà T tow xà AH, HO, OB, tò dé AE eic xà x Z 
ioa xà AK, KA, AE: Éoxat 67] (cov tò nAfj0oc vv AH, 
HO, OB 16 rAfver tv AK, KA, AE. xoi énet (ca £oxi xà 
AH, HO, OB àXAfioic, Éow 5 xoi tà AK, KA, AE ica 
d&AANAOIc, Eottv doa óc TO AH npóc tò AK, obxoc tò HO 
npóc tò KA, xoi tò OB npóc tò AE. oto doa xoà we Ev 
TOV fjYouuévov npóc ËV TOV ENOUEVOY, OUTWS AMaVTA TH 
firouuéva npóc ğravta và ÉnÓuevor Eotw &pa óc TO AH 
xpóc tò AK, o0xoc tò AB npóc tò AE. (oov dé tò u£v AH 
1G D, tò 66 AK xà Z Zotw dpa óc tò T npóc 16 Z obxoc 
tò AB npóc tò AE. 

Tà dpa uépn voi WoadTWS noXAenAao(ow; TOV AUTOV 
Éyet Aóyov Anpdevta xoxáAAvAoc Sree Edet deiga. 


Z ——3 


* In modern notation, this proposition reads that a : 8 :: ma : m B. 


t. 
"Ey xéoocoga yeyéðn åváňoyov T, xol EvaAAKE åváħoyov 
EOTOL. 
"Eoo 1éoooga ueyéðn åváňoyov xà A, B, T, A, óc TÒ 
A npóc tò B, obxoc 16 P npóc tò Ac Avo, StL xal EvaAAGE 
[avéer0voy] gota, óc tò A npóc tò T, obtoc tò B npóc tò 


EUypüo yàp xv uèv A, B iocoac xoAXanAGot tà E, 
Z, x&v bE T, A dXXa, & &évoyev, iodotc MOAAATAcGOLa tà H, 


o. 


Proposition 15! 


Parts have the same ratio as similar multiples, taken 
in corresponding order. 
H j ] I o6 











D K L E 
cE m 


For let AB and DE be equal multiples of C and F 
(respectively). I say that as C is to F, so AB (is) to DE. 

For since AB and DE are equal multiples of C and 
F (respectively), thus as many magnitudes as there are 
in AB equal to C, so many (are there) also in DE equal 
to F. Let AB have been divided into (magnitudes) AG, 
GH, HB, equal to C, and DE into (magnitudes) DK, 
KL, LE, equal to F. So, the number of (magnitudes) 
AG, GH, HB will equal the number of (magnitudes) 
DK, KL, LE. And since AG, GH, H B are equal to one 
another, and DK, K L, LE are also equal to one another, 
thus as AG is to DK, so GH (is) to KL, and HB to LE 
[Prop. 5.7]. And, thus (for proportional magnitudes), as 
one of the leading (magnitudes) will be to one of the fol- 
lowing, so all of the leading (magnitudes will be) to all of 
the following [Prop. 5.12]. Thus, as AG is to DK, so AB 
(is) to DE. And AG is equal to C, and DK to F. Thus, 
as C is to F, so AB (is) to DE. 

Thus, parts have the same ratio as similar multiples, 
taken in corresponding order. (Which is) the very thing 
it was required to show. 


Proposition 16! 


If four magnitudes are proportional then they will also 
be proportional alternately. 

Let A, B, C and D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. I say that they 
will also be [proportional] alternately, (so that) as A (is) 
to C, so B (is) to D. 

For let the equal multiples E and F have been taken 
of A and B (respectively), and the other random equal 
multiples G and H of C and D (respectively). 
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A m T -— 
Br— Am 

Et H } ı H= 
Z +--+ +" O |m 


Kat énel tocouc &oxi noñanàdoiov tò E tod A xoi tò Z 
tov B, xà OÈ Yee TOÙS óoaótoc TOAAATAQOÍOIG TOV AÙTÒV 
éyet Aóyov, Eotw čpa Wo TO A npóc tò B, obtoc TO E npóc 
TÒ Z. wc 6€ TO A npóc tò B, oŬtws tò T npóc tò A xal we 
äpa tò T npóc tÒ A, ob0xoc TÒ E npóc TÒ Z. náv, Enel xà 
H, O x&v T, A ioåxs £o noAAaTAcOLA, čotv doa óc tò T 
mpdc¢ 16 A, obxoc tÒ H npóc tò O. óc dé tò T npóc tò A, 
[obtwc] tò E npóc tò Z: xal wc dpa tò E npóc tò Z, obtoc 
tò H npòç tò O. Edy bE xécoopa ueyéðn àváňoyov Fi, TO OE 
xpótov tod teitou UEiTov fj, xoi TO SebtEpov tod xexáprou 
ueiCov Zota, x&v toov, toov, x&v EAattov, EAattov. ei dpa 
bnepéyet TÒ E tod H, vnepéyer xal tÒ Z tod O, xoi ei toov, 
loov, xoà ei Ehattov, EAattov. xal £o xà u£v E, Z xGv 
A, B ioóoac noàňanàśgoia, tà òè H, O x&v T, A Ga, à 
čtuyev, lodxic troňanàdoia: Eotw dpa óc TO A npóc TOT, 
obxoc TO B npóc tò A. 

"Edy dea 1éocopo ueyéür avdAoyov f, xoi £vaAAàE 
åváňoyov čotav Smee det dcia. 


* In modern notation, this proposition reads that if a : 8 :: y : ô then a : 


IC. 
‘Edy ovyxetueva uevéOr àváňoyov T, xoi Ototpeüévca 
åvåňoyov &oxot. 














A E B r ZA 
H © K E 
^ M N Il 








"Eoo ouyxetueva uevéün àváXovov xà AB, BE, TA, 
AZ, óc tò AB npóc tò BE, o0xoc tò TA npóc tò AZ 
EY, OTL xol Ototpeévva dváAovov Éovot, Wo TO AE npóc 
tO EB, ottw¢ tò PZ ngóc tò AZ. 

EUypüo yàp vv uèv AE, EB, TZ, ZA iocoac toà- 
AanxAóGocta xà HO, OK, AM, MN, x&v õè EB, ZA &Ma, à 
čtuyev, loóoac NoAAaTAdOLa tà KE, NII. 

Kat nel iocoac ot) noààanàdoiov tò HO tod AE xoi 
tO OK tod EB, icáxıs dpa Eotl toAAonAGctov tò HO tod 





Ar— C = 

B — D= 

E } | G H l 
F H H He 














And since E and F are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A is to B, so E (is) to F. 
But as A (is) to B, so C (is) to D. And, thus, as C (is) 
to D, so E (is) to F [Prop. 5.11]. Again, since G and H 
are equal multiples of C and D (respectively), thus as C 
is to D, so G (is) to H [Prop. 5.15]. But as C (is) to D, 
[so] E (is) to F. And, thus, as E (is) to F, so G (is) to 
H [Prop. 5.11]. And if four magnitudes are proportional, 
and the first is greater than the third then the second will 
also be greater than the fourth, and if (the first is) equal 
(to the third then the second will also be) equal (to the 
fourth), and if (the first is) less (than the third then the 
second will also be) less (than the fourth) [Prop. 5.14]. 
Thus, if E exceeds G then F also exceeds H, and if (E is) 
equal (to G then F is also) equal (to H), and if (E is) less 
(than G then F is also) less (than H). And E and F are 
equal multiples of A and B (respectively), and G and H 
other random equal multiples of C and D (respectively). 
Thus, as A is to C, so B (is) to D [Def. 5.5]. 

Thus, if four magnitudes are proportional then they 
will also be proportional alternately. (Which is) the very 
thing it was required to show. 


y uB:ó. 


Proposition 17t 


If composed magnitudes are proportional then they 
will also be proportional (when) separarted. 








A E B C F D 
EL—M——————áÀ I— ——3À 
G H K O 
L M N P 








Let AB, BE, CD, and DF be composed magnitudes 
(which are) proportional, (so that) as AB (is) to BE, so 
CD (is) to DF. I say that they will also be proportional 
(when) separated, (so that) as AE (is) to EB, so CF (is) 
to DF. 

For let the equal multiples GH, Hk, LM, and MN 
have been taken of AE, EB, CF, and FD (respectively), 
and the other random equal multiples KO and NP of 
EB and FD (respectively). 
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AE xoi tò HK x00 AB. iocouc 6€ Eott TOAAaTAdOLOV tò HO 
tot AE xol tò AM tot TZ: iocoac dea &oxi xoAAomA otov 
to HK tot AB xoi tò AM tot TZ. náňw, eel iocodc goth 
Tod\AatAcotov tò AM x00 TZ xoi tò MN tot ZA, iocoxc dpa 
éotl roAAatAcoLov tò AM x00 TZ xoi tò AN tod TA. icx 
dé fiv ToAAaTAdotov tò AM tot TZ xoi tò HK tot AB: 
todxic dou toT} NOAAaTAdOLOv tò HK tot AB xoi tò AN 100 
TA. ta HK, AN doa tév AB, TA ioóouc £o noAAaTAgOLE. 
náv, ënel todixic EotL TOAAaTAactov tò OK tot EB xoi tò 
MN tod ZA, gott 6€ xoi tò KE tot EB iocoac rorňanàáoiov 
xoà tò NII tot ZA, xoi ovvtedév tò OZ tod EB toduic oth 
ToAAanAdcotoyv xol tò MII tod ZA. xoà &re( £oxtv wo tò AB 
mpd0c¢ tò BE, oŬtws tò TA npóc tò AZ, xoi etAnnta xv 
u&v AB, TA iocotc noňňanàdoia xà HK, AN, tév 6£ EB, 
ZA toduc noAAanAdcoww và OF, MII, ei doa onepéyet tO 
HK «o0 OF, brepéyer xoi tò AN tot MIL, xoà ci toov, toov, 
xol el EAattov, EAattov. Unepeyétw 07 TO HK tod OF, 
xal xowold apapedévtoc tol OK Onepéyet dou xoi tò HO 
tol KE. àa ci Uneoetye tò HK tot OF brepeiye xol tò 
AN tod MII: oxepéyet &po xoi tò AN tod MII, xoi xowod 
&paoeDEvtoc tov MN Onepéyet xoi tò AM tod NII: ote 
et bnepéyet tò HO tod KE, trepéyet xoi tò AM tod NII. 
Ouotucg 97) 6ci&ouev, Sti xàv oov f, tò HO 16 KE, oov 
£oxot xoi tò AM 165 NII, x&v £Aoxov, éAovxov. xal £oxt xà 
u&v HO, AM «x&v AE, TZ iocoac norňanàdoia, tà òè KE, 
NII t&v EB, ZA dda, & &xoyev, iocouc roXXomA oto: £o 
&pa óc TO AE npóc tò EB, o0toc tò TZ npóc tò ZA. 

'Eàv doa ouYyxeiueva uevéOr àvóáAoyov T, xoi Otou- 
ceVevta dvd oov čotav Sree det Seta. 
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And since GH and H K are equal multiples of AE and 
EB (respectively), GH and GK are thus equal multiples 
of AE and AB (respectively) [Prop. 5.1]. But GH and 
LM are equal multiples of AE and CF (respectively). 
Thus, GK and LM are equal multiples of AB and CF 
(respectively). Again, since LM and MN are equal mul- 
tiples of CF and FD (respectively), LM and LN are thus 
equal multiples of CF and CD (respectively) [Prop. 5.1]. 
And LM and GK were equal multiples of CF and AB 
(respectively). Thus, GK and LN are equal multiples 
of AB and CD (respectively). Thus, GK, LN are equal 
multiples of AB, CD. Again, since HK and MN are 
equal multiples of EB and FD (respectively), and KO 
and NP are also equal multiples of EB and FD (respec- 
tively), then, added together, HO and M P are also equal 
multiples of EB and FD (respectively) [Prop. 5.2]. And 
since as AB (is) to BE, so CD (is) to DF, and the equal 
multiples Gk, LN have been taken of AB, C D, and the 
equal multiples HO, M P of EB, FD, thus if GK exceeds 
HO then LN also exceeds M P, and if (GK is) equal (to 
HO then LN is also) equal (to M P), and if (GK is) less 
(than HO then LN is also) less (than M P) [Def. 5.5]. 
So let GK exceed HO, and thus, H K being taken away 
from both, GH exceeds KO. But (we saw that) if GK 
was exceeding HO then LN was also exceeding M P. 
Thus, LN also exceeds M P, and, MN being taken away 
from both, LM also exceeds NP. Hence, if GH exceeds 
KO then LM also exceeds NP. So, similarly, we can 
show that even if GH is equal to KO then LM will also 
be equal to N P, and even if (GH is) less (than KO then 
LM will also be) less (than N P). And GH, LM are equal 
multiples of AE, CF, and KO, NP other random equal 
multiples of EB, FD. Thus, as AE is to EB, so CF (is) 
to FD [Def. 5.5]. 

Thus, if composed magnitudes are proportional then 
they will also be proportional (when) separarted. (Which 
is) the very thing it was required to show. 


İt In modern notation, this proposition reads that if œ + 8 : B :: y + 8 : ô thena : B : y: ô. 


ite 
"Eàv Owmprnuéva ueyéðn avédoyov T, xoà ouvtedévta 
åvåňoyov EOTAL. 
E B 


A 





A 


r ZH 





"Ecco ðmpnuéva ueyéün åváňoyov xà AE, EB, TZ, ZA, 
Òs tò AE npóc tò EB, obxoc 16 TZ ngóc 16 ZA: Mo, 
bu xal ouvteVEvta åváňoyov Eotat, óc xó AB ngóc tò BE, 


Proposition 18t 


If separated magnitudes are proportional then they 
will also be proportional (when) composed. 


A E B 


C FG D 











Let AE, EB, CF, and FD be separated magnitudes 
(which are) proportional, (so that) as AE (is) to EB, so 
CF (is) to FD. I say that they will also be proportional 
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oŬtws tÒ TA npóc TÒ ZA. 

Ei yàp uý £cxiv óc tò AB ngóc tò BE, o0xoc tò TA 
xpóc tò AZ, gota óc tò AB npóc tò BE, obxoc tò TA 
Htot npóc EAaoody x tol AZ Ñ npóc ucitov. 

"Ecco npóxepov npóc £Aacooov tò AH. xoi &xe( Eotw óc 
tò AB npóc tò BE, obxoc 16 TA npóc tò AH, ovyxeiueva 
ueyéOr avddoyov otv: Bote xol SiaupeVEvta dváňoyov 
čata. otw toa óc TO AE npóc tò EB, obxoc tò TH npóc 
tò HA. Oónóxetvot 6& xoi óc TO AE npóc tò EB, o0voc TÒ 
TZ npóc tò ZA. xoi wo doa tò TH npóc tò HA, obxoc TÒ 
TZ ngóc tò ZA. uciGov dé tò npó xov tò TH tot teitov tob 
TZ: ueiCov doa xoà tÒ Sedtepov tò HA tot xexóprou tot 
ZA. GXXà xal EXattov: ónep Eotly åðúvatov: oOx &pa Eotiv 
Ós tò AB npóc tò BE, o0toc tò TA npóc £Aaccov 100 
ZA. duotwc 57 SeiZouev, Sti OVSE npóc uciGov: npóc AUTO 
&pa. 

"Eàv doa Sujenueva ueyéðn àvéAovov Ň, xol ouvtedEvta 
åváňoyov gota mee Eder Seiga. 
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(when) composed, (so that) as AB (is) to BE, so CD (is) 
to FD. 

For if (it is) not (the case that) as AB is to BE, so 
CD (is) to FD, then it will surely be (the case that) as 
AB (is) to BE, so CD is either to some (magnitude) less 
than DF, or (some magnitude) greater (than DF).* 

Let it, first of all, be to (some magnitude) less (than 
DF), (namely) DG. And since composed magnitudes 
are proportional, (so that) as AB is to BE, so CD (is) to 
DG, they will thus also be proportional (when) separated 
[Prop. 5.17]. Thus, as AE is to EB, so CG (is) to GD. 
But it was also assumed that as AE (is) to EB, so CF 
(is) to FD. Thus, (it is) also (the case that) as CG (is) 
to GD, so CF (is) to FD [Prop. 5.11]. And the first 
(magnitude) CG (is) greater than the third CF. Thus, 
the second (magnitude) GD (is) also greater than the 
fourth FD [Prop. 5.14]. But (it is) also less. The very 
thing is impossible. Thus, (it is) not (the case that) as AB 
is to BE, so CD (is) to less than FD. Similarly, we can 
show that neither (is it the case) to greater (than FD). 
Thus, (it is the case) to the same (as FD). 

Thus, if separated magnitudes are proportional then 
they will also be proportional (when) composed. (Which 
is) the very thing it was required to show. 


* In modern notation, this proposition reads that if œ : 8 :: y : ô then a -- B : B y 4-6 : ð. 


t Here, Euclid assumes, without proof, that a fourth magnitude proportional to three given magnitudes can always be found. 


v. 
‘Ey f| óc ÓXov Ted óAov, OUTWS aparpedEV npóc dpa- 
peðév, xol TO Aottóv npóc TO AOLMOV EoTA óc ÓAov npóc 


ÓAOv. 


A } B 








r Z A 


"Eo yàp óc óAov tò AB npóc ÓXov tò TA, obxoc 
apapedév tò AE npóc óetpeüev tò TZ Aéyw, Str xol 
Aowóv tò EB npóc Aoóv tò ZA Eota òs ÓAov tò AB 
xpóc ÓAov tò TA. 

"Enci yoo £ouv óc tò AB npóc tò TA, o0xoc tò AE 
med¢ tò TZ, xoi EvaodrAdE óc tò BA npóc tò AE, obxoc 
to AT npóc tò TZ. xoi Enel ovyxeiueva uevéür, å&váňoyóv 
got, xal SiapeVEvta &våňoyov gota, óc TO BE npóc tò 
EA, oŬtws 16 AZ npóc tò TZ: xoi EvarrdE, óc tò BE npóc 
tÒ AZ, obxoc 16 EA npóc tò ZI. óc 6$ tò AE npóc tò TZ, 
otw> bndxetta dAov xó AB npóc óXov tò TA. xol Aowndv 
&pa tò EB npóc Aotxóv tò ZA Zota óc óXov tò AB npóc 
ÓAov tò TA. 

‘Edy dea Å óc ÓAov npóc ÓXov, obtoc óotpe0ev npóc 





Proposition 19! 


If as the whole is to the whole so the (part) taken 
away is to the (part) taken away then the remainder to 
the remainder will also be as the whole (is) to the whole. 


A E B 





C F D 


For let the whole AB be to the whole C D as the (part) 
taken away AE (is) to the (part) taken away CF. I say 
that the remainder EB to the remainder FD will also be 
as the whole AB (is) to the whole C D. 

For since as AB is to CD, so AE (is) to CF, (it is) 
also (the case), alternately, (that) as BA (is) to AE, so 
DC (is) to CF [Prop. 5.16]. And since composed magni- 
tudes are proportional then they will also be proportional 
(when) separated, (so that) as BE (is) to EA, so DF (is) 
to CF [Prop. 5.17]. Also, alternately, as BE (is) to DF, 
so EA (is) to FC [Prop. 5.16]. And it was assumed that 
as AE (is) to CF, so the whole AB (is) to the whole C D. 
And, thus, as the remainder EB (is) to the remainder 
FD, so the whole AB will be to the whole C D. 
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apapedev, xol TO AoLMOV npóc TO AOITOV EoTH Wc ÓAOV 
med¢ OAov [Smee eet deiga]. 

[Koi &nel edety0n óc tò AB npdc¢ tò TA, ottwc tò EB 
mpdc¢ TÒ ZA, xoi EvadAdce wo tÒ AB npóc tò BE obtoc TÒ 
TA npóc tò ZA, ovyxeiveva doa ueyéðn åváňoyóv otv: 
edetyOn SE óc TO BA npóc tò AE, obvoc tò AT npóc tÒ 
TZ: xat &owv åvaotpépavtı]. 


IIógtoya. 


"Ex SY) voOxou qavepóv, OTL &àv ouYxeiueva ueyéðn 
åváňoyov Tj, xoi avaoteépavt åváňoyov čotav Smee eet 


deitar. 
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Thus, if as the whole is to the whole so the (part) 
taken away is to the (part) taken away then the remain- 
der to the remainder will also be as the whole (is) to 
the whole. [(Which is) the very thing it was required to 
show.] 

[And since it was shown (that) as AB (is) to CD, so 
EB (is) to FD, (it is) also (the case), alternately, (that) 
as AB (is) to BE, so CD (is) to FD. Thus, composed 
magnitudes are proportional. And it was shown (that) 
as BA (is) to AE, so DC (is) to CF. And (the latter) is 
converted (from the former).] 


Corollary: 


So (it is) clear, from this, that if composed magni- 
tudes are proportional then they will also be proportional 
(when) converted. (Which is) the very thing it was re- 
quired to show. 


İt In modern notation, this proposition reads that if a : 8 :: y : ô thena : 8 :: o — y : B — ó. 


* In modern notation, this corollary reads that if a : 8 :: y : 8 thena :a— B : y: — ô. 


fi 
X. 
‘Edy Ñ tola ueyéðn xoi GAAa adtoic ica tÒ TAÑVOG, 
; ; rane rie renee SS MS 
ovvdvo Aoupavóyueva xal Ev TE at Aóyw, OU oou SE TO 
Tpétov tot teitov usiCov f, xoi TÒ vévaprov tov Éxrou 
ueiCov Eota, xàv toov, toov, x&v EAattov, EAattov. 











A i A 
Br E= 
T= Z~ 


"How topla ueyedn tà A, B, T, xoi dA adtoic tow tò 
TAfiüoc xà A, E, Z, obvdv0 Aaupavóusva &v 1G abt ASO, 
Gc u£v TÒ A npóc tò B, obvoc tÒ A npóc tÒ E, óc õè tò B 
xpóc tò T, o0voc tÒ E npóc tÒ Z, bv’ oou dè uciCov Eotw 
TÒ A tot DI" Aéyo, óu xal TÒ A tod Z uctov Éoxot, xàv 
looy, toov, x&v ČAATTOV, ČAATTOV. 

"Enci yàp ueiCóv £o TÒ A tod T, &AXo SE tı 10 B, tÒ 9€ 
ueiCov npóc TÒ AUTO pelCova Aóyov Eyet nep TO EAattov, 
TÒ A &pa Ted¢ tò B ue(Cova Adyov ~xet nep tò T npóc tò 
B. GAN óc uèv tò A npòs tò B [obxoc] tò A npóc tò E, we 
dé tò I npóc tò B, avanadw oŬtws TÒ Z npòs tò Er xoi tò 
A da Ted¢ xó E ue(Cova Adyov Eyer nep tO Z npóc tò E. 
t&v 6€ npóc TO AITO Aóvov &yóvxov TO uetCova ADYOV Éyov 
ueiCóv Eotwv. ueiGov doa tò A tod Z. duoiwe 97) SelZouev, 
ou x&v {oov f, tò A x& T, toov Éoxot xoi 16 A 16 Z, xàv 


Proposition 20! 


If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). 











A k Die 
pi————3 bi —$ 
C= F — 


Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two, (so that) as A (is) to B, 
so D (is) to E, and as B (is) to C, so E (is) to F. And let 
A be greater than C, via equality. I say that D will also 
be greater than F. And if (A is) equal (to C then D will 
also be) equal (to F). And if (A is) less (than C then D 
will also be) less (than F). 

For since A is greater than C, and B some other (mag- 
nitude), and the greater (magnitude) has a greater ratio 
than the lesser to the same (magnitude) [Prop. 5.8], A 
thus has a greater ratio to B than C (has) to B. But as A 
(is) to B, [so] D (is) to E. And, inversely, as C (is) to B, 
so F (is) to E [Prop. 5.7 corr.]. Thus, D also has a greater 
ratio to E than F (has) to E [Prop. 5.13]. And for (mag- 
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EAATTOV, EAATTOV. 

‘Edy doa Å tola ueyedn xoi GAA adtOIc tox TO TAHVOc, 
ovvdv0 Aoupovóueva xal Ev TE ATE Aóyw, OU oou SE TO 
xpótov tot teitou usiCov f, xoi TÒ vévaprov tov Éxrou 
ueiCov gota, x&v (cov, oov, xàv EAattov, EAattov’ ÖTE 
der Ocio. 
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nitudes) having a ratio to the same (magnitude), that 
having the greater ratio is greater [Prop. 5.10]. Thus, 
D (is) greater than F. Similarly, we can show that even if 
A is equal to C then D will also be equal to F, and even 
if (A is) less (than C then D will also be) less (than F). 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) also in the same ratio 
taken two by two, and (if), via equality, the first is greater 
than the third, then the fourth will also be greater than 
the sixth. And if (the first is) equal (to the third then the 
fourth will also be) equal (to the sixth). And (if the first 
is) less (than the third then the fourth will also be) less 
(than the sixth). (Which is) the very thing it was required 
to show. 


* In modern notation, this proposition reads that if a : 8 :: ô : € and 8: y :: e: C then a = yas 6 = C. 


xa. 

‘Edy f, tela ueyéðn xoi GAAa avtoi¢c ica tò mnAfj0oc 
ovvov0 Aoyufavóueva xol Ev xG abt AdYH, Å SE TeETA- 
payuévy avtév Å avadoyta, OV toov ðè TO np6tov TOD 
toitov ueiCov fj, xoi TÒ xévoprov Tov Extov ucitov EotH, 
xav tooy, tcov, xàv EAattov, EAATTOV. 

















A l A 
Br—— E 
SSS Z- 


"How tola uevéür, xà A, B, T xoi Gada avtoic tow tÒ 
TARVoc tà A, E, Z, obvdv0 AquBavdoueva xal Ev xG abt 
OY, EOTW FE xevopoyuévr aoxGv Å àvaoY(o, óc uev TO 
A npóc tò B, obxoc 16 E npóc tÒ Z, óc 66 tò B npóc TOT, 
oUxoc TÒ A npóc TÒ E, bv (oou 8$ tò A tot T ueiCov £ovox 
EY, Ott xoi TÒ A tod Z uctov Eota, xdv toov, toov, xàv 
&Aaxov, EAXTTOV. 

"Enel yàp uciCóv ċott tO A tot T, &Aào 86 wu tò B, tO 
A &pa xpóc tò B ue(Cova Adyov Eye nep tò T npóc tò B. 
dA’ óc u&v TO A npóc tò B, obxoc TO E npóc tÒ Z, óc 
dé tò T npóc tò B, åvånaňv oŬtwç tò E npóc tò A. xoi 
TÒ E doa npóc TÒ Z ue(Cova Aóyov yet nep tò E npóc tò 
A. npóc 6 8& TO ato pelCova Aóyov Exel, &xeivo EAacodyv 
got’ Ehacooy dpa toT) tÒ Z tov A: ueiCov doa £ox tò A 
tov Z. ovoiws 97 SelEouev, Sti x&v toov Å tò A 16H T, toov 
gota xol tO A 16 Z, xàv EAattov, EAattov. 

"Edy doa Ñ tola ueyedn xoi &Ada avTOIC loa TO TAT VO, 
ovvdvo0 Aaufovóueva xol Ev xG KOTO ADYO, Å SE TETA- 
payuévy HUTOYV f| avaroyta, GU oou 6€ TO TEéStOV Tob vp(xou 
ueiCov fj, xal TÒ xéxaprov Tob Éxxou UEiTov Eota, x&v toov, 


Proposition 21! 


If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if) their proportion (is) perturbed, and (if), 
via equality, the first is greater than the third then the 
fourth will also be greater than the sixth. And if (the first 
is) equal (to the third then the fourth will also be) equal 
(to the sixth). And if (the first is) less (than the third then 
the fourth will also be) less (than the sixth). 

















A ! D | 
B—— —— E i 
C= Fe 


Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to F, and 
as B (is) to C, so D (is) to E. And let A be greater than 
C, via equality. I say that D will also be greater than F. 
And if (A is) equal (to C then D will also be) equal (to 
F). And if (A is) less (than C then D will also be) less 
(than F). 

For since A is greater than C, and B some other (mag- 
nitude), A thus has a greater ratio to B than C (has) to 
B [Prop. 5.8]. But as A (is) to B, so E (is) to F. And, 
inversely, as C (is) to B, so E (is) to D [Prop. 5.7 corr.]. 
Thus, E also has a greater ratio to F than E (has) to D 
[Prop. 5.13]. And that (magnitude) to which the same 
(magnitude) has a greater ratio is (the) lesser (magni- 
tude) [Prop. 5.10]. Thus, F is less than D. Thus, D is 
greater than F. Similarly, we can show that even if A is 
equal to C then D will also be equal to F, and even if (A 
is) less (than C then D will also be) less (than F). 
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{oov, x&v Edattov, Ehattov’ ónep Eder Ociton. 
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Thus, if there are three magnitudes, and others of 
equal number to them, (being) also in the same ratio 
taken two by two, and (if) their proportion (is) per- 
turbed, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). (Which is) the very thing it was required to show. 


* In modern notation, this proposition reads that ifa : 8 :: e : Ç and 8: y :: ô : e then a Z yas 0 = [e 


r 
xp. 
‘Edy fj Onocaoby ueyéðn xo Go otbxolc toa TO TAT VO, 
ovvov0 Aaußavóueva xol Ev TE HUTG AÓYo, xoi Ov toou Ev 
T KUTE ADH EoTAL. 





Proposition 22! 


If there are any number of magnitudes whatsoever, 
and (some) other (magnitudes) of equal number to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 








A BH D -—_ At Bt Cr—_ 
At Re Z — Dr— E —3À F — 
H: - i Kt + t 1 Mt Gi i 1 Kt i - 1 Mt 

e A N H L N 





"Eoo Onooaoby uevéOn xà A, B, T xoi àÀXo wdtoig toa 
TO TAHVoc xà A, E, Z, obvdv0 Aaupavóyueva Ev t oa1G 
AOYW, óc u&v TO A nxpóc TO B, oŬtws tÒ A npóc TO E, we 
6£ tò B npóc tò T, obxoc TO E npóc tò Z: Aévo, dtu xoi 
OU oou Ev TH ato óy% Éocot. 

Eijpvew yàp tõv u£v A, A iocoac nodAAatAcore xà H, 
O, x&v 6£ B, E wda, & Éxoyev, ioduic MOAAaTAdOLa xà K, 
A, xoi čt x&v T, Z WA, à Éxuyev, iodouc MOAAATAGOLA TH 
M, N. 

Kat ¿nel €otw wo TÒ A npóc tò B, obvoc TÒ A npóc TÒ 
E, xoi etAnnta tév uèv A, A todxic moAAanAcow xà H, O, 
tév 6£ B, E dda, & Éxuyev, iocoac roXXonA&ota xà K, A, 
gow toa óc tò H npóc tò K, otto 16 O npóc tò A. dia 
TÀ KUTA BY) xol óc TO K npóc tò M, obtoc TÒ A npóc TÒ 
N. &n& oov tota yeyé0n cotl xà H, K, M, xoi &AXa aoxolc 
ioa tò rAfjüoc xà O, A, N, obvdv0 AauBavdueva xal Ev x 
o01G AóYo, OU toou doa, et bmepéyet TO H tod M, brepéyer 
xal tO O tov N, xoi et toov, toov, xoà el EAattov, ČAATTOV. 
xaí £o xà Nev H, O x&v A, A ioóouc roAAonAoto, xà dé 
M, N x&v D, Z &XAa, & £voyev, iodoac xoXAanAGota. Éoxty 
&pa óc TO A npóc tò T, ote TÒ A npóc tò Z. 

‘Edy dpa fj, ónocao0v ueyéðn xoi GhAa oboli; tow TO 
TARO, obvdv0 Aoupovóueva Ev TE ATE AÓYv«o, xol GU toou 
év 1) MUTE Adyw čotar Óxep Eder detka. 








Let there be any number of magnitudes whatsoever, 
A, B, C, and (some) other (magnitudes), D, E, F, of 
equal number to them, (which are) in the same ratio 
taken two by two, (so that) as A (is) to B, so D (is) to 
E, and as B (is) to C, so E (is) to F. I say that they will 
also be in the same ratio via equality. (That is, as A is to 
C, so D is to F.) 

For let the equal multiples G and H have been taken 
of A and D (respectively), and the other random equal 
multiples K and L of B and E (respectively), and the 
yet other random equal multiples M and N of C and F 
(respectively). 

And since as A is to B, so D (is) to E, and the equal 
multiples G and H have been taken of A and D (respec- 
tively), and the other random equal multiples K and L 
of B and E (respectively), thus as G is to K, so H (is) to 
L [Prop. 5.4]. And, so, for the same (reasons), as K (is) 
to M, so L (is) to N. Therefore, since G, K, and M are 
three magnitudes, and H, L, and N other (magnitudes) 
of equal number to them, (which are) also in the same 
ratio taken two by two, thus, via equality, if G exceeds M 
then H also exceeds N, and if (G is) equal (to M then H 
is also) equal (to N), and if (G is) less (than M then H is 
also) less (than N) [Prop. 5.20]. And G and H are equal 
multiples of A and D (respectively), and M and N other 
random equal multiples of C and F (respectively). Thus, 
as A is to C, so D (is) to F [Def. 5.5]. 

Thus, if there are any number of magnitudes what- 
soever, and (some) other (magnitudes) of equal number 
to them, (which are) also in the same ratio taken two by 
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two, then they will also be in the same ratio via equality. 
(Which is) the very thing it was required to show. 


* In modern notation, this proposition reads that if a : 6 :: e: (and B: y :: (:g andy :0 : g:0 then a :ó s e:60. 


xy’. 
'Eàv f, tela ueyéðn xoi GAA avtoic ica tò TA Voc 
ovvbv0 Aouavóueva Ev T ATE Aóyo, Å 6€ vevapoyuévr 
avdTEY f| àvo ova, xal GU oou Ev 1G ATE AóYvco EoTaL. 





At Bro T —— 
Ate E | Z 

Hi 1 O A ———3À 
KH+ + Mt—+—— N 





"Eoo xpía uevéür, xà A, B, T xoi Gada avtoic tow tÒ 
TAfiüoc cóv6uo Aaupovóueva &v Té abvG Adyw và A, E, Z, 
Eotw ðè tetapayuévn AVTOYV Å åvaňoyla, óc uev TO A npóc 
tò B, obtw¢ TÒ E npóc 10 Z, wo 68 tò B ngóc tò T, OdTWE 
TÒ A npóc TÒ E: Aéyw, dt £oxlv óc TÒ A npóc 16 D, obvoc 
TÒ A npóc TÒ Z. 

Ei} 0w x&v u&v A, B, A todxic noAAanAdcovw tà H, O, 
K, x&v 6¢ T, E, Z &Ma, & čtuyev, iocuic roXXonAota xà 
A, M,N. 

Kol &nxel ioåxıs &oxi noAAarAdoww tà H, O xóv A, B, xà 
d€ uépr voic WoAUTWS roAAXonAoolotc TOV AUTOV Exel Aóyov, 
éotw doa óc TO A npóc tò B, obxoc tò H npóc tò O. Hie 
TH HUTA BY xol óc TO E npóc TO Z, obtoc TO M npóc tò IN: 
nat Eottv ÒS TO A npóc TO B, o0xoc TÒ E npóc tò Z: xol we 
äpa tò H med¢ tò O, oŬtws TO M npóc TO N. xoi Exel Eotw 
Oc tò B npóc tò T, oŬtws 16 A mpd¢ tò E, xoi EvahAKe 
Ós tÒ B npóc tò A, obxoc tò IT npgóc tò E. xol nel xà 
O, K x&v B, A ioáxıs £o noAAaTAcOLA, và BE uépr, TOIC 
icáxıs MoAAaTAMotoLc TOV AUTOV EXEL ADYOY, EOTW Goa óc 
tÒ B npóc tò A, obxoc TÒ O npòç TO K. GAA’ óc tò B npóc 
TÒ A, ottw¢ TÒ T npóc 16 E: xoi wo doa tò O med¢ tÒ K, 
otws TÒ T ngóc tò E. náåàw, &nei xà A, M x&v T, E tocoac 
£o MoAAaTAdOLA, EotW hoa óc tò I npóc tò E, obtoc TÒ 
A npóc tò M. GAN’ óc tò T npóc tò E, ottw¢ tò O npóc 
TÒ K: xoà óc dpa tò O npóc tò K, obxoc TO A npóc tò M, 
xal EVHAAAGE WS TO O npóc tò A, tÒ K npóc tò M. &6e(yün 
dé xol óc TO H npóc tò O, obvoc TO M npóc tò N. Enel 
obdv tela ueyedn &oxi tà H, O, A, xoi &AXa abxotc toa TO 
rAfjoc xà K, M, N oóv8vo AauBavoueva ev t o6 AdYO, 
xal £oxty AVTEY vexoporyuévr fj avadroyia, Gv oou doa, ci 
bnepexet to H tov A, ónepéyet xoi tò K tot N, xoi ei toov, 
{ooy, xoi ei EAattov, EAattov. xal £o xà u&v H, K x&v A, 
A ioco noňňanido, xà 68 A, N x&v T, Z. Eotw dpa we 
TÒ A npóc tò T, o0voc TÒ A npóc TÒ Z. 

‘Edy doa 7j tola ueyéðn xoi GAAa adtoic toa tò nAfj0oc 
ovvdv0 Aoupavóyueva Ev TG ATE Aóyo, Tj 6€ vevopayuévr 


Proposition 23! 


If there are three magnitudes, and others of equal 
number to them, (being) in the same ratio taken two by 
two, and (if) their proportion is perturbed, then they will 
also be in the same ratio via equality. 





At— B C — 
D—4 E +t FRA 

G' + + 1+ Hi L — 
Ke M: H 1 N! 





Let A, B, and C be three magnitudes, and D, E and F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to F, and 
as B (is) to C, so D (is) to E. I say that as A is to C, so 
D (is) to F. 

Let the equal multiples G, H, and K have been taken 
of A, B, and D (respectively), and the other random 
equal multiples L, M, and N of C, E, and F (respec- 
tively). 

And since G and H are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A (is) to B, so G (is) to 
H. And, so, for the same (reasons), as E (is) to F, so M 
(is) to N. And as A is to B, so E (is) to F. And, thus, as 
G (is) to H, so M (is) to N [Prop. 5.11]. And since as B 
is to C, so D (is) to E, also, alternately, as B (is) to D, so 
C (is) to E [Prop. 5.16]. And since H and K are equal 
multiples of B and D (respectively), and parts have the 
same ratio as similar multiples [Prop. 5.15], thus as B is 
to D, so H (is) to K. But, as B (is) to D, so C (is) to 
E. And, thus, as H (is) to K, so C (is) to E [Prop. 5.11]. 
Again, since L and M are equal multiples of C and E (re- 
spectively), thus as C is to E, so L (is) to M [Prop. 5.15]. 
But, as C (is) to E, so H (is) to K. And, thus, as H (is) 
to K, so L (is) to M [Prop. 5.11]. Also, alternately, as H 
(is) to L, so K (is) to M [Prop. 5.16]. And it was also 
shown (that) as G (is) to H, so M (is) to N. Therefore, 
since G, H, and L are three magnitudes, and K, M, and 
N other (magnitudes) of equal number to them, (being) 
in the same ratio taken two by two, and their proportion 
is perturbed, thus, via equality if G exceeds L then K 
also exceeds N, and if (G is) equal (to L then K is also) 
equal (to N), and if (G is) less (than L then K is also) 
less (than N) [Prop. 5.21]. And G and K are equal mul- 
tiples of A and D (respectively), and L and N of C and 
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F (respectively). Thus, as A (is) to C, so D (is) to F 
[Def. 5.5]. 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) in the same ratio taken 
two by two, and (if) their proportion is perturbed, then 
they will also be in the same ratio via equality. (Which is) 
the very thing it was required to show. 


* In modern notation, this proposition reads that ifa : 8::e¢:Cand8:7::6:ethena: 7: 6:6. 


xo’. 


"Eàv npóov npóc Sebtepov TOV aUTOV ExN Aóyov xoi 
tottov npóc Tétaptov, Éyy| 6& xal néurtov npóc OsÓrepov 
TOV qÙTÒV AdYOV xal Éxtov npóc TÉTApTOV, xol OUVTEDEYV 
xpótov xoi TEUMTOV npóc Os0xepov Tov aOtOv Fer AÓYov 
xal xpíxov xoà Extov npóc TÉTAPTOV. 














c 


NP H > 


Iloéstov yàp xó AB npóc ðcúvpepov 16 I' tov adtOv &yéxo 
Aóvov xoà tettov xó AE npd¢ tétaptov TÒ Z, eyétw SE xol 
méuntov tò BH npóc devtepov tò I tov avtov Adyov xoi 
éxtov TÒ EO npóc tétaetov TÒ Z: AEyw, OTL xol ouvTEdEev 
Tpdtov xoi néuntov tò AH npóc ðcútepov tò I tov adtOv 
£&et Adyov, xal xp(xov xoi Extov TÒ AO npóc TÉTAPTOV TO 
Z. 

‘Enel yde £oxtv óc tò BH npóc tò T, oŬtws tò EO npóc 
TÒ Z, avarnadw doa ac tò T góc tò BH, obxoc 16 Z npóc 
tO EO. ¿nel oŬŭv ott óc tò AB npóc tò T, oÜvoc tò AE 
rpóc tÒ Z, óc 5é tò T npòs tò BH, ov¥twe TÒ Z npóc tò 
EO, 8v toov &pa &oxiv óc tò AB npóc tò BH, obxoc tò AE 
Ted TO EO. xoi eet Sinonueva peyéðn avedoydy otv, xol 
ouvtevevta åváňoyov čotav Zotw čpa óc tò AH npóc tò 
HB, oŬtws tò AO npóc tò OE. £c dé xoi Wc tÒ BH npóc 
tÒ T, ottw¢ tò EO mpd¢ 16 Z: &/ (cou &pa Eotly Wc tò AH 
mpdc¢ tò T, oŬtws 16 AO npóc 16 Z. 

"Eàv doa Teétov npóc SevVTEPOV TOV AUTOV ExN AÓYov 
xal tettov meds véxaprov, xy 68 xoi MEUTTOV npóc Og0tepov 
TOV QUTOV AdYOV xal Éxtov npóc TÉTApTOV, xol OUVTEDEV 
TpGtov xol TEUMTOV npóc deUTEpOV TOV aAUTOV Fer AÓYov 
xol xp(xov xol Extov npóc 1évopxov: ónep Eder SelEau. 


Proposition 24! 


If a first (magnitude) has to a second the same ratio 
that third (has) to a fourth, and a fifth (magnitude) also 
has to the second the same ratio that a sixth (has) to the 
fourth, then the first (magnitude) and the fifth, added 
together, will also have the same ratio to the second that 
the third (magnitude) and sixth (added together, have) 
to the fourth. 





For let a first (magnitude) AB have the same ratio to 
a second C that a third DE (has) to a fourth F. And let 
a fifth (magnitude) BG also have the same ratio to the 
second C that a sixth EH (has) to the fourth F. I say 
that the first (magnitude) and the fifth, added together, 
AG, will also have the same ratio to the second C that the 
third (magnitude) and the sixth, (added together), DH, 
(has) to the fourth F. 

For since as BG is to C, so EH (is) to F, thus, in- 
versely, as C (is) to BG, so F (is) to EH [Prop. 5.7 corr.]. 
Therefore, since as AB is to C, so DE (is) to F, andas C 
(is) to BG, so F (is) to EH, thus, via equality, as AB is to 
BG, so DE (is) to EH [Prop. 5.22]. And since separated 
magnitudes are proportional then they will also be pro- 
portional (when) composed [Prop. 5.18]. Thus, as AG is 
to GB, so DH (is) to H E. And, also, as BG is to C, so 
EH (is) to F. Thus, via equality, as AG is to C, so DH 
(is) to F [Prop. 5.22]. 

Thus, if a first (magnitude) has to a second the same 
ratio that a third (has) to a fourth, and a fifth (magni- 
tude) also has to the second the same ratio that a sixth 
(has) to the fourth, then the first (magnitude) and the 
fifth, added together, will also have the same ratio to the 
second that the third (magnitude) and the sixth (added 


153 


STOIXEION e. 


ELEMENTS BOOK 5 


together, have) to the fourth. (Which is) the very thing it 
was required to show. 


* In modern notation, this proposition reads that ifa:8::y:dande:6::¢€:dthena+e:8::y+¢:6. 


, 


XE. 


"Eàv xécoopa ueyéðn &véXoyov f, TO uéyiotov [avtéy] 
xal TÒ £Adytoxov 600 x&v Xov ue(Cová &ouv. 


H 
A B 


E 














© 
F 


Z — 





A 


"How 1éoocoga peyéðn àváXovov xà AB, DA, E, Z, óc 
tÒ AB npóc tò TA, ott we TÒ E npóc TÒ Z, Éovo 0€ UEYLOTOV 
u&v aùtõv xó AB, é&Adytoxov 08 tò Zr Aéyo, óu xà AB, Z 
tov TA, E uciCová &ovv. 

Ketodw yàp 16 uèv E toov tò AH, 1G 6€ Z toov tò TO. 

‘Enel [otv] &cxtv óc tò AB npóc tò TA, obtoc tò E 
xpóc TÒ Z, toov dé tò uèv E 16 AH, tò dé Z x TO, gotw 
pa óc tò AB npóc tò TA, o0xoc tò AH ngóc tò TO. 
xoi éne( Eotty óc ÓAov tò AB npóc dAov tò TA, obxoc 
dpoupeüev tò AH npóc óqotpeüév tò TO, xoi Aowóv &pa 
tò HB ngóc Aotnóv tò OA Éoxat óc óXov tò AB npóc ÓXov 
tO TA. uciGov 8$ tò AB xo0 TA: uciCov doa xoi tò HB x00 
OA. xoi ¿nel toov £o tò uèv AH 16 E, tò òè TO xó Z, 
ta doa AH, Z (ca &oxi toic TO, E. xoi [Enel] Ev [avicorc 
tou npoote0f, xà ÓAa &viod Eat, Exv dpa] xóv HB, OA 
åvíowv évtwv xoi us(Covoc tot HB xà yév HB npooteÛðf 
tà AH, Z, 16 6£ OA npoosxeüfj tà TO, E, ouveyeta xà 
AB, Z ye(Cova x&v TA, E. 

‘Edy dpa 1éooopa ueyéðn avaAoyoyv T, TO uéyiocov 
o0 xGv xal TO EAAYLOTOV 600 x&v AonGv ue(GCová tot. STEP 
del Seizau. 


Proposition 25! 


If four magnitudes are proportional then the (sum of 
the) largest and the smallest [of them] is greater than the 
(sum of the) remaining two (magnitudes). 


A B 
E 

















C ! iD 
E BR 

Let AB, CD, E, and F be four proportional magni- 
tudes, (such that) as AB (is) to CD, so E (is) to F. And 
let AB be the greatest of them, and F the least. I say that 
AB and F is greater than CD and E. 

For let AG be made equal to E, and CH equal to F. 

[In fact,] since as AB is to CD, so E (is) to F, and 
E (is) equal to AG, and F to CH, thus as AB is to CD, 
so AG (is) to CH. And since the whole AB is to the 
whole C' D as the (part) taken away AG (is) to the (part) 
taken away CH, thus the remainder GB will also be to 
the remainder H D as the whole AB (is) to the whole C.D 
[Prop. 5.19]. And AB (is) greater than CD. Thus, GB 
(is) also greater than H D. And since AG is equal to E, 
and CH to F, thus AG and F is equal to CH and E. 
And [since] if [equal (magnitudes) are added to unequal 
(magnitudes) then the wholes are unequal, thus if] AG 
and F are added to GB, and CH and E to HD—GB 
and HD being unequal, and GB greater—it is inferred 
that AB and F (is) greater than CD and E. 

Thus, if four magnitudes are proportional then the 
(sum of the) largest and the smallest of them is greater 
than the (sum of the) remaining two (magnitudes). 
(Which is) the very thing it was required to show. 


+ In modern notation, this proposition reads that if a : 8 :: y : ô, and a is the greatest and 6 the least, then a + ô > 6 + y. 
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Similar Figures 


STOIXEION 7. 


“Opor. 

a.  "Ogota oyuata còðúypauuá cot, doa TÁS TE 
yovias ïoaç Eye xoà utov xol tàs repli tàs looc Ywvlac 
TAcupàs àváňoyov. 

B’. "Axpov xoà uécov Aóvov evVeta tetuğoðoa Aéyeta, 
Otav Tj ÓS Å CAN npòs TO ueiGov tuua, OUTW TO UEITov 
TEOS TO EhATTOV. 

y’. “Ty os &oxi névxoc oy fatos f, ånò ts xopugfic Ext 
thy Baow xé&üevoc dyoyuévr. 

at 

Tà tetywva xal xà ropoAXnAóyvoouua xà UNS TO AUTO 

bog Svta npóc GAANAG &oxv óc oi Bdoetc. 


A Z 














© H B UIT A K A 


"Eoo tetywva u&v xà ABT, ATA, noapoAAnAóyoouuo 
dé và ET, TZ oónó tò adt6 Voc tò AT" Aévo, tt &oxiv We 
n BT Báotc npóc thy TA Báo, obvoc tò ABT tetywvov 
xpóc tò ATA xpiyovov, xoi tò ET xapoAArAóYvpouuov npóc 
tÒ TZ xapgoXAnAÓYpogpov. 

"ExBeBAjovw yàp f, BA &q' exdtepa xà ép &ri tà O, A 
onucia, xal xetodwour tH u&v BT Béoet tom [6omdnrotoby| 
oi BH, HO, «fj 6€ TA Béoet toot Gomdynrototy ai AK, KA, 
xoi eneTevywoauv at AH, AO, AK, AA. 

Koi exet toot eiotv at TB, BH, HO addrAaic, tow £o xol 
tà AOH, AHB, ABT totywva dAAhAolc. CounAactwyv tea 
got 5j OL Báo týs BT fjáoeoc, tooavtanrAdovdy &oxt 
xoi tò AOT toetywvov to} ABT terymvov. sid ta abià 
67, OoanAactwy &oxlv n AT Béorg tic TA Dóosoc, tooav- 
xamA&otóv £o xoi tò AAT tetywvov tot ATA teryavou- 
xal et ton cotlv fj, OT Bdorc xfj TA Baoet, toov tot} xoi tò 
AGT tetywvoyv vo ATA xptyovo, xoi ei Unepéyet f, OT Baouc 
tiic TA Báoecc, tbrepéyer xoi tò AOT tetywvov tod ATA 
Toly@vou, xal ei EAdoowy, EAacoov. tecodewv Sr) 6vTwv 
ueveUGv dbo uèv Báceov xv BD, TA, Dúo òè toryovey 
t&v ABT, ATA ennta todxic noXXanAóota týs uàv BT 
BPáocws xoi tod ABT totyavou ý te OT Báoic xoi tò AOT 
totywvoy, tic 66 DA Bé&oews xoi toù AAT xpiyóvou &AAa, 
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Definitions 

1. Similar rectilinear figures are those (which) have 
(their) angles separately equal and the (corresponding) 
sides about the equal angles proportional. 

2. A straight-line is said to have been cut in extreme 
and mean ratio when as the whole is to the greater seg- 
ment so the greater (segment is) to the lesser. 

3. The height of any figure is the (straight-line) drawn 
from the vertex perpendicular to the base. 


Proposition 1t 


Triangles and parallelograms which are of the same 
height are to one another as their bases. 


E A F 














H G B C D K L 

Let ABC and ACD be triangles, and EC and CF par- 
allelograms, of the same height AC. I say that as base BC 
is to base CD, so triangle ABC (is) to triangle AC D, and 
parallelogram EC to parallelogram CF. 

For let the (straight-line) BD have been produced in 
each direction to points H and L, and let [any number] 
(of straight-lines) BG and GH be made equal to base 
BC, and any number (of straight-lines) Dk and KL 
equal to base CD. And let AG, AH, AK, and AL have 
been joined. 

And since CB, BG, and GH are equal to one another, 
triangles AHG, AGB, and ABC are also equal to one 
another [Prop. 1.38]. Thus, as many times as base HC 
is (divisible by) base BC, so many times is triangle AH C 
also (divisible) by triangle ABC. So, for the same (rea- 
sons), as many times as base LC is (divisible) by base 
CD, so many times is triangle ALC also (divisible) by 
triangle ACD. And if base HC is equal to base CL then 
triangle AHC is also equal to triangle ACL [Prop. 1.38]. 
And if base HC exceeds base CL then triangle AHC 
also exceeds triangle ACL.‘ And if (HC is) less (than 
CL then AHC is also) less (than ACL). So, their being 
four magnitudes, two bases, BC and C D, and two trian- 
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à Éxuyev, ioáxıç MoAAaTAcoLa f, te AT Bácic xoi tò AAT 
totywvov: xoi 8é6eocvot, StL, ei ónepéyet À OD Báotc t¥j¢ TA 
B&oecc, bnepéyet xoi tò AOT totywvov tod AAT teryavou, 
xo et ton, toov, xoà el ELacowy, Ehacoov’ Eotl doa we À 
BI Báoic ned¢ tiv TA Baow, ob0voc tò ABT tetywvov npóc 
tò ATA totywvov. 

Kat énet tod ev ABT totyovou 8uA&otóv ċott tò ET 
xapoAArAóvpouguov, tov ðè ATA toetyavou OA cotóv £o 
TÒ ZI rapoAAnAÓóypougov, và SE WEEN toic QOAÚTWÇ TOÀ- 
AamAaoíow Tov avTOV Exet Aóyov, Zotw doa óc TO ABT 
totywvov xnpóc tò ATA totywvoyv, ottwc tÒ ED napad- 
Anàóypauuov medc tò ZI napaňànàóypauuov. nel oðv 
edetyOn, ðs u&v f, BT Bdouc npóc thy TA, oŬtws tò ABT 
tpiywvov npgóc tò ATA telywvov, óc õè tò ABT totywvov 
mpdc tò ATA tolywvoy, oŬtwç tò ET nrapaànàóypauuov 
Teds tò TZ napadrAnrdyeayuoy, xal ac doa Y, BD Báotc ned¢ 
thy TA Béow, oŬtws tò ET naparànàóypauuov npóc tò ZT 
Tapaànàóypauuov. 

Tà äpa tetywva xoi xà TapaAànàóypauua và LTO TO 
auto Ütpoc óvxa npóc AANA EotW we at Bdoetc’ Smee Eder 
Seton. 
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gles, ABC and ACD, equal multiples have been taken of 
base BC and triangle ABC—(namely), base HC and tri- 
angle 4HC—and other random equal multiples of base 
CD and triangle ADC—(namely), base LC and triangle 
ALC. And it has been shown that if base HC exceeds 
base CZL then triangle AHC also exceeds triangle ALC, 
and if (HC is) equal (to CL then AHC is also) equal (to 
ALC), and if (HC is) less (than CL then AHC is also) 
less (than ALC). Thus, as base BC is to base CD, so 
triangle ABC (is) to triangle ACD [Def. 5.5]. And since 
parallelogram EC is double triangle ABC, and parallelo- 
gram FC is double triangle AC D [Prop. 1.34], and parts 
have the same ratio as similar multiples [Prop. 5.15], thus 
as triangle ABC is to triangle ACD, so parallelogram EC 
(is) to parallelogram FC. In fact, since it was shown that 
as base BC (is) to CD, so triangle ABC (is) to triangle 
ACD, and as triangle ABC (is) to triangle AC D, so par- 
allelogram EC (is) to parallelogram CF, thus, also, as 
base BC (is) to base CD, so parallelogram EC (is) to 
parallelogram F'C [Prop. 5.11]. 

Thus, triangles and parallelograms which are of the 
same height are to one another as their bases. (Which is) 
the very thing it was required to show. 


t As is easily demonstrated, this proposition holds even when the triangles, or parallelograms, do not share a common side, and/or are not 


right-angled. 


t This is a straight-forward generalization of Prop. 1.38. 


B 
"Eàv xpgtyóvou Tapa Ulav x&v rAeupóv ay DF Tic cbVETa, 
&váAoYvov teuel Tac Tob tpuyovou nÀsupác: xal Edy oi TOD 
tptY vou rAeupol &dvåňoyov TUNnVHOLW, NETL TXS TOUS TI- 
CeuYvuuévr evVeia xapà thy Aour|v Éovot tov tptyovou 
TAEUpÁV. 


A 





B T 


Teryovou yàp tod ABT rapdAAnroc uğ xv TAEUEGSY 
tf BT HyVw 9 AE: AEyoo, öt &odv Wo Å BA npóc thy AA, 
obtw> 7, TE npóc thy EA. 





Proposition 2 


If some straight-line is drawn parallel to one of the 
sides of a triangle then it will cut the (other) sides of the 
triangle proportionally. And if (two of) the sides of a tri- 
angle are cut proportionally then the straight-line joining 
the cutting (points) will be parallel to the remaining side 
of the triangle. 


A 





B C 
For let DE have been drawn parallel to one of the 
sides BC of triangle ABC. I say that as BD is to DA, so 
C E (is) to E A. 
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STOIXEION 7. 


"EneCevydwoav yàp at BE, TA. 

"Icov doa £o tò BAE tetywvov x TAE xpvyóvor 
£n yàp vfjc abtfjc Dáoecc ċott vfjc AE xoi &v voc obxolic 
rapoAAfAotc toas AE, BT: &AXo 66 x 10 AAE toelywvov. xà 
d€ loa. npóc TO AUTO TOV AUTOV Exel AÓYov: Éoxtv ea ÒG TO 
BAE tetywvov ngóc tò AAE [toetywvov], o0voc tò TAE 
totywvov npóc tò AAE tetywvov. add’ óc uèv tò BAE 
totywvov npóc tò AAE, ottw>o f|, BA npgóc thy AA: ono 
Yàp TÒ abo Üdoc övta thy and tod E &ri thy AB xóüecov 
åyouévny npóc GAANAG ciow óc ai Bdoetc. Dà TA AUTH 7) 
óc tÒ TAE totywvov npóc tò AAE, obxoc f, DE ngóc thy 
EA: xa óc doa f, BA npóc tùy AA, oŬtws ATE ngóc thy 
EA. 

AAG OF at toŭð ABT torymvou mAcvedt at AB, AT 
åváňoyov tetufodwoav, óc f, BA xpóc thy AA, obxoc 
n TE xpóc thy EA, xoi éneCeOy0o f) AE: Aéyw, OT 
xapáAAnAóc Eotw f, AE fj BT. 

T&v yàp adv xataoxevacVEvtwy, Emel EOTIV WC f| 
BA npóc thy AA, ottwo f, TE npóc thy EA, àAX we 
u&v f, BA npóc thy AA, o0voc tò BAE tetywvov npóc 
to AAE tolywvoyv, óc 5¢ f| TE npd¢ tiv EA, obtw¢ TÒ 
TAE tetywvoyv npóc tò AAE xpí(vovov, xol óc dpa tÒ 
BAE tetywvov ngóc tò AAE tetywvov, oüvoc tò TAE 
totywvov npòç tò AAE tetywvov. txåtepov pa xv BAE, 
TAE tetyaveyv med¢ tò AAE tov abxóv Éyet Aóyov. toov 
&pa &oxi tò BAE telyovov 165 TAE toetyave xal ciow ext 
ts adtic Báocws tis AE. tà è tou tetywva xa Ent ts 
adtijc Bacews Óvva xal Ev tas adtoic napao &oxív. 
xapáAArAoc po &oxiv 7 AE tH BY. 

"Edy doa Tery@vou nxopà Ulav x&v nrAeupGv dy vic 
coelo, dvåňoyov teuet tac tod Tolywvou TAELEdC xol £àv 
at tod xptyovou mAeupol &váAoYov TUNnDdoW, f, £r tà 
touàc &müeuYvuuévr evdeta xopà viv Aoud|v ~ota to 
Toryw@vou nAeupáv: ónep Edet deté. 


, 
Y. 

"Edy xptyóvou f| yovia diya tundh, A Se xéuvouca triv 
yoviay cbdeta téuvy xol thy Påotv, xà tic Boes tuata 
Tov axÓv É&et Aóyov taç Aowoüc TOU tptycvou nAeupoüic: 
xal &àv xà ts B&oecc tuńuata TOV AUTOV ExN Aóyov tos 
Aoirdic tod tetywvou rA&upoüc, À ATÒ TÅ xopuqgfic Ext tv 
xouTjv emCevyvuyevy evveia diya teuc thy tov tToLryw@vou 
Yovíav. 

"Eotw tetywvov tò ABT, xoi vexufjoUo ñ òrò BAT 
yovia diya tnd thc AA edv¥etauc: Aévo, ött &oxiv óc f, BA 
xpóc thy TA, o0xoc f; BA npóc thy AT. 

"Hye yàp ài tod T tH AA napddAAndoc f| TE, xoi 
diayVeion f, BA cuunuéxo acf; xoxà tò E. 
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For let BE and CD have been joined. 

Thus, triangle BDE is equal to triangle CDE. For 
they are on the same base DE and between the same 
parallels DE and BC [Prop. 1.38]. And ADE is some 
other triangle. And equal (magnitudes) have the same ra- 
tio to the same (magnitude) [Prop. 5.7]. Thus, as triangle 
BDE isto [triangle] ADE, so triangle CDE (is) to trian- 
gle ADE. But, as triangle BDE (is) to triangle ADE, so 
(is) BD to DA. For, having the same height—(namely), 
the (straight-line) drawn from E perpendicular to AB— 
they are to one another as their bases [Prop. 6.1]. So, for 
the same (reasons), as triangle CDE (is) to ADE, so CE 
(is) to EA. And, thus, as BD (is) to DA, so CE (is) to 
EA [Prop. 5.11]. 

And so, let the sides AB and AC of triangle ABC 
have been cut proportionally (such that) as BD (is) to 
DA, so CE (is) to EA. And let DE have been joined. I 
say that DE is parallel to BC. 

For, by the same construction, since as BD is to DA, 
so CE (is) to EA, but as BD (is) to DA, so triangle BDE 
(is) to triangle ADE, and as CE (is) to EA, so triangle 
CDE (is) to triangle ADE [Prop. 6.1], thus, also, as tri- 
angle BDE (is) to triangle ADE, so triangle CDE (is) 
to triangle ADE [Prop. 5.11]. Thus, triangles BDE and 
C DE each have the same ratio to ADE. Thus, triangle 
BDE is equal to triangle CDE [Prop. 5.9]. And they are 
on the same base DE. And equal triangles, which are 
also on the same base, are also between the same paral- 
lels [Prop. 1.39]. Thus, DE is parallel to BC. 

Thus, if some straight-line is drawn parallel to one of 
the sides of a triangle, then it will cut the (other) sides 
of the triangle proportionally. And if (two of) the sides 
of a triangle are cut proportionally, then the straight-line 
joining the cutting (points) will be parallel to the remain- 
ing side of the triangle. (Which is) the very thing it was 
required to show. 


Proposition 3 


If an angle of a triangle is cut in half, and the straight- 
line cutting the angle also cuts the base, then the seg- 
ments of the base will have the same ratio as the remain- 
ing sides of the triangle. And if the segments of the base 
have the same ratio as the remaining sides of the trian- 
gle, then the straight-line joining the vertex to the cutting 
(point) will cut the angle of the triangle in half. 

Let ABC be a triangle. And let the angle BAC have 
been cut in half by the straight-line AD. I say that as BD 
is to CD, so BA (is) to AC. 

For let CE have been drawn through (point) C par- 
allel to DA. And, BA being drawn through, let it meet 
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E 


B A D 


Koi éne eic napadAnrouc tac AA, ET eb0cia &véneoev 
f, AD, 5; &pa òrò ATE vovía tor, £o tH bnd TAA. Gar’ 
n ónó TAA th ónó BAA Onóxeuot tow xoi 5j Und BAA 
&pa tH Und ATE otw ton. náňwv, Enel eic trapo jAouc 
tac AA, FT evdcta événeoev f, BAE, fj &xvóc vovía fj ono 
BAA ton &ox tH £vvóc xfj nò AFT. cdetyDn dé xoà fj ono 
ATE «fj tnd BAA tory xoà 5, òrò ATE doa Yovía xfj 6o 
AEP otw ion ote xoi mAcved f, AE nAeugü tH AT otw 
lon. xoà eel toryavou told BTE napa uiav tév rAeupGv 
thy ET ğxta Y, AA, àváXoYvov &pa &oxlv óc f| BA npóc Thy 
AT, ob1oc f, BA ngóc thy AE. ton òè ñ AE tH AT: óc dpm 
ñ BA ngóc thy AT, obxoc fj BA npóc thy AT. 

AAA OF Eotw óc f| BA ngóc thy AT, ob tw¢ f| BA npóc 
thy AT, xoi eneCedyw n AA: Aéyo, óu Stya TétTUNTAL f 
òrò BAT voví(a nò tic AA có0cíac. 

Tõv yàp avtév xataoxevaovevtuy, &ne( &owv óc f| BA 
xpóc tiv AT, obxoc f, BA ngóc thy AT, GAG xod óc f| BA 
npóc thy AT, oŬtws Eotiv f| BA npóc thy AE: terymvou 
yàp tod BTE nopà uiay thy ET xta Y, AA: xal óc doa f| 
BA npóc thy AT, obvoc f, BA ngóc thy AE. ton doa f, AT 
tf, AE’ Gote xoi vovía ñ óxó AET xfj; òrò ATE &owv ton. 
GAN’ f; u£v ONO AET tH &£xxóc tH Und BAA [ot] ton, f, 
dé Und ATE tÅ £vaAAà& tH Und TAA Eo ion: xoi Ñ bn 
BAA óga xfj Und TAA éotww ïon. f) doa bnd BAT ywvia 
dtya TETUNTH UNO tç AA cbVetac. 

‘Edy doa xpty vov 7| ywvia diya tunt, 7 OE véuvouca 
THY yoviay cOVeia Téuvn xoi Thy Baow, xà Thc D&osoc 
TuńuaTÆ TOV aAvTOV E€eL AÓYov toç onos tod TELYwvoU 
TAeuedic: xol &àv TA tc Pkoewo tuńuata tòv aAvTOV Éym 
AóYov tç Aonais tod terymvou nAeupolc, N AMO TH¢ xo- 
puos &ri thy tour EnCevyvuuevy cvVeta Siya xéuvet TH 
tov xptY vou vovíov: Smee Eder ctga. 
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(CE) at (point) E.t 


B D C 


And since the straight-line AC falls across the parallel 
(straight-lines) AD and EC, angle ACE is thus equal to 
CAD [Prop. 1.29]. But, (angle) CAD is assumed (to 
be) equal to BAD. Thus, (angle) BAD is also equal to 
ACE. Again, since the straight-line B AE falls across the 
parallel (straight-lines) AD and EC, the external angle 
BAD is equal to the internal (angle) AEC [Prop. 1.29]. 
And (angle) AC E was also shown (to be) equal to BAD. 
Thus, angle ACE is also equal to AEC. And, hence, side 
AE is equal to side AC [Prop. 1.6]. And since AD has 
been drawn parallel to one of the sides EC of triangle 
BCE, thus, proportionally, as BD is to DC, so BA (is) 
to AE [Prop. 6.2]. And AE (is) equal to AC. Thus, as 
BD (is) to DC, so BA (is) to AC. 

And so, let B.D be to DC, as BA (is) to AC. And let 
AD have been joined. I say that angle BAC has been cut 
in half by the straight-line AD. 

For, by the same construction, since as BD is to DC, 
so B A (is) to AC, then also as BD (is) to DC, so BA is 
to AE. For AD has been drawn parallel to one (of the 
sides) EC of triangle BCE [Prop. 6.2]. Thus, also, as 
BA (is) to AC, so BA (is) to AE [Prop. 5.11]. Thus, AC 
(is) equal to AE [Prop. 5.9]. And, hence, angle AEC 
is equal to ACE [Prop. 1.5]. But, AEC [is] equal to the 
external (angle) BAD, and ACE is equal to the alternate 
(angle) CAD [Prop. 1.29]. Thus, (angle) BAD is also 
equal to CAD. Thus, angle BAC has been cut in half by 
the straight-line AD. 

Thus, if an angle of a triangle is cut in half, and the 
straight-line cutting the angle also cuts the base, then the 
segments of the base will have the same ratio as the re- 
maining sides of the triangle. And if the segments of the 
base have the same ratio as the remaining sides of the 
triangle, then the straight-line joining the vertex to the 
cutting (point) will cut the angle of the triangle in half. 
(Which is) the very thing it was required to show. 


+ The fact that the two straight-lines meet follows because the sum of AC E and CAE is less than two right-angles, as can easily be demonstrated. 
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See Post. 5. 
ny 
'TGv icoyov(ov TELYOVOYV åváňoyóv cio al rAeupol ai 


nepi tàs looc ywvias xoi OUdAOYOL al LUMO Tac loac Ywvlac 
bnotetvoucd. 





B I E 


"Eoo iooyova totywva xà ABT, ATE {ony éyovta thy 
u&v ónó ABT ywviay xfj bnd ATE, thy òè óxó BAT «fj ónó 
TAE xoi £u thy òrò ATB t nò DEA: Aéyo, öt vv ABT, 
ATE tetyovey åváňoyóv ciotv at nàcupal oi nepi tàs toas 
ywviag xol OUdAOYOL al DMO tàs oas yoviaç oxotetvoucat. 

Keiotw yàp en’ euvdetac 5, BI th DE. xoà nel oi ono 
ABL, ATB ywvia 800 ópüGv edcttoveéc ciow, ton dé 
n òrò ATB qt nò AFT, oi dpa óró ABT, AFT 600 
ópÜGv &A&tvovéc eiow: ai BA, EA soa &xpoXXÓóuevot ovy- 
r&ooUvrat. ExBeBAHoIwoay xol GUUTINTETWOAY KATH TÒ Z. 

Koi énet ton éotlv 7 bnd ATE ywvia tÅ Uno ABL, 
xapáAAnAóc Eotw f, BZ tH DA. náňw, ¿nel ton Eotiv f, brò 
ATB tf nò AFT, nopéAAnAóc cotw f, AT tH ZE. napad- 
Anàóypaupov doa £oxi tò ZATA: ton &ga f uèv ZA «fj AT, 
n Se AT xfj ZA. xo nel toryóvou tod ZBE nape ulav thy 
ZE xta À AT, ¿otw pa óc f, BA npóc Thy AZ, oŬtos f 
BT ngóc thy TE. ton 68 5| AZ tH TA: óc Goa f, BA xpóc uv 
TA, obxoc f, BT ngóc thy DE, xoi żvariàé óc A AB npóc 
thy BT, ottw¢ f, AU ngóc thy TE. nád, nei napdAAnAóc 
¿otv f, TA xfj; BZ, gotw doa óc f, BT ngóc thy TE, obvoc 
n ZA npóc thy AE. ton dé 5| ZA tH AT: óc doa A BT npóc 
thy DE, otto À AT xgóc thy AE, xoi £voAA& óc f, BP 
xpóc thy DA, obxoc f, DE npóc thy EA. &nxei oov edetydn 
óc u&v Ñ AB ngóc thy BT, ooxoc 7 AT ngóc thy DE, óc 
dé 7, BT ngóc thy TA, oóxoc f; TE ngóc thy EA, àv {oou 
&pa óc f, BA npóc thy AT, obxoc f, A xgóc thy AE. 

Tõv doa looywvlov vpryevov avaAoydv Elow ai rt eupot 
ai Teel tac toas Ywvlac xol OUSAOYOL al ONO tàs oas Ywvlac 
Unotetvovom Step Eder SetEan. 
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Proposition 4 


In equiangular triangles the sides about the equal an- 
gles are proportional, and those (sides) subtending equal 
angles correspond. 


F 





B C E 

Let ABC and DCE be equiangular triangles, having 
angle ABC equal to DCE, and (angle) BAC to CDE, 
and, further, (angle) ACB to CED. I say that in trian- 
gles ABC and DCE the sides about the equal angles are 
proportional, and those (sides) subtending equal angles 
correspond. 

Let BC be placed straight-on to CE. And since 
angles ABC and ACB are less than two right-angles 
[Prop 1.17], and ACB (is) equal to DEC, thus ABC 
and DEC are less than two right-angles. Thus, BA and 
ED, being produced, will meet [C.N. 5]. Let them have 
been produced, and let them meet at (point) F. 

And since angle DCE is equal to ABC, BF is parallel 
to C D [Prop. 1.28]. Again, since (angle) AC B is equal to 
DEC, AC is parallel to FE [Prop. 1.28]. Thus, FACD 
is a parallelogram. Thus, F'A is equal to DC, and AC to 
FD [Prop. 1.34]. And since AC has been drawn parallel 
to one (of the sides) FE of triangle FBE, thus as BA 
is to AF, so BC (is) to CE [Prop. 6.2]. And AF (is) 
equal to C D. Thus, as BA (is) to CD, so BC (is) to CE, 
and, alternately, as AB (is) to BC, so DC (is) to CE 
[Prop. 5.16]. Again, since CD is parallel to BF, thus as 
BC (is) to CE, so FD (is) to DE [Prop. 6.2]. And FD 
(is) equal to AC. Thus, as BC is to CE, so AC (is) to 
DE, and, alternately, as BC (is) to CA, so CE (is) to 
ED [Prop. 6.2]. Therefore, since it was shown that as 
AB (is) to BC, so DC (is) to C E, and as BC (is) to C A, 
so C E (is) to ED, thus, via equality, as BA (is) to AC, so 
CD (is) to DE [Prop. 5.22]. 

Thus, in equiangular triangles the sides about the 
equal angles are proportional, and those (sides) subtend- 
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STOIXEION 7. 


, 
£. 
‘Edy 500 teltywva tàs nAeupàüc &véAoyvov £yn, looyavia 
ota và telywva xal touc eEer tac ywviac, ÙP’ Gc oi 
OUOAOYOL TAEVEal onocetvouoty. 











A A 
E Z 
T H 


B 


"How 800 tetywva và ABT, AEZ tàs tàcupàs åváňoyov 
éyovta, óc èv thy AB npóc thy BT, oŬtws thy AE npóc 
thy EZ, óc 8& thy BT npóc thy DA, obxoc thy EZ npóc 
thy ZA, xoi &u óc Thy BA nxpóc thy AT, obvoc Thy EA 
xpóc thy AZ. Aéyw, Sti icovovióv £ow TO ABT totywvov 
ta AEZ teryavea xal (cac E€ovor tàs ywviac, Ùp’ às oi 
OudAOYoL TAEUEAl UnoTelvovoW, Thy u£v UNO ABT xfj ono 
AEZ, tiv dé bn0 BTA «xfj ónó EZA xoi &u thy òrò BAT 
ifj ónó EAZ. 

Xuveotóto yàp npóc tÅ EZ cvVeta xol tois npóc aoi 
onustotc toic E, Z ti u£v Und ABT ywvig ton f, òrò ZEH, 
tf dé nò ATB ion f, óxó EZH: downy dpa f, npóc x A 
Aani xfj xgóc t& H Eotw ton. 

“Tooyawov &pa &oxt tò ABT tetywvov té5 EHZ [tevyev- 
€]. x&v dou ABT, EHZ xptyóvov åváňoyóv ciot at mAcvpal 
ai tegi tac toas Ywvlacg xol OUdAOYOL al ONO tàs oas Ywvlac 
bnotetvovoa gotw dpa óc f, AB xpóc thy BI, [odtwe] 
?, HE xpóc thy EZ. àÀAX óc f|, AB npdc¢ thy BL, obxoc 
onxóxeuot f| AE npóc thy EZ: óc doa 5, AE npóc thy EZ, 
obxoc f, HE xpóc thy EZ. &xoxéga toa xv AE, HE npóc 
thy EZ tov aov Éyei Aóyov: ton dea éotiv f, AE ti HE. 
Ot TH oto xà Ò) xoi f, AZ xfj HZ otv ton. &xel oOv tor Eotiv 
7, AE ti EH, xow) dé f| EZ, dvo 67, oi AE, EZ duo tas HE, 
EZ tout eiotv: xoà Báoic f, AZ Báo xfj ZH [£owv] ton: yovia 
&pa HW UNO AEZ vovía tÅ óxó HEZ otw lon, xoi tò AEZ 
tpíiyovov 1G HEZ xgtyóvo toov, xol at Aowmal ywvtou totic 
Aoutoüc «vot (oot, be’ às at too mAcveal oxocetvouot. 
ïon dea £ox xoi f, u£v Und AZE yovia xfj bro HZE, 7j òè 
òrò EAZ tfj tno EHZ. xoi &nei 5| u&v óxó ZEA «f| ono 
HEZ &ov ion, Gad’ fj Und HEZ «fj tnd ABT, xoi Ñ ono 
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ing equal angles correspond. (Which is) the very thing it 
was required to show. 


Proposition 5 


If two triangles have proportional sides then the trian- 
gles will be equiangular, and will have the angles which 
corresponding sides subtend equal. 


A D 








C G 
B 

Let ABC and DEF be two triangles having propor- 
tional sides, (so that) as AB (is) to BC, so DE (is) to 
EF, and as BC (is) to CA, so EF (is) to FD, and, fur- 
ther as BA (is) to AC, so ED (is) to DF. I say that 
triangle ABC is equiangular to triangle DEF, and (that 
the triangles) will have the angles which corresponding 
sides subtend equal. (That is), (angle) ABC (equal) to 
DEF, BCA to EFD, and, further, BAC to EDF. 

For let (angle) FEG, equal to angle ABC, and (an- 
gle) EFG, equal to ACB, have been constructed on the 
straight-line EF at the points E and F on it (respectively) 
[Prop. 1.23]. Thus, the remaining (angle) at A is equal 
to the remaining (angle) at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to [triangle] EGF. 
Thus, for triangles ABC and EGF, the sides about the 
equal angles are proportional, and (those) sides subtend- 
ing equal angles correspond [Prop. 6.4]. Thus, as AB 
is to BC, [so] GE (is) to EF. But, as AB (is) to BC, 
so, it was assumed, (is) DE to EF. Thus, as DE (is) to 
EF, so GE (is) to EF [Prop. 5.11]. Thus, DE and GE 
each have the same ratio to EF. Thus, DE is equal to 
GE [Prop. 5.9]. So, for the same (reasons), DF is also 
equal to GF. Therefore, since DE is equal to EG, and 
EF (is) common, the two (sides) DE, EF are equal to 
the two (sides) GE, EF (respectively). And base DF 
[is] equal to base FG. Thus, angle DEF is equal to 
angle GEF [Prop. 1.8], and triangle DEF (is) equal 
to triangle GEF, and the remaining angles (are) equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle DFE is also equal to GF E, and 
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ABT doa yovia tH óxó AEZ ¿otv ïon. dà xà HOT 87, xoi 
f, óxó ATB xfj òrò AZE &ovv ion, xoi Ett À npóc 1G A TH 
xpóc 16) A: icoywwov &pa &oxi tò ABT tetywvov 16 AEZ 
TptY vo. 

‘Edy dpa 600 Telywva Tac mAeupóc dvdAoyov Éym, 
looyava Éoxot xà tetywva xoi toas eer tac Yovíoc, ve’ 
&c at OUdAOYot TAEUEAl onotetvouotv: ónep Eder deiga. 


Th 
‘Edy 860 tpiyova ulav yoviav we yovi tony ëxn, nepi 
öè tàs toas yovias tàs rAeupóc å&våňoyov, iooyóva čoTtAL 
xà tpíiywva xal toas E€er tàs ywviac, Ùp’ às oi OudAOYOL 
TAcueal Umotetvouov. 
A 


A 








B D 


"Eoo 800 tetywva xà ABT, AEZ uiav vovíov thy ono 
BAT we yovi tÅ òrò EAZ tony éyovta, nepi è tac toas 
ywvias xàc rAeupdc dvdAovov, Wo THY BA ngóc thy AT, 
obxoc Thy EA nxpóc thy AZ: Aévo, óu icoyawdv Eott TO 
ABT tetywvov 16 AEZ toryove xoi tony eer thy òrò ABT 
yoviay tH òrò AEZ, thy 66 òrò ATB tH Und AZE. 

Luveotatw yàp npóc th AZ cvVela xal tos npóc otf 
onystoic voic A, Z onotépg u£v x&v Und BAT, EAZ ion 
n óxó ZAH, «fj 68 0ónó ATB ton f; ónó AZH- Aout) dpa À 
rpóc T6) B voví(a Aoi tH npóc x6 H ton &oxtv. 

Toovówov doa &od tò ABT toelywvov tæ AHZ 
TELYOVO. åváňoyov &pa &oxlv Wo f, BA npóc Thy AT, obxoc 
n HA ngóc thy AZ. onóxevcot 68 xoi óc Å BA ngóc thy AT, 
oŬtws Y, EA npóc thy AZ: xol óc doa f, EA npóc thy AZ, 
o’tw> 1) HA npóc thy AZ. ton dpa f, EA xfj AH: xoa xo) 
Å AZ: Dúo ò) oi EA, AZ 800i tos HA, AZ tooc eiotv: xoi 
yovla f, òrò EAZ yovia xfj óxó HAZ [£owv] ton Báo 
&pa À EZ B&oce tH HZ éotw ton, xoi tò AEZ tetywvov t& 
HAZ xeiyóvo tcov &oxív, xoi oi Xourold ywviar tos Aotnoüic 
ywrviaic oas Eoovta, VP’ Ac toac rAeupol oroceivouotv. tor, 
&pa Eotiv f| u£v UNO AZH «fj òro AZE, fj 62 ónó AHZ 
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(angle) EDF to EGF. And since (angle) FED is equal 
to GEF, and (angle) GEF to ABC, angle ABC is thus 
also equal to DEF. So, for the same (reasons), (angle) 
AC B is also equal to DF E, and, further, the (angle) at A 
to the (angle) at D. Thus, triangle ABC is equiangular 
to triangle DEF. 

Thus, if two triangles have proportional sides then the 
triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. (Which is) the 
very thing it was required to show. 


Proposition 6 


If two triangles have one angle equal to one angle, 
and the sides about the equal angles proportional, then 
the triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. 


A D 








B C 


Let ABC and DEF be two triangles having one angle, 
BAC, equal to one angle, EDF (respectively), and the 
sides about the equal angles proportional, (so that) as BA 
(is) to AC, so ED (is) to DF. I say that triangle ABC is 
equiangular to triangle DEF, and will have angle ABC 
equal to DEF, and (angle) ACB to DF E. 

For let (angle) FDG, equal to each of BAC and 
EDF, and (angle) DFG, equal to AC B, have been con- 
structed on the straight-line AF at the points D and F on 
it (respectively) [Prop. 1.23]. Thus, the remaining angle 
at B is equal to the remaining angle at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to triangle DGF. 
Thus, proportionally, as BA (is) to AC, so GD (is) to 
DF [Prop. 6.4]. And it was also assumed that as BA 
is) to AC, so ED (is) to DF. And, thus, as ED (is) 
to DF, so GD (is) to DF [Prop. 5.11]. Thus, ED (is) 
equal to DG [Prop. 5.9]. And DF (is) common. So, the 
two (sides) ED, DF are equal to the two (sides) GD, 
DF (respectively). And angle EDF [is] equal to angle 
GDF. Thus, base EF is equal to base GF, and triangle 
DEF is equal to triangle GDF, and the remaining angles 
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ifj òrò AEZ. àAX fj Und AZH «fj óxó ATB otw ion: xoi 
n ond AT B doa t Und AZE &oxtv ton. Ondxerto dé xol 
n ond BAT xfj tnd EAZ ton xoà Aou Goa Å npóc x B 
onf xfj Ted¢ 16) E ton &oxív: icoyovtov doa £o tò ABT 
totywvov t% AEZ toryaove. 

"Eàv dea dvo Totyova ulav ywviav uğ yovia tony éxn, 
nepil è tàs oas ywviag tàs nAeupóc aVdAOYOY, looYaVIA 
ota Tà tolywva xal touc čel tàs ywviac, ÙP’ às oi 
OUOAOYoL tàcupal orocetvouotv: ónep det deiga. 


a 
'Eàv 900 tTetywva uiay ywviav ui yoviy tonv EXN, 
Teel è GAAac ywvlac tac mAeupàc åvåňoyov, tæv ðè 
oindy Exatéoav ğua tor &A&ocovat f| uù £A&ooova devi, 
tooyava Éovot xà tetywva xol toas fer tac ywviac, negl 
&c àvåňoyóv eio ai TAcveat. 


A 


H Z 


T 

"Eoo 900 tetywva xà ABT, AEZ ulav ywoviav uğ 
yovi onv ëyovta thy òrò BAT ifj tnd EAZ, nepi dé 
drag ywviac tac Und ABT, AEZ tac nàcupàç åváňoyov, 
Oc thy AB ngóc tiv BL, ottwo thy AE npóc thy EZ, 
Tv be AouGv tæv npóc roi; T, Z npótepov Exatéeav 
ua &£Aáccova pc: AEYW, Sti icoyovióv &ow TO ABT 
totywvov t AEZ xevyovo, xoà ton ota f| òrò ABT vovía 
xfj ónó AEZ, xol Aou) 6nXovóu f, npoc t& T Aon xfj npóc 
1G Z ton. 

Ei yàp &wwoóc éowv f, nò ABT ywvia tf; Ord AEZ, 
ula adtév ue(Cov gotiv. gotw use(Gov f) UNO ABT. xoi ov- 
veotatw npóc tH AB eo0e(q xol 16 npóc AUTH onue(o 1 
B «fj tnd AEZ yovig ton ñ òrò ABH. 

Koi énet fon &oxiv n u£v A yovia tH A, f, 66 ono ABH 
ifj òrò AEZ, down doa f, òrò AHB downy xfj Ond AZE 
got ton. tlooyavwov &pa £o tò ABH xp(yovov x AEZ 
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will be equal to the remaining angles which the equal 
sides subtend [Prop. 1.4]. Thus, (angle) DFG is equal 
to DFE, and (angle) DGF to DEF. But, (angle) DFG 
is equal to ACB. Thus, (angle) ACB is also equal to 
DF E. And (angle) BAC was also assumed (to be) equal 
to EDF. Thus, the remaining (angle) at B is equal to the 
remaining (angle) at E [Prop. 1.32]. Thus, triangle ABC 
is equiangular to triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about the equal angles proportional, 
then the triangles will be equiangular, and will have the 
angles which corresponding sides subtend equal. (Which 
is) the very thing it was required to show. 


Proposition 7 


If two triangles have one angle equal to one angle, 
and the sides about other angles proportional, and the 
remaining angles either both less than, or both not less 
than, right-angles, then the triangles will be equiangular, 
and will have the angles about which the sides are pro- 
portional equal. 


A 


G F 


C 

Let ABC and DEF be two triangles having one an- 
gle, BAC, equal to one angle, EDF (respectively), and 
the sides about (some) other angles, ABC and DEF (re- 
spectively), proportional, (so that) as AB (is) to BC, so 
DE (is) to EF, and the remaining (angles) at C and F, 
first of all, both less than right-angles. I say that triangle 
ABC is equiangular to triangle DEF, and (that) angle 
ABC will be equal to DEF, and (that) the remaining 
(angle) at C (will be) manifestly equal to the remaining 
(angle) at F. 

For if angle ABC is not equal to (angle) DEF then 
one of them is greater. Let ABC be greater. And let (an- 
gle) ABG, equal to (angle) DEF, have been constructed 
on the straight-line AB at the point B on it [Prop. 1.23]. 

And since angle A is equal to (angle) D, and (angle) 
ABG to DEF, the remaining (angle) AGB is thus equal 
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tpgryóvo. Eottv doa óc À AB xpóc thy BH, ottwo f, AE 
npóc Thy EZ. óc õè fj AE ngóc thy EZ, [ottw<] ónóxevcon À 
AB npóc thy BT: Ñ AB hou npóc &xoxépov vv BT, BH tov 
avtov Éyet Aóyov: ton doa f, BT tH BH. Hote xoà ywvia ñ 
rpóc 1G T Yovía th óxó BHT cot ton. £A&xvov ðè opüfic 
bnÓxevxot f, npóc 1G I" &Aávtov doa &oxlv pts xoi UNO 
BHI’ oe 7| &ge£fic adt ywvia 7 ónó AHB us(Gov &oxiv 
ÓpUfc. xoà £6e 0T ton oboa TH npóc 1G Z xol H xpóc x Z 
doa uei Gov Eotlv dodijc. Undxettat è EAdoow pis: STEP 
éotly &tonov. oOx &pa &viod<¢ Eotw f; UNO ABT ywvia tH 
bono AEZ: ion &pa. Eott bE xoi f, npoc xà A ton TH npoóc 1G 
A: xa Aou) Koa À ngóc xà T Aon tH npoóc x6 Z ton Eotiv. 
iooyavov čpa &oxi tò ABT tetywvov 16 AEZ teryove. 

AAAG BY náv OroxcloDu Exatéoa x&v npóc voic L', Z uñ 
&£Aáooov opÜfic: Aéyw rády, OTL xol obxoc EoTIY looYovtov 
tò ABT xpgíyovov 165 AEZ tptyóvo. 

Tõv yàp avtiv xataoxevacdevtwv duotwc delEouey, 
ott ton Eotly f; BT tH BH: Bote xoi ywvia f; npóc 63 T tH 
bro BHT ton cotiv. ob dttv dé ps f, med¢ x& I* 
oOx EAdTTOV doa ps odè f; UNO BHI. teryavov 97] tod 
BHT oi 600 ywvion 600 deddv oOx sioi EAdttovec: ónep 
éotly dd0vatov. oOx doa nó ğ&voóç otv H Und ABT 
yovia xf; tnd AEZ: ton dow. Éox SE xol f, npóc t A TH 
xpóc 16) A tor: Aou &pa H npóc tă T Aon tH npóc 16 Z 
ton Eottv. tooywwoyv doa gott tò ABT tetywvov 16) AEZ 
TOLYOVO. 

"E&v dea 660 Tetywva utov yoviav Wd yoviy tony EXN, 
nepil O€ Adac Ywriac Tac reupóc dváAovov, t&v 5E AOLTOY 
EXATEPAY GUA &Aóvvova fj UA EAdTTOVA pc, looyava 
Zotar xà totywva xal toas E€et tàs Ywviac, regi às åváňoyóv 
cio at mAcupat ónep Eder Geicon. 


, 
n FY 

"Edy èv ópÜovovíio Teryavea and ts ps Ywvlac Ext 
THY Báo xaVetoc ayDh, xà MEd TH xaVETW Telywva uord 
EOTL TES ve ÖA% xoi GAANAOIC. 

"Eoo toetywvov åpðoyóviov tò ABT ópüTiv Éyov thy 
òrò BAT yoviay, xoà HyVw &nd tod A ext thy BT xéüecoc 
n AA: Xéyo, Sti Guotdv Eotw Exdtepov xv ABA, AAT 
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to the remaining (angle) DF E [Prop. 1.32]. Thus, trian- 
gle ABG is equiangular to triangle DEF. Thus, as AB is 
to BG, so DE (is) to EF [Prop. 6.4]. And as DE (is) to 
EF, [so] it was assumed (is) AB to BC. Thus, AB has 
the same ratio to each of BC and BG [Prop. 5.11]. Thus, 
BC (is) equal to BG [Prop. 5.9]. And, hence, the angle 
at C is equal to angle BGC [Prop. 1.5]. And the angle 
at C was assumed (to be) less than a right-angle. Thus, 
(angle) BGC is also less than a right-angle. Hence, the 
adjacent angle to it, AGB, is greater than a right-angle 
[Prop. 1.13]. And (AGB) was shown to be equal to the 
(angle) at F. Thus, the (angle) at F is also greater than a 
right-angle. But it was assumed (to be) less than a right- 
angle. The very thing is absurd. Thus, angle ABC is not 
unequal to (angle) DEF. Thus, (it is) equal. And the 
(angle) at A is also equal to the (angle) at D. And thus 
the remaining (angle) at C is equal to the remaining (an- 
gle) at F [Prop. 1.32]. Thus, triangle ABC is equiangular 
to triangle DEF. 

But, again, let each of the (angles) at C and F be 
assumed (to be) not less than a right-angle. I say, again, 
that triangle ABC is equiangular to triangle DEF in this 
case also. 

For with the same construction, we can similarly 
show that BC is equal to BG. Hence, also, the angle 
at C is equal to (angle) BGC. And the (angle) at C (is) 
not less than a right-angle. Thus, BGC (is) not less than 
a right-angle either. So, in triangle BGC the (sum of) 
two angles is not less than two right-angles. The very 
thing is impossible [Prop. 1.17]. Thus, again, angle ABC 
is not unequal to DEF. Thus, (it is) equal. And the (an- 
gle) at A is also equal to the (angle) at D. Thus, the 
remaining (angle) at C is equal to the remaining (angle) 
at F [Prop. 1.32]. Thus, triangle ABC is equiangular to 
triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about other angles proportional, and 
the remaining angles both less than, or both not less than, 
right-angles, then the triangles will be equiangular, and 
will have the angles about which the sides (are) propor- 
tional equal. (Which is) the very thing it was required to 
show. 


Proposition 8 


If, in a right-angled triangle, a (straight-line) is drawn 
from the right-angle perpendicular to the base then the 
triangles around the perpendicular are similar to the 
whole (triangle), and to one another. 

Let ABC be a right-angled triangle having the angle 
BAC a right-angle, and let AD have been drawn from 
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Toryovav Xo tõ ABT xoi Ett à. 


A 








B A DU 


"Enc yàp ton éotiv 5| Und BAT «fj nrò AAB: op 
yàp Exatéoa xol xov] x&v 600 xpvyovov tod te ABT xoi 
tol ABA 1 npóc và B, Aou), Goa H UNO ATB onf tH 
ùro BAA éow ton: icovówvov dea &ox tò ABT tetywvov 
16) ABA totyove. gotw &pa óc A BI brotetvovoa tijv 
óp07v tod ABT xpryóvou med¢ thy BA brotetvovoay thy 
dedi tot ABA tetyavou, obvoc ab) f, AB brotetvovoa 
thy npóc v T ywviav tod ABT tetymvou nxpóc thy BA 
orxoce(voucav thy tony thy òrò BAA tod ABA xptyovou, 
xoi ëtt f| AT npóc tiv AA brotetvovoay thy med¢ t& B 
yaviay xownhy x&v 600 Totyavwv. tò ABT doa tetywvov 
tH ABA tetyave icoyóvióv té &ox xol Tac xepl tàs tou 
yovlac Teupàc avéhoyoy éxet. óuotov sua [Eott] tò ABT 
totywvoy tă ABA tøayóvo. ogotoc 67; Setfouev, St xol 
1G AAT xpiyóvo Óóuotóv oti tò ABT tetywvov: &xáxepov 
doa x&v ABA, AAT [xeryóvov] óuotóv Eotw čo x&ó ABT. 

Aéyw 5%, Sti xoi GAAAAOIc Eotiv óuota xà ABA, AAT 
xeivova. 

"Enc yàp óp f, òrò BAA pù tH Ord AAT otw 
lon, GAAG uiv xoà f, ònò BAA tH npóc 16 T edetydn ton, 
xoà Aout? doa Å npgóc t& B Aou tH òrò AAT otw tor 
tooyavov doa éotl tò ABA tetywvov x AAT teryove. 
got dpa óc f, BA tot ABA xpryóvou tnotetvovoa thy 
òrò BAA npóc thy AA tot AAT terymvou brotetvovoay 
thy Ted tă T tony tH 0nd BAA, obxoc abc?) f, AA tod 
ABA tetyavou brotetvouce tiv npóc 16 B ywviav npóc 
thy AT brotetvovoay tùy òrò AAT tod AAT teryovou 
tony xfj Teds 16) B, xoi Ett f, BA npóc thy AT oxoccivoucot 
tac ÓópÜdc: Ópuotov doa gotl TO ABA totywvov xi AAT 
TOLYOVO. 

"Edy doa Ev OpVoyoviw vptyóvo ànó ts ópðñs Ywvlac 
&ri thy Báo xáðetos àx, xà npóc TH xadEtTw tetywva 
uord Cott x& te ÖA xol dfc [Óónep Eder SetEau]. 
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A, perpendicular to BC [Prop. 1.12]. I say that triangles 
ABD and ADC are each similar to the whole (triangle) 
ABC and, further, to one another. 


A 








B D C 


For since (angle) BAC is equal to ADB—for each 
(are) right-angles—and the (angle) at B (is) common 
to the two triangles ABC and ABD, the remaining (an- 
gle) ACB is thus equal to the remaining (angle) BAD 
[Prop. 1.32]. Thus, triangle ABC is equiangular to tri- 
angle ABD. Thus, as BC, subtending the right-angle in 
triangle ABC, is to B A, subtending the right-angle in tri- 
angle ABD, so the same AB, subtending the angle at C 
in triangle ABC, (is) to BD, subtending the equal (an- 
gle) BAD in triangle ABD, and, further, (so is) AC to 
AD, (both) subtending the angle at B common to the 
two triangles [Prop. 6.4]. Thus, triangle ABC is equian- 
gular to triangle AB D, and has the sides about the equal 
angles proportional. Thus, triangle ABC [is] similar to 
triangle ABD [Def. 6.1]. So, similarly, we can show that 
triangle ABC is also similar to triangle ADC. Thus, [tri- 
angles] ABD and ADC are each similar to the whole 
(triangle) ABC. 

So I say that triangles ABD and ADC are also similar 
to one another. 

For since the right-angle BDA is equal to the right- 
angle ADC, and, indeed, (angle) BAD was also shown 
(to be) equal to the (angle) at C, thus the remaining (an- 
gle) at B is also equal to the remaining (angle) DAC 
[Prop. 1.32]. Thus, triangle ABD is equiangular to trian- 
gle ADC. Thus, as BD, subtending (angle) BAD in tri- 
angle ABD, is to DA, subtending the (angle) at C in tri- 
angle ADC, (which is) equal to (angle) BAD, so (is) the 
same AD, subtending the angle at P in triangle ABD, to 
DC, subtending (angle) DAC in triangle ADC, (which 
is) equal to the (angle) at B, and, further, (so is) BA to 
AC, (each) subtending right-angles [Prop. 6.4]. Thus, 
triangle ABD is similar to triangle ADC [Def. 6.1]. 

Thus, if, in a right-angled triangle, a (straight-line) 
is drawn from the right-angle perpendicular to the base 
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IIóptoua. 

"Ex df voÓxou qatvepóv, OTL Edy Ev ópÜovovio vptyovo 
and ts OPVHc Y«wóuc Ext thy Dóoic xáðetos aydh, 7 
ayVeton Tv tfjc Báoeoc TuUNUdTwY uéor, &véXovóv otv: 
bree Eder Seta. 


t In other words, the perpendicular is the geometric mean of the pieces. 


v’. 


Ts 600c(orc evdetac 16 npooroyü£v uépoc oeAciv. 


D 





A Z B 


"How f, Soveion evdeta n AB- Set 67, ts AB Tò npo- 
otoyÜ£v uépoc apedety. 

"Enttexóydo ÖA tÒ tettov. [xa] Dyo tic dnd tod A 
evveta f, AT ywviav nepiéyouca uexà týs AB tuyotioay: xol 
cigoto xuxóv onustov &ri tic AT tò A, xoi xeiodwoav 
th AA ïou ai AE, ET. xoi &neCeoy 0o 7 BI, xoi Sia tot A 
xapáAArnAoc aùt AyD 7, AZ. 

‘Enel ov tory@vou tod ABT xopà ulav xv mAcupéiv 
thy BT ft f; ZA, åváňoyov doa gotiv óc f| DA ngóc thy 
AA, ottw¢ f, BZ npgóc thy ZA. Sindh 68 f| TA tic AA 
OA f| dpa xoà n BZ ts ZA: xpguuMfi Goa ñ BA ts AZ. 

Tic doa 6o0c(orc evVetuc týs AB tò Emtaydév xp(xov 
uépos åpent tò AZ: ónep eer roroa. 


L 


bL. 


Thy 8o0cicoav evdeiav &tuntov tÅ 8o0se(or, vexumguévn 
óuo(oc teue. 


ELEMENTS BOOK 6 


then the triangles around the perpendicular are similar 
to the whole (triangle), and to one another. [(Which is) 
the very thing it was required to show.] 


Corollary 


So (it is) clear, from this, that if, in a right-angled tri- 
angle, a (straight-line) is drawn from the right-angle per- 
pendicular to the base then the (straight-line so) drawn 
is in mean proportion to the pieces of the base.! (Which 
is) the very thing it was required to show. 


Proposition 9 


To cut off a prescribed part from a given straight-line. 





A F B 


Let AB be the given straight-line. So it is required to 
cut off a prescribed part from AB. 

So let a third (part) have been prescribed. [And] let 
some straight-line AC have been drawn from (point) A, 
encompassing a random angle with AB. And let a ran- 
dom point D have been taken on AC. And let DE and 
EC be made equal to AD [Prop. 1.3]. And let BC have 
been joined. And let DF have been drawn through D 
parallel to it [Prop. 1.31]. 

Therefore, since FD has been drawn parallel to one 
of the sides, BC, of triangle ABC, then, proportionally, 
as CD is to DA, so BF (is) to FA [Prop. 6.2]. And CD 
(is) double DA. Thus, BF (is) also double FA. Thus, 
BA (is) triple AF. 

Thus, the prescribed third part, AF, has been cut off 
from the given straight-line, AB. (Which is) the very 
thing it was required to do. 


Proposition 10 


To cut a given uncut straight-line similarly to a given 
cut (straight-line). 
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K 





Z H 

"Ecco f, u£v Soveion evdeta &tuntoc f| AB, 7H SE te- 
tunuevy À AP xoxà xà A, E onueia, xoi xeiodwouv oce 
yoviay tuyotoay nepiéyetw, xol &neCeOyo A TB, xoi oux 
t&v A, E ti BP nopéAAnAot Tiücocov at AZ, EH, dù 6 
tot A xf; AB rapáňňnàos HyIw 9, AOK. 

IlapoAAnAÓóYvpoougov dea &oxiv exdtepov xv ZO, OB: 
ton dou 7) u&v AO qti ZH, 7 6€ OK «fj HB. xoi Exel toryovou 
tod AKT napa utav x&v nAeupGv thy KT evdeta xto f 
OE, avadoyov &pa &oxiv óc f, TE npgóc thy EA, obcoc f 
KO npóc thy OA. ton dé ñ u£v KO «fj BH, 5| 6€ OA tH 
HZ. Écv dpa óc f, TE ngóc thy EA, oóvoc 9| BH npóc thy 
HZ. nó, ¿nel teryovou tot AHE napd& ulav xv mAcupéiv 
thy HE ğxta À ZA, àváXoYvov &pa &oxiv óc f, EA npóc Thy 
AA, ottw¢ f, HZ npóc thy ZA. edetydn dé xoi óc A DE 
npóc Thy EA, ottwe 7 BH npóc thy HZ: £owv doa we uev 
1 TE ngóc thy EA, ottw¢ f| BH ngóc thy HZ, oc 66 5| EA 
npóc thy AA, obxoc f, HZ npgóc thy ZA. 

‘H doa dodeion ebVeia &tuntoc 7 AB ti 6o0&(or eo0e(o 
tetunuevy xf; AT óuoíoc tétunta óxep Eder noro 


tors 

Abo 8600€i0Gv evdeiv teitny avédoyov npoosugciv. 

"Eotwoav oi Soveion [600 cvdetu] ai BA, AT xa 
xelodwouv ywviav repiéyoucot tuyoUouy. det O7) vv BA, 
AT tpitny avédhoyov npoosupeŭv. exBeBAjoJwoav yàp ent 
ta A, E onueta, xoi xeiodw t AT ton fj BA, xoi &xeCeoy do 
n BD, xoi dià tod A rapdAAnrocg aùtğ HyIw Y, AE. 

‘Enel obv xptyóvou tol AAE napà ulav xGv mAcupéiv 
thy AE xta f, BD, å&váňoyóv otv óc f, AB npóc Thy 
BA, ottw¢ f, AT npóc thy TE. ton dé À BA xfj AT. Eotw 
&pa óc f, AB ngóc thy AT, obxoc f, AT ngóc tùy TE. 
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C 











CI 


Let AB be the given uncut straight-line, and AC a 
(straight-line) cut at points D and E, and let (AC) be 
laid down so as to encompass a random angle (with AB). 
And let CB have been joined. And let DF and EG have 
been drawn through (points) D and E (respectively), 
parallel to BC, and let DH K have been drawn through 
(point) D, parallel to AB [Prop. 1.31]. 

Thus, FH and HB are each parallelograms. Thus, 
DH (is) equal to FG, and H K to GB [Prop. 1.34]. And 
since the straight-line H E has been drawn parallel to one 
of the sides, KC, of triangle DKC, thus, proportionally, 
as CE is to ED, so KH (is) to HD [Prop. 6.2]. And 
KH (is) equal to BG, and HD to GF. Thus, as CE is 
to ED, so BG (is) to GF. Again, since FD has been 
drawn parallel to one of the sides, GE, of triangle AGE, 
thus, proportionally as ED is to DA, so GF (is) to FA 
[Prop. 6.2]. And it was also shown that as CE (is) to 
ED, so BG (is) to GF. Thus, as CE is to ED, so BG (is) 
to GF, and as ED (is) to DA, so GF (is) to FA. 

Thus, the given uncut straight-line, AB, has been cut 
similarly to the given cut straight-line, AC. (Which is) 
the very thing it was required to do. 


Proposition 11 


To find a third (straight-line) proportional to two 
given straight-lines. 

Let BA and AC be the [two] given [straight-lines], 
and let them be laid down encompassing a random angle. 
So it is required to find a third (straight-line) proportional 
to BA and AC. Forlet (B A and AC) have been produced 
to points D and E (respectively), and let BD be made 
equal to AC [Prop. 1.3]. And let BC have been joined. 
And let DE have been drawn through (point) D parallel 
to it [Prop. 1.31]. 

Therefore, since BC has been drawn parallel to one 
of the sides DE of triangle ADE, proportionally, as AB is 
to BD, so AC (is) to CE [Prop. 6.2]. And BD (is) equal 
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E 


Abo dpa GoUetoGv edVerv x&v AB, AT toity åváňoyov 
avtoic Toooebenta f, TE: óxep ede notfjoon. 


i^ 
Tov 600&€1:06v có0ctGv vetáprrv åváňoyov rpo- 
OEUpELV. 





A 
Bre 
T 














A © Z 


”"Eotwoav at Sovetoa tesic eoUciot ai A, B, I" Set öd 
t&v A, B, T tetpoátnv àváAovov moooeupeiv. 

"Exxctodwoav 800 evdeta at AE, AZ ywviav nepiéyouc- 
at [rox oboavy] thy 1d EAZ: xoi xetodw t u£v A ton f AH, 
tf òè B tor 5| HE, xoà £u tH T tor ñ AO: xoi EmZevyVetone 
týs HO napóAAnAoc woth HyVw oux tod E f, EZ. 

Enel odv xpty vou tot AEZ nap pilav thy EZ txt À 
HO, éotw doa óc f|, AH ngóc thy HE, ottw>¢ 7 AO npóc 
thy OZ. ton dé f| u£v AH xfj A, fj 66 HE tH B, 5 68 AO tH 
T: gotw doa wo f, A xpóc thy B, obvoc HT npóc thy OZ. 

Tov &pa Sodeiodyv csv x&v A, B, T tetdetn 
avéroyoyv Teoceventat fj, OZ: onee eer noon. 
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to AC. Thus, as AB is to AC, so AC (is) to CE. 
A 


E 
Thus, a third (straight-line), CE, has been found 
(which is) proportional to the two given straight-lines, 
AB and AC. (Which is) the very thing it was required to 
do. 


Proposition 12 


To find a fourth (straight-line) proportional to three 
given straight-lines. 

















A 
Bm 
C i E 
G 
D H F 


Let A, B, and C be the three given straight-lines. So 
it is required to find a fourth (straight-line) proportional 
to A, B, and C. 

Let the two straight-lines DE and DF be set out en- 
compassing the [random] angle EDF. And let DG be 
made equal to A, and GE to B, and, further, DH to C 
[Prop. 1.3]. And GH being joined, let EF have been 
drawn through (point) E parallel to it [Prop. 1.31]. 

Therefore, since GH has been drawn parallel to one 
of the sides EF of triangle DEF, thus as DG is to GE, 
so DH (is) to HF [Prop. 6.2]. And DG (is) equal to A, 
and GE to B, and DH to C. Thus, as A is to B, so C (is) 
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, 


ly’. 


Ado 8600ewGv edvVev uéony &váXovov npoosupetv. 


A 





A B | 


"Eocoov ai S00etoa 600 ceó0ctot at AB, BI" det 7) vov 
AB, BT uéony &àváXovov npooeupciv. 

Ketodwouv én’ evdetac, xol yeyedpdw ent tic AT 
nuixdxdov tò AAT, xoi Tide and tod B onusiou t AT 
evveta npóc pàs f, BA, xoi ExeCedyDwoav ai AA, AT. 

"Enel év HuixuxAtw ywovia &oxiv AUTO AAT, óp0r, Eott. 
xoà énel £v doVoywviw teryove tæ AAT and ts ópÜfic 
yovlac ent thy Báotv x&Vetoc Tpcco 7 AB, 7 AB da x&v 
tfic B&ceoc tunudtwy tæv AB, BT yéon åváňoyóv otw. 

Abo dpa dodeiody eo0ciGv vv AB, BT uéon åváňoyov 
tpooeventa f, AB: ónep Éóet rotfjoot. 


t In other words, to find the geometric mean of two given straight-lines. 


10’. 

T&v toov te xoà tooycoviov napgoXXnAoyeógpov àvzt- 
TETOVOAOW ai TACUEAL ai TEEl tàs oas Yovíac: xot àv ioo- 
YOVIWY xapoXAnAoveógupov davtiterdvOaow oi mAeupol at 
nepil tac toas ywviac, toa &oxlv &xelva. 

"How toa te xoà icovovta mapadkAnddypauua tà AB, 
BI toug Eyovta tàs npóc 16 B ywviac, xoi xeloðwoav En” 
evvetac al AB, BE: én’ edVetuc dpa ciol xoi of ZB, BH. 
Aéyo, öt x&v AB, BT &vunxenóvüoot oi mAcvpal oi negl 
tag looc ywviac, toutéotiv, óu &oxv óc Nn AB npóc thy 
BE, obxoc f, HB ngóc thy BZ. 
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to HF. 

Thus, a fourth (straight-line), HF, has been found 
(which is) proportional to the three given straight-lines, 
A, B, and C. (Which is) the very thing it was required to 
do. 


Proposition 13 


To find the (straight-line) in mean proportion to two 
given straight-lines.! 
D 





A B C 


Let AB and BC be the two given straight-lines. So it 
is required to find the (straight-line) in mean proportion 
to AB and BC. 

Let (AB and BC) be laid down straight-on (with re- 
spect to one another), and let the semi-circle ADC have 
been drawn on AC [Prop. 1.10]. And let BD have been 
drawn from (point) B, at right-angles to AC [Prop. 1.11]. 
And let AD and DC have been joined. 

And since ADC is an angle in a semi-circle, it is a 
right-angle [Prop. 3.31]. And since, in the right-angled 
triangle ADC, the (straight-line) DB has been drawn 
from the right-angle perpendicular to the base, DB is 
thus the mean proportional to the pieces of the base, AB 
and BC [Prop. 6.8 corr]. 

Thus, DB has been found (which is) in mean propor- 
tion to the two given straight-lines, AB and BC. (Which 
is) the very thing it was required to do. 


Proposition 14 


In equal and equiangular parallelograms the sides 
about the equal angles are reciprocally proportional. 
And those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are 
equal. 

Let AB and BC be equal and equiangular parallelo- 
grams having the angles at B equal. And let DB and BE 
be laid down straight-on (with respect to one another). 
Thus, FB and BG are also straight-on (with respect to 
one another) [Prop. 1.14]. I say that the sides of AB and 
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A A 


XuunenAnpóo0o yàp tO ZE rapaňànàóypauuov. Emel 
oŬv (cov &cxi tò AB napadAndAdypaupov v BD xopoAAn- 
Xoveóuuo, GAAO 86 x TO ZE, Eotw hoa óc TO AB npóc tò 
ZE, ob1oc tò BI npóc tò ZE. GAN’ óc uèv tò AB npóc 
TÒ ZE, oŬtws f|, AB npóc thy BE, óc 6€ tò BI' npóc tò 
ZE, o0xoc f, HB npóc thy BZ: xoi óc &pa 9| AB npòs thy 
BE, ottw¢ f, HB npóc thy BZ. x&v dea AB, BT rapa- 
An^oveóupov &vxxenóvüooiv ol nàeupol oi nepli tàs toas 
yoviac. 

AAAS 67, Eotw óc À AB npóc thy BE, o0xoc 7 HB npóc 
thy BZ: Aéyo, Sti toov Eotl tò AB naparànàóypauuov x6 
BI napadAnroyecuu. 

"Enc yao otw óc f, AB npgóc thy BE, ottw¢ 5, HB 
xpóc THY BZ, dA’ wc u&v f, AB npóc thy BE, obxoc 16 
AB raparAnrAdypauuov npóc tò ZE rapaňànàóypauuov, ic 
dé ñ HB npóc thy BZ, oovoc tò BI napadrndAdyeauuoyv 
med0¢ tO ZE napoXAnAóypouuov, xoi óc &pa tò AB npóc 
tÒ ZE, o0xoc tò BI nxpóc tò ZE: {oov ğpa Eoti tò AB 
napaànàóypauuov xà BI ragoAAnAoyveóuuo. 

Tõv doa ïowv te xoi iooywvlwy napadànioypáuuov 
åvtinenóvůacv ai nàcvpal ai regi tàs oas Yovíiac: xal Gv 
icoyoviwv nrapaiànàoypáuuwv &vtineróvůacv ot nàevpal 
at mepl tàs toa ywvias, toa ċotiv Exeiva ónep Eder ðcTéoa. 


t£". 

Tév toov xoà utov We tony &£yóvvov Ywviay TELYaVwY 
&vxunxenóvÜooty ai rAeupol ai nepi tàs toas Yovíac: xol dv 
ulav uğ tony &xóvxov yoviav xptyóvov avtimEendvOaoL oí 
TÀ&Upol ai nepi xàc looc Ywviac, toa £oxlv Exetva. 

"Eoo toa tetywva xà ABT, AAE utav uğ tony £yovxa 
vov(av thy óxó BAT t ónó AAE: Aéyo, öt tõv ABT, 
AAE xptyóvov avtinenévdaow ai mAcvpal at regi tàs toas 
ywviac, toutéotw, óu &oxlv óc À DÀ npóc thy AA, obxoc 
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BC about the equal angles are reciprocally proportional, 
that is to say, that as DB is to BE, so GB (is) to BF. 


E ] 
F/ B G 
A D 


For let the parallelogram FE have been completed. 
Therefore, since parallelogram AB is equal to parallelo- 
gram BC, and FE (is) some other (parallelogram), thus 
as (parallelogram) AB is to FE, so (parallelogram) BC 
(is) to F E [Prop. 5.7]. But, as (parallelogram) AB (is) to 
FE, so DB (is) to BE, and as (parallelogram) BC (is) to 
FE, so GB (is) to BF [Prop. 6.1]. Thus, also, as DB (is) 
to BE, so GB (is) to BF. Thus, in parallelograms AB 
and BC the sides about the equal angles are reciprocally 
proportional. 

And so, let DB be to BE, as GB (is) to BF. I say that 
parallelogram AB is equal to parallelogram BC. 

For since as DB is to BE, so GB (is) to BF, but as 
DB (is) to BE, so parallelogram ABP (is) to parallelo- 
gram F'E, and as GB (is) to BF, so parallelogram BC 
(is) to parallelogram FE [Prop. 6.1], thus, also, as (par- 
allelogram) AB (is) to FE, so (parallelogram) BC (is) 
to FE [Prop. 5.11]. Thus, parallelogram AB is equal to 
parallelogram BC [Prop. 5.9]. 

Thus, in equal and equiangular parallelograms the 
sides about the equal angles are reciprocally propor- 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor- 
tional are equal. (Which is) the very thing it was required 
to show. 








Proposition 15 


In equal triangles also having one angle equal to one 
(angle) the sides about the equal angles are reciprocally 
proportional. And those triangles having one angle equal 
to one angle for which the sides about the equal angles 
(are) reciprocally proportional are equal. 

Let ABC and ADE be equal triangles having one an- 
gle equal to one (angle), (namely) BAC (equal) to DAE. 
I say that, in triangles ABC and ADE, the sides about the 
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f, EA ngóc thy AB. 








A E 

Ketodw yàp Gote én’ edVelac civar thy DÀ tH AA: én’ 
evvetac doa toti xoà f, EA xfj AB. xoi &neCeoyo 7 BA. 

‘Enel ov tcov goti tò ABT tetywvov 165 AAE teryove, 
&AXo 86 tı tò BAA, Zotw &pa óc tò TAB tetywvov npóc 
tò BAA totywvov, o0voc tò EAA tetywvov npóc tò BAA 
totywvov. dA’ óc u&v tò TAB npóc tò BAA, otto À 
TA ngóc tiv AA, óc 66$ tò EAA npóc tò BAA, obxoc f| 
EA npóc vv AB. xoà óc doa f, DÀ npóc thy AA, obxoc 
n EA npóc thy AB. xv ABI, AAE dpa xpiyóvov d&vtt- 
TETOVOaoW ai TACUEAL ai xept tàs toas Ywviac. 

'AXA& dH åvtirerovðétwoav ai TAcveal Tv ABT, AAE 
TELYOVOV, xoi £o» óc À TA npóc thy AA, obxoc f, EA 
npóc t AB: Aévo, ów oov £o tò ABT totywvov 1G 
AAE xptyovo. 

"Eriteuye(orc yàp náv týs BA, ¿nei £owv óc Ñ TA 
npóc thy AA, obvoc f| EA npóc thy AB, àAX' óc uiv 
n TA npóc thy AA, oüvoc tò ABT xpí(vovov npóc tò 
BAA «xp(yovov, óc 8& f, EA npóc thy AB, o0voc tò EAA 
totywvov ngóc TO BAA tetywvov, óc doa tò ABT totywvov 
npóc tò BAA xp(yovov, oüvoc tò EAA tetywvov npóc 
tO BAA «p(vovov. &xáxepgov doa tæv ABD, EAA npóc 
tÒ BAA tov abxóv Éyet Adyov. ïowv doa &oxi tò ABT 
[totywvoy] x& EAA tetyave. 

T&v dea iocov xoi ulay wae ony £yóvvov ywviav 
tptyvov avtinendvdacw ol mÀAsupol al mepl tac touc 
ywviac xol Gc ulav uğ tony Eydvtwv ywviayv Tolyavev 
&v1nenóvÜüooty ai TAcveal oi mepi Tac toas ywviac, &xelva 
fou gotiv: Ónep Eder deiga. 


F. 

Iv. 
‘Edy véooaopec evdeian avddoyov Got, TO UNO Gv 
äxpwv nxepteyóuevov. deVoyaviov toov oT) 1G UNO TÕV 
UEGWYV nepteyouévo OEVOYwvI xàv TO UNO THY Gxpov 
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equal angles are reciprocally proportional, that is to say, 
that as CA is to AD, so EA (is) to AB. 


B C 








D E 


For let CA be laid down so as to be straight-on (with 
respect) to AD. Thus, EA is also straight-on (with re- 
spect) to AB [Prop. 1.14]. And let BD have been joined. 

Therefore, since triangle ABC is equal to triangle 
ADE, and BAD (is) some other (triangle), thus as tri- 
angle C AB is to triangle BAD, so triangle EAD (is) to 
triangle BAD [Prop. 5.7]. But, as (triangle) CAB (is) 
to BAD, so CA (is) to AD, and as (triangle) EAD (is) 
to BAD, so EA (is) to AB [Prop. 6.1]. And thus, as CA 
(is) to AD, so EA (is) to AB. Thus, in triangles ABC and 
ADE the sides about the equal angles (are) reciprocally 
proportional. 

And so, let the sides of triangles ABC and ADE be 
reciprocally proportional, and (thus) let CA be to AD, 
as EA (is) to AB. I say that triangle ABC is equal to 
triangle ADE. 

For, BD again being joined, since as C'A is to AD, so 
EA (is) to AB, but as CA (is) to AD, so triangle ABC 
(is) to triangle BAD, and as EA (is) to AB, so triangle 
EAD (is) to triangle BAD [Prop. 6.1], thus as triangle 
ABC (is) to triangle BAD, so triangle EAD (is) to tri- 
angle BAD. Thus, (triangles) ABC and EAD each have 
the same ratio to BAD. Thus, [triangle] ABC is equal to 
triangle EAD [Prop. 5.9]. 

Thus, in equal triangles also having one angle equal to 
one (angle) the sides about the equal angles (are) recip- 
rocally proportional. And those triangles having one an- 
gle equal to one angle for which the sides about the equal 
angles (are) reciprocally proportional are equal. (Which 
is) the very thing it was required to show. 


Proposition 16 


If four straight-lines are proportional then the rect- 
angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two). And if the rect- 
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Tepleyouevoy ópðoyðviov toov Tj xG UNO t&v uéoov TEPLE- 
xyouévo CEVoYwvia, al TEcoupec evVElar àváňoyov £covrot. 


























© 
H 
A B r A 
—Er—_ Z————3À 


”"Eotwoav 1éocapec eo0ciot åváňoyov at AB, TA, E, Z, 
óc f| AB ngóc thy TA, obxoc f, E npóc thy Z Mo, óu 
TÒ Und x&v AB, Z nepieyóuevov ópÜovcoviov toov &od x 
oro x&v DA, E nepgteyouévo 6p00yavin. 

"Hyocav [yàp] and x&v A, T onustov xoic AB, TA 
evvetaic npóc ópÜàc oi AH, TO, xoi xcíoto tH u£v Z ton 
ñ AH, xfj è E ton 5; TO. xoi cuunexAnpgóoc0o tà BH, AO 
rao AA Y PAULE. 

Kat &ne( &owv óc 5, AB ngóc thy TA, obxoc f, E npoc 
thy Z, ton dè f, u&v E tH TO, f) òè Z tH AH, Eotw doa we 
n AB npóc thy DA, obxoc f, TO npd¢ thy AH. xàv BH, 
AO doa napoXAnAoyvedóupov &vxunxenóvüoot oi rAsupol oi 
nepil tàs toas Ywviac. àv dè looywviwy TAPAAANAOYESUUWY 
&vxtnenóvüooty ai tAcvpatt at repi tàs oas Ywvduc, toa &oxtv 
¿xea (oov &pa éotl tò BH napadAnddypayyov tæ AO 
TAPAAANAOCYEGUNw. xot ċott TO u£v BH tò òrò x&v AB, Z: 
ton yàp AH xfj Z: tò 66 AO tò nd t&v TA, E ton yao f 
E ti TO: tò &pa òrò x&v AB, Z nepieyóuevov d6pdoyavov 
{oov toti 16 Und x&v TA, E negieyouévo ópÜovovio. 

AAA 67] xo UNO x&v AB, Z nepteyóuevov ópÜovovtov 
{oov ~otw t nò tæv DA, E nepueyouévo dpdoywviw. 
EY, OTL ai xécoapec evIeia avdAOYOV Eoovtat, óc n AB 
medc¢ thy TA, obvoc f, E ngóc thy Z. 

TGv yàp avtéy xatacxevacVevtwv, Emel TO UNO vv 
AB, Z toov éotl 16 nò x&v TA, E, xal €or TÒ uèv ono 
t&v AB, Z tò BH: ton yép Eotw ñ AH tH Z- tò òè ono xGv 
TA, E tò AO: ïon yàp f, TO xfj E: tò &pa BH (oov £o 
1G AO. xaí Eotw icoyova. tõv ðè loov xa icoywviwy 
TOUPUAANAOYEUUUWY åvtineróvůacıv oi mAeupol oi mepl Tdc 
loac ywviac. Eotw &pa óc Y, AB ngóc thy TA, oóvoc f, TO 
npóc thy AH. ton dé f| u£v TO tH E, 5j 6£ AH tH Z: Eotw 
&pa óc T, AB ngóc thy TA, o0xoc Ñ E npóc thy Z. 

"Edy doa xéooopec cvdeta avadovyov Bot, TO UNO TV 
&xpov nxepteyóuevov. deVoyavov toov oTt) TÆ ONO TtÕV 
Mécov TEPLEYOUEVW CEVOYWVI xàv TÒ onó THY Gxpov 
nepieyóuevov CpVoyawovy toov T, T UNO t&v uéoov TEPLE- 
xyouévo CEVOYwvia, al TEcoupec evDElar àváňoyov £covvat: 
önep Eder dcia. 
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angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two) then the four 
straight-lines will be proportional. 


























H 
G 

A B Cc D 
EW E————3À 


Let AB, CD, E, and F be four proportional straight- 
lines, (such that) as AB (is) to CD, so E (is) to F. I say 
that the rectangle contained by AB and F is equal to the 
rectangle contained by C' D and E. 

[For] let AG and CH have been drawn from points 
A and C at right-angles to the straight-lines AB and CD 
(respectively) [Prop. 1.11]. And let AG be made equal to 
F, and CH to E [Prop. 1.3]. And let the parallelograms 
BG and DH have been completed. 

And since as AB is to CD, so E (is) to F, and E 
(is) equal CH, and F to AG, thus as AB is to CD, so 
CH (is) to AG. Thus, in the parallelograms BG and DH 
the sides about the equal angles are reciprocally propor- 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor- 
tional are equal [Prop. 6.14]. Thus, parallelogram BG 
is equal to parallelogram DH. And BG is the (rectangle 
contained) by AB and F. For AG (is) equal to F. And 
DH (is) the (rectangle contained) by CD and E. For E 
(is) equal to CH. Thus, the rectangle contained by AB 
and F is equal to the rectangle contained by CD and E. 

And so, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and E. I say that 
the four straight-lines will be proportional, (so that) as 
AB (is) to CD, so E (is) to F. 

For, with the same construction, since the (rectangle 
contained) by AB and F is equal to the (rectangle con- 
tained) by CD and E. And BG is the (rectangle con- 
tained) by AB and F. For AG is equal to F. And DH 
(is) the (rectangle contained) by CD and E. For CH 
(is) equal to E. BG is thus equal to DH. And they 
are equiangular. And in equal and equiangular parallel- 
ograms the sides about the equal angles are reciprocally 
proportional [Prop. 6.14]. Thus, as AB is to CD, so CH 
(is) to AG. And CH (is) equal to E, and AG to F. Thus, 
as AB is to C D, so E (is) to F. 

Thus, if four straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the rectangle contained by the middle (two). And if the 
rectangle contained by the (two) outermost is equal to 
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IC’. 

‘Edy tesic cudeta avadoyov Wow, TÒ UNO TV dxowv 
Tepleyouevoy CpVoyaviov toov oT} T ATÒ Tic EONS TE- 
TOAYOVY’ XAV TO UNO 1v dxowV nepteyóuevov GEVOYVLOV 
loov fj, xà and Thc uéovgc tvevpoyovo, oi tpeic evDEta 
åvåňoyov EGOVTAL. 


A |Á.. 


Bi A! 


]'— —3 

"Eovcoav tesic còco åváňoyov ot A, B, T, óc 5| A 
rpóc THY B, ottw¢ f, B npóc thy I^ Aéyo, Sti TÒ ONO xGv 
A, T negieyóuevov ógÜoyoviov toov £o 16 and tic B 
XEtpotY Qvo. 

Keíc90 «fj B ton n A. 

Kot énet £o wc fj A xpóc Thy B, obvoc f, B npóc thy 
T, fon òè 5, B tH A, Eotw doa óc Å A npóc Thy B, fj A npóc 
thy T. £àv 6€ xéoocopec eudeia dváňoyov Wow, TO UNO TV 
&xpov nepiexyóuevov [ópÜoyoviov|] toov &ox xG Und tæv 
uécov nepteyouévo OPVOYHviw. TO &pa UNO xv A, T toov 
éotl 16) nó x&v B, A. GAA tò ONO vv B, A xó and tiic B 
otv: lor yoo 5) B xfj A: TÒ dpa Und tõv A, T nepgteyóuevov 
oevoyavov toov £oxi 16 and tfic B vexpgayóvo. 

AAG SY TO UNO xGv A, T {oov čotw t and ts B: 
EY, StL Eotlv Wo f| A ngóc tùy B, obxoc H B ngóc thy T. 

Tév yàp adtHv xataoxevacVEvtwy, Emel TO UNO Tov A, 
T ïoov &oxi 16 and týs B, GAAd TO and týs B tO onó xGv 
B, A éotw: ton yàp f, B xf, A’ tò &pa bnd tõv A, T {oov 
éotl 16 Und tõv B, A. Edy 6€ tò 0nó xGv (pov toov f x6 
UNO 1Gv LEW, ai vécoopec eUclot àvåňoyóv ciotv. Éoxty 
&pat óc HA npóc tùy B, o0toc f, A ngóc thy T. ton dé f, B 
th A: ac doa f, A ngóc thy B, obxoc f| B ngóc uy T. 

"Edy doa xvpeic eo0eiot dvá oov Bot, TÒ LTO THY dxowv 
nepieyóuevov CeVoyaviov toov oT} T ATÒ Tic uéornc TE- 
tpoty vo: XAV TO LTO tv Gxpov nepieyóuevov ópÜoYovtovy 
loov f| xà and Thc uéorc tvetpoyóvo, oi tpeic evDEta 
åváħňoyov čoovtav ónep Eder eign. 
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the rectangle contained by the middle (two) then the four 
straight-lines will be proportional. (Which is) the very 
thing it was required to show. 


Proposition 17 


If three straight-lines are proportional then the rect- 
angle contained by the (two) outermost is equal to the 
square on the middle (one). And if the rectangle con- 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro- 
portional. 


Ak’ 
B — ——9— D —— 


Crm 

Let A, B and C be three proportional straight-lines, 
(such that) as A (is) to B, so B (is) to C. I say that the 
rectangle contained by A and C is equal to the square on 
B. 

Let D be made equal to B [Prop. 1.3]. 

And since as A is to B, so B (is) to C, and B (is) 
equal to D, thus as A is to B, (so) D (is) to C. And if 
four straight-lines are proportional then the [rectangle] 
contained by the (two) outermost is equal to the rectan- 
gle contained by the middle (two) [Prop. 6.16]. Thus, 
the (rectangle contained) by A and C is equal to the 
(rectangle contained) by B and D. But, the (rectangle 
contained) by B and D is the (square) on B. For B (is) 
equal to D. Thus, the rectangle contained by A and C is 
equal to the square on B. 

And so, let the (rectangle contained) by A and C be 
equal to the (square) on B. I say that as A is to B, so B 
(is) to C. 

For, with the same construction, since the (rectangle 
contained) by A and C is equal to the (square) on B. 
But, the (square) on B is the (rectangle contained) by B 
and D. For B (is) equal to D. The (rectangle contained) 
by A and C is thus equal to the (rectangle contained) by 
B and D. And if the (rectangle contained) by the (two) 
outermost is equal to the (rectangle contained) by the 
middle (two) then the four straight-lines are proportional 
[Prop. 6.16]. Thus, as A is to B, so D (is) to C. And B 
(is) equal to D. Thus, as A (is) to B, so B (is) to C. 

Thus, if three straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the square on the middle (one). And if the rectangle con- 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro- 
portional. (Which is) the very thing it was required to 
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STOIXEION 7. 


Ws 
Ano tic Sovetonc evdetac và Oo0évu sóbDuypoóuuo 
SuoLdy te xoi ogoloc xeiuevov còðúypauuov å&vaypåpar. 


E 
Zs 


H 


T A A B 


"Eom f, yev doveion có0cia 7 AB, tò dé Sodéev 
evdbyeauuov tò DE: det 07 and týs AB evVetuc tæ TE 
evVuyedUUG ðuoióv xe xol óuoíoc xe(uevov eoO0Ypouuov 
åvaypáþor. 

‘EreCevy0w f, AZ, xoi ovveotétw npòs t AB cdVeig 
xal toic npóc aùt onuelois toic A, B t uèv npóc 16 T 
yovig ton f, ónó HAB, t 6€ Und DAZ ton f| nò ABH. Aoh 
&pa H Und TZA t ónó AHB £o ton: icoyóviov doa tot 
tò ZTA tetywvov tă HAB tetyovw. åváňoyov doa éotiv 
Òs Å ZA ned¢ thy HB, oŬtws f, ZU ngoóc thy HA, xoi f| 
TA npóc thy AB. néAw ovveotétw npóc tH BH còveig xoi 
toic npóc AUTH ONUElotc tois B, H xfj u£v óxó AZE vovía 
lor f; nò BHO, «jj òè ónó ZAE toy H UNO HBO. doin} dea 
7| 1póc 1G E Moni th med 16 O Eotw ton: looyavov toa 
£c tò ZAE telywvov tă HOB teryave àváAovov &pa 
éotly ac ZA npóc thy HB, oŬtos À ZE npóc thy HO xoi 
f, EA npóc thy OB. edetydy SE xoi wo f| ZA ngóc thy HB, 
ovtw> f, ZI ngóc thy HA xoi f, DA xpóc thy AB: xal we 
&pa À ZT ngóc thy AH, obxoc f; te TA ngóc thy AB xoi À 
ZE npóc thy HO xol Ett À EA npóc thy OB. xoi én& ton 
éotly f| u£v Und TZA ywvia tH òrò AHB, 5| 6$ ónó AZE tH 
òrò BHO, óAn soa A Und TZE Ar xfj 0x0 AHO £o ton. 
Dà TH KUTA BY xoi Å ODO DAE «fj òrò ABO Eotw (or. £o 
dé xoà H u£v Teds TH T tÅ npóc 16 A ton, H SE npóc o E 
tÑ ngóc TG O. tooywwov dpa toti tò AO xà TE: xol tàs 
x&pl tàs toas Ywvlacg a'óxGv rAeupóc &våňoyov EXEL’ óuotov 
goa got TO AO còúypauuov xà TE evduyeduue. 

And tic S0Veioncs &pa edVetac tic AB xà 600Évu 
eutuyoeduua và TE óuotóv te xoi óuotoc xe(uevov evdUyeau- 
Upov åvayéypanrtai TO AO: önep Éoet roroa. 
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show. 


Proposition 18 


To describe a rectilinear figure similar, and simi- 
larly laid down, to a given rectilinear figure on a given 
straight-line. 


F 





C D A B 


Let AB be the given straight-line, and CE the given 
rectilinear figure. So it is required to describe a rectilinear 
figure similar, and similarly laid down, to the rectilinear 
figure CE on the straight-line AB. 

Let DF have been joined, and let GAB, equal to the 
angle at C, and ABG, equal to (angle) CDF, have been 
constructed on the straight-line AB at the points A and 
B on it (respectively) [Prop. 1.23]. Thus, the remain- 
ing (angle) CFD is equal to AGB [Prop. 1.32]. Thus, 
triangle FCD is equiangular to triangle GAB. Thus, 
proportionally, as FD is to GB, so FC (is) to GA, and 
CD to AB [Prop. 6.4]. Again, let BGH, equal to an- 
gle DFE, and GBH equal to (angle) FDE, have been 
constructed on the straight-line BG at the points G and 
B on it (respectively) [Prop. 1.23]. Thus, the remain- 
ing (angle) at E is equal to the remaining (angle) at H 
[Prop. 1.32]. Thus, triangle FDE is equiangular to tri- 
angle GHB. Thus, proportionally, as FD is to GB, so 
FE (is) to GH, and ED to HB [Prop. 6.4]. And it was 
also shown (that) as FD (is) to GB, so FC (is) to GA, 
and CD to AB. Thus, also, as FC (is) to AG, so CD (is) 
to AB, and FE to GH, and, further, ED to HB. And 
since angle CFD is equal to AGB, and DFE to BGH, 
thus the whole (angle) CFE is equal to the whole (an- 
gle) AGH. So, for the same (reasons), (angle) CDE is 
also equal to ABH. And the (angle) at C is also equal 
to the (angle) at A, and the (angle) at E to the (angle) 
at H. Thus, (figure) AH is equiangular to C E. And (the 
two figures) have the sides about their equal angles pro- 
portional. Thus, the rectilinear figure AH is similar to the 
rectilinear figure C E [Def. 6.1]. 

Thus, the rectilinear figure AH, similar, and similarly 
laid down, to the given rectilinear figure CE has been 
constructed on the given straight-line AB. (Which is) the 
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v. 


Tà uoa tetywva npóc HAANAG Ev 6uAaolow Aóyo EoTL 
TOV óuoAÓYov TAEUEOY. 


A 
JAN AN 
B H T` E Z 


"Hot Öpow tetywva tà ABT, AEZ tony éyovta thy 
xpóc tă B ywviav tH npóc t& E, óc SE thy AB ngóc ty BE, 
obxoc Thy AE npóc tùy EZ, ote óuóXovov civar thy BT 
tf EZ: Aéyw, 611 tò ABT tetywvov npóc tò AEZ toeltywvov 
ditAactova Aóyov Exel nep 7 BIT npóc thy EZ. 

EAI yàp tv BT, EZ tettn avadoyov f, BH, dote 
elvat óc thy BI ngóc thy EZ, ottw¢ thy EZ npóc thy BH: 
xai &xeCeoy 0o À AH. 

Encel obv &owv óc fj AB npóc thy BT, oóxoc fj AE npóc 
thy EZ, £vaXAà& Goa Eotiv wc f, AB ngóc thy AE, obcoc f| 
BT ngóc thy EZ. àXX' óc 9, BD npóc EZ, ootoc otw ġ EZ 
xpóc BH. xoi óc &pa f| AB npóc AE, ottw¢ f) EZ npd¢ BH: 
t&v ABH, AEZ doa xpty vov avtimerévdaow oi rAeupol al 
Teel tac loac ywvduc. v o£ ulav uu tony £yxóvxov Yuviov 
TOLYOVOY avTimEeTOVVaoL al TAUPO ai MEEl tàs {oas Yovótc, 
{oa &oxiv &xeiva. toov dou Eotl tò ABH tetywvov 16 AEZ 
Tolryave. xol nel cotw óc f, BI ngóc thy EZ, ottwe ñ 
EZ nxpóc thy BH, ¿àv 6& tocic cvVeian àváňoyov Bow, À 
TEOT npóc THY tettHY GuAaotova Aóyov Exel nep npóc 
thy Seutéeav, f| BT dpa npóc thy BH binAactova Aóyov 
éyet Ameo n TB medc thy EZ. óc dé f, DB ngóc thy BH, 
oŬtws tò ABT totywvov npóc tò ABH tetywvov xoi tÒ 
ABT &gpa tetywvov npóc tò ABH dindactova Adyov Exel 
Qxep ñ BT npóc tùy EZ. toov 6$ tò ABH tetywvov t& 
AEZ teryavo. xoi tò ABT dea tetywvov mpd¢ tò AEZ 
totywvov ditAactova Aóyov Exel Aree Y, BT ngóc thy EZ. 

Tà doa uoa Telywva npgóc HAANAG Ev SiTAactow AóYo 
£c x&v GUOASYwv nAcupGv. [ónep Eder SeiZau.] 





IIóptoya. 
"Ex 57 Toutou qQavegóv, Óxt, Edv vpeic eudeion àváňoyov 
Bow, Eotw óc f| NETH MEd tv TEÍTNY, OUTWC TO ATÒ 
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very thing it was required to do. 


Proposition 19 


Similar triangles are to one another in the squared! 
ratio of (their) corresponding sides. 


A 
JT. AN 
B G C E F 


Let ABC and DEF be similar triangles having the 
angle at B equal to the (angle) at E, and AB to BC, as 
DE (is) to EF, such that BC corresponds to EF. I say 
that triangle ABC has a squared ratio to triangle DEF 
with respect to (that side) BC (has) to EF. 

For let a third (straight-line), BG, have been taken 
(which is) proportional to BC and EF, so that as BC 
(is) to EF, so EF (is) to BG [Prop. 6.11]. And let AG 
have been joined. 

Therefore, since as AB is to BC, so DE (is) to EF, 
thus, alternately, as AB is to DE, so BC (is) to EF 
[Prop. 5.16]. But, as BC (is) to EF, so EF is to BG. 
And, thus, as AB (is) to DE, so EF (is) to BG. Thus, 
for triangles ABG and DEF, the sides about the equal 
angles are reciprocally proportional. And those triangles 
having one (angle) equal to one (angle) for which the 
sides about the equal angles are reciprocally proportional 
are equal [Prop. 6.15]. Thus, triangle ABG is equal to 
triangle DEF. And since as BC (is) to EF, so EF (is) 
to BG, and if three straight-lines are proportional then 
the first has a squared ratio to the third with respect to 
the second [Def. 5.9], BC thus has a squared ratio to BG 
with respect to (that) CB (has) to EF. And as CB (is) 
to BG, so triangle ABC (is) to triangle ABG [Prop. 6.1]. 
Thus, triangle ABC also has a squared ratio to (triangle) 
ABG with respect to (that side) BC (has) to EF. And 
triangle ABG (is) equal to triangle DEF. Thus, trian- 
gle ABC also has a squared ratio to triangle DEF with 
respect to (that side) BC (has) to EF. 

Thus, similar triangles are to one another in the 
squared ratio of (their) corresponding sides. [(Which 
is) the very thing it was required to show]. 





Corollary 


So it is clear, from this, that if three straight-lines are 
proportional, then as the first is to the third, so the figure 
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Ths ngon cidos npóc TO AMO Tic SeUTEPAC TO Óuotov xoi 
Ouolws åvaypapópevov. Smee eet detEau. 


* Literally, “double”. 


X. 

Tà uoa xoXÓ «va eic Te óuota TeElywva Sroupetton xal 
cic loa TÒ rA fj0oc xol óuóÓXova xoic ÓAotc, xol TO TOAVYWVOV 
xpóc TO TOAVYWVOV OmAoolova Aóyov Exel HEE ñ OUOAOYOC 
TAEUEa npóc THY OUOAOYOV nAeupóv. 


A 








© K 





T A 

"Eoo ópota noAvywva xà ABTAE, ZHOKA, ôuóňoyos 
dé gow ñ AB tÅ ZH: AEyw, óu xà ABPTAE, ZHOKA 
TOAVYWVa eis ve GUOLA Tolywva Ototpeltot xoà eic tow TO 
TAf(üoc xa OUdAOYa xoic óXotc, xoi tò ABLTAE roAvywvov 
xpóc tò ZHOKA zoAOvovov dinAactova Adyov Éyet Aree H 
AB npóc thy ZH. 

*EneCevydwouv at BE, ET, HA, AO. 

Koi énet duoidv ott tò ABDAE xodvywvov t® 
ZHOKA nxoAvuvoóvo, ion £oxv f, ónó BAE voví(a t ónó 
HZA. xaí &owv óc f, BA npóc AE, o0xoc f, HZ ngóc ZA. 
&nel oov 800 xp(vová &ow te ABE, ZHA yíav yoviav uğ 
ywvia tony Eyovta, nepli ðè Tac touc yovíac TAS rnAeupác 
åváňoyov, icoyovtov goa éotl tò ABE totywvov x ZHA 
TeLyYOvw’ Gote xoi duotov: ton ipa Eotlv f| òrò ABE vovía 
tf nó ZHA. Éou è xoi AN f, Und ABT Ó^r tH ono 
ZHO ïon ài thy óuotórrxa. THY TOAVYOVWV Aor) Gow f| 
ono EBT ywvia ifj Und AHO otv ton. xoi Enel Già thy 
ouoidtyta xv ABE, ZHA xpetyóvov éotiv óc 5, EB npóc 
BA, oboc f, AH npóc HZ, GAA& phy xoà Già THY OYOLdTHTA 
TOV noAuYOvov Eotiv óc f| AB npóc BT, obtoc f| ZH npóc 
HO, r (cou &pa éotiv óc À EB npóc BT, obvoc f, AH npóc 
HO, xoi repli tac loo ywvduc tàs UNO EBT, AHO att rAcvpal 
åváåňoyóv seiotv: looya@viov doa &ox tò EBT tetywvov t& 
AHO tetyove Bote xoi óuotóv &ou tò EBT tetywvov 
16 AHO teryove. sid xà atà OH xoi TO ETA toelywvov 
duotdv £c xà AOK teryavo. xà dow Suoia TOAVYwva xà 
ABPAE, ZHOKA eíc te ópota totywva denta xoà eic toa 
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(described) on the first (is) to the similar, and similarly 
described, (figure) on the second. (Which is) the very 
thing it was required to show. 


Proposition 20 


Similar polygons can be divided into equal numbers 
of similar triangles corresponding (in proportion) to the 
wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. 


A 





H K 





C D 

Let ABCDE and FGH K L be similar polygons, and 
let AB correspond to FG. I say that polygons ABCDE 
and FGH K L can be divided into equal numbers of simi- 
lar triangles corresponding (in proportion) to the wholes, 
and (that) polygon ABC DE has a squared ratio to poly- 
gon FGH K L with respect to that AB (has) to FG. 

Let BE, EC, GL, and LH have been joined. 

And since polygon ABC DE is similar to polygon 
FGHKL,angle BAE is equal to angle GF L, and as BA 
is to AE, so GF (is) to FL [Def. 6.1]. Therefore, since 
ABE and FGL are two triangles having one angle equal 
to one angle and the sides about the equal angles propor- 
tional, triangle ABE is thus equiangular to triangle FGL 
[Prop. 6.6]. Hence, (they are) also similar [Prop. 6.4, 
Def. 6.1]. Thus, angle ABE is equal to (angle) FGL. 
And the whole (angle) ABC is equal to the whole (angle) 
FGH, on account of the similarity of the polygons. Thus, 
the remaining angle EBC is equal to LGH. And since, 
on account of the similarity of triangles ABE and FGL, 
as EB is to BA, so LG (is) to GF, but also, on account of 
the similarity of the polygons, as AB is to BC, so FG (is) 
to GH, thus, via equality, as EB is to BC, so LG (is) to 
GH [Prop. 5.22], and the sides about the equal angles, 
EBC and LGH, are proportional. Thus, triangle E BC is 
equiangular to triangle LGH [Prop. 6.6]. Hence, triangle 
EBC is also similar to triangle LGH [Prop. 6.4, Def. 6.1]. 
So, for the same (reasons), triangle EC D is also similar 
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TO TAT Voc. 

Aéyw, Óóu xoi óuóAoYa xoi; ÓAotc, vouiéouv orte 
åváňoyov civar xà tetywva, xol nyobUsva u£v civar xà ABE, 
EBT, ETA, éndueva dé abxóv xà ZHA, AHO, AOK, xol 
óu tò ABTAE rnodbywvov npóc tò ZHOKA noAOYvovov 
ditAactova Aóyov Exel Hee Å OUdAOYOS nAeupà npóc tiv 
ôuóňoyov rAeup&v, toutéotw f, AB npóc thy ZH. 

"'Encteóy0ücocov yoo oi AT, ZO. xoi éncel Ou thy 
ópotóxryxa. THY TOAVYOVWY ton Eotly fj UNO ABT vovía tH 
òrò ZHO, xaí gotw òs f, AB npd¢ BT, obxoc f, ZH npóc 
HO, icoyowóv got tÒ ABT tetywvov tă ZHO teryover 
ton dea cotiv Å u£v UNO BAT ywvia tH òrò HZO, fj dé ono 
BIA tf tno HOZ. xa &nci ton &odiv H óxó BAM ywvia 
tf, ónó HZN, got de xoi f, bnd ABM tH òrò ZHN ion, 
xoà Aou] dea A òrò AMB onf tH rò ZNH ton Eotiv: 
tooyavov doa oti tò ABM tetywvov x ZHN teryovw. 
Ouotuc 67, Sei€ouev, 6tt xoi TO BMT telywvov icoywvdv 
ċott t HNO xpiyóvo. &véXovov doa Eotiv, óc uev f; AM 
rpóc MB, oŭtas f| ZN npóc NH, óc 6£ ñ BM npóc MI, 
ovtac ù HN xpóc NO: dote xoi 9v oou, wo f, AM npóc 
MT, obxoc f; ZN npgóc NO. GAM’ óc fj, AM npóc MT, ottw¢ 
tò ABM [toetywvov] npd¢ tò MBT, xoi tò AME npóc tò 
EMT: ngóc GAANAa yåp Elow óc at Bdoetc. xal oc doa 
£v TOV NYOVUEVWY npóc £v x&v ENOUEVWY, OUTUS ĞÕTAVTA 
xà fiYoóueva npóc &xovra Ta &nÓuevor óc dopa TO AMB 
totywvov npóc tò BMT, obxoc tò ABE ngóc tò TBE. o^ 
óc tò AMB npóc tò BMT, obxoc ñ AM ngóc MI" xol 
óc &pa Å AM npóc MT, obxoc tò ABE xp(vovov npóc tò 
EBT toetywvov. à tà obtà OH xoà óc f, ZN npóc NO, 
obxoc tò ZHA tetywvov npóc tò HAO tetywvov. xal &ouv 
óc ñ AM xpóc MT, obxoc f, ZN npgóc NO: xoi óc dpa 
tÒ ABE toetywvov ngóc tò BET tetywvov, obvoc tò ZHA 
totywvov npóc tò HAO totywvoy, xol £vaAAà& óc tò ABE 
totywvoyv xpóc tò ZHA telywvov, obxoc tò BET tetywvov 
ted¢ tò HAO tetywvov. olwc 97) 6e(&ouev EmiTevyVetoGv 
t&v BA, HK, öt xoi wc tò BET tetywvov ngóc tò AHO 
totywvov, o0xoc tò ETA tetywvov npóc tò AOK tetywvov. 
xoi &ne( &oxtv óc TO ABE toetywvov npóc tò ZHA tetywvov, 
obxoc TÒ EBT npóc tò AHO, xoi £u tò ETA ngóc tò AOK, 
xal OG doa £v TOY Tyyouuévov npóc EV THY ÊTOuÉVWV, OUTWC 
ANAVTA TA NYOVNEVA npóc Amavta xà ENdUEVA Éouv hoa 
óc tò ABE tetywvov npgóc tò ZHA tetywvov, ottw> TÒ 
ABTAE rokvywvov npóc tò ZHOKA norvywvoy. &AAà TO 
ABE teltywvov medc tò ZHA teltywvov dimAactova Aóyov 
éyet fixep ñ AB óuóAoYvoc nAcup& npóc Thy ZH ógóXovov 
rÀAeupáv: xà yàp Čuo Telywva Ev SimAaotow Aóvo EoTl 
Tv ogoAóYcov rAeupGv. xoi TO ABTAE &pa noAvywvov 
xpóc tò ZHOKA nodvywvov OuAaoíiova Aóyov Exel Aree À 
AB uóňoyoç nàsupà npóc thy ZH óuóAoyov TAEvEdy. 

Tà äpa Öuoia TOAVYwva etc te GOLA Totywva Sroupettou 
xal eig loa tÒ mAijüoc xol OUdAOYA Tol¢ ÓAotc, xoà TO 
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to triangle LH K. Thus, the similar polygons ABCDE 
and FGH K L have been divided into equal numbers of 
similar triangles. 

I also say that (the triangles) correspond (in propor- 
tion) to the wholes. That is to say, the triangles are 
proportional: ABE, EBC, and ECD are the leading 
(magnitudes), and their (associated) following (magni- 
tudes are) FGL, LGH, and LH K (respectively). (I) also 
(say) that polygon ABC DE has a squared ratio to poly- 
gon FGH KL with respect to (that) a corresponding side 
(has) to a corresponding side—that is to say, (side) AB 
to FG. 

For let AC and FH have been joined. And since angle 
ABC is equal to FGH, and as AB is to BC, so FG (is) to 
GH, on account of the similarity of the polygons, triangle 
ABC is equiangular to triangle FGH [Prop. 6.6]. Thus, 
angle B AC is equal to GF H, and (angle) BCA to GH F. 
And since angle BAM is equal to GFN, and (angle) 
ABM is also equal to FGN (see earlier), the remaining 
(angle) AM B is thus also equal to the remaining (angle) 
FNG [Prop. 1.32]. Thus, triangle ABM is equiangular 
to triangle FGN. So, similarly, we can show that triangle 
BMC is also equiangular to triangle GNH. Thus, pro- 
portionally, as AM is to M B, so FN (is) to NG, and as 
BM (is) to MC, so GN (is) to NH [Prop. 6.4]. Hence, 
also, via equality, as AM (is) to MC, so FN (is) toNH 
[Prop. 5.22]. But, as AM (is) to MC, so [triangle] ABM 
is to M BC, and AME to EMC. For they are to one an- 
other as their bases [Prop. 6.1]. And as one of the leading 
(magnitudes) is to one of the following (magnitudes), so 
(the sum of) all the leading (magnitudes) is to (the sum 
of) all the following (magnitudes) [Prop. 5.12]. Thus, as 
triangle AM B (is) to BMC, so (triangle) ABE (is) to 
CBE. But, as (triangle) AM B (is) to BMC, so AM (is) 
to MC. Thus, also, as AM (is) to MC, so triangle ABE 
(is) to triangle E BC. And so, for the same (reasons), as 
FN (is) to NH, so triangle FGL (is) to triangle GLH. 
And as AM is to MC, so FN (is) to NH. Thus, also, as 
triangle ABE (is) to triangle BEC, so triangle FGL (is) 
to triangle GLH, and, alternately as triangle ABE (is) 
to triangle FGL, so triangle BEC (is) to triangle GLH 
[Prop. 5.16]. So, similarly, we can also show, by joining 
BD and GK, that as triangle BEC (is) to triangle LGH, 
so triangle ECD (is) to triangle LH K. And since as tri- 
angle ABE is to triangle FGL, so (triangle) EBC (is) 
to LGH, and, further, (triangle) EC D to LH K, and also 
as one of the leading (magnitudes is) to one of the fol- 
lowing, so (the sum of) all the leading (magnitudes is) to 
(the sum of) all the following [Prop. 5.12], thus as trian- 
gle ABE is to triangle FGL, so polygon ABC DE (is) to 
polygon FGH KL. But, triangle AB E has a squared ratio 
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TMOAVYWVOY TEds TO TOALYWVOV SiITAAolova Aóyov ExEt Timeo 
f, OUdAOYOS xAeupà npóc THY óuóAovov nAeupáv [ónep det 
Setkan]. 


IIógtoya. 

"Qoa toc 6€ xoi Ext x&v [óuoíov] vexpomAeOpov ðciy th- 
OETA, OTL £v SimAaotow Aóyo ciol x&v ógoAÓYvov nAeupóv. 
&Oc(yür, SE xol ext Tv tptyOveov: Gote xal xoóAXou tà 
Čuo eó00Yypougua oyuata npóc Anda Ev OuAaotovt 
Aóyo tici x&v OUOAdYwV rAeupGv. Órep det Seta. 


^ 
xa. 
Tà xà adté có90Yvpáuuo Óuota xoà GAAHAOIC &odlv 
óp ota. 


"Eotw yàp exdtepov xv A, B eóUouyoóuuov và T 
óu otov: Aéyw, dtr xoi TO A 16) B Eotw Óópotov. 

"Enci yàp óuotóv ott TÒ A 16 T, icoyóvióv tÉ &ouv 
AdTES Kal tàs negl Tac loo Ywvlag MAELVEdC àváňoyov EXEL. 
THA, ¿nel óuotóv ċott TO B 16) DL, icovóvióvy té oTt 
adTES Kal Tac repli Ta loo Ywvlac MAELVEdC àváňoyov EXEL. 
exctepov doa x&v A, B 16 T iooywwdy té oti xol xàc 
Teel tac loac Ywviacg rAeupàc &váXoyov ExeEL [ote xoi TO 
A t B icoyowóv té £o xoà tàs Teel tàs looc ywviac 
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to triangle FGL with respect to (that) the corresponding 
side AB (has) to the corresponding side F'G. For, similar 
triangles are in the squared ratio of corresponding sides 
[Prop. 6.14]. Thus, polygon ABC DE also has a squared 
ratio to polygon FGH K L with respect to (that) the cor- 
responding side AB (has) to the corresponding side F'G. 

Thus, similar polygons can be divided into equal num- 
bers of similar triangles corresponding (in proportion) to 
the wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. [(Which is) the very thing 
it was required to show]. 


Corollary 


And, in the same manner, it can also be shown for 
[similar] quadrilaterals that they are in the squared ratio 
of (their) corresponding sides. And it was also shown for 
triangles. Hence, in general, similar rectilinear figures are 
also to one another in the squared ratio of (their) corre- 
sponding sides. (Which is) the very thing it was required 
to show. 


Proposition 21 


(Rectilinear figures) similar to the same rectilinear fig- 
ure are also similar to one another. 


Let each of the rectilinear figures A and B be similar 
to (the rectilinear figure) C. I say that A is also similar to 
B. 

For since A is similar to C, (A) is equiangular to (C), 
and has the sides about the equal angles proportional 
[Def. 6.1]. Again, since B is similar to C, (B) is equian- 
gular to (C), and has the sides about the equal angles 
proportional [Def. 6.1]. Thus, A and B are each equian- 
gular to C, and have the sides about the equal angles 
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TAEUEaC &váAovov Exel]. ópotov dpa £o tò A xà B: ónep 
Eder deko. 


xp’. 

‘Edy técoapes cvveta ådvåňoyov Gow, xal xà AT’ atv 
£000 Ypouua uord te xol óuoíoc dvayeypAUUEeva dváňoyov 
čotav xäv tà dm AUTHY còúÝypauua Óuot& ve xol ópolcc 
AVOVEYPUUNEVA avxov ov T, xol AUTO ai eoOetou. ocv o Ov 
Écovzat. 


A 


B A 


H 
H © 
A X 


B — i: d n 
II P 


"Eovcoav técoapec còco åvåňoyov at AB, TA, EZ, 
HO, óc 7 AB npóc thy TA, obvoc f, EZ ngóc thy HO, xoi 
&votyeoóqcoav ano uev xv AB, TA ópuotá te xoi ogotoc 
xetueva evObyeoauua xà KAB, ATA, and òè tõv EZ, HO 
ópot& TE xoi óuotoc xelueva £090 pago xà MZ, NO: Aéyo, 
bu Eotiv óc TO KAB npgóc tò ATA, oŬtws tò MZ npóc tÒ 
NO. 

EUypüo yàp t&v u£v AB, TA tettn &vóáXovov f| E, xiv 
dé EZ, HO teity åváňoyov f, O. xa Enet Eotw óc u&v f| AB 
xpóc thy TA, obxoc f, EZ xpóc thy HO, óc dé f| TA npóc 
Thy =, o0toc f|, HO nxpóc tijv O, di (oou doa Eotlv óx À 
AB npóc thy E, obxoc f, EZ ngóc thy O. àAX óc u£v H 
AB npóc thy E, obxoc [xoi] tò KAB npòs tò ATA, óc òè 
1 EZ ngóc thy O, obxoc tò MZ ngóc tò NO: xal óc tow 
tò KAB npóc tò ATA, ottw> tò MZ npóc tò NO. 

AAA DÀ Eotw óc tò KAB ngóc tò ATA, obxoc tò MZ 
npóc tò NO: AEyw, Óu £o xoi óc À AB npóc thy TA, 
obcoc f, EZ npóc thy HO. ei yàp uf, £ouv, óc f, AB npóc 
thy TA, obcoc f, EZ ngóc thy HO, £ovo óc f, AB npóc thy 
TA, oóvoc f, EZ npóc thy IIP, xoi dvayeypapdw ano fic 
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proportional [hence, A is also equiangular to B, and has 
the sides about the equal angles proportional]. Thus, A 
is similar to B [Def. 6.1]. (Which is) the very thing it was 
required to show. 


Proposition 22 


If four straight-lines are proportional then similar, and 
similarly described, rectilinear figures (drawn) on them 
will also be proportional. And if similar, and similarly 
described, rectilinear figures (drawn) on them are pro- 
portional then the straight-lines themselves will also be 
proportional. 


AA 


E 


Hos 


S 
LÍ 
Q R 


Let AB, CD, EF, and GH be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, rec- 
tilinear figures KAB and LCD have been described on 
AB and CD (respectively), and the similar, and similarly 
laid out, rectilinear figures MF and NH on EF and GH 
(respectively). I say that as K AB is to LCD, so MF (is) 
to NH. 

For let a third (straight-line) O have been taken 
(which is) proportional to AB and CD, and a third 
(straight-line) P proportional to EF and GH [Prop. 6.11]. 
And since as AB is to C D, so EF (is) to GH, and as CD 
(is) to O, so GH (is) to P, thus, via equality, as AB is to 
O, so EF (is) to P [Prop. 5.22]. But, as AB (is) to O, so 
[also] K AB (is) to LCD, and as EF (is) to P, so MF 
(is) to NH [Prop. 5.19 corr.]. And, thus, as KAB (is) to 
LCD, so MF (is) to NH. 

And so let K AB be to LCD, as MF (is) to NH. I say 
also that as AB is to CD, so EF (is) to GH. For if as AB 
is to CD, so EF (is) not to GH, let AB be to CD, as EF 
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IIP onotépw t&v MZ, NO duotdy te xoi Ouotwc xe(uevov 
evdbyeauuuov tò UP. 

‘Enel obv gotw óc f, AB npóc thy TA, oŬtos f, EZ npóc 
thy IIP, xoi avayéypanto and u&v x&v AB, TA ópotá te 
xoà Ouotuc xe(ueva xà KAB, ATA, àxó dé tõv EZ, IIP 
óuot& TE xol óuoloc xelueva xà MZ, XP, £oxv dpa we TÒ 
KAB ngpóc tò ATA, obxoc tò MZ ngóc tò XP. ónóxevot 
dé xol óc tò KAB npóc tò ATA, obvoc tò MZ npóc 16 
NO: xol wc doa tò MZ npóc tò XP, obxoc tò MZ npóc 
tò NO. tò MZ dea ngóc Exdtepov x&v NO, XP tov abxóv 
éyet Aóvov: loov dea oti TO NO 165 XP. Eot SE avute xol 
óuotov xol OUOtwWs xetuevov: ton doa Y, HO tH HP. xoi enet 
gow óc f, AB npóc thy TA, obtw¢ f, EZ npóc thy HP, ion 
dé ñ IP tH HO, éotw dpa óc f, AB npóc tv TA, odtw< À 
EZ ngóc thy HO. 

"Eàv doa véooopsc còco avédoyoy Gow, xol Ta an” 
aùtõv eOU00Ypouuo Óuot& ve xoà ópoloc àvayeypaupéva 
&váAovov gota xàv xà an’ otGv eUU0Ypouua uord TE 
xal ógotoc àvayeypauuéva dvåňoyov T, xot abTOL at eo elo 
åváħňoyov Eoovta ónep Eder Sign. 
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(is) to QR [Prop. 6.12]. And let the rectilinear figure SR, 
similar, and similarly laid down, to either of MF or NH, 
have been described on QR [Props. 6.18, 6.21]. 

Therefore, since as AB is to CD, so EF (is) to QR, 
and the similar, and similarly laid out, (rectilinear fig- 
ures) K AB and LCD have been described on AB and 
CD (respectively), and the similar, and similarly laid out, 
(rectilinear figures) MF and SR on EF and QR (re- 
sespectively), thus as KAB is to LCD, so MF (is) to 
SR (see above). And it was also assumed that as K AB 
(is) to LCD, so MF (is) to NH. Thus, also, as MF (is) 
to SR, so MF (is) to NH [Prop. 5.11]. Thus, MF has 
the same ratio to each of NH and SR. Thus, NH is equal 
to S R [Prop. 5.9]. And it is also similar, and similarly laid 
out, to it. Thus, GH (is) equal to QR.! And since AB is 
to CD, as EF (is) to QR, and QR (is) equal to GH, thus 
as AB is to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, then sim- 
ilar, and similarly described, rectilinear figures (drawn) 
on them will also be proportional. And if similar, and 
similarly described, rectilinear figures (drawn) on them 
are proportional then the straight-lines themselves will 
also be proportional. (Which is) the very thing it was 
required to show. 


t Here, Euclid assumes, without proof, that if two similar figures are equal then any pair of corresponding sides is also equal. 


xy’. 

Tà icoyova napaňànàóypauua npóc GAANAG Aóyov Eyet 
TOV ovyxeluevov Ex t&v nAeupGv. 

"Eo icoyova mapadAnddypauya tà AT, TZ tony 
éyovta tiv Und BTA vovíovy xfj òrò ETH: Aéyo, óu tò AT 
TapaAànàóypauuov npóc tò TZ napaňànàóypauyuov Aóyov 
EXEL TOV cuYvxe(uevov EX TOV nAeupGv. 

Ketodw yàp dote en’ evdetac civa thy BT tH TH: ên’ 
evvetac doa £oxi xoi À AT xfj TE. xoà ouunenAneoodw tò 
AH naparànàóypauuov, xoi exxetodw tic c00eta 7, K, xol 
vevovéxo wc gu&v f; BI' ngóc thy TH, ottw¢ f, K npóc thy 
A, óc 6& f| AT npóc thy TE, obxoc À A npóc thy M. 

Oi dpa Aóyot ts te K npóc thy A xoà ts A npóc 
thy M oi avtol ciot toic Adyolc x&v nAeupGv, vfjc ve BI 
xpóc thy TH xal ts AT npóc thy TE. aX’ ô tic K npóc 
M Aóvoc ovyxetta Éx te tot týs K npóc A Adyou xoi 
tov tc A npóc M: dote xoi A K npóc thy M Adyov Eyer 
TOV ouyxeluevov Ex t&v nAeUpGv. xoi Enel &ovv wc fj BD 
npóc thy TH, obvoc tò AT nxapoAArAÓóYpoouuov npóc tO 
TO, àÀAX óc f, BT ngóc thy TH, o0xoc À K npóc thy A, 
xal óc dpa f, K npóc tiv A, oŬtws tò AT npóc tò TO. 
x&Atv, énet Eotw wo f, AT npóc thy DE, ottw¢ tò TO roe 
earAnrdypaumoyv npóc tò TZ, àÀX óc f, AT ngóc thy TE, 


Proposition 23 


Equiangular parallelograms have to one another the 
ratio compounded! out of (the ratios of) their sides. 

Let AC and CF be equiangular parallelograms having 
angle BCD equal to ECG. I say that parallelogram AC 
has to parallelogram C'F the ratio compounded out of 
(the ratios of) their sides. 

For let BC be laid down so as to be straight-on to 
CG. Thus, DC is also straight-on to CE [Prop. 1.14]. 
And let the parallelogram DG have been completed. And 
let some straight-line K have been laid down. And let it 
be contrived that as BC (is) to CG, so K (is) to L, and 
as DC (is) to C E, so L (is) to M [Prop. 6.12]. 

Thus, the ratios of K to L and of L to M are the same 
as the ratios of the sides, (namely), BC to CG and DC 
to CE (respectively). But, the ratio of K to M is com- 
pounded out of the ratio of K to L and (the ratio) of L 
to M. Hence, K also has to M the ratio compounded 
out of (the ratios of) the sides (of the parallelograms). 
And since as BC is to CG, so parallelogram AC (is) to 
CH [Prop. 6.1], but as BC (is) to CG, so K (is) to L, 
thus, also, as K (is) to L, so (parallelogram) AC (is) to 
CH. Again, since as DC (is) to CE, so parallelogram 
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o’tw> Å A ngóc thy M, xal óc doa f, A npóc thy M, obxoc 
tÒ TO napoAAnAÓóvpeoupov npóc tò TZ rapaňànàóypauyov. 
&nel ovv éOc(yün, óc ev fj, K npóc thy A, oŬtas tò AT 
TUPAAANAOYEAULOV npóc TO TO xapoAAnAÓYpoupov, óc ðè 
n A ngóc thy M, o0xoc tò TO rapadAnddyeayov npóc TO 
TZ napgoAAnAóvpoupov, dv oou dpa cotly ðs f, K ngóc trv 
M, obxoc tò AT npóc tò TZ napadkAnddypauyoyv. À 6 K 
rpóc Thy M Aóvov čyet xóv ouyxeluevov Ex v&v nAeuptóv: 
xol tò AT doa med¢ tò TZ Adyov Eyer tov ovyxeluevov &x 
TOV TASUEOY. 








Kr—S 
Am 


M i 











E Z 
Tà dpa icoyova TAPAAANAGYEAUUA npóc &AAnàa Aóyov 
Éyet TOV ouyxeluevov Ex xàv nàeupõv: Omep Eder SeiEaun. 


* In modern terminology, if two ratios are “compounded” then they are 
xo. 

Ilavtóc napadkAndoyeduuou tà nepi THY Otógetpov ra- 
CXAANAGY PALMA čuo £oxt TES TE GAw xol GAATAOLC. 

"Hot mopgoAAnAóyoouuov tO ABTA, Sdidueteoc dé 
avtot Å AT, tegi òè thy AT napadAndrdyeayya Eoo và EH, 
OK: AEvw, OTL Exdtepov t&v EH, OK rapadAnroyeduwv 
óuotóv £c dAw xà ABTA xoi wAAAotc. 

"Enci yàp xpgiyóvou tod ABT napa uíov xv mAcupéiv 
tùy BI ğxtu f, EZ, àváňoyóv &oxv óc f, BE npóc tùy 
EA, obxoc f| TZ ngóc thy ZA. náňw, nel teryo@vou tov 
ATA mnopà uiev thy TA xta f, ZH, åváňoyóv Eotw wc f| 
TZ ngóc thy ZA, obxoc f, AH npóc thy HA. àAX óc À 
TZ npóc thy ZA, obtoc &6c(yür xoi f, BE npóc thy EA: 
xoi óc doa ñ BE npóc thy EA, o0toc f| AH npóc thy 
HA, xoi cuvüévu dea óc 7 BA npóc AE, ottwco 7 AA 
npóc AH, xoà ÉvaAAàE óc f, BA npóc thy AA, ott f| 
EA npóc thy AH. xv gpa ABTA, EH napa Anroyeduuwv 
åváňoyóv eiotv ai r'Aeupot ai repi THY xov Ywviay Thy onó 
BAA. xa Enel rapáňànàós &owv f| HZ xf; AT, ton Eotiv 
nH u&v òrò AZH ywvia tH òrò ATA: xoà xow xv 000 
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CH (is) to CF [Prop. 6.1], but as DC (is) to CE, so L 
(is) to M, thus, also, as L (is) to M, so parallelogram 
CH (is) to parallelogram CF. Therefore, since it was 
shown that as K (is) to L, so parallelogram AC (is) to 
parallelogram C H, and as L (is) to M, so parallelogram 
CH (is) to parallelogram CF, thus, via equality, as K is 
to M, so (parallelogram) AC (is) to parallelogram CF 
[Prop. 5.22]. And K has to M the ratio compounded out 
of (the ratios of) the sides (of the parallelograms). Thus, 
(parallelogram) AC also has to (parallelogram) CF the 
ratio compounded out of (the ratio of) their sides. 


A D 








L——— 


M 











E F 
Thus, equiangular parallelograms have to one another 
the ratio compounded out of (the ratio of) their sides. 
(Which is) the very thing it was required to show. 


multiplied together. 


Proposition 24 


In any parallelogram the parallelograms about the di- 
agonal are similar to the whole, and to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EG and H K be parallelograms about AC. I say 
that the parallelograms EG and H K are each similar to 
the whole (parallelogram) ABC D, and to one another. 

For since EF has been drawn parallel to one of the 
sides BC of triangle ABC, proportionally, as BE is to 
EA, so CF (is) to FA [Prop. 6.2]. Again, since FG has 
been drawn parallel to one (of the sides) CD of trian- 
gle ACD, proportionally, as CF is to FA, so DG (is) to 
GA [Prop. 6.2]. But, as CF (is) to FA, so it was also 
shown (is) BE to EA. And thus as BE (is) to EA, so 
DG (is) to GA. And, thus, compounding, as BA (is) to 
AE, so DA (is) to AG [Prop. 5.18]. And, alternately, as 
BA (is) to AD, so EA (is) to AG [Prop. 5.16]. Thus, 
in parallelograms ABCD and EG the sides about the 
common angle BAD are proportional. And since GF is 
parallel to DC, angle AFG is equal to DC A [Prop. 1.29]. 
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toryovey x&v AAT, AHZ f; ónó AAT yovi: icoyovtov 
&pa gott tò AAT toetywvov tă AHZ totyove. did xà adTE 
67) xoi tò ATB tetywvov icoyovtóv got 16 AZE teryove, 
xoi dAov tò ABTA mopoXAnAóyvpouuov x EH rapain- 
AOYESUU® icoyóvióv &ouv. åváňoyov dpa &oxlv óc H AA 
xpóc thy AT, obxoc À AH npóc thy HZ, we òè f, AT npóc 
thy TA, obvoc ñ HZ npóc thy ZA, óc 86 H AU npóc Thy 
IB, oóxoc f, AZ ngóc thy ZE, xoi Ett óc f, UB npóc thy 
BA, obroc f, ZE npóc thy EA. xoi enet edetydn óc uèv 
n AT npgóc thy DA, o0voc À HZ npgóc thy ZA, óc òè ñ 
AT npgóc thy DB, obxoc f, AZ ngóc thy ZE, 8C {oou dpa 
éotlv óc f, AT ngóc thy PB, otto f, HZ ngóc thy ZE. 
t&v doa ABTA, EH mopoAAnAovoóuuov åváňoyóv cioww 
ai nàcupal oi regi Tac looc ywviac Óuotov doa &od TO 
ABTA napoXAroYvoóuuov tě EH nopoAAnAovoóguuo. did 
tà OTE 07] TO ABTA nopgoAAnAóypooupuov xoi TH KO rta- 
PXAANAOYESUUG óuotóv £oxtv: &xéáxepov doa xày EH, OK 
ropaAAnAoveóuuov xà ABTA [noparkAnrhoyeduuw] óuotóv 
COTW. TH OE TE ATE cÒVuypáuuy Ópot xol AAAA £oxty 
Čuo xoi TO EH doa xopomAóYvpeouuov xà OK napoAAn- 
AOYESUUG óuotóv £o. 


A E B 











A K T 
Ilavxóc doa nopoAAnAoyoóuguou xà Teel TAV ÕráueTpov 
xao nAóypauua Öuord &oxt TE xe GAw xal &AAHAoc: STEP 
der delka. 
xe’. 
T& 800évu cÙðuypåuuy óuotov xol GAA@ 1G SoVEVTL 
{oov TÒ ato cuotfjcacot. 
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And angle DAC (is) common to the two triangles ADC 
and AGF. Thus, triangle ADC is equiangular to triangle 
AGF [Prop. 1.32]. So, for the same (reasons), triangle 
ACB is equiangular to triangle AF E, and the whole par- 
allelogram ABCD is equiangular to parallelogram EG. 
Thus, proportionally, as AD (is) to DC, so AG (is) to 
GF, and as DC (is) to CA, so GF (is) to FA, and as AC 
(is) to CB, so AF (is) to FE, and, further, as CB (is) 
to BA, so FE (is) to EA [Prop. 6.4]. And since it was 
shown that as DC is to CA, so GF (is) to FA, and as 
AC (is) to CB, so AF (is) to FE, thus, via equality, as 
DC is to CB, so GF (is) to FE [Prop. 5.22]. Thus, in 
parallelograms ABC D and EG the sides about the equal 
angles are proportional. Thus, parallelogram ABCD is 
similar to parallelogram EG [Def. 6.1]. So, for the same 
(reasons), parallelogram ABCD is also similar to par- 
allelogram KH. Thus, parallelograms EG and HK are 
each similar to [parallelogram] ABCD. And (rectilin- 
ear figures) similar to the same rectilinear figure are also 
similar to one another [Prop. 6.21]. Thus, parallelogram 
EG is also similar to parallelogram HK. 


A E B 











D K C 


Thus, in any parallelogram the parallelograms about 
the diagonal are similar to the whole, and to one another. 
(Which is) the very thing it was required to show. 


Proposition 25 


To construct a single (rectilinear figure) similar to a 
given rectilinear figure, and equal to a different given rec- 
tilinear figure. 
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Nes 
a 











K 
H e 
M 


"Hot tO y£v dovev eo00ypouuov, @ Set Óyotov 
ovotyjoaovat, tò ABT, 6 òè det (cov, tO A> Set BY tH 
u&v ABT ópotov, 16 Dè A {oov TÒ atò ouotýoacðoa. 

IIopgopeBArjod«c yàp napà uèv thy BT tẸ& ABT xeuyóvo 
{oov napaňànàóypauuov tò BE, napà dé thy TE xà A (oov 
napaànàóypauuov tò I'M &v yovi tH òrò ZTE, fj &oxtv 
ton xfj nd TBA. én’ eddetac dpa éotiv n u£v BT tÅ TZ, fj 
dé AE tÅ EM. xoi cipto xv BT, TZ uéorn avédoyov fi 
HO, xa &vovevpó«üo and týs HO x ABT óuotóv te xoi 
óuotoc xe(yevov tò KHO. 

Kot nei £oxtv óc fj, BI ngóc thy HO, oóxoc 5, HO 
npóc thy TZ, £àv 6& tesic eóUclot avédoyov Got, Éoxtv 
ÒS Å rpór rpóc Thy TeitHY, obtoc TO AMO Tic TEWTHS 
cióoc npóc TO ATÒ rfj; SEUTEPAC TO GUOLOV xal ópolcoc àva- 
yeapduevov, čotwv goa wo f, BI ngóc thy PZ, ootoc to 
ABT tetywvov med¢ tò KHO tetywvov. GAA xoi óc À BP 
rpóc THY TZ, oŬtws tò BE napadAnddypayov npóc tò EZ 
xapoAArAóYvpouguov. xol ac doa tò ABT tetywvov npóc TO 
KHO tetywvov, oŭtwç tò BE napoAArAóvoouuov ngóc TO 
EZ raparkAndrdypauwov’ EvaAAaE doa óc TO ABT totywvov 
rpóc TO BE napaňànàóypauuov, obxoc TO KHO tetywvov 
mpd¢ TO EZ naparànàóypauuov. toov sé tò ABT tetywvov 
16 BE napaddndoyeduua’ toov dea xoi tò KHO tetywvov 
16 EZ napaňànàoypåuuy. GAAd TO EZ mapadAnrAdyeauoyv 
ta) A éotw lcov: xoi tò KHO &pa xG A &ouv ioov. got 
dé tò KHO xoi 16 ABT ópotov. 

TẸ &pa 600évx eb0vvoóuuo và ABT óuotv xoi ZAA 
1G 800évu 1G A {oov 16 abxó ovvéotata tò KHO: Ónep 
Edel rotfjcot. 


XS. 

"Eàv GO noapoAAnAoYvoóupou TAPAAANADYPALOV ða- 
pe97| Ópotóv te TE ÖA% xol óuoítoc xeiuevov xoy yoviav 
£y ov a6, negl Thy wUTHY Guigiexpóv EOTL TH ÖAW. 

Ano yàp rapoAAroveáuguou tod ABTA raparAnrdyea- 
uuov apnerjodw tò AZ dyowv tæ ABTA xal ópgotoc 
xe(uevov xotviiv Yovíov Eyov aùt& thy Und AAB: déyo, 
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A 
D 
B C 
/ / G H 
L E M 

Let ABC be the given rectilinear figure to which it is 
required to construct a similar (rectilinear figure), and D 
the (rectilinear figure) to which (the constructed figure) 
is required (to be) equal. So it is required to construct 
a single (rectilinear figure) similar to ABC, and equal to 
D. 

For let the parallelogram BE, equal to triangle ABC, 
have been applied to (the straight-line) BC [Prop. 1.44], 
and the parallelogram CM, equal to D, (have been ap- 
plied) to (the straight-line) CE, in the angle FC E, which 
is equal to CBL [Prop. 1.45]. Thus, BC is straight-on to 
CF, and LE to EM [Prop. 1.14]. And let the mean pro- 
portion GH have been taken of BC and CF [Prop. 6.13]. 
And let KGH, similar, and similarly laid out, to ABC 
have been described on GH [Prop. 6.18]. 

And since as BC is to GH, so GH (is) to CF, and if 
three straight-lines are proportional then as the first is to 
the third, so the figure (described) on the first (is) to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corr.], thus as BC is to CF, so triangle ABC 
(is) to triangle KGH. But, also, as BC (is) to CF, so 
parallelogram BE (is) to parallelogram EF [Prop. 6.1]. 
And, thus, as triangle ABC (is) to triangle KGH, so par- 
allelogram BE (is) to parallelogram EF. Thus, alter- 
nately, as triangle ABC (is) to parallelogram BE, so tri- 
angle KGH (is) to parallelogram EF [Prop. 5.16]. And 
triangle ABC (is) equal to parallelogram BE. Thus, tri- 
angle KGH (is) also equal to parallelogram EF. But, 
parallelogram EF is equal to D. Thus, KGH is also equal 
to D. And KGH is also similar to ABC. 

Thus, a single (rectilinear figure) KGH has been con- 
structed (which is) similar to the given rectilinear figure 
ABC, and equal to a different given (rectilinear figure) 
D. (Which is) the very thing it was required to do. 





Proposition 26 


If from a parallelogram a(nother) parallelogram is 
subtracted (which is) similar, and similarly laid out, to 
the whole, having a common angle with it, then (the sub- 
tracted parallelogram) is about the same diagonal as the 
whole. 

For, from parallelogram ABCD, let (parallelogram) 
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Out Teel Thy adTHY Giiuexpóv Eott TO ABTA xà AZ. 


vat H A 











K 


B D 


Mr, Yáp, &AX' ei 6uvaxóv, Eotw [adtév] Guiuetpoc Å 
AOT, xoi &xpAnÜücica f, HZ dyw ext tò O, xoi Hyd 
dia to O onopgea xv AA, BT napgáAAnAoc 5f, OK. 

‘Enel oÓv negl thy adthy Siduetedv ċott tò ABTA xà 
KH, &cwuv doa óc f, AA ngóc thy AB, ottw>o 7 HA npóc 
thy AK. Écw òè xol Sud Thy OYoLdTHTa vv ABTA, EH xoi 
óc f, AA npóc thy AB, o0toc f, HA npóc thy AE: xoi we 
&pa ñ HA npóc tiv AK, obxoc f, HA xpóc thy AE. 5; HA 
&pa poc Exatéoav viv AK, AE tov abxóv yet Adyov. ton 
goa &oxlv n AE xfj AK 7| £A&vov t Ueitow ónep Eotiv 
ad0vaTtoV. oOx doa oOx EoTL xepl THY HUT Otduetpov TO 
ABTA 16 AZ: negl thy adthy dpa Eotl Siduetoov tò ABTA 
rapoAAnAÓóYvpouov và AZ nopaAArAoyveóuuo. 

"Eàv dpa and mopoAXAroveóuuou nopoAAnAÓYvpouov 
&potpeUf, óuotóv te tà ÓA« xol óuoloc xs(uevov xowv 
vcv(aty Éyov avTES, repli THY AUTH SidETedV EOTL TE ÓXox 
önep Eder dcia. 


KEN 

Ilávvov tæv napà Thy avTHY eco nopopoAXouévov 
TOPAAANAOY PAULO xod CAASLTOVTWY ELSEOL rapaňànioypåy- 
uos uolo TE xoi ópoíoc XELEVOIC TH) AMO fic NuLoelac 
Avayeupoueva UEYLOTSY EOTL TO AMO ts Nutoetac tapa- 
BoXXóuevov [tapaAnrdypayLoy] óuowv öv t& &XXe(upovot. 

"Eoo evveia 7 AB xoà tetujodw Oa xoxà tò D, 
xoà ropopeBArjo0o nopà thy AB cvVeiav tò AA napad- 
Anàóypaupov &AAetnov elder raoaAnAoyeduu và AB áva- 
YEAPEVTL ANO Tic Nutoetac týs AB, toutéot týs PB: Aévo, 
Ol Téviwy tv Taek Thy AB rapaBadAouevwy nopoAAn- 
AoYeóuuow xoi edAAcitdvtwv eldeor [NapaAAnAoyeduuotc] 
Ouototc te xol óuoíoc xewevorc tT AB uéyioxóv &ow TÒ 
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AF have been subtracted (which is) similar, and similarly 
laid out, to ABC D, having the common angle DAB with 
it. I say that ABCD is about the same diagonal as AF. 


A G D 











A 
B 





B C 

For (if) not, then, if possible, let AH C be [ABC D's] 
diagonal. And producing GF, let it have been drawn 
through to (point) H. And let HK have been drawn 
through (point) H, parallel to either of AD or BC 
[Prop. 1.31]. 

Therefore, since ABCD is about the same diagonal as 
KG, thus as DA is to AB, so GA (is) to AK [Prop. 6.24]. 
And, on account of the similarity of ABC D and EG, also, 
as DA (is) to AB, so GA (is) to AE. Thus, also, as GA 
(is) to AK, so GA (is) to AE. Thus, GA has the same 
ratio to each of AK and AE. Thus, AF is equal to AK 
[Prop. 5.9], the lesser to the greater. The very thing is 
impossible. Thus, ABCD is not not about the same di- 
agonal as AF. Thus, parallelogram ABCD is about the 
same diagonal as parallelogram AF. 

Thus, if from a parallelogram a(nother) parallelogram 
is subtracted (which is) similar, and similarly laid out, 
to the whole, having a common angle with it, then (the 
subtracted parallelogram) is about the same diagonal as 
the whole. (Which is) the very thing it was required to 
show. 


Proposition 27 


Of all the parallelograms applied to the same straight- 
line, and falling short by parallelogrammic figures similar, 
and similarly laid out, to the (parallelogram) described 
on half (the straight-line), the greatest is the [parallelo- 
gram] applied to half (the straight-line) which (is) similar 
to (that parallelogram) by which it falls short. 

Let AB be a straight-line, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let the parallelogram 
AD have been applied to the straight-line AB, falling 
short by the parallelogrammic figure DB (which is) ap- 
plied to half of AB—that is to say, C B. I say that of all 
the parallelograms applied to AB, and falling short by 
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STOIXEION s*. 


AA. rapoBeBrnodw yàp tape thy AB ev0ciav tò AZ nra- 
poAAnAóYpoupov ¿Aàcinov eoe. TaPAAANAOYEdUUW xà ZB 
uolo Te xoi ógoíoc xeiévo xà AB: AEyw, Sti ucitóv £o 
to AA tov AZ. 


A 














A r K B 


‘Enel yàp óuotóv gott TO AB rapadAnddypauuov xà ZB 
ropoAArAoYoóuuo, Teel THY AUTH ciot Ot&uerpov. Hydw 
autéy didueteoc f, AB, xoi xatayeyeapdw tò oyua. 

Enel obv tcov £o to TZ xà ZE, xowoóv sé tò ZB, 
óXov doa tò TO óAo 165 KE otv toov. GAAà tò TO xG 
TH éow tcov, énet xoi ù AT xfj TB. xoi tò HE dou 165 EK 
éotw toov. xowov npooxte(o0o tò TZ: ddov doa tò AZ tæ 
AMN yveyovi éotw toov: dote tò AB rapaňànàóypauuov, 
toutéott TÒ AA, tot AZ rapadAnroyeduuov ueiCóv otw. 

Ilávvov doa tæv Tape Thy avTAY evVEtav napapa- 
AOLEVWY TAKCAAANAOYESUUOY xol EAACLTOVTWY ELSEOL rapah- 
AnAoyeduotc uolos Te xoi óuotoc xeuévotc TH AMO fic 
Tjutce(oc &vaypapouévy UEYLOTOV EOTL TO dno Tic Nuloetac 
rapofAnüév: ónep Eder deiga. 


XT. 

Ilapà thy soveiony cÓUciav 16 6o0évu eóUUYpóuuo 
oov mopoAAnAÓóYpouuov mopofoAciy &AAeixov eldeL na- 
goAAnAoveóuuo óuo(p tÆ SoVEvtL Set SE TO OtbÓuevov 
cùVúypauuov [6 det tcov rapooAciv] uù uciCov civar tod 
&NO tc fjutos(oc å&vaypapouévou ópotou x& eAActuyate [tod 
TE UNO tc Hutoetac xoà & Set öuorov &XXetnew]. 

"Eoo À u&v doveion có0cia Å AB, tò dé dodEv 
cùÛúypauuov, à det toov xapà thy AB napaBareiv, tò T ur) 
ueiCov [dv] tot ånò cfc fjutos(oc tic AB avayeapouevou 
buolou xà EdAcivvatt, @ dé Set Guotov &AAe(netv, tò A: Set 07 
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[parallelogrammic] figures similar, and similarly laid out, 
to DB, the greatest is AD. For let the parallelogram AF 
have been applied to the straight-line AB, falling short by 
the parallelogrammic figure FB (which is) similar, and 
similarly laid out, to DB. I say that AD is greater than 


AF. 
D E 


Mis |g 





Q 


A C K B 


For since parallelogram DB is similar to parallelo- 
gram F'B, they are about the same diagonal [Prop. 6.26]. 
Let their (common) diagonal DB have been drawn, and 
let the (rest of the) figure have been described. 

Therefore, since (complement) CF is equal to (com- 
plement) FE [Prop. 1.43], and (parallelogram) FB is 
common, the whole (parallelogram) CH is thus equal 
to the whole (parallelogram) KE. But, (parallelogram) 
CH is equal to CG, since AC (is) also (equal) to CB 
[Prop. 6.1]. Thus, (parallelogram) GC is also equal 
to EK. Let (parallelogram) CF have been added to 
both. Thus, the whole (parallelogram) AF is equal to 
the gnomon LM N. Hence, parallelogram D B—that is to 
say, AD—is greater than parallelogram AF. 

Thus, for all parallelograms applied to the same 
straight-line, and falling short by a parallelogrammic 
figure similar, and similarly laid out, to the (parallelo- 
gram) described on half (the straight-line), the greatest 
is the [parallelogram] applied to half (the straight-line). 
(Which is) the very thing it was required to show. 


Proposition 28! 


To apply a parallelogram, equal to a given rectilin- 
ear figure, to a given straight-line, (the applied parallel- 
ogram) falling short by a parallelogrammic figure similar 
to a given (parallelogram). It is necessary for the given 
rectilinear figure [to which it is required to apply an equal 
(parallelogram)] not to be greater than the (parallelo- 
gram) described on half (of the straight-line) and similar 
to the deficit. 

Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
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STOIXEION s*. 


Tapa tiv Soveioay cbVetav thy AB 16 600évu eo0uoóuuo 
16) T toov napadAnroyeayov nopapoAeiy chActrov etdet na- 
PHXAANACYESUUG uol Svtt xà A. 

















K N 

Tetujodu f, AB diya xatà tò E onuciov, xoi dvo- 
yeyedp0u and tic EB 16 A dyotov xoi òuolws xeluevov 
to EBZH, xoi ouunerAnomotw tò AH xoapoAAnAóvpouuov. 

Ei u&v odv tcov gotl tò AH 16 T, yeyovoc äv etn TÒ ni- 
tayÛév: TapaBEBAnta yàp Tapa thy Sodetoay evdetav trv 
AB 76 600évw ebOuvoóuuo và T tcov naparAnrdyeauWov 
to AH &AXeinov cider trapo mAoYveóugo và HB uolo övr 
ta A. ei 8€ o0, ueiCóv Eotw tò OE tot T. (oov 6$ tò OE 
tà HB: ueitov doa xoi tò HB tot r. & dh uciCóv £o 
tò HB tot T, tavty xfj ónepoyrT| toov, t% 66 A Óuotov xoi 
ou oícc xeluevov TÒ abo cuveotáxo TO KAMN. à)Aà tò A 
té HB [£oxtv] óuotov: xoi tò KM &pa x6 HB otv dyotov. 
£o» odv óuóAoYoc f, u£v KA th HE, 5| 66 AM «fj HZ. 
xal &xel toov &oxi tò HB toic I, KM, uctov dea tot) tò 
HB tot KM: ye(Gov doa oti xa f| u&v HE tic KA, 5 õè 
HZ tic AM. xe(o0o xfj u£&v KA ton ñ HE, xfj 66 AM ïon 
ñ HO, xoi cuuxenAnpoo0o tò ZHOII xopoAArAóvoouuov: 
toov doa xoi duotov oti [tO HII] xà KM [åňàà tò KM xó 
HB Óópoióv got]. xoi tò HII doa t& HB Óuotóv Eotw: nepl 
Thy AUTH doa Siduetedv oti tò HII 165 HB. £oxo atv 
dtiduetoos f, HIIB, xoi xatayeypágðw tÒ oxic. 

Enel obv tcov &oxi tò BH tois L', KM, óv tò HII 165 
KM &oty toov, Aonóc toa ò Y X6 vvóuov ong 16 T looc 
&olv. xal &xel oov Eotl tò OP 16) EX, xotvóv npooxeioto 
tò IIB: óXov doa tò OB óAo 165 EB toov &ox(v. àAAà TO EB 
xà TE &owv toov, &nel xoi mAcved f, AE nAeup& tý EB ¿otv 
low xoi tò TE doa tæ OB otw loov. xowóv npooxeioto 
TO EX: GAov doa tò TH Ac tă XY vvógovi cot toov. 
GAN” 6 OXT vvoyov 16 T edetyOn tooc: xoi tò TX dow xG 
T got tcov. 

Ilopà thy dSo00eioayv dpa edvVeiav thy AB 16 600évu 
evduyeduu® 16 T toov ntapoAAnAóypouuov napaSeBAntou 
tO UT EdAcinov elder rapadAnroyeduua xà IIB óuoto óvu 
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AB is required (to be) equal, [being] not greater than 
the (parallelogram) described on half of AB and similar 
to the deficit, and D the (parallelogram) to which the 
deficit is required (to be) similar. So it is required to apply 
a parallelogram, equal to the given rectilinear figure C, to 
the straight-line AB, falling short by a parallelogrammic 
figure which is similar to D. 

H G 

















K N 

Let AB have been cut in half at point E [Prop. 1.10], 
and let (parallelogram) EBFG, (which is) similar, and 
similarly laid out, to (parallelogram) D, have been de- 
scribed on EB [Prop. 6.18]. And let parallelogram AG 
have been completed. 

Therefore, if AG is equal to C then the thing pre- 
scribed has happened. For a parallelogram AG, equal 
to the given rectilinear figure C, has been applied to the 
given straight-line AB, falling short by a parallelogram- 
mic figure GB which is similar to D. And if not, let HE 
be greater than C. And H E (is) equal to GB [Prop. 6.1]. 
Thus, GB (is) also greater than C. So, let (parallelo- 
gram) kK LM N have been constructed (so as to be) both 
similar, and similarly laid out, to D, and equal to the ex- 
cess by which GB is greater than C [Prop. 6.25]. But, 
GB [is] similar to D. Thus, KM is also similar to GB 
[Prop. 6.21]. Therefore, let K L correspond to GE, and 
LM to GF. And since (parallelogram) GB is equal to 
(figure) C and (parallelogram) K M, GB is thus greater 
than K M. Thus, GE is also greater than K L, and GF 
than LM. Let GO be made equal to KL, and GP to LM 
[Prop. 1.3]. And let the parallelogram OG PQ have been 
completed. Thus, [GQ] is equal and similar to KM [but, 
KM is similar to GB]. Thus, GQ is also similar to GB 
[Prop. 6.21]. Thus, GQ and GB are about the same diag- 
onal [Prop. 6.26]. Let GQB be their (common) diagonal, 
and let the (remainder of the) figure have been described. 

Therefore, since BG is equal to C and K M, of which 
GQ is equal to K M, the remaining gnomon UWV is thus 
equal to the remainder C. And since (the complement) 
PR is equal to (the complement) OS [Prop. 1.43], let 
(parallelogram) QB have been added to both. Thus, the 
whole (parallelogram) PB is equal to the whole (par- 
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t@ A [ėnceðýnep tò IIB xà HII ópotóv cot]: önep eer 
Toro. 


t This proposition is a geometric solution of the quadratic equation x? 
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allelogram) OB. But, OB is equal to TE, since side 
AE is equal to side EB [Prop. 6.1]. Thus, TF is also 
equal to PB. Let (parallelogram) OS have been added 
to both. Thus, the whole (parallelogram) T'S is equal to 
the gnomon VWU. But, gnomon VWU was shown (to 
be) equal to C. Therefore, (parallelogram) T'S is also 
equal to (figure) C. 

Thus, the parallelogram ST, equal to the given rec- 
tilinear figure C, has been applied to the given straight- 
line AB, falling short by the parallelogrammic figure QB, 
which is similar to D [inasmuch as QB is similar to GQ 
[Prop. 6.24] ]. (Which is) the very thing it was required 
to do. 


—ax+ = 0. Here, x is the ratio of a side of the deficit to the corresponding 


side of figure D, o is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the deficit running along 


AB, and f is the ratio of the areas of figures C and D. The constraint corresponds to the condition 8 < a?/4 for the equation to have real roots. 


Only the smaller root of the equation is found. The larger root can be found by a similar method. 


x9. 
IIapà thy 600cicov cdVeiav 16 600évu cóU9uUYpóuuo 
loov napaňànàóypauuov napopoAciy UnepBdAAov eldet ra- 
goAAmAoveóupo óuoto TE SodEVTL. 


pi AM K o 


V 











LL [El 





ib 
| fy 
N = 
"How f| uiv us are f, AB, tò òè oðèv 
cùÛúypauuov, & Set oov napà thy AB napaBarciv, tò T, 
& è Set Ópotov UneeBdArew, TO Ac Set O7] Tapd& thy AB 
evvetav t& T cvduyeduuw toov mapadkAnAdypauUov tapa- 
Boreiv breeBdAAov elder ropa mAove&uuo uoi t A. 
Tetuńoðw 5 AB Ga xatà tò E, xoi avayeyedde 
ano v; EB 16 A Ógotwv xoi poliwç xs(uevov Tapah- 
Anàóypauuov tò BZ, xoi cuvauQotépoiz pèv toic BZ, T 
(cov, tŒ 6€ A Ópotov xoi ouoíoc xeiguevov TÒ abro ouv- 
veo1áxo tò HO. ógóAoyoc dé Eotw f, èv KO «fj ZA, f| 6€ 
KH «fj ZE. xoi &nei ueiCóv &ow tò HO tod ZB, us(CGov doa 
éotl xoi n u£v KO «fic ZA, f| 6£ KH xfj ZE. &xpeparjo0oocav 
at ZA, ZE, xoi xfj u£v KO ton £oxo f, ZAM, xfj 6£ KH ion 
7 ZEN, xoi cuuxenAnpooUo tò MN: tò MN doa 16 HO 
{oov tÉ Eott xoi óuotov. GAG TO HO xà EA otw porov: 


Proposition 29! 


To apply a parallelogram, equal to a given rectilin- 
ear figure, to a given straight-line, (the applied parallelo- 
gram) overshooting by a parallelogrammic figure similar 
to a given (parallelogram). 


VA 





X \B\ 
; 








Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
AB is required (to be) equal, and D the (parallelogram) 
to which the excess is required (to be) similar. So it is 
required to apply a parallelogram, equal to the given rec- 
tilinear figure C, to the given straight-line AB, overshoot- 
ing by a parallelogrammic figure similar to D. 

Let AB have been cut in half at (point) E [Prop. 1.10], 
and let the parallelogram BF, (which is) similar, and 
similarly laid out, to D, have been described on EB 
[Prop. 6.18]. And let (parallelogram) GH have been con- 
structed (so as to be) both similar, and similarly laid out, 
to D, and equal to the sum of BF and C [Prop. 6.25]. 
And let KH correspond to FL, and KG to FE. And since 
(parallelogram) GH is greater than (parallelogram) FB, 
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xoi tò MN pa 16) EA óyuotóv otv: negl tiv adthy &pa 
diduetodv ċott TO EA x MN. fo adtéiv Sideteoc f| 
ZZ, xal xatayeypágðw TO oyua. 

"Exc (cov gotl tò HO xoic EA, T, å&ààà tò HO xà MN 
{oov éottv, xoi tò MN &pa tois EA, T oov &oxív. xowóv 
&pnerjodw tò EA: Aotxóc doa 6 PXP vvoguov x D ouv 
looc. xoi enet ton &oxiv f, AE xfj EB, toov £o xoi tò AN 165 
NB, xouxécu 165 AO. xotvóv teooxetodw tò EZ: hov dpa 
tO AZ toov &od tă XV yvoyow. GAG ô XV yvauov 
16 T {ooç éottv: xoi tò AE doa xà T toov &oxív. 

Ilapà thy 600ctcav dpa csay thy AB 16 600évu 
eutuyeduua 16 D toov napadhAnAdypauov ropopépArrcot 
TÒ AE vUnepBddroy elder mapadAndoyeduue xà IIO uoi 
övt 1G A, ncl xoi v EA otv óuotov tò OIL ónep eer 
TOLOA. 
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KH is thus also greater than FL, and KG than FE. 
Let FL and FE have been produced, and let FLM be 
(made) equal to KH, and FEN to KG [Prop. 1.3]. And 
let (parallelogram) MN have been completed. Thus, 
MN is equal and similar to GH. But, GH is similar to 
EL. Thus, MN is also similar to EL [Prop. 6.21]. EL is 
thus about the same diagonal as MN [Prop. 6.26]. Let 
their (common) diagonal FO have been drawn, and let 
the (remainder of the) figure have been described. 

And since (parallelogram) GH is equal to (parallel- 
ogram) EL and (figure) C, but GH is equal to (paral- 
lelogram) MN, MN is thus also equal to EL and C. 
Let EL have been subtracted from both. Thus, the re- 
maining gnomon X WV is equal to (figure) C. And since 
AE is equal to EB, (parallelogram) AN is also equal to 
(parallelogram) NB [Prop. 6.1], that is to say, (parallel- 
ogram) LP [Prop. 1.43]. Let (parallelogram) EO have 
been added to both. Thus, the whole (parallelogram) AO 
is equal to the gnomon VW X. But, the gnomon VW X 
is equal to (figure) C. Thus, (parallelogram) AO is also 
equal to (figure) C. 

Thus, the parallelogram AO, equal to the given rec- 
tilinear figure C, has been applied to the given straight- 
line AB, overshooting by the parallelogrammic figure QP 
which is similar to D, since PQ is also similar to EL 
[Prop. 6.24]. (Which is) the very thing it was required 
to do. 


t This proposition is a geometric solution of the quadratic equation z?--o x— = 0. Here, x is the ratio of a side of the excess to the corresponding 


side of figure D, a is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the excess running along 


AB, and £ is the ratio of the areas of figures C and D. Only the positive root of the equation is found. 


A. 


Try 6o0£icav eudeiav renegaouévryv &xpov xoà u£oov 


Aóvov ceuetv. 
T Z © 











E 








=À 
"Eotw f, doveton evdeta nenrepaouévy 7 AB: det 67, thy 
AB evdeiav Gxpov xoi uécov AóYvov teuc. 


Proposition 30! 


To cut a given finite straight-line in extreme and mean 


ratio. 
C F H 

















Let AB be the given finite straight-line. So it is re- 
quired to cut the straight-line AB in extreme and mean 
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Avayeyeapdw and týs AB tetocywvov tò BI, xoi ta- 
gofepAio0o nap& thy AT t& BT toov nopoAAnAóyoougov 
tO TA brepBadAov cider tă AA uolo xà BY. 

Tetedcywvoy ðé cott tò BI tetpåywvov dpa &oxt xal 
tO AA. xoi &rel toov &oxi tò BT 165 TA, xotvóv é«norjodo 
tO TE: Aoindv dpa tò BZ downs 16 AA otw toov. £o 
dé adTE xal icooyavov: xv BZ, AA soa àvunenóvüaoty ai 
TAEueal oi Meel tac (coc ywvlac Eotw doa óc Ù ZE npóc 
thy EA, obxoc f| AE npóc thy EB. ton òè f, u£v ZE xfj AB, 
n 66 EA t AE. gotw dea óc 7 BA ngóc thy AE, oxoc À 
AE ngóc thy EB. ueiCov òè 7, AB tis AE: uetCov doa xol 
n AE tijc EB. 

“H doa AB evdeia dxpov xoà uécov Aóyov xéxunvot XATA 
TÒ E, xoi tò uctov abf; vufju& oti tò AE: bree eer 
Toro. 
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ratio. 

Let the square BC have been described on AB [Prop. 
1.46], and let the parallelogram CD, equal to BC, have 
been applied to AC, overshooting by the figure AD 
(which is) similar to BC [Prop. 6.29]. 

And BC is a square. Thus, AD is also a square. 
And since BC is equal to CD, let (rectangle) CE have 
been subtracted from both. Thus, the remaining (rect- 
angle) BF is equal to the remaining (square) AD. And 
it is also equiangular to it. Thus, the sides of BF and 
AD about the equal angles are reciprocally proportional 
[Prop. 6.14]. Thus, as FE is to ED, so AE (is) to EB. 
And FE (is) equal to AB, and ED to AE. Thus, as BA is 
to AE, so AE (is) to EB. And AB (is) greater than AE. 
Thus, AF (is) also greater than E B [Prop. 5.14]. 

Thus, the straight-line AB has been cut in extreme 
and mean ratio at E, and AF is its greater piece. (Which 
is) the very thing it was required to do. 


t This method of cutting a straight-line is sometimes called the “Golden Section"—see Prop. 2.11. 


Aat. 

‘Ey xoic ópüovov(otc xptyovotc TO ànó fic Thy py 
yoviav Oroxetvobonc xAeupüic elóoc toov toT) toç &NO THY 
Thy ópÜü7|v yoviav nepteyouoGv rAeupGv elógot toç uolos 
TE xol OUOlwc &vorvporoguévotc. 














"Eoo toetywvov ópüovovwov tò ABT ptv Éyov thy 
òrò BAT ywviav: Aéyw, Stt TÒ ànó ts BT cidos toov £o 
toic and t&v BA, AT eideou totic uolos te xoi ópoíoc 
&votYpo«poguévotc. 

“Hyde x&0ecoc ù AA. 

‘Enel obv &v ópÜovovío vptyóvo t ABT and ts npóc 
1G A pôs Yovioc ext thy BT Báotv xé&üecoc Fata n AA, 
tà ABA, AAT red¢ tH xotüévo toetywva óuot& £o TH TE 
hw TH ABT xoà åo. xoi Exel óuotóv Eott tò ABT xà 
ABA, éotw &pa óc f, TB npgóc thy BA, obxoc f| AB npóc 
thy BA. xoà Enel 1peic evdetoan å&váňoyóv clow, Zotw S f| 
TEWTH MOOS THY TEITHY, OUTWS TO ATÒ TÄS nporc Eld0¢ npóc 


Proposition 31 


In right-angled triangles, the figure (drawn) on the 
side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. 


A 








B D C 





Let ABC be a right-angled triangle having the angle 
BAC aright-angle. I say that the figure (drawn) on BC is 
equal to the (sum of the) similar, and similarly described, 
figures on BA and AC. 

Let the perpendicular AD have been drawn [Prop. 
1.12]. 

Therefore, since, in the right-angled triangle ABC, 
the (straight-line) AD has been drawn from the right- 
angle at A perpendicular to the base BC, the trian- 
gles ABD and ADC about the perpendicular are sim- 
ilar to the whole (triangle) ABC, and to one another 
[Prop. 6.8]. And since ABC is similar to ABD, thus 
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TO AMO TiS SeUTEPAC TO Ópotov xal ógoíoc ivory poqóuevov. 
Òs goa ñ DB ngóc thy BA, oüxoc tò and týs UB cidos 
xpóc TÒ &NO ts BA 16 ópuotov xoà ópoíoc åvaypapóuevov. 
Ste xà HUTA BY xal c Å BT góc thy TA, obtoc TO and tc 
BI cidos npóc tò and tis TA. ote xoi óc f, BU npgóc tàs 
BA, AT, obvoc 16 and týs BI tdos npóc xà nd vàv BA, 
AT xà uoa xoi óuo(oc dvaypapdueva. torn o6 7 BI totic 
BA, AT: tcov ğpa xoi tò &nò ts BI cidos xoic and xGv 
BA, AT et6eot xoic ouoíotc te xoi óuoíoc àvoypoqouévotc. 
‘Ev doa roig ópÜüovowiow; 1puyovotz TO ATÒ fic TÙY 
ópU7v ywviav Umotewovboncs nAeupüc cidos toov &od oic 
and x&v Thy pty ywviav nepgtey ouoGv nÀeupóv eosot toic 
óuo(otc te xoi óuoíoc åvaypapouévois: Smee Eder Setka. 


Mp. 

‘Edy 500 tetywva ouvceOf xoxà utov ywviav tàs 600 

TÀcupàs xoc Ouci mAsupoüc dv&AoYvov £yovra Bote TAÇ 

OUOAOYOUC MUTEY TAEVEGS xol TAPAAATAOUC Elva, ai AOLTaL 
TOV Tolyvuv TAcvpal Ex cbVelac EoovTaL. 


A 





B D E 


"Eoo 800 tetywva xà ABT, ATE tac 600 nAeupóc Ta 
BA, AT xoc 6uoi nAcupoüc xoi AT, AE àváAovov éyovta, 
óc uèv thy AB npdc thy AT, oüvoc thy AT ngóc thy AE, 
xapáAArov dé thy u&v AB tH AT, thy dé AT tH AE: Méyo, 
ou én’ cvdetac Eotly n BP xfj TE. 

"Enel yàp TapddAnAds cotw f) AB tH AT, xoi eic adtac 
éunentwxev evveta f| AT, at £vaAAàE ywviow oi òrò BAT, 
ATA too GAAAats ciotv. dà và AUTE 67] xoi f| óxó TAE tH 
òrò ATA tor &oxtv. Gote xoi f, ónó BAT xfj óxó TAE &ouv 
lor. xoi enet 600 tetywva &ow xà ABT, ATE uíav yoviav 
Thy xpóc TH A We Yov(a TH npgóc tă A tony Eyovta, negl 
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as CB is to BA, so AB (is) to BD [Def. 6.1]. And 
since three straight-lines are proportional, as the first is 
to the third, so the figure (drawn) on the first is to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corr.]. Thus, as CB (is) to BD, so the fig- 
ure (drawn) on CB (is) to the similar, and similarly de- 
scribed, (figure) on BA. And so, for the same (reasons), 
as BC (is) to CD, so the figure (drawn) on BC (is) to 
the (figure) on CA. Hence, also, as BC (is) to BD and 
DC, so the figure (drawn) on BC (is) to the (sum of the) 
similar, and similarly described, (figures) on BA and AC 
[Prop. 5.24]. And BC is equal to BD and DC. Thus, the 
figure (drawn) on BC (is) also equal to the (sum of the) 
similar, and similarly described, figures on BA and AC 
[Prop. 5.9]. 

Thus, in right-angled triangles, the figure (drawn) on 
the side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. (Which is) the very thing it 
was required to show. 


Proposition 32 


If two triangles, having two sides proportional to two 
sides, are placed together at a single angle such that the 
corresponding sides are also parallel, then the remaining 
sides of the triangles will be straight-on (with respect to 
one another). 

D 


B C E 


Let ABC and DCE be two triangles having the two 
sides BA and AC proportional to the two sides DC and 
DE—so that as AB (is) to AC, so DC (is) to DE—and 
(having side) AB parallel to DC, and AC to DE. I say 
that (side) BC is straight-on to C E. 

For since AB is parallel to DC, and the straight-line 
AC has fallen across them, the alternate angles BAC and 
ACD are equal to one another [Prop. 1.29]. So, for the 
same (reasons), C DE is also equal to AC. D. And, hence, 
BAC is equal to CDE. And since ABC and DCE are 
two triangles having the one angle at A equal to the one 
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6€ Tac (coc ywviag Tas TAEUEaC åváňoyov, wc THY BA npóc 
thy AT, ottwo thy DA xpóc thy AE, icoyovtov &pa tot 
tò ABT tetywvov 16 ATE tetyove ton doa ñ ónó ABT 
yovia t òrò ATE. edetydy dè xoi f| òrò ATA t ónó BAT 
ton Orn doa H UNO ATE duot voc ónó ABT, BAT ton Eotiv. 
nowy npooxeíoto ñ UNO ATB: oi &pa òrò ATE, ATB tos 
ono BAT, ATB, [TBA toa ciotv. à) at óxó BAT, ABT, 
ATB uov ptas tom eioív: xoi of òrò ATE, ATB tow 
duolv ptos (cot cioty. npóc SH ww cvVEta tH AT xoà xà 
npóc aùt oNustw và D dúo cdVein of BT, DE uh £r tà 
oóxà WEEN xe(uevot Tac &ge£fic Ywvduc tac UNO ATE, ATB 
dvolv pas toas notodow: en’ evVEtac dea £oxlv f, BI tH 
TE. 

"Eàv doa 500 tetywva cuvrveOf xoxà ulav ywviav TÈS 
600 TALES tals duol rAeupolic avdAOYOV EyovTa oce TAÇ 
OUOADYOUS atv TAEVEGS xol TMAPAAATAOUC civar, ai AOLTaLl 
TOY vptY vov TAcUpal Ex’ eVVElac Eoovta Stee eer Seta. 


AY. 
‘Ey toig ioow; xOxXow of ywvion TOV QÙTÒV Éyouot 
Aóyov tos repupepe(otc, EM Qv BeBhxaow, &&v te npóc 
toic xévtpoic EY TE npóc tois repupepetouc Gor Deprixulou. 


A 
A 


K 

"Eococav toot xóxXot ot ABT, AEZ, xa 1póc uèv tois 
xévtpois oa0tGv tois H, O ywvian Eotwouv oi òrò BHT, 
EOZ, npóc dé toli; nepupege(otc at Und BAT, EAZ: Aévo, 
tt Eotly Gc f, BI repupégeta. npóc thy EZ mepupéperay, 
obtoc Ñ te Und BHI ywvia ngóc thy òrò EOZ xoi f; bro 
BAT ngpóc thy òrò EAZ. 

Ketodwoav yàp xfj u&v BT nepupepsta toot xoà xo Eñ 
ócotórixovoOv oi TK, KA, tÑ 66 EZ nepupepeta toot ócot- 
dnrotoby at ZM, MN, xoi eneCevyIwouv ai HK, HA, OM, 
ON. 

"Eni oðv (cot ciolv ai BT, DK, KA nxepupépetot dA hAautc, 
fou eiol xoi oi òrò BHT, THK, KHA ywvion GO jAotc: 
ócaxAooícov tea &oxiv À BA neoupépeta týs BT, xocauxa- 
TAaotwv £o xoi À òrò BHA vyowví(a xfjc òrò BHT. die xà 


ELEMENTS BOOK 6 


angle at D, and the sides about the equal angles pro- 
portional, (so that) as BA (is) to AC, so CD (is) to 
DE, triangle ABC is thus equiangular to triangle DCE 
[Prop. 6.6]. Thus, angle ABC is equal to DC E. And (an- 
gle) ACD was also shown (to be) equal to BAC. Thus, 
the whole (angle) AC E is equal to the two (angles) ABC 
and BAC. Let ACB have been added to both. Thus, 
ACE and ACB are equal to BAC, ACB, and CBA. 
But, BAC, ABC, and ACB are equal to two right-angles 
[Prop. 1.32]. Thus, AC E and ACB are also equal to two 
right-angles. Thus, the two straight-lines BC and CE, 
not lying on the same side, make adjacent angles ACE 
and ACB (whose sum is) equal to two right-angles with 
some straight-line AC, at the point C on it. Thus, BC is 
straight-on to CE [Prop. 1.14]. 

Thus, if two triangles, having two sides proportional 
to two sides, are placed together at a single angle such 
that the corresponding sides are also parallel, then the 
remaining sides of the triangles will be straight-on (with 
respect to one another). (Which is) the very thing it was 
required to show. 


Proposition 33 


In equal circles, angles have the same ratio as the (ra- 
tio of the) circumferences on which they stand, whether 
they are standing at the centers (of the circles) or at the 
circumferences. 


D 


C N 


K F 

Let ABC and DEF be equal circles, and let BGC and 
EHF be angles at their centers, G and H (respectively), 
and BAC and EDF (angles) at their circumferences. I 
say that as circumference BC is to circumference EF, so 
angle BGC (is) to EH F, and (angle) BAC to EDF. 

For let any number whatsoever of consecutive (cir- 
cumferences), CK and K L, be made equal to circumfer- 
ence BC, and any number whatsoever, FM and MN, to 
circumference EF. And let GK, GL, HM, and HN have 
been joined. 

Therefore, since circumferences BC, C K, and K L are 
equal to one another, angles BGC, CGK, and KGL are 
also equal to one another [Prop. 3.27]. Thus, as many 
times as circumference BL is (divisible) by BC, so many 
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avdTe 67) xod. ócamAatotov &o1lv f| NE nepipépeta vfjc EZ, to- 
cau aAooí(ov &o1 xol n òrò NOE yovia tij¢ bro EOZ. ci 
&pa ton Eotiv n BA nepupépera tH EN nepupepeío, ton tot 
xai ywvia f, òrò BHA t óxó EON, xa ei ue(Cov &oxiv 7 BA 
xepipépeit tis EN nepipepetauc, ue(Cov &o xoi f, Und BHA 
ywvia týs ùrò EON, xol ei £A&coov, £A&coov. t&ooópov 
df Ovtwv ueve06v, 600 u£v nepupepetóv vv BD, EZ, 600 
d€ Yowdy t&v Und BHT, EOZ, etAnnto xfj u£v BI nepi- 
wepetac xoi ts ónó BHT ywviac tocoac roAXonAaotov f, te 
BA nepupépeta xoi f, óxó BHA yoovia, tic õè EZ nepupepetoc 
xoi thc bnd EOZ ywviac f, te EN nxepupégta xoà f, òrò EON 
yovia. xol Sé5erxtou, Sti ei onepéyet f| BA xepupépeta ts 
EN meptQepeíac, onepéyet xoi À UO BHA Yoví(a ts ono 
EON yoviac, xol et ton, ïon, xoà el £A&ooov, EAdoowy. 
éotw dpa, óc f, BT nepupépera npóc thy EZ, obtoc f| UNO 
BHT ywvia npóc thy òrò EOZ. wd’ óc H UNO BHT ywovia 
npóc Thy UNO EOZ, obxoc Å UNO BAT npóc thy Und EAZ. 
dimAKola yàp Exatépa exatéeac. xol óc doa f) BI nepupépera 
Teds THY EZ xepgupégetuatv, oŬtws f, ve UNO BHT ywvia ngóc 
thy Uno EOZ xoi f, òrò BAT npóc tiv òrò EAZ. 

"Ev Goa tois toot xOxXotc ai ywviat TOV ADTOV Éyouot 
Aóyov tas nepupepetouc, Ey’ Ov BeBrxaow, &&v te npóc tois 
xévt1potc £áv TE TEC coc repupepeítotc Bor PeBRxvIan ónep 
der dekoa. 





* This is a straight-forward generalization of Prop. 3.27 
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times is angle BGL also (divisible) by BGC. And so, for 
the same (reasons), as many times as circumference NE 
is (divisible) by EF, so many times is angle NH E also 
(divisible) by EHF’. Thus, if circumference BL is equal 
to circumference EN then angle BGL is also equal to 
EHN [Prop. 3.27], and if circumference BL is greater 
than circumference EN then angle BGL is also greater 
than EH N,! and if (BL is) less (than EN then BGL is 
also) less (than EH N). So there are four magnitudes, 
two circumferences BC and EF, and two angles BGC 
and EHF. And equal multiples have been taken of cir- 
cumference BC and angle BGC, (namely) circumference 
BL and angle BGL, and of circumference EF and an- 
gle EH F, (namely) circumference EN and angle EH N. 
And it has been shown that if circumference BL exceeds 
circumference EN then angle BGL also exceeds angle 
EHN, and if (BL is) equal (to EN then BGL is also) 
equal (to EH N), and if (BL is) less (than EN then BGL 
is also) less (than EH N). Thus, as circumference BC 
(is) to EF, so angle BGC (is) to EH F [Def. 5.5]. But as 
angle BGC (is) to EHF, so (angle) BAC (is) to EDF 
[Prop. 5.15]. For the former (are) double the latter (re- 
spectively) [Prop. 3.20]. Thus, also, as circumference BC 
(is) to circumference EF, so angle BGC (is) to EHF, 
and BAC to EDF. 

Thus, in equal circles, angles have the same ratio as 
the (ratio of the) circumferences on which they stand, 
whether they are standing at the centers (of the circles) 
or at the circumferences. (Which is) the very thing it was 
required to show. 
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Elementary Number Theory! 


+The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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“Opor. 


a’. Movác ċotıyv, xo" fjv Exaotov tõv vtov Ev ACYETAL. 

BY. 'Apgiüuóc 88 tò Ex uováóov ouyxeluevov TAAVOc. 

Y. Mépoc &odv dpi0uóc aerlyot 6 &A&ocov tot 
ueiCovoc, óvav xatayetp Tov uettova. 

ò. Méon o£, otav un xoogiexefj. 

e’. IHoAAXanxA&otoc 88 ó uciCov tod £Aácoovoc, Stav xa- 
xogexefivot UNO Tov &Aáooovoc. 

T’. “Aptos åprðuós otv ô diya OutpoDuevoc. 

C. IIeptocóc òè 6 uù doapovuevos diya Ñ [6] uováð 
Otopépov åptlou aewWyuow. 

v. Aptidxic &etiog dowd &oxv O UNO dotioU dpiüuo0 
UETEOUUEVOS KATA GotLov apuuóv. 

Ù. “Aptidaic 6& neptooóc otw ò 
UETEPOUUEVOS KATH TEPLOOOV AprÛuóv. 

v. Heptoocxic ðè nepiooóc dprðuós ċott ô UNO nepioco0 


CA WD 7 


vO àptíou &prðuoŭ 


aero uexpoouevoc XATÀ NEpIOOÒV apruóv. 

ta. Ipósxvoc àpiüuóc &oxtv ó uováàt uóvy) uexvgoouevoc. 

19’. Ipésxot med¢ GAARAAOUS aevOYOt eio oi yováðt uóvr 
UETEOUUEVOL xowG MÉT. 

ty’. 3Móv0exoc apiüuóc otv O àpiüuó Tivi uexpotuevoc. 

16’. XióvOgxot SE npóc GAAHAOUC delNuOt Elow oi dors 
TLVL UETOOUUEVOL KOLVES uétpo. 

ie’. ApwWyudc d&pvuov nodAamAaoukCew Aéyevot, Stay, 
doa ciolv £v adtTé uovábec, TooauTdxic ovvteð ð Toà- 
AarnAaotatóuevoc, xol yevntat cic. 

ts". "Otay 6& 600 dpo TOAAATAACIdOUVTES GAANAOUG 
rotGo( twa, Ò Yevóuevoc Eninedoc xoAcivot, nAeupol dé 
avtod oi toAAorAoctécavtec GAANAOUC &prðuoí. 

(C. "Oxav dé xpeic dpuüuiol xoAXomAactéoovtec GAAHAOUG 
ToLésot TIVA, Ò Yevóuevoc oxepeóc OTV, rÀeupol bE adDTOU 
oi roAAonAoctéooavtec GAANHAOUS iprüuot. 

uj. Texo&yovoc coud Eotw ó ioóouc tooc 7, [ó] ox 
600 toov ptv reprexóuevoc. 

WW’. Kópoc 8& 6 iocoxic looc iodxıs Ñ [ô] òrò xpi toov 
dpuüuGv nepteyóusvoc. 

x’. AowWyol avadoyév ciot, óxav 6 npioc Tob Geutépou 
xal Ò tettog tod TETÁPTOV loóouc T, MOAAATAGOLOG Ñ TO ATO 
uépoc Ñ xà MUTA WEEN Dow. 

xo. "Ouotot exinedor xal otepcot àpıÛuoi elow ot 
avéoyov Éyovtec TAS rAseupdc. 

xB’. ''éAetvoc àpiüuóc £oxtv Ò toç EautOD u£peotv toog 


o 


or 
CV. 
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Definitions 

1. A unit is (that) according to which each existing 
(thing) is said (to be) one. 

2. And a number (is) a multitude composed of units.! 

3. A number is part of a(nother) number, the lesser of 
the greater, when it measures the greater. 

4. But (the lesser is) parts (of the greater) when it 
does not measure it. 

5. And the greater (number is) a multiple of the lesser 
when it is measured by the lesser. 

6. An even number is one (which can be) divided in 
half. 

7. And an odd number is one (which can)not (be) 
divided in half, or which differs from an even number by 
a unit. 

8. An even-times-even number is one (which is) mea- 
sured by an even number according to an even number.* 

9. And an even-times-odd number is one (which 
is) measured by an even number according to an odd 
number.* 

10. And an odd-times-odd number is one (which 
is) measured by an odd number according to an odd 
number? 

11. A prime! number is one (which is) measured by a 
unit alone. 

12. Numbers prime to one another are those (which 
are) measured by a unit alone as a common measure. 

13. A composite number is one (which is) measured 
by some number. 

14. And numbers composite to one another are those 
(which are) measured by some number as a common 
measure. 

15. A number is said to multiply a(nother) number 
when the (number being) multiplied is added (to itself) 
as many times as there are units in the former (number), 
and (thereby) some (other number) is produced. 

16. And when two numbers multiplying one another 
make some (other number) then the (number so) cre- 
ated is called plane, and its sides (are) the numbers which 
multiply one another. 

17. And when three numbers multiplying one another 
make some (other number) then the (number so) created 
is (called) solid, and its sides (are) the numbers which 
multiply one another. 

18. A square number is an equal times an equal, or (a 
plane number) contained by two equal numbers. 

19. And a cube (number) is an equal times an equal 
times an equal, or (a solid number) contained by three 
equal numbers. 
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* In other words, a "number" is a positive integer greater than unity. 
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20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of 
the second that the third (is) of the fourth. 

21. Similar plane and solid numbers are those having 
proportional sides. 

22. A perfect number is that which is equal to its own 
parts.‘ 


* In other words, a number a is part of another number b if there exists some number n such that na = b. 


8 In other words, a number a is parts of another number b (where a < b) if there exist distinct numbers, m and n, such that n a = m b. 


‘| In other words. an even-times-even number is the product of two even numbers. 


* In other words, an even-times-odd number is the product of an even and an odd number. 


$ In other words, an odd-times-odd number is the product of two odd numbers. 


ll Literally, “first”. 


tt In other words, a perfect number is equal to the sum of its own factors. 


, 


a. 


Ado áprüuGv &víoov &xxeiuévov, àvOugotpouguévou 68 
del tol &Aóocovoc and tov uc(Govoc, àv O Aewóyuevoc 
UNÕÉTOTE XATAUETPÑ TOV TEO EXUTOD, Ewe OD Aeupüfi uovác, 
oi && àpyfic dovwduol mpéitor npóc GAAHAOUS Écovcot. 


D 
TH 


E 








B- -A 

Abo yàp [aviowy] àpiuGv tæv AB, TA åvðugo- 
pouuévou Gel To &£Aáooovoc AMO TOD ue(Covoc ô Aetróuevos 
unóénote xatapeTtpEÍTwW TOV npó EaUTOD, Ewe oO AeLpdT 
uovác: AEyw, Ott oi AB, TA mpéitor npóc GAAHAOUG cioty, 
toutéotw óu vobc AB, TA uovàc uóvr, uexpei. 

Ei yoo uf, ciow ot AB, TA ngGxot med¢ AA Aouc, 
UETEHOEL vic obxoUc aprüuóc. uexpe(xo, xoi Eotw O E; xol ô 
u&v TA tov BZ vetpéiv Aewévo EquTOD £Aácoova tov ZA, 
ô 6€ AZ tov AH petpõv Aeuévo Eautod EAcooova tov HI, 
ô òè HI tov ZO yetpév AeinétH uováða thy OA. 

‘Enel ov ô E tov TA uetpet, ô òè L'A tov BZ uere, 
xoi ó E dea tov BZ uetoet: uevpet 08 xoi dAov tov BA: 
xal Aowtóv dpa tov AZ yetofoet. 6 66 AZ tov AH uexpet 
xoi ò E dpa tov AH yuetpet uetoet 6& xoi dAov tov AT- 
xoà Aowtóv doa tov TH etoos. ò òè TH tov ZO yuexpget 


Proposition 1 


Two unequal numbers (being) laid down, and the 
lesser being continually subtracted, in turn, from the 
greater, if the remainder never measures the (number) 
preceding it, until a unit remains, then the original num- 
bers will be prime to one another. 

A3 
+H 


Ex TC 


1G 


E 








BY iD 


For two [unequal] numbers, AB and CD, the lesser 
being continually subtracted, in turn, from the greater, 
let the remainder never measure the (number) preceding 
it, until a unit remains. I say that AB and CD are prime 
to one another—that is to say, that a unit alone measures 
(both) AB and CD. 

For if AB and CD are not prime to one another then 
some number will measure them. Let (some number) 
measure them, and let it be E. And let CD measuring 
BF leave FA less than itself, and let AF measuring DG 
leave GC less than itself, and let GC measuring FH leave 
a unit, H A. 

In fact, since E measures C D, and CD measures BF, 
E thus also measures BF.! And (E) also measures the 
whole of BA. Thus, (E) will also measure the remainder 
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xoi ó E dea tov ZO uexget uetoet 6& xoi ÓXov tov ZA: 
xol Aowudv dpa Thy AO uováða uexprjoet prus Öv: ónep 
éotly ddbvatov. oOx dea vobc AB, TA dpiüuobc uexerjoet 
tic dowWydc ot AB, TA doa npGxot npóc GAAKAOUC ciotv: 
bree Eder dcia. 
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AF 4 And AF measures DG. Thus, E also measures DG. 
And (E) also measures the whole of DC. Thus, (£) will 
also measure the remainder CG. And CG measures FH. 
Thus, E also measures FH. And (E) also measures the 
whole of FA. Thus, (E) will also measure the remaining 
unit AH, (despite) being a number. The very thing is 
impossible. Thus, some number does not measure (both) 
the numbers AB and CD. Thus, AB and CD are prime 
to one another. (Which is) the very thing it was required 
to show. 


+ Here, use is made of the unstated common notion that if a measures b, and b measures c, then a also measures c, where all symbols denote 


numbers. 


* Here, use is made of the unstated common notion that if a measures b, and a measures part of b, then a also measures the remainder of b, where 


all symbols denote numbers. 


Abo &piüuóv Sodevtwyv ul) npgótov npóc dAAfAoUc TO 
UEYLOTOV otv xowóv uéxpov ebpeiv. 


E D: 
Z 


H 
B A 


"Eotwoav oi dodévtec 000 pruo uù npóxot npóc 
d&AANAOUc oi AB, TA. det 67) xGv AB, TA xó uévtoxov xotwóv 
uétpov eopeiv. 

Ei u&v oov ô TA tov AB yexpet, uevpet òè xal Eavtdv, O 
TA &a xv TA, AB xowoóv uéxpov &oxív. xol qavepóv, óu 
xai uéyvoxov: ovSelc yàp ueiGov tot TA tov PA uexerjost. 

Ei dé ob etoc ô TA tov AB, x&v AB, DA àvüuqgot- 
pouuévou del tot £Aácoovoc ånò tO use(Covoc Aeupüioexat 
"c dpuüuÓc, Óc UETEHOEL TOV MEd EaUTOD.  uovàc HEV 
yàp od AcipOYjoeta ei SE UH, Eoovta ot AB, TA xpóxot 
TEOG GAAAAOUG: ónep OLY OmnÓxsiot. AeLPDoETat tis hoa 
prus, Óc YETEYOEL TOV TPO EaUTOU. xoi ô uèv TA tov 
BE uetpév Aeimétw Eautot &£A&ocova tov EA, ô 66 EA tov 
AZ uexp&v Aetmétw EaUTOD &Aácoova tov ZI, 6 66 TZ tov 
AE petpeitw. &nel obv 6 TZ tov AE uetpet, ô 66 AE tov 
AZ uexpei, xoi ò TZ doa tov AZ yeteroet. uevpet ðè xol 
eautov’ xoi óAov dpa tov TA yeteroe. 6 è TA xóv BE 
uevpet: xoi ò TZ dea tov BE uevpet: uexpet 6& xoi tov EA: 
xai óXov &pa tov BA uexerjoev uexpet é xoi tov L'A: 6 TZ 
&ea vobc AB, DA uetpei. 6 TZ &pga xv AB, DA xowóv 


Proposition 2 


To find the greatest common measure of two given 
numbers (which are) not prime to one another. 


A 
E C 
F 


G 
B D 


Let AB and CD be the two given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of AB and CD. 

In fact, if CD measures AB, CD is thus a common 
measure of C D and AB, (since C D) also measures itself. 
And (it is) manifest that (it is) also the greatest (com- 
mon measure). For nothing greater than CD can mea- 
sure C D. 

But if CD does not measure AB then some number 
will remain from AB and CD, the lesser being contin- 
ually subtracted, in turn, from the greater, which will 
measure the (number) preceding it. For a unit will not be 
left. But if not, AB and CD will be prime to one another 
[Prop. 7.1]. The very opposite thing was assumed. Thus, 
some number will remain which will measure the (num- 
ber) preceding it. And let CD measuring BE leave EA 
less than itself, and let EA measuring DF leave FC less 
than itself, and let CF measure AE. Therefore, since CF 
measures AE, and AE measures DF, CF will thus also 
measure DF. And it also measures itself. Thus, it will 
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uéxpov &oxtv. Aév« OH, OTL xal UEYLOTOV. El yàp UN otv ò 
TZ x&v AB, TA yéytotov xotvóv uéxpov, uexprjoet TIS TOE 
AB, TA ápiüuoUc devduoc ue(Gov àv tod TZ. yeteetto, 
xoi ëotw ò H. xoi Enel ò H tov TA ueteet, ô 6£ TA tov 
BE ueteet, xoi ò H dow tov BE uetoet: uexpet Se xol ÓAov 
tov BA: xoi Aowtóv dpa tòv AE ueteyoer. ô ðè AE tov 
AZ uexpet xoi 6 H doa tov AZ uexprfjoev uevpei ðè xol 
ddov tov AT: xoà Aowtóv dpa tov [TZ uexprjoet ô pelCwv 
tov £Aácoova: Step Eotly ådúvatov: ox &pa voc AB, TA 
goods dpuüuóc xc uevprjoet ue(Gov àv tod TZ: 0 TZ &pa 
tév AB, TA uéyioxóv ott xotvóv uétpov [Ónep &oet deiga]. 


IIóptoua. 
"Ex 87; xoÓxou qatvepóv, OTL àv àpiüuoc 600 dprðuoùs 
UETET), xoi TO UEYLOTOV a 6v xotwóv uévpov uexerjoev STEP 
Eder ekoa. 


Y. 
Torv àpiüuGv 600Évvov UN npoov npóc GAANAOUC TO 
UEYLOTOV otv xowóv uétpov ebpeiv. 





A B T A E Z 


"Eotwoav oi do0Evtec teeic dowWuol uù npó xot npóc 
&AXXjAouc oi A, B, T: det 54 Gv A, B, P tò uéyioxov xowóv 
ué1pov eopelv. 

EU 0o yàp 600 x&v A, B tò uéytoxov xotvóv uéxpov O 
A: 6 ò) A xov T fixot uexpet fj où uexpei. uevpetxo npótepov: 
uetpeï Dé xoi tobc A, B: ô A doa tobc A, B, T uevget. ò 
A äpa t&v A, B, T xotvóv uétpov &oxív. Aévo BH, St xoi 
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also measure the whole of CD. And CD measures BE. 
Thus, CF also measures BE. And it also measures EA. 
Thus, it will also measure the whole of BA. And it also 
measures CD. Thus, CF measures (both) AB and CD. 
Thus, CF is a common measure of AB and CD. So I say 
that (it is) also the greatest (common measure). For if 
CF is not the greatest common measure of AB and CD 
then some number which is greater than CF will mea- 
sure the numbers AB and CD. Let it (so) measure (AB 
and CD), and let it be G. And since G measures CD, 
and CD measures B E, G thus also measures B E. And it 
also measures the whole of BA. Thus, it will also mea- 
sure the remainder AE. And AE measures DF. Thus, G 
will also measure DF. And it also measures the whole 
of DC. Thus, it will also measure the remainder CF, 
the greater (measuring) the lesser. The very thing is im- 
possible. Thus, some number which is greater than CF 
cannot measure the numbers AB and CD. Thus, CF is 
the greatest common measure of AB and CD. [(Which 
is) the very thing it was required to show]. 


Corollary 


So it is manifest, from this, that if a number measures 
two numbers then it will also measure their greatest com- 
mon measure. (Which is) the very thing it was required 
to show. 


Proposition 3 


To find the greatest common measure of three given 
numbers (which are) not prime to one another. 








A D C. JD. E. EF 


Let A, B, and C be the three given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of A, B, and C. 

For let the greatest common measure, D, of the two 
(numbers) A and B have been taken [Prop. 7.2]. So D 
either measures, or does not measure, C. First of all, let 
it measure (C). And it also measures A and B. Thus, D 


197 


STOIXEION C. 


uéyiotov. ei yàp pý £oxtv ô A x&v A, B, T uéyioxov xowóv 
uéxpov, uexerjoet tic tots A, B, T ápiüuooc ápiüuoc uetCov 
Öv tod A. yetpeitw, xoi otw ô E. ¿nel otv 6 E xotc A, B, 
T uexpet, xoi toùs A, B pa uexerjoev xoi tò xv A, B &pa 
UEYLOTOV xowóv uéxpov uexerjoe,. TO 68 x&v A, B uéyiotov 
xotvóv uéxpov gotlv ô A: ô E äpa tov A yexpel ò uetCov 
tov £Aáccovoa: Step &oxiv ådúvatov. ovx dpa toùs A, B, T 
dovüuobc dod tig uexerjoer ueiGov dv tot A: 6 A dpa 
t&v A, B, T uévtoxóv £c xowov uéTtpOV. 

My ueteeita 87) ô A tov T: Aéyvo Tpdtov, öt oi D, A 
obx ciot np&ot npóc GAAHAOUC. Enel yàp ot A, B, T oóx 
ciot TEGTOL npóc GAANAOUG, uexprjoet Tic oóxobc &prðuós. O 
df vobc A, B, T uetpéiv xoi vobc A, B uexerjoet, xoi tò 
t&v A, B uéytotov xotvóv uéxpov tov A uexpfjoev uexpei 
dé xal tov I" tobe A, T &pa åprðuoùs dprüuóc vc ueverjoec 
oi A, T dea oOx siot npóxot npóc å&AAńAous. eiAfypüo odv 
aOTGv TO uéytoxov xowóv uévpov ô E. xoi ênel ô E tov A 
uevpet, ô 68 A tobc A, B uetpeï, xoi ó E dea tobc A, B 
uetpeŭ uexpet òè xoi tov I" ó E dea tobe A, B, T uetpei. 
ô E &pa x&v A, B, T xotvóv £o uévpov. Aéyo SH, StL xoi 
uéyiotov. el yàp ur, otw ó E x&v A, B, T tò uéyioxov 
xotvóv uéxpov, uecprjoet Tic xotc A, B, T àpgiüuobc åprðuòs 
ue(Cov àv tot E. uevps(xo, xoi Eotw ó Z. xoi Enel ô Z xoUc 
A, B, T yeteet, xoi toùs A, B uexget xoi tò xv A, B dow 
Uéytoxov xowóv uéxpov uexerjoe,. TO 68 t&v A, B uéyiotov 
xotvóv uéxpov Eotlv O A: ô Z dpa tov A petpeŭ uevpet 6€ 
xoi tov I: ô Z doa xobc A, T uexpet xoi tò x&v A, T diga 
Uuéytoxov xowóv uéxpov uexerjoe.. TO 68 t&v A, T uéyioxov 
xotvóv uéxpov &oxiv ò E: 6 Z doa tov E yvetpet ò uetCov 
tov £Aácoova: ónep &oxiv åðúvatov. ovx dpa toùs A, B, T 
dorüuobc douüuóc tic uexerjoe. uetCov àv tol Er ô E &pa 
t&v A, B, T uéyvtoxóv £o xowdv uéxpov: Sree det Deiko. 


0. 
“Anac dpiüuóc novxóc dprÜüuo0 ô EAdoowy Tod UeiCovoc 
NtoL uépoc EoTly Ñ LEON. 
"Eoxocav 000 åprðuo ot A, BT, xoi Eotw &Aóoocov ô 
BI" Xéyo, ött 6 BT tod A fixot uépoc Eotlv fj uégn. 
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measures A, B, and C. Thus, D is a common measure 
of A, B, and C. So I say that (it is) also the greatest 
(common measure). For if D is not the greatest common 
measure of A, B, and C then some number greater than 
D will measure the numbers A, B, and C. Let it (so) 
measure (A, B, and C), and let it be E. Therefore, since 
E measures A, B, and C, it will thus also measure A and 
B. Thus, it will also measure the greatest common mea- 
sure of A and B [Prop. 7.2 corr.]. And D is the greatest 
common measure of A and B. Thus, E measures D, the 
greater (measuring) the lesser. The very thing is impossi- 
ble. Thus, some number which is greater than D cannot 
measure the numbers A, B, and C. Thus, D is the great- 
est common measure of A, B, and C. 

So let D not measure C. I say, first of all, that C 
and D are not prime to one another. For since A, B, C 
are not prime to one another, some number will measure 
them. So the (number) measuring A, B, and C will also 
measure A and B, and it will also measure the greatest 
common measure, D, of A and B [Prop. 7.2 corr.]. And 
it also measures C. Thus, some number will measure the 
numbers D and C. Thus, D and C are not prime to one 
another. Therefore, let their greatest common measure, 
E, have been taken [Prop. 7.2]. And since E measures 
D, and D measures A and B, E thus also measures A 
and B. And it also measures C. Thus, E measures A, B, 
and C. Thus, E is a common measure of A, B, and C. So 
I say that (it is) also the greatest (common measure). For 
if E is not the greatest common measure of A, B, and C 
then some number greater than E will measure the num- 
bers A, B, and C. Let it (so) measure (A, B, and C), and 
let it be F. And since F measures A, B, and C, it also 
measures A and B. Thus, it will also measure the great- 
est common measure of A and B [Prop. 7.2 corr.]. And 
D is the greatest common measure of A and B. Thus, F 
measures D. And it also measures C. Thus, F measures 
D and C. Thus, it will also measure the greatest com- 
mon measure of D and C [Prop. 7.2 corr.]. And F is the 
greatest common measure of D and C. Thus, F measures 
E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, some number which is greater than E 
does not measure the numbers A, B, and C. Thus, E is 
the greatest common measure of A, B, and C. (Which 
is) the very thing it was required to show. 


Proposition 4 


Any number is either part or parts of any (other) num- 
ber, the lesser of the greater. 

Let A and BC be two numbers, and let BC be the 
lesser. I say that BC is either part or parts of A. 
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Oi A, BP yàp Ato mpditor mpd¢ ňou ciolv Ñ o0. 
čotwoav npóvepov oi A, BT npgGxot med¢ GAAAOUG. Otot- 
eedévtoc 57 tot BT cic tàs Ev ute Lovadac čata Excoty 
yovac x&v év và BT uégoc ti tod A: Hote uépn Eotiv ô BT 
tov A. 


EE 


ES 











T 
A A 


MÌ Eotwoay 97, ot A, BT npéitor med¢ GAAHAOUC: ó OF 
BT tov A ftot uexpet Ñ Ov uetpeŭ. ei uèv oov ô BI tov 
A ueteet, uépgoc &oxiv ô BT tod A. si 6& 00, eU yc xv 
A, BT uéyioxov xotvóv uéxpgov ô A, xoi Siyehodw 6 BT cic 
1oUc xà A toouc tobe BE, EZ, ZT. xoi &nel 6 A tov A 
uetpei, uépoc &oxlv ô A tod A: {ooç 6€ ò A &xóáoxo xGv 
BE, EZ, ZI" xoi £xaoxoc ápa vv BE, EZ, ZT tot A uépoc 
&ot(v: Qoxe uégr, cotiv ó BI tod A. 

“Anas toa dou0uóc mavtdc dpu0uo0 ô EAdoowyv tod 
yetCovoc fjxot uégoc &oxlv Ñ uépn: Oreo Eder Seitan. 


, 


£. 
‘Eady àpiüuóc dprðuoŭ uépoc fj xal Évepoc &xépou TO 
AUTO uépoc 7, Kal ouvouupórepoc ouvaiotépou TO AUTO 
uépoc otal, Ónep Ô eic To Evdc. 


TB 








IT LZ 
A A 


Aowuds yàp 6 A [åprðuoŭ] tod BT uépos čotw, xoi 
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For A and BC are either prime to one another, or not. 
Let A and BC, first of all, be prime to one another. So 
separating BC into its constituent units, each of the units 
in BC will be some part of A. Hence, BC is parts of A. 


E 





A c D 

So let A and BC be not prime to one another. So BC 
either measures, or does not measure, A. Therefore, if 
BC measures A then BC is part of A. And if not, let the 
greatest common measure, D, of A and BC have been 
taken [Prop. 7.2], and let BC have been divided into BE, 
EF, and FC, equal to D. And since D measures A, D is 
a part of A. And D is equal to each of BE, EF, and FC. 
Thus, BE, EF, and FC are also each part of A. Hence, 
BC is parts of A. 

Thus, any number is either part or parts of any (other) 
number, the lesser of the greater. (Which is) the very 
thing it was required to show. 


Proposition 5t 


If a number is part of a number, and another (num- 
ber) is the same part of another, then the sum (of the 
leading numbers) will also be the same part of the sum 
(of the following numbers) that one (number) is of an- 
other. 











A Cp F 


For let a number A be part of a [number] BC, and 
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étepoc ô A Etépou tot EZ 16 adt6 uépoc, ónep O A tov 
BI: Aév0, Ott xoi cuvapdtepoc O A, A ouvaupotépou tod 
BI, EZ tò abt uépoc &oxív, ónep O A tod BT. 

"Enel yap, 6 uépoc &oxiv ò A tot BT, 16 avt6 uépoc £o 
xoi ò A tot EZ, ócot &pa ciolv £v 165 BT àpiüuol toot xà 
A, tooobdtot ciot xoi &v 16 EZ ápiüuoi toot 16 A. Oujerjiodo 
ô u£v BT eic xobc 16 A toouc toùs BH, HI’, 6 dé EZ cic 
tobc 16 A lcouc toùs EO, OZ: Eota Sh oov tò natos 
t&v BH, HI 16 rAnver xv EO, OZ. xoi £nel toog Eotiv 
ô u£v BH 16) A, ô 66 EO 16 A, xoi oi BH, EO dou xoic 
A, A toon. Sie xà ax 97) xoi oi HT, OZ xoic A, A. door 
&pa. [eiolv] ev tă BT dovuol toot tă A, tocottot siot xol 
év tois BT, EZ toot tois A, A. ócanAaoí(ov dou £oxtvy ò BD 
tov A, xocauxanAooíov gotl xol ouvaypótepos ô BT, EZ 
ovvaypotépou tov A, A. 6 tea uépoc &oxiv ò A tod BI, tò 
AUTO Uuépoc &oxi xoi ouvaupótepos O A, A ovvaypotéeou 
tov BT, EZ: ónep der deiga. 
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another (number) D (be) the same part of another (num- 
ber) EF that A (is) of BC. I say that the sum A, D is also 
the same part of the sum BC, EF that A (is) of BC. 

For since which(ever) part A is of BC, D is the same 
part of EF, thus as many numbers as are in BC equal 
to A, so many numbers are also in EF equal to D. Let 
BC have been divided into BG and GC, equal to A, and 
EF into EH and HF, equal to D. So the multitude of 
(divisions) BG, GC will be equal to the multitude of (di- 
visions) EH, H F. And since BG is equal to A, and EH 
to D, thus BG, EH (is) also equal to A, D. So, for the 
same (reasons), GC, H F (is) also (equal) to A, D. Thus, 
as many numbers as [are] in BC equal to A, so many are 
also in BC, EF equal to A, D. Thus, as many times as 
BC is (divisible) by A, so many times is the sum BC, EF 
also (divisible) by the sum A, D. Thus, which(ever) part 
A is of BC, the sum A, D is also the same part of the 
sum BC, EF. (Which is) the very thing it was required 
to show. 


t In modern notation, this proposition states that if a = (1/n) b and c = (1/n) d then (a+c) = (1/m) (b+ d), where all symbols denote numbers. 


i 
'Eàv àpuüuóc doryod uépr f, xal Évepoc &xépou TH 
oótà uéger Tj, xol cuvopipótepoc OUVVAUPOTÉPOU TH ATH 
uépr Eota, OnE Ò elc TOU Evdc. 





-B E 


D Z 


AowWydc yàp 6 AB àprüpo0 tot T uégr, £ovo, xoi Etee0¢ 
ô AE &xépou tot Z xà abxà uépgr, &xep 6 AB tot T: Aéyo, 
ów xoi ouvaupótepoç ó AB, AE ovvoygortépou tot T, Z 
TÀ ATA uéor &oxív, &xep O AB tod T. 

Enel yåp, & uépr, &oxiv ô AB xo T, xà aóxà uépr xoi 
ô AE x00 Z, d0a tea &oxiv év 16) AB uépr tod T, xocabxá 
£c xol £v 16 AE uéer, tod Z. Siyefjodw 6 uèv AB cic xà 
tov T uégr, xà AH, HB, 6 dé AE eic xà tod Z yégr xà 
AO, OE: gota 57 toov tò nA fj9oc xv AH, HB xà näve 
t&v AO, OE. xa nel, 6 uépoc &oxlv ó AH tot T, tò 


Proposition 6! 


If a number is parts of a number, and another (num- 
ber) is the same parts of another, then the sum (of the 
leading numbers) will also be the same parts of the sum 
(of the following numbers) that one (number) is of an- 
other. 








d AS: 

For let a number AB be parts of a number C, and an- 
other (number) DE (be) the same parts of another (num- 
ber) F that AB (is) of C. I say that the sum AB, DE is 
also the same parts of the sum C, F that AB (is) of C. 

For since which(ever) parts AB is of C, DE (is) also 
the same parts of F, thus as many parts of C as are in AB, 
so many parts of F are also in DE. Let AB have been 
divided into the parts of C, AG and GB, and DE into the 
parts of F, DH and H E. So the multitude of (divisions) 
AG, GB will be equal to the multitude of (divisions) DH, 
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obo Uuépoc oti xoi ô AO tod Z, 0 Gpa uépoc Eotlv ô AH 
tot T, tÒ abt6 uépoc Eotl xoi ovvaupdtepoc 6 AH, AO 
ovvaupotépon x00 T, Z. dà xà HUTA DÀ xoi 6 uépoc EoTIV ò 
HB tod T, to avt6 uépoc &oxi xoi cuvogugóxegoc ó HB, OE 
cuvogpoxépou tot T, Z. & dea een £oxlv 6 AB tod T, xà 
auta ween Eotl xoi ouvaupdtepoc ó AB, AE ovvaypotéeou 
tot T, Z: ónep eder Seton. 
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HE. And since which(ever) part AG is of C, DH is also 
the same part of F, thus which(ever) part AG is of C, 
the sum AG, DH is also the same part of the sum C, F 
[Prop. 7.5]. And so, for the same (reasons), which(ever) 
part GB is of C, the sum GB, HE is also the same part 
of the sum C, F. Thus, which(ever) parts AB is of C, 
the sum AB, DE is also the same parts of the sum C, F. 
(Which is) the very thing it was required to show. 


* In modern notation, this proposition states that if a = (m/n) b and c = (m/n) d then (a + c) = (m/n) (b + d), where all symbols denote 


numbers. 


d 
‘Ey ápiüuóc àptüuoO uépoc fj, Ónep OqotpeUelc dpa- 
pedévtoc, xol Ò Aowrtóc Tov AOITOŬ TO AUTO uÉpoc čoTAL, 
ónep O ÓXoc TOD ÓAoU. 


A E B 


m 


H 


AowWyoc yàp ô AB àprÛuoŭ tod TA uégoc Eotw, ónep 
&paoedelc ô AE &papeDEvtoc tod TZ: Aéyw, Stu xol Aonòs 
ô EB Aowto0 tot ZA x6 ax uépoc Eotiv, önep óAoc O AB 
ÓAou tod TA. 

^O yàp uépoc cotiv 6 AE tod TZ, TÒ avtd uépoc Eotw 
xoi ó EB tot TH. xoi &net, 6 uépoc &oxtv ô AE tod TZ, tò 
avtTO uépoc EoTL xoi ô EB tot TH, 6 &pa uépoc Eotiv ó AE 
tot [Z, TÒ abo uépoc toti xoi ó AB tod HZ. 6 dé uépoc 
éotlv ô AE tot TZ, TÒ abt6 uépoc onóxevvot xoi 6 AB tod 
TA: 6 &a uépoc &oxi xoi ô AB tod HZ, 16 avt6 uépoc £o 
xoi tod L'A: {ooç &pa &oxiv 6 HZ 1G TA. xowóc ågneńoðw 
ô TZ: Xowxóc dea ó HT AouxG tă ZA Eotw too. xoi eret, 
9 uépoc Eotly 6 AE tot TZ, tÒ avtd uépoc [Eotl] xoi 6 EB 
tov HT, {oos 6€ ô HT x8 ZA, 6 ápa uépoc Eotiv ó AE tov 
TZ, tò aóxó uépoc £ox xoi ó EB tot ZA. àXAà 6 uépoc 
éotlv 6 AE tod TZ, tÒ aóxó uépoc &oxi xoi ò AB tot TA: 
xoà Aowróc dea O EB Aotnod tot ZA TÒ adtO uépoc EotIy, 
ónep ÓAoc ô AB óAou tod DA: ónep Eder Seigau. 


D Z A 








Proposition 7t 


If a number is that part of a number that a (part) 
taken away (is) of a (part) taken away then the remain- 
der will also be the same part of the remainder that the 
whole (is) of the whole. 


A E B 


r 


G C F D 


H ! ! 1 

For let a number AB be that part of a number CD 
that a (part) taken away AF (is) of a part taken away 
CF. I say that the remainder EB is also the same part of 
the remainder FD that the whole AB (is) of the whole 
CD. 

For which(ever) part AE is of CF, let EB also be the 
same part of CG. And since which(ever) part AE is of 
CF, EB is also the same part of CG, thus which(ever) 
part AE is of CF, AB is also the same part of GF 
[Prop. 7.5]. And which(ever) part AE is of CF, AB is 
also assumed (to be) the same part of CD. Thus, also, 
which(ever) part AB is of GF, (AB) is also the same 
part of CD. Thus, GF is equal to CD. Let CF have been 
subtracted from both. Thus, the remainder GC is equal 
to the remainder FD. And since which(ever) part AE is 
of CF, EB [is] also the same part of GC, and GC (is) 
equal to FD, thus which(ever) part AE is of CF, EB is 
also the same part of FD. But, which(ever) part AF is of 
CF, AB is also the same part of CD. Thus, the remain- 
der EB is also the same part of the remainder FD that 
the whole AB (is) of the whole CD. (Which is) the very 
thing it was required to show. 





t In modern notation, this proposition states that if a = (1/n) b and c = (1/n) d then (a — c) = (1/n) (b— d), where all symbols denote numbers. 


, 

"Eàv óàpiüuóc aovuod ween Å, Gmep apapedelc dpa- 
peüévroc, xol Ò AOLTÒG TOÙ AOLTOŬ Ta obtà uépr Éocou, 
&nep ó ÓAoc TO ÓAov. 


Proposition 8! 


If a number is those parts of a number that a (part) 
taken away (is) of a (part) taken away then the remain- 
der will also be the same parts of the remainder that the 


201 


STOIXEION C. 


T Z A 


c y 


H MK NO 





A A E B 


r r 

Aowudoc yàp ó AB åprðuoŬ tod TA uépn čotw, &nep 
&paoedelc ô AE &papeDEvtoc tod TZ: Aéyw, Stu xol Aonòs 
ó EB hotrod tod ZA xà aÙTà uépn &oxív, &xep óAoc ó AB 
ÓAou tod TA. 

Ketodw yàp xà AB (coc 6 HO, à &pa uégr Eotlv 6 HO 
tot TA, xà atte ugen &oxi xoi ó AE tod TZ. pow 6 
u&v HO eic xà tod DA uégn xà HK, KO, 6 dé AE eic xà tot 
TZ uégn xà AA, AE: £oxot ò) toov tò nAfj0oc tv HK, KO 
1G TAAVEL xv AA, AE. xoi enet, 6 uépoc &oxiv ô HK tot 
TA, TÒ axo uépoc &oxl xoi ó AA tot TZ, ue(Gov 6€ ô TA 
tod TZ, ueiGov dea xoi ó HK tod AA. xeiodw xà AA lcoc 
ô HM. 6 &ga uégoc Eotlv ô HK tot TA, TÒ add uépoc £o 
xoi ô HM tot TZ: xoi Aowtóc Goa 6 MK Aoinod tod ZA 
TO MUTO uépoc EotTIv, Smee óAoc 6 HK óAou tod DA. nó 
&ne(, 6 uépoc &oxiv 6 KO tod TA, TÒ abo uépoc &odi xol 6 
EA tod TZ, uc(Gov õè 6 TA tod TZ, us(Cov &pa xoi 6 OK 
tot EA. xetodw 16) EA toos 6 KN. 6 &pa uégoc Eotlv 0 KO 
tot TA, TÒ abxó uépoc Eotl xoi ô KN tot TZ: xoi Aownd¢ 
&pa 6 NO doinod tod ZA TÒ ato uépoc Eotiv, STE Ghoc ò 
KO ov tot TA. eetydn dè xoi Aotxóc ó MK Aornod tod 
ZA TÒ avo uépoc àv, ónep óXoc ô HK ňou tod DA: xoi 
ouvaypdtepoc koa ó MK, NO tod AZ xà adtd& yee £oxív, 
&neo boc O OH ÓAou tod TA. {ooç 6€ ouvaypdtepog uev 
ô MK, NO 16 EB, 6 6$ OH 16 BA: xoi Aoind¢ Goa ô EB 
AOLTOŬ tod ZA xà avt& uépr &oxív, &nep os ó AB ÓXou 
tot TA: ónep eder SetEau. 
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whole (is) of the whole. 


C F D 


e oy ë 


G MK NH 


eaa 


A L E B 
H ł ! 1 

For let a number AB be those parts of a number CD 
that a (part) taken away AE (is) of a (part) taken away 
CF. I say that the remainder EB is also the same parts 
of the remainder F D that the whole AB (is) of the whole 
CD. 

For let GH be laid down equal to AB. Thus, 
which(ever) parts GH is of CD, AE is also the same 
parts of CF. Let GH have been divided into the parts 
of CD, GK and KH, and AE into the part of CF, AL 
and LE. So the multitude of (divisions) GK, KH will be 
equal to the multitude of (divisions) AL, LE. And since 
which(ever) part GK is of CD, AL is also the same part 
of CF, and CD (is) greater than CF, GK (is) thus also 
greater than AL. Let GM be made equal to AL. Thus, 
which(ever) part GK is of CD, GM is also the same part 
of CF. Thus, the remainder M K is also the same part of 
the remainder FD that the whole GK (is) of the whole 
CD [Prop. 7.5]. Again, since which(ever) part KH is of 
CD, EL is also the same part of CF, and CD (is) greater 
than CF, HK (is) thus also greater than EL. Let KN be 
made equal to EL. Thus, which(ever) part KH (is) of 
CD, KN is also the same part of CF. Thus, the remain- 
der NH is also the same part of the remainder FD that 
the whole KH (is) of the whole CD [Prop. 7.5]. And the 
remainder M K was also shown to be the same part of 
the remainder FD that the whole GK (is) of the whole 
CD. Thus, the sum M K, NH is the same parts of DF 
that the whole HG (is) of the whole CD. And the sum 
MK, NH (is) equal to EB, and HG to BA. Thus, the 
remainder EB is also the same parts of the remainder 
FD that the whole AB (is) of the whole C D. (Which is) 
the very thing it was required to show. 





t In modern notation, this proposition states that if a = (m/n) b and c = (m/n) d then (a — c) = (m/n) (b — d), where all symbols denote 


numbers. 
Y 
‘Edy àpiüuóc dprðuoŭ uépoc Å, xal Évepoc &xépou TO 
aco uépoc fj, xal &vaAAóE, 6 uépoc &oxiv H UEP ô npóxoc 
toU teitov, TÒ avTO uépoc EoTAL j| và atà uépr xoi ò 
6cÓxepoc TOD xeváprou. 


Proposition 9t 


If a number is part of a number, and another (num- 
ber) is the same part of another, also, alternately, 
which(ever) part, or parts, the first (number) is of the 
third, the second (number) will also be the same part, or 
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D 





Z 
A A 


Aovudc yàp ô A devduot tod BI uépoc Eotw, xoi ČTE- 
poc ô A &xépou tot EZ tò avo uépoc, ónep ô A tod BT: 
EYW, StL xol £vo Ae, 6 uépoc &oxiv ô A tov A Ñ uégn, TO 
aÙTÒ uépoc &oxi xoi ò BT to} EZ Ñ uéer. 

‘Enel yàp ð uégoc &oxiv ô A tod BT, tÒ abxó uépoc Eotl 
xoi ò A tot EZ, ócot dou ciolv év 165 BT àpiüuol toot xà 
A, tooobtot ciot xoi &v 16 EZ toot 16 A. Ouprjodo 6 ev 
BT eic xobc xà A tcouc toùs BH, HT, 6 òè EZ eic tobe x& 
A iooug xobc EO, OZ: Zota 97) toov tò nAfj0oc vv BH, 
HP 16 xAfüe tev EO, OZ. 

Kot &n&i toot eioi ot BH, HI àpiüuot Ahoi, ciol 
öè xoi oi EO, OZ àgiüuoi loot &AAńàoc, xal Eotw toov TO 
rAfjoc vv BH, HI 16 rAfjüe: tv EO, OZ, 6 dou uégoc 
éotly ó BH tod EO Ñ uégn, TÒ aÙùtò uépoc &oxi xoi ó HI 
to OZ Ñ xà abxà uéery Wote xal Ò uépoc &oxiv ó BH tod 
EO Ñ uégr, TÒ aAvTO uépoc EoTL xol OVVaU@dtepoc ó BI 
ouvogpoxépou tol EZ Tj xà obxà uépn. tooc Se 6 uev BH 
ta A, 6 66 EO xà A: 0 dpa uépoc &oxlv ô A tod A Ñ BEEN, 
TO HUTO uépoc oT) xoi ò BI tot} EZ Ñ xà ooxà uépry SEE 
der Ocio. 


t In modern notation, this proposition states that if a = (1/n) b and c = 
numbers. 


, 


bL. 


‘Edy àpiüuóc dprðuoŭ ween Ñ, xoi £xepoc &xvépou TH AUTH 
uéon Tj, xoi £vaAAóE, à ween Eotlv ô notos tod tettou Ñ 
uépoc, TA KUTA uépr, čata xal O GeÓxepoc TOU veváprou Ñ 
TO QÙTÒ uépoc. 

AovWudc yàp ò AB áprüpo0 tod T pép Eotw, xoi Évepoc 
ô AE &xépou tot Z xà abxà uégry Aéyo, Str xol EvadAdE, 
à uépn &oxiv ô AB tot AE Ñ uépoc, xà abc uégr, &oxi xal 
oT tot Z Ñ TÒ ato uépoc. 
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the same parts, of the fourth. 























E- 
Br 

H 
G 
C F 


A D 


For let a number A be part of a number BC, and an- 
other (number) D (be) the same part of another EF that 
A (is) of BC. I say that, also, alternately, which(ever) 
part, or parts, A is of D, BC is also the same part, or 
parts, of EF. 

For since which(ever) part A is of BC, D is also the 
same part of EF, thus as many numbers as are in BC 
equal to A, so many are also in EF equal to D. Let BC 
have been divided into BG and GC, equal to A, and EF 
into EH and HF, equal to D. So the multitude of (di- 
visions) BG, GC will be equal to the multitude of (divi- 
sions) EH, HF. 

And since the numbers BG and GC are equal to one 
another, and the numbers EH and HF are also equal to 
one another, and the multitude of (divisions) BG, GC 
is equal to the multitude of (divisions) EH, HC, thus 
which(ever) part, or parts, BG is of EH, GC is also 
the same part, or the same parts, of HF. And hence, 
which(ever) part, or parts, BG is of EH, the sum BC 
is also the same part, or the same parts, of the sum EF 
[Props. 7.5, 7.6]. And BG (is) equal to A, and EH to D. 
Thus, which(ever) part, or parts, A is of D, BC is also 
the same part, or the same parts, of EF. (Which is) the 
very thing it was required to show. 


(1/n) d then if a = (k/l) c then b = (k/l) d, where all symbols denote 


Proposition 10! 


If a number is parts of a number, and another (num- 
ber) is the same parts of another, also, alternately, 
which(ever) parts, or part, the first (number) is of the 
third, the second will also be the same parts, or the same 
part, of the fourth. 

For let a number AB be parts of a number C, and 
another (number) DE (be) the same parts of another F. 
I say that, also, alternately, which(ever) parts, or part, 
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10 

















E 
D Z 


‘Enel yåp, à uégr &oxiv ô AB x00 T, xà adt& uépn £o 
xoi ô AE tod Z, óca &pa ċotiv &v 16 AB uépr, tod T, 
tooadta xoi &v 16 AE uéer, tod Z. ewmprjoto ô uèv AB cic 
ta tot T uégn xà AH, HB, ó òè AE eic xà tod Z uépr xà 
AO, OE: gota 57 toov tò xAfj0oc xv AH, HB xà näve 
t&v AO, OE. xoi énet, 6 uépoc Eotlv 6 AH tod T, 16 aoo 
Uépgoc Eotl xoi ó AO tod Z, xol EvadrdE, 6 uégoc &odiv ò 
AH tod AO ï uégn, TÒ aÙTÒ uépoc EoTL xoi 6 T tod Z T 
TH KUTA uépn. Dà TA KUTA BY) xal, O uépoc &oxiv ô HB tod 
OE Ñ uégr, TÒ qÙTÒ uépoc toti xoi ô T xoO Z Ñ xà adtH 
uépry Bote xal [ð ugeoc &cxiv 6 AH tot AO Ñ uépgn, tO 
avto uépoc EoTL xoi O HB tod OE 7| xà obxà uégry xoi ð 
&pa uépoc &oxiv ò AH tot AO Ñ uégn, TÒ axo uépoc £o 
xoi 6 AB tod AE Ñ xà atta uépgry AX 6 uépoc Eotly 6 AH 
tov AO ï uégn, TO abo uépoc SdetyYy xoi ó T tod Z Ñ xà 
auta uépn, xoi] & [&po] uépgr, &oxtv 6 AB to AE Ñ uépoc, 
xà KUTA uer £oxi xoi ò I' tod Z Ñ TÒ axo uépoc: Sree er 
Seton. 


* In modern notation, this proposition states that if a = (m/n) b and c = 
numbers. 
Lo’. 

Eav fj óc óXoc TENG GAOV, OUTS apapsDElc MEDC dpa- 
eedévta, xal Ò AOLTÒG npóc TOV AOLMOV Éoxat, Gc OhOG npóc 
ÓAov. 

"Eoo óc óXoc ó AB npóc dAov tov TA, obvoc dqgot- 
peÜcic ô AE npóc apapedEévta tov TZ: Aéyw, dtu xoi Xowóc 
ô EB npóc Aoindv tov ZA otv, óc óXoc ô AB npóc Shov 
tov TA. 
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AB is of DE, C is also the same parts, or the same part, 
of F. 


;D 


+H 
G 











B C E E 

For since which(ever) parts AB is of C, DE is also 
the same parts of F, thus as many parts of C as are in 
AB, so many parts of F (are) also in DE. Let AB have 
been divided into the parts of C, AG and GB, and DE 
into the parts of F, DH and HE. So the multitude of 
(divisions) AG, GB will be equal to the multitude of (di- 
visions) DH, H E. And since which(ever) part AG is 
of C, DH is also the same part of F, also, alternately, 
which(ever) part, or parts, AG is of DH, C is also the 
same part, or the same parts, of F [Prop. 7.9]. And so, 
for the same (reasons), which(ever) part, or parts, GB is 
of HE, C is also the same part, or the same parts, of F 
[Prop. 7.9]. And so [which(ever) part, or parts, AG is of 
DH, GB is also the same part, or the same parts, of H E. 
And thus, which(ever) part, or parts, AG is of DH, AB is 
also the same part, or the same parts, of DE [Props. 7.5, 
7.6]. But, which(ever) part, or parts, AG is of DH, C 
was also shown (to be) the same part, or the same parts, 
of F. And, thus] which(ever) parts, or part, AB is of DE, 
C is also the same parts, or the same part, of F. (Which 
is) the very thing it was required to show. 


(m/n) d then if a = (k/l) c then b = (k/1) d, where all symbols denote 


Proposition 11 


If as the whole (of a number) is to the whole (of an- 
other), so a (part) taken away (is) to a (part) taken away, 
then the remainder will also be to the remainder as the 
whole (is) to the whole. 

Let the whole AB be to the whole CD as the (part) 
taken away AE (is) to the (part) taken away CF. I say 
that the remainder EB is to the remainder FD as the 
whole AB (is) to the whole C D. 
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T m 
t Z | 
E+ 
BL A 


Enei &otv òs 6 AB npóc tov TA, oŬtws ô AE npóc 
tov IZ, 6 ápa uépoc &oxiv ó AB tod TA Ñ uégn, TÒ atò 
uépgoc &odi xoi ò AE tot TZ f, xà atà uépn. xoà AowNd¢ 
&pa ô EB Aowto0 tot ZA TÒ ato uépoc &odiv Ñ uépn, nee 
ô AB tot TA. éotw tea óc 6 EB ngóc tòv ZA, obtw¢ 6 
AB npóc tov TA: ónep eden Seigau. 


İt In modern notation, this proposition states that if a : b :: c: d then a 


* 
p’. 
‘Edy Gow nocoioŬŭv aovdyol àváAovov, Éorvot ÒS cic 
TOY NYOLUEVWY npóc Eva THY &rouévov, OUTS AMaAVTE oi 
NYOVUEVOL xpóc Anavtacg voUc &rogévouc. 














A B T A 


”"Eotwoav ónocou0v pruo àváAoyov oi A, B, D, A, 
óc 6 A ngóc tov B, obvoc ôT npóc tov A: AEY, St Eotiv 
Gc ô A npóc tov B, obxoc oi A, T npóc xotc B, A. 

"Enci vóp otv óc ô A npóc tòv B, obxoc 6 T npóc 
tov A, 6 doa uépoc Eotlv 6 A tod B Ñ uégr, TÒ HUT uépoc 
£c xoi ò T tot A Ñ uégr. xoi ovvaypdtepoc dea ô A, 
T cuvauqgoxépou tot B, A TÒ abxó uépoc &oxiv fj xà HTH 
veer, &nep ô A tod B. gotw čpa óc ô A npóc tòv B, obxoc 
oi A, T npóc xvobc B, A> önep Eder SetEau. 
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C E 
F 4 
Ar 
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B- D 


(For) since as AB is to CD, so AE (is) to CF, thus 
which(ever) part, or parts, AB is of CD, AE is also the 
same part, or the same parts, of CF [Def. 7.20]. Thus, 
the remainder EB is also the same part, or parts, of the 
remainder FD that AB (is) of CD [Props. 7.7, 7.8]. 
Thus, as EB is to FD, so AB (is) to CD [Def. 7.20]. 
(Which is) the very thing it was required to show. 


:b::a—c:b—d, where all symbols denote numbers. 


Proposition 12! 


If any multitude whatsoever of numbers are propor- 
tional then as one of the leading (numbers is) to one of 
the following so (the sum of) all of the leading (numbers) 
will be to (the sum of) all of the following. 














A B C D 


Let any multitude whatsoever of numbers, A, B, C, 
D, be proportional, (such that) as A (is) to B, so C (is) 
to D. I say that as A is to B, so A, C (is) to B, D. 

For since as A is to B, so C (is) to D, thus which(ever) 
part, or parts, A is of B, C is also the same part, or parts, 
of D [Def. 7.20]. Thus, the sum A, C is also the same 
part, or the same parts, of the sum B, D that A (is) of B 
[Props. 7.5, 7.6]. Thus, as A is to B, so A, C (is) to B, D 
[Def. 7.20]. (Which is) the very thing it was required to 
show. 
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İt In modern notation, this proposition states that if a : b :: c: d then a : b :: a + c : b + d, where all symbols denote numbers. 


, 


Ly’. 
"Edy xéooopec dpiüuol avdAoyov dow, xol &vaAAÓE 


åvåňoyov EGOVTAL. 














A B T A 


"Eovooav xéooopsc pruo àváAoyov oi A, B, T, A, 
óc ô A npóc tov B, ob0toc 6 T npóc tov Ac Aéyo, Stu xoi 
EVAAAGE åváňoyov Écovvot, óc ô A npgóc tov T, obvoc ô B 
npóc tov A. 

"Enel yuo &owv óc 6 A ngóc tòv B, obvoc 6 T npóc xóv 
A, 6 ğpa uépoc &oxiv ò A tod B f| uégr, TÒ aÙTÒ uépoc EoTI 
xoi ô T tot A Ñ xà ade uépn. EVOAAGE doa, 6 uépoc &oxiv 
ô A x00 T f| uégr, TÒ adTO uépoc &cxi xoi ó B tod A Ñ xà 
avte uépr. EotW doa óc ô A npóc tòv T, obtoc ô B npóc 
tov A: önep Eden deiga. 


İt In modern notation, this proposition states that if a : b :: c : dthena:c 


10’. 


‘Edy Gow óxocoto0v aevOyol xoi GAOL btoas toot TO 
TARVO¢ oov6uo AaUBavduEvoL xoà Ev TES ÙT ADV, xol OU 
{oou Ev 163 aÙt& ADYGS Ecovtat. 

















A i A | 
Br——— E | 
fh f=} 


*"Eotwouy ó1060t00v ápiüuol oi A, B, T xoi &AXot oróxoic 
loot 10 xAfj0oc cóvóuo AaUBavduEvot Ev TE ATE AÓYv« oi 
A, E, Z, oc uèv ô A npóc tov B, obvoc ô A npóc tov E, 
óc 6£ 0 B ngóc tov IT, obxvoc ô E npóc tov Ze AEyw, OTL 
xal dv’ oou &oxiv óc ô A npóc tov D, obxoc 6 A npóc Tov 
Z. 

"Enci yoo £owv óc ô A npóc tòv B, oŬtws 6 A npóc 
tov E, £vaAAE doa gotiv óc 6 A npóc tov A, obtoc 6 B 
rpóc TOV E. x&v, &ne( &oxtv óc ô B npóc tov T, obxoc ò 


Proposition 13! 


If four numbers are proportional then they will also 
be proportional alternately. 











A B C D 

Let the four numbers A, B, C, and D be proportional, 
(such that) as A (is) to B, so C (is) to D. I say that they 
will also be proportional alternately, (such that) as A (is) 
to C, so B (is) to D. 

For since as A is to B, so C (is) to D, thus which(ever) 
part, or parts, A is of B, C is also the same part, 
or the same parts, of D [Def. 7.20]. Thus, alterately, 
which(ever) part, or parts, A is of C, B is also the same 
part, or the same parts, of D [Props. 7.9, 7.10]. Thus, as 
A is to C, so B (is) to D [Def. 7.20]. (Which is) the very 
thing it was required to show. 


:: b : d, where all symbols denote numbers. 


Proposition 14! 


If there are any multitude of numbers whatsoever, 
and (some) other (numbers) of equal multitude to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 

















A D 
B tT E 
(E ——— F +——_ 


Let there be any multitude of numbers whatsoever, A, 
B, C, and (some) other (numbers), D, E, F, of equal 
multitude to them, (which are) in the same ratio taken 
two by two, (such that) as A (is) to B, so D (is) to E, 
and as B (is) to C, so E (is) to F. I say that also, via 
equality, as A is to C, so D (is) to F. 

For since as A is to B, so D (is) to E, thus, alternately, 
as A is to D, so B (is) to E [Prop. 7.13]. Again, since 
as B is to C, so E (is) to F, thus, alternately, as B is 
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E npóc tov Z, £vaXAÀ€ doa Eotlv wo ô B npóc tov E, obvoc 
ô T npóc tov Z. óc 6€ ó B npgóc tov E, oŬtwç ô A npóc 
tov A: xol wc dpa 6 A npóc tov A, obxoc ô IT npóc tov 
Z: EvaoAAGE pa &oxlv óc ô A npóc tòv T, obvoc ô A npóc 
tov Z: ónep Eder Deiča. 


İt In modern notation, this proposition states that ifa:b::d:eandb:c: 


t£". 
"Edy uovàc dowdy tiva uevoefi, tooxtc dé Exepoc dprðuòs 
&AXov tia dpiüuóv uexpfj, xol £voXAX& iodouc Y, uovàc Tov 
tottov dpuüuóv uerprjoet xal ó SeUTEPOC TOV TÉTAPTOV. 





B H © T 

Am i : 
s a4 dH. K AE 

Movac yàp 7 A dovdudv tiva tov BT petpeitw, ioáxis õèÈ 
Évepgoc coud ô A dAXov tivà dpiüuóv Tov EZ petpeitw: 
EVO, Ott xoi £vaAAàE ioóouc Y| A uovàç tov A dowWyov 
uexpet xoi ò BI' tov EZ. 

"Enel yàp iodxic f, A uovàc tov BT àpiüpuóv uecpei xoi ô 
A tov EZ, doa doa ciotv év 16 BI uovóosec, vocoüxoí siot 
xal £v xà EZ dowWyot toot xi A. Stnefodw ô u£v BT eic tàs 
év Eautés Yovddac tac BH, HO, OT, ô dé EZ eic vobc v A 
loouc tovc EK, KA, AZ. gota 67] oov tò nàğðos xv BH, 
HO, OF 16 nAjVer xóv EK, KA, AZ. xoi enet too ciotv at 
BH, HO, OT pová6ec dAAnAauc, ciol dé xoi ot EK, KA, AZ 
dpo foo AAA hAois, xai otv toov tò TAfVoc àv BH, 
HO, OT uováðwv 16 nAfe xv EK, KA, AZ åpvðuðv, 
čata doa c 7 BH povàs npòç xóv EK dpruóv, obcoc 7 
HO uovàs npóc tov KA åpiÛuòv xal f, OT uovàc npóc tov 
AZ åprðuóv. čota doa xal OG cic tõv fiYouuévov npóc Eva 
TOV ENOUEVWV, OŬTWS AMavTE oi NYOWEVOL npóc &navroc 
tov¢ &rouévouc: Eotw dpa óc f, BH uovàs npóc tov EK 
&piüuóv, o0voc ó BI npóc tov EZ. ton o£ f, BH povàs tH 
A uováði, 6 6 EK dpiüuóc 16 A dou. Eotw doa oc f| 
A govàc npóc tov A åprðuóv, obxoc ô BT ngóc tov EZ. 
todxic dpa f, A uovàc tov A åpıÛuòv uetoet xoi ô BI tov 
EZ: énep Edet Seigau. 














İt This proposition is a special case of Prop. 7.9. 


to E, so C (is) to F [Prop. 7.13]. And as B (is) to E, 
so A (is) to D. Thus, also, as A (is) to D, so C (is) to F. 
Thus, alternately, as A is to C, so D (is) to F [Prop. 7.13]. 
(Which is) the very thing it was required to show. 


:e: f thena:c::d: f, where all symbols denote numbers. 


Proposition 15 


If a unit measures some number, and another num- 
ber measures some other number as many times, then, 
also, alternately the unit will measure the third num- 
ber as many times as the second (number measures) the 
fourth. 


Ac 





B G H Ç 


E K L F 

D | H H l 

For let a unit A measure some number BC, and let 
another number D measure some other number EF as 
many times. I say that, also, alternately, the unit A also 
measures the number D as many times as BC (measures) 
EF. 

For since the unit A measures the number BC as 
many times as D (measures) EF, thus as many units as 
are in BC, so many numbers are also in EF equal to 
D. Let BC have been divided into its constituent units, 
BG, GH, and HC, and EF into the (divisions) EK, KL, 
and LF, equal to D. So the multitude of (units) BG, 
GH, HC will be equal to the multitude of (divisions) 
EK, KL, LF. And since the units BG, GH, and HC 
are equal to one another, and the numbers EK, KL, and 
LF are also equal to one another, and the multitude of 
the (units) BG, GH, HC is equal to the multitude of the 
numbers EK, KL, LF, thus as the unit BG (is) to the 
number EK, so the unit GH will be to the number KL, 
and the unit HC to the number LF’. And thus, as one of 
the leading (numbers is) to one of the following, so (the 
sum of) all of the leading will be to (the sum of) all of 
the following [Prop. 7.12]. Thus, as the unit BG (is) to 
the number EK, so BC (is) to EF. And the unit BG (is) 
equal to the unit A, and the number EK to the number 
D. Thus, as the unit A is to the number D, so BC (is) to 
EF. Thus, the unit A measures the number D as many 
times as BC (measures) EF [Def. 7.20]. (Which is) the 
very thing it was required to show. 
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, 


Iv. 


Eàv 500 deol noAAanAaoidoauvtes AAAA ous roroi 
xtvac, Ol Yevóuevot ¿E abxóv toot GAANAOIc EcovTa. 


A 


Be, 


i | 


A I ——————————————ÁÀ 








E——7! 

”"Eotwoav 600 åpıÛuoÌ oi A, B, xoi ô u£v A tov B Toà- 
Aandaoidoac tov T xote(xo, ò òè B tov A toAXaxAaotécac 
tov A mnote(voy AEyw, Öt toos £oxv OT tõ A. 

Enci yàp ô A tov B roAAonAactócoc tov I nexo(nxev, 
ò B dea tov T uevpet xoà tac êv 16 A uováóac. uecpei 08 
xoi 7 E uovàc tov A åprðuòv xatà xàc Ev axi YOvddac: 
toduic Goa ù E povàs tov A dovWudov uexpei xoi ô B tov 
T. EvarAdE doa iocoac 7 E uovàc tov B dewWyov uetoet xoi 
ò A tov T. náňw, Exel ò B tov A roddandacidoag tov A 
netotnxev, Ò A dea tov A uexpei xaxà vàc £v 16 B uovábac. 
uexpet è xal 7 E povàs tov B xoà tàs Ev avute uovábac: 
toduic doa f, E uovàc tov B åprðuòv uexpei xoi 6 A tov A. 
toduic 6€ f| E uovàc tov B ópuüuóv &yéxpget xoi ô A tov T" 
toduic dpa 6 A &xé&vegov x&v T, A uetpeř. {oos dpa Eotiv 
ô T xà A: Sree eer Seton. 
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Proposition 16! 


If two numbers multiplying one another make some 
(numbers) then the (numbers) generated from them will 
be equal to one another. 


At’ 


Let A and B be two numbers. And let A make C (by) 
multiplying B, and let B make D (by) multiplying A. I 
say that C is equal to D. 

For since A has made C (by) multiplying B, B thus 
measures C according to the units in A [Def. 7.15]. And 
the unit E also measures the number A according to the 
units in it. Thus, the unit E measures the number A as 
many times as B (measures) C. Thus, alternately, the 
unit E measures the number B as many times as A (mea- 
sures) C [Prop. 7.15]. Again, since B has made D (by) 
multiplying A, A thus measures D according to the units 
in B [Def. 7.15]. And the unit E also measures B ac- 
cording to the units in it. Thus, the unit E measures the 
number B as many times as A (measures) D. And the 
unit E was measuring the number B as many times as 
A (measures) C. Thus, A measures each of C and D an 
equal number of times. Thus, C is equal to D. (Which is) 
the very thing it was required to show. 


* In modern notation, this proposition states that a b = b a, where all symbols denote numbers. 


IEA 
‘Edy àpiüuóc dúo dprÛuoÙS TOAAATAAOIÅOAS TOL TIVAS, 
oi Yevóuevot && avv TÒV qÙTÒV É&ouct AdYOV xoic toa- 
TAAGLAOVEOL. 

















At 

Br IB 

A^ 1 E 
Z3 


AowWyoc yàp 6 A úo ópuuoUc toùs B, T noAAXa- 
rAaoct&coc tobe A, E xote(vo: Aéyo, Sti &odiv óc ó B npóc 
tov T, oüvoc ô A npóc tov E. 

‘Enel yàp ô A tov B noXAanAoctácac tov A nenxo(nxev, 
ô B dea tov A uetpet xoxà tac ev v A Lovddac. yetpet 


Proposition 17t 


If a number multiplying two numbers makes some 
(numbers) then the (numbers) generated from them will 
have the same ratio as the multiplied (numbers). 














At 

B —— C i 

D 1 E i 
F = 


For let the number A make (the numbers) D and 
E (by) multiplying the two numbers B and C (respec- 
tively). I say that as B is to C, so D (is) to E. 

For since A has made D (by) multiplying B, B thus 
measures D according to the units in A [Def. 7.15]. And 
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dé xoi Ñ Z uovàc tov A åprÛuòv xat& xàc Ev ATE uováooc: 
todaxic doa f, Z uovàc tov A åprðuòv uexpei xoi ó B tov A. 
Zot &pa (c f| Z uovàc npóc tov A åprðuóv, obvoc ó B 
xpóc tov A. Ot xà HUT OF xod óc Å Z povàs npgóc Tov A 
&piüuÓv, obtcc OT npóc tov E: xal wo doa ó B npóc tov 
A, obtta¢ 6 T npgóc tov E. £vaAAà& &pa &oxiv óc ô B npóc 
tov T, oüvoc ô A npóc tov Ev ónep eer SetEau. 
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the unit F also measures the number A according to the 
units in it. Thus, the unit F measures the number A as 
many times as B (measures) D. Thus, as the unit F is 
to the number A, so B (is) to D [Def. 7.20]. And so, for 
the same (reasons), as the unit F (is) to the number A, 
so C (is) to E. And thus, as B (is) to D, so C (is) to E. 
Thus, alternately, as B is to C, so D (is) to E [Prop. 7.13]. 
(Which is) the very thing it was required to show. 


İt In modern notation, this proposition states that if d = ab and e = a c then d : e :: b : c, where all symbols denote numbers. 


P. 
Wi n 
‘Edy 900 åprðuol dprðuóv twa TOAAATAAOIÅOAVTEG 
Tovésot TIVAS, oi Yevóuevor ÈE atv TOV adTOV É&£ouot AÓyov 
toic TOAAATAMOLAOMOL. 








E: 


Ato yàp aevuot oi A, B ópiüuóv twa tov T 1oXAa- 
xÀaciócavtec voUc A, E nowitwoav: AéYo, St &oxlv oc O 
A npóc tov B, obvoc ô A npóc tov E. 

‘Enel yàp ô A tov T noddandaoridoug tov A nenxo(nxev, 
xoà oT doa tov A nodAatAaoidousg tov A nxenoínxev. Sid 
xà HUTS OF xot ò T tov B noddatAaordouc tov E nenolnxev. 
dorüuóc 54 ô T 600 ópiüuoUc xvobc A, B noddandaordouc 
tovc A, E nenotnxev. gotw &pa wo ô A npóc tòv B, obvoc 
ô A npóc tov E: ónep der SetEau. 


Proposition 18! 


If two numbers multiplying some number make some 
(other numbers) then the (numbers) generated from 
them will have the same ratio as the multiplying (num- 
bers). 





E! 

For let the two numbers A and B make (the numbers) 
D and E (respectively, by) multiplying some number C. 
I say that as A is to B, so D (is) to E. 

For since A has made D (by) multiplying C, C has 
thus also made D (by) multiplying A [Prop. 7.16]. So, for 
the same (reasons), C has also made E (by) multiplying 
B. So the number C has made D and E (by) multiplying 
the two numbers A and B (respectively). Thus, as A is to 
B, so D (is) to E [Prop. 7.17]. (Which is) the very thing 
it was required to show. 


t In modern notation, this propositions states that if ac = d and bc = e then a : b :: d : e, where all symbols denote numbers. 


Ww. 

"Eàv técoapes àpiÛuo avadoyov Wow, O Èx TEWTOL xoi 
xexóptou Yevóuevoc àpruòc tooc čëot T Ex Oguxépou xol 
Tottov vevouévo apr xal Edy O Ex TEWTOL xol veváprou 
Yevóuevoc dpuüuóc (coc T, TÆ x Oguxépou xoà tpítou, oi 
1écooopec Kool àváňoyov Écovcot. 

"Eovoav 1éocopsc pruo àváAoyov oi A, B, T, A, 
Oc ô A npóc tov B, o0voc 6 T npóc tov A, xoi ô uèv A 
tov A nxoAAanAacikcac tov E note(xvo, 6 6 B tov T Toà- 
AanAaoidoas tov Z rot(vo: Aévo, Stt toog Eotiv ò E t Z. 


Proposition 19! 


If four number are proportional then the number cre- 
ated from (multiplying) the first and fourth will be equal 
to the number created from (multiplying) the second and 
third. And if the number created from (multiplying) the 
first and fourth is equal to the (number created) from 
(multiplying) the second and third then the four num- 
bers will be proportional. 

Let A, B, C, and D be four proportional numbers, 
(such that) as A (is) to B, so C (is) to D. And let A make 
E (by) multiplying D, and let B make F (by) multiplying 
C. I say that E is equal to F. 


209 


STOIXEION €. 


A B UT A EZ H 





























‘O yàp A tov T noddandaocrdoug tov H note. énel 
oUv ò A tov T xoAAanxAaotécoac tov H neroinxev, tov sé 
A noXAanAoci&cac tov E nenotnxev, dewWydc 67, ô A 600 
dptüuobc tote T, A xoAXanAactécoc tovs H, E nenoinxev. 
got &pa óc OT npóc tov A, oŬtws ó H npóc tov E. GAR’ 
Oc ô T npóc tov A, oÜvoc 6 A npóc xóv B: xoi óc dpa 
ô A npóc tov B, obxoc ô H npóc tov E. nA, &nei ô A 
tov I’ noAAanAoect&ooc tov H nenoinxev, HAAG UNV xoà ò 
B tov T nodAandacidouc tov Z nenotnxev, 500 97, dprðuol 
oi A, B ápiüuóv twa tov T toAXonAaotécavrec tovc H, Z 
xenotfjxociv. Eotty dea c ô A npóc Tov B, oŬtws ô H npóc 
tov Z. AAA uiv xoi c ô A npóc tov B, oŬtws ô H npóc 
tov E: xoi óc doa ò H npóc tov E, obvoc ó H npóc xov 
Z. ò H doa npóc Exdtepov t&v E, Z tov avtov Éyet Aóyov' 
{oos dpa cotly ò E t Z. 

"Eotw 54 náv {ooç 6 E 16 Z Méyo, öt Eotly Wo ô A 
xpóc tov B, oŬtws ô T npóc xóv A. 

TGv yàp obtGv xotoaoxeuoaoüévvov, Emel toos Eotly ò 
E 16 Z, čaty doa óc ò H npóc tov E, obtoc ô H ngóc tov 
Z. OAM’ Òs uèv ô H ngóc tov E, obvoc ô T ngóc tov A, óc 
dé ô H npóc tov Z, ob0voc ô A npóc xóv B. xal óc Goa ô A 
xpóc tov B, obxoc ô T mpd¢ tov A: Sree der SeiEau. 
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A B C D E F G 





























For let A make G (by) multiplying C. Therefore, since 
A has made G (by) multiplying C, and has made E (by) 
multiplying D, the number A has made G and E by mul- 
tiplying the two numbers C and D (respectively). Thus, 
as C is to D, so G (is) to E [Prop. 7.17]. But, as C (is) to 
D, so A (is) to B. Thus, also, as A (is) to B, so G (is) to 
E. Again, since A has made G (by) multiplying C, but, 
in fact, B has also made F (by) multiplying C, the two 
numbers A and B have made G and F (respectively, by) 
multiplying some number C. Thus, as A is to B, so G (is) 
to F [Prop. 7.18]. But, also, as A (is) to B, so G (is) to 
E. And thus, as G (is) to E, so G (is) to F. Thus, G has 
the same ratio to each of E and F. Thus, E is equal to F 
[Prop. 5.9]. 

So, again, let E be equal to F. I say that as A is to D, 
so C (is) to D. 

For, with the same construction, since E is equal to F, 
thus as G is to E, so G (is) to F [Prop. 5.7]. But, as G 
(is) to E, so C (is) to D [Prop. 7.17]. And as G (is) to F, 
so A (is) to B [Prop. 7.18]. And, thus, as A (is) to B, so 
C (is) to D. (Which is) the very thing it was required to 
show. 


* In modern notation, this proposition reads that if a : b :: c: d then ad = bc, and vice versa, where all symbols denote numbers. 


X. 

Oi &A&yioxot devuol tæv TOV avTOV Adyov &£yÓvtov 
avtoic uevpoUo: Tobc Tov aUTOV Aóyov Éyovroc loóouc 6 
te ue(Gov tov ue(Cova xoi ô &£Aácocv Tov £Aácoova. 

"Eoxooav yàp &A&ytoxot dpiüuol x&v Tov abtóv Aóyov 
&yóvxov toic A, B oi TA, EZ: Aéyo, Sti iocoac 6 TA tov 
A yexpet xoi ó EZ tov B. 


Proposition 20 


The least numbers of those (numbers) having the 
same ratio measure those (numbers) having the same ra- 
tio as them an equal number of times, the greater (mea- 
suring) the greater, and the lesser the lesser. 

For let CD and EF be the least numbers having the 
same ratio as A and B (respectively). I say that CD mea- 
sures A the same number of times as EF (measures) B. 


210 


STOIXEION C. 


A B 
D 


H 


N @® EH 


A 


‘OTA yàp tod A ox got eon. ei yàp Suvatdy, Éovor 
xoi ó EZ doa tod B tà avt& uépn Eotiv, &nep ô TA tod 
A. 60a ğpa éotiv év 165 TA uépr, tod A, xocobtá &ox xol 
£v t EZ uégn tot B. àmprjo0o ô uèv TA eic xà tod A 
uégr, tà TH, HA, ô dé EZ cic xà tod B éon tà EO, OZ: 
Zotat 57) toov tò nàğðos xv DH, HA 16 nAjVer xóv EO, 
OZ. xoi nel (cot ciotv oi TH, HA dowWyoi Got, ciol 
dé xol ot EO, OZ àgpiüuoi (cot GAANAOtc, xal &oxty loov TO 
TAR Voc xv TH, HA x6 1Afjet tev EO, OZ, Eotw dpa we 
ô TH ngóc tov EO, obxoc 6 HA npóc xóv OZ. Eota ápa 
xal óc eic x&v NYOULEVWY npóc Eva x&v &rouévov, OUTWC 
ĞTAVTEÇ oi HYOUUEVOL Ted ÕTNAVTAÇ xobc £xouévouc. EOTIV 
&pa wo ô TH ngóc tov EO, oŬtws 6 TA nxpóc tov EZ: oi 
TH, EO dpa xoic TA, EZ &v 16 av AdYw ciotv EAdooovec 
Óvxec abtüv: nep &oxlv åðúvatov: onóxetvvot yàp oi TA, 
EZ &A&ytoxot tv tov abxóv AÓvov &£yóvicov obtOlc. OVX 
&pa uépr, Eotlv ô TA tov A: uépoc dpa. xoi 6 EZ tod B tò 
avtTO uépoc Eotiv, ónep O TA tod A: iocouc doa ô TA tov 
A uetpeï xoi ó EZ tov B: ónep eden Seigau. 


r 
Xa. 

Oi np&xot ngóc GAAHAOUS KOLO &Aé&ytoco( ciot xv TOV 
avTOV ADYOV &yÓvtov AUTOIC. 

"Eoxooav notor npóc GAAHAOUs ápiüuoi ot A, B: Aévo, 
ou oi A, B &A&ytoxo( ciot viv tov avutov Adyov &yóvvov 
a oic. 

Ei yàp uń, Écovxa( «vec x&v A, B &A&ooovec åprðuo 
&v xà adTES Aóyo Svtec xoic A, B. £ovocav oi T, A. 
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For CD is not parts of A. For, if possible, let it be 
(parts of A). Thus, EF is also the same parts of B that 
C D (is) of A [Def. 7.20, Prop. 7.13]. Thus, as many parts 
of A as are in CD, so many parts of B are also in EF. Let 
C D have been divided into the parts of A, CG and GD, 
and EF into the parts of B, EH and HF. So the multi- 
tude of (divisions) CG, GD will be equal to the multitude 
of (divisions) EH, H F. And since the numbers CG and 
GD are equal to one another, and the numbers EH and 
HF are also equal to one another, and the multitude of 
(divisions) CG, GD is equal to the multitude of (divi- 
sions) EH, HF, thus as CG is to EH, so GD (is) to HF. 
Thus, as one of the leading (numbers is) to one of the 
following, so will (the sum of) all of the leading (num- 
bers) be to (the sum of) all of the following [Prop. 7.12]. 
Thus, as CG is to EH, so CD (is) to EF. Thus, CG 
and EH are in the same ratio as CD and EF, being less 
than them. The very thing is impossible. For CD and 
EF were assumed (to be) the least of those (numbers) 
having the same ratio as them. Thus, CD is not parts of 
A. Thus, (it is) a part (of A) [Prop. 7.4]. And EF is the 
same part of B that C'D (is) of A [Def. 7.20, Prop 7.13]. 
Thus, C D measures A the same number of times that EF 
(measures) B. (Which is) the very thing it was required 
to show. 


Proposition 21 


Numbers prime to one another are the least of those 
(numbers) having the same ratio as them. 

Let A and B be numbers prime to one another. I say 
that A and B are the least of those (numbers) having the 
same ratio as them. 

For if not then there will be some numbers less than A 
and B which are in the same ratio as A and B. Let them 
be C and D. 
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STOIXEION C. 


A B Tr A E 














‘Enel odv oi &£A&ytoxot dprðuol tæv TOV aÙtòy Aóyov 
ExXOVTWY uexpobot toù TOV qÙtTÒV Adyov Éyovroc ioáxç 
6 te pelCwv tòv us(Cova xoi O EAdtIwY TOV EAcdTTOVa, 
TOUTEOTIV Ó TE HYOUUEVOS TOV HYOUUEVOYV xal ó &rÓUuevoc 
tov Emduevovy, iodxic doa ô T tov A uetpe xoi 6 A tov B. 
ooduc 07, ó T tov A uexget, tooatton uovábec čotwoav Ev 
16) E. xoi ô A &pa tov B uerpei xatà tàs êv 16) E uováooc. 
xai &nel ò T tov A uexpei xatà tàs £v 163 E uováóoc, xaí ó 
E &pa tov A expe xatà tac Ev 16 T yovddac. die và abxà 
07 ô E xoi tov B uexpei xatà tàs £v t A uovábac. o E 
&pa tole A, B uexpei npoótouc óvxac npóc GAAHAOUG STEP 
éotly adbvatov. oOx doa Eoovtal vec x&v A, B &£Aácoovec 
dptÜüuol Ev và oo1G Aóyy Svtec toic A, B. oi A, B &pa 
&A&ytoxol ciot x&v TOV MUTOYV AdYOV &yÓvvov aATOIC’ Ónep 
£6&t deltou. 


, 
xp. 
Oi &A&yioxot dprðuol tæv TOV aUTOV Adyov &£yÓvtov 
adtoic MEGTOL rpóc GAANAOUC Eloly. 





"Eotwoav &A&yiotot aevuol tæv tov avTOV Aóyov 
éydvtwv avtoic ot A, B: Aéyo, óu oi A, B mpditor npóc 
AAA MAouç city. 

Ei yàp uf, ciot meéitot npóc aAAHAOUC, uetprjost tis 
adtobs àpruós. peTpEÍTW, xol čotw Ò T. xol óoóouc uev 
ô T tov A uexpet, tooatta yovadec čotwoav &v 1G A, 


A B C D E 





Therefore, since the least numbers of those (num- 
bers) having the same ratio measure those (numbers) 
having the same ratio (as them) an equal number of 
times, the greater (measuring) the greater, and the lesser 
the lesser—that is to say, the leading (measuring) the 
leading, and the following the following—C thus mea- 
sures A the same number of times that D (measures) B 
[Prop. 7.20]. So as many times as C measures A, so many 
units let there be in E. Thus, D also measures B accord- 
ing to the units in E. And since C measures A according 
to the units in E, E thus also measures A according to 
the units in C [Prop. 7.16]. So, for the same (reasons), E 
also measures B according to the units in D [Prop. 7.16]. 
Thus, E measures A and B, which are prime to one an- 
other The very thing is impossible. Thus, there cannot 
be any numbers less than A and B which are in the same 
ratio as A and B. Thus, A and B are the least of those 
(numbers) having the same ratio as them. (Which is) the 
very thing it was required to show. 


Proposition 22 


The least numbers of those (numbers) having the 
same ratio as them are prime to one another. 


Let A and B be the least numbers of those (numbers) 
having the same ratio as them. I say that A and B are 
prime to one another. 

For if they are not prime to one another then some 
number will measure them. Let it (so measure them), 
and let it be C. And as many times as C measures A, so 
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ood 68 ó T tov B uetpei, tocatita wovddec Eotwouv ÈV 
tõ E. 

Enel ó P tov A yexpet xatà xàc êv x A uováoac, 0 
T dea tov A noddandaoidoug tov A nenotrnxev. Ou xà 
avte 67) xoi o T tov E xoAXonAactóácoc tov B nenolnxev. 
åpruòcs 4 ô T 600 åpruoùs toù A, E noddandaordouc 
toc A, B nenotnxev: Eotw dpa ac ô A npóc tòv E, obvoc 
ô A med¢ tov B: oi A, E doa tois A, B êv 16 abxG Ady 
cloly &Aáocovec Ovtec aóxGv: Ónep &oxlv doÓvarov. OvX 
&pa vobc A, B dpiüuobc åprðuós tic yetpńosi. oi A, B &pa 
TEGtOL MEd &AAf|Aouc seiotv: Smee Eder Geieon. 


, 


xy’. 
‘Edy 600 pruo noto: npóc AAAA ous Dow, Ò TÒV Eva 
avtéyv uETPÕV &prÝuÒG npóc TOV AOLTOV TPÕTOÇ ČOTAL. 








| 
w B Dv. A 


”"Eotwoav 800 åpruol npóot npóc dAAYAoUc oi A, B, 
tov è A uexpe(xo tic ápiüuóc ô I^ Aéyo, ów xoi ot T, B 
TEGTOL ngóc GAAHAOUG eiotv. 

Ei yàp uf, eiotv oi D, B ngGxot npóc &AAńAouc, ueverjoet 
[uc] tobe T, B ópiüuóc. uevpe(to, xoi Éovo ô A. nel ò 
A tov T uexgei, ó òè D tov A uexgei, xoi ó A doa xóv A 
uetpei. getpei 88 xoi tov B: 6 A doa toùs A, B yetpet 
TEWTOUS Óvxac npóc GAANAOUCG: STEP &oxiv &dúvatov. oOx 
goa xobc I', B ápiüuoUc ópiüuóc tig etoos. oi T, B how 
TEGTOL npóc GAAMAOUC elotv: nep Eder Geiton. 





xo. 


‘Edy 660 deol npóc twa àpiüuóv npóot Got, xol Ò 
ÈG QUTGY Yevóuevoc npóc TOV AÙTÒV npG oc EOTAL. 
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many units let there be in D. And as many times as C 
measures B, so many units let there be in E. 

Since C measures A according to the units in D, C 
has thus made A (by) multiplying D [Def. 7.15]. So, for 
the same (reasons), C has also made B (by) multiplying 
E. So the number C has made A and B (by) multiplying 
the two numbers D and E (respectively). Thus, as D is 
to E, so A (is) to B [Prop. 7.17]. Thus, D and E are in 
the same ratio as A and B, being less than them. The 
very thing is impossible. Thus, some number does not 
measure the numbers A and B. Thus, A and B are prime 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 23 


If two numbers are prime to one another then a num- 
ber measuring one of them will be prime to the remaining 
(one). 

















A B C D 


Let A and B be two numbers (which are) prime to 
one another, and let some number C measure A. I say 
that C and B are also prime to one another. 

For if C and B are not prime to one another then 
[some] number will measure C and B. Let it (so) mea- 
sure (them), and let it be D. Since D measures C, and C 
measures A, D thus also measures A. And (D) also mea- 
sures B. Thus, D measures A and B, which are prime 
to one another. The very thing is impossible. Thus, some 
number does not measure the numbers C and B. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 24 


If two numbers are prime to some number then the 
number created from (multiplying) the former (two num- 
bers) will also be prime to the latter (number). 
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A B Tr A EZ 




















Abo yàp àpiüuol ot A, B npóc tiva åprðuòv tov T npGot 
gotwoav, xoi O A tov B roddkandacidoacg tov A nowitw 
Aéyc, Ott oi T, A mpdstor npóc dA jXouc ciotv. 

Et yàp ur, eio ot T, A np&cot npóc GAAYjAouc, uexerjoet 
[tic] toùs T, A ópiüuóc. uecpe(xo, xoi Zotw 6 E. xoi Enel 
oi T, A ng&tot npóc HAANAOUS eiotv, tov 68 I uexpet tis 
dptüuóc ô E, oi A, E &pa nxpóxot npóc GAAfjAouc cioiv. 
oodxic 57) 6 E tov A uevpei, tooatta uováóec Eotwoay Ev 
16 Z: xoi Ô Z doa tov A yetpet xoà tac Ev 16) E uováoac. 
ô E äpa tov Z noXAamAaocikcac tov A mexoí(mxev. dAAà 
Uv xal ô A tov B xoAXonAactécoc tov A nenolrxev: toos 
&pa éodlv ô Ex tõv E, Z xi ex vv A, B. àv dé 6 ono 
TOV dxpwv tooc 7j TG UNO 1v u£oov, oi xéooapsc àptÛuol 
åváňoyóv eiotv: Eotw dpa óc ô E npóc tov A, obvoc ô B 
xpóc tov Z. oL òè A, E mpéstot, ot 68 npóxot xoi EACYLOTOL, oi 
6& EAdyLoTOL doLUOl x&v TOV AUTOV AdyoV EXYdVTWY AdTOIC 
yetpovot tos xóv abtTOV AdYOV &yovxac loduic 6 te ueiCov 
tov ue(Gova xal 6 EAcoowV TOV &£Aácoova, TOUTEOTW Ó TE 
NYOWUEVOS TOV HYOUUEVOY xoi O &nÓóuevoc TOV EMOUEVOV’ ò 
E äpa tov B uexpet. uevpet 6¢ xoi tov I 6 E dou tobe B, T 
UETEEL TOWTOUCS Óvvac npóc AAAA us: ónep &oxiv KSVVaATOV. 
00x pa vobc T, A dovyov àpiüuóc tig uetojoet. of T, A 
äpa TPGTOL góc GAAHAOUC sioiv: ónep Eder dcér. 


, 


XE. 


‘Edy 960 àpiüpol npóxot npóc AAAA ous Bow, ô Ex TO 
&vóc AUTEY Yevóuevoc ngóc TOV AOLMOV NPÕTOG £ocot. 
”"Eotwoav 800 åpruol npóot npóc dAAYAoUc oi A, B, 


xol o A éauxóv roAAanAacidoasg tov I noit Aévo, Ott 
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A B C D E E 























For let A and B be two numbers (which are both) 
prime to some number C. And let A make D (by) multi- 
plying B. I say that C and D are prime to one another. 

For if C and D are not prime to one another then 
[some] number will measure C and D. Let it (so) mea- 
sure them, and let it be E. And since C and A are prime 
to one another, and some number E measures C, A and 
E are thus prime to one another [Prop. 7.23]. So as 
many times as E measures D, so many units let there 
be in F. Thus, F also measures D according to the units 
in E [Prop. 7.16]. Thus, E has made D (by) multiply- 
ing F [Def. 7.15]. But, in fact, A has also made D (by) 
multiplying B. Thus, the (number created) from (multi- 
plying) E and F is equal to the (number created) from 
(multiplying) A and B. And if the (rectangle contained) 
by the (two) outermost is equal to the (rectangle con- 
tained) by the middle (two) then the four numbers are 
proportional [Prop. 6.15]. Thus, as E is to A, so B (is) 
to F. And A and E (are) prime (to one another). And 
(numbers) prime (to one another) are also the least (of 
those numbers having the same ratio) [Prop. 7.21]. And 
the least numbers of those (numbers) having the same 
ratio measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, E measures B. And it also 
measures C. Thus, E measures B and C, which are prime 
to one another. The very thing is impossible. Thus, some 
number cannot measure the numbers C and D. Thus, 
C and D are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 25 


If two numbers are prime to one another then the 
number created from (squaring) one of them will be 
prime to the remaining (number). 

Let A and B be two numbers (which are) prime to 
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oi B, T ng&xot ngóc HAANAOus cioty. 


A B T A 











Ketodw yàp xG A {oos 6 A. nel oi A, B npótot npóc 
d&ANAOUs eiotv, (coc õè ô A tẸ& A, xal oi A, B &pa npóxot 
xpóc GAAQAouc ciotv: &xávepoc doa xiv A, A npóc tòv B 
xpótóc Eotiv’ xa O Ex tev A, A dpa Yevóuevoc npóc Tov B 
notos Eota. Ô SE Ex THY A, A vevóuevoc ápiüuóc Eotw ô 
T. oiT, B dea np&xot npóc dAAHAOUc eiotv: ónep Eder Seta. 


, 
XS. 
‘Edy 600 àprðuol npóc 600 ópuüuoUc auUpdtepoL npóc 
&xáxepov notor How, xol oi && otv Yevóuevot npótot 
npóc GAAHAOUS Écovxot. 





TB S l 


Am 








Bre 
E 
Za j 


Ato yàp åpðuo ot A, B npòs 600 dpiüuobc xobc T, 
A aupdétepot Teds &xáxepov npüxot čotwoav, xol O uèv 
A tov B xoAAanAacikcoac tov E nowitw, 6 68 rT tov A 
ToAAaTAaoidous tov Z xote(v: Aévo, Sti oi E, Z np6stot 
TES GAAAAOUS Eloty. 

"Enel yàp &xéxepoc x&v A, B ngóc tov I noõtóç Eotw, 
xoi ô &x x&v A, B &pa yevéuevoc npóc tov T nedstog Zota. 
ô dé £x x&v A, B vevóuevóc Eottv ó E: oi E, T &pa npóxot 
TOG dAAf|kouc eiotv. Sia TH HUTA OF xol oi E, A npó tot 
xpóc GAAVAOUs cioív. &xóávepoc dow viv T, A npóc tov E 
npótóc Eotw. xoà 6 &x xGv D, A doa Yevóuevoc npóc Tov 
E npóvoc Écxot. 0 68 éx x&v T, A vevóuevóc Eotw ô Z. oi 
E, Z dea notori npóc &AANAOuc eiotv: ónep Eder Seta. 
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one another. And let A make C (by) multiplying itself. I 
say that B and C are prime to one another. 


A B C D 


For let D be made equal to A. Since A and B are 
prime to one another, and A (is) equal to D, D and B are 
thus also prime to one another. Thus, D and A are each 
prime to B. Thus, the (number) created from (multily- 
ing) D and A will also be prime to B [Prop. 7.24]. And C 
is the number created from (multiplying) D and A. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 26 


If two numbers are both prime to each of two numbers 
then the (numbers) created from (multiplying) them will 
also be prime to one another. 

















A oC i 
B= D= 
E i 

E l 


For let two numbers, A and B, both be prime to each 
of two numbers, C and D. And let A make E (by) mul- 
tiplying B, and let C make F (by) multiplying D. I say 
that E and F are prime to one another. 

For since A and B are each prime to C, the (num- 
ber) created from (multiplying) A and B will thus also 
be prime to C [Prop. 7.24]. And E is the (number) cre- 
ated from (multiplying) A and B. Thus, E and C are 
prime to one another. So, for the same (reasons), E and 
D are also prime to one another. Thus, C and D are each 
prime to E. Thus, the (number) created from (multiply- 
ing) C and D will also be prime to E [Prop. 7.24]. And 
F is the (number) created from (multiplying) C and D. 
Thus, E and F are prime to one another. (Which is) the 
very thing it was required to show. 
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XC. 

‘Edy 500 àpiüuol medstot npóc àAXfjAoUc Bow, xol Toà- 
AamAact&cac &xévepoc EXUTOV noi tiva, oi Yevóuevot && 
AvUTHY npGrot npóc GAAfjAouc Écovrot, x&v oi EE dpyiic 
tos Yevouévouc roAAorAaotoavrec roro tivas, xoxelvot 
TEGSTOL npóc GAAHAOUC Écovrou [xo cel nepi tobe Gxpouc 
tovto oupuBatvet]. 


ABT AE Z 














”"Eotwoav 800 åprðuol rotoi npóc dAAYAouc oi A, B, 
xoi ó A &éau1óv uèv noAAanAaciécac tov I notettw, tov 
dé Dl roAXanAeci&cac tov A mnovwíto, 6 6€ B eautov uèv 
ToAAatAaoidoac tov E xote(to, tov 6€ E xoAAamAaotócoc 
tov Z nowitw Aévo, Sti ot te D, E xoi oi A, Z npóot npóc 
aAANAOUS eiotv. 

"Enci yàp ot A, B npó:xot npóc àAAfjAouc cioív, xoi ô 
A éautov roAAonAaociécoc tov I' nenoinxev, oi T, B tow 
rpó ot npóc dAAfjAouc eiotv. Exel oov oi T, B npórot npóc 
AA Aou tiov, xoi ò B &autóv noXAanAaocikcac tov E 
xero(nxev, oi T, E doa npó xot npóc HAAHAous eiotv. r&v, 
&nel ot A, B npóitot npóc dAAfjAouc ciotv, xoi ô B &auxóv 
xoAAonAactécoc tov E nenotnxev, ot A, E doa npóxot npóc 
dAXfAouc ciotv. Enel otv 600 åprÛuol oi A, T npóc 600 
&ptüuobc tol B, E ógqóxepot npóc &xó&egov npóxol ciow, 
xoi ò éx 1v A, T &pa Yevóuevoc npóc tov Ex xv B, E 
npóóc otv. xal &ouv ô uèv ex x&v A, T ô A, 6 òè Ex 
t&v B, E ô Z. oi A, Z dpa ngGxot npóc àAAfjXouc ciotv: 
bree óc Seta. 
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Proposition 27t 


If two numbers are prime to one another and each 
makes some (number by) multiplying itself then the num- 
bers created from them will be prime to one another, and 
if the original (numbers) make some (more numbers by) 
multiplying the created (numbers) then these will also be 
prime to one another [and this always happens with the 
extremes]. 


A B C D E E 




















Let A and B be two numbers prime to one another, 
and let A make C (by) multiplying itself, and let it make 
D (by) multiplying C. And let B make E (by) multiplying 
itself, and let it make F by multiplying E. I say that C 
and E, and D and F, are prime to one another. 

For since A and B are prime to one another, and A has 
made C (by) multiplying itself, C and B are thus prime 
to one another [Prop. 7.25]. Therefore, since C and B 
are prime to one another, and B has made E (by) mul- 
tiplying itself, C and E are thus prime to one another 
[Prop. 7.25]. Again, since A and B are prime to one an- 
other, and B has made E (by) multiplying itself, A and 
E are thus prime to one another [Prop. 7.25]. Therefore, 
since the two numbers A and C are both prime to each 
of the two numbers B and E, the (number) created from 
(multiplying) A and C is thus prime to the (number cre- 
ated) from (multiplying) B and E [Prop. 7.26]. And D is 
the (number created) from (multiplying) A and C, and F 
the (number created) from (multiplying) B and E. Thus, 
D and F are prime to one another. (Which is) the very 
thing it was required to show. 


İt In modern notation, this proposition states that if a is prime to b, then a? is also prime to b?, as well as a? to b3, etc., where all symbols denote 


numbers. 


x"). 

‘Edy 600 àpruo noto: npóc HAAHAOUC Gow, xol ov- 
VOLLPOTEPOS npóc &xéátepov ALTHY npGroc Éovav xoà &àv 
cuvogupótepoc npóc Eva xtvà obrGv npüroc f xol oi && 
&pyfjc Hovwdyol meditor npgóc GAANAOUC EGOVTAL. 


Proposition 28 


If two numbers are prime to one another then their 
sum will also be prime to each of them. And if the sum 
(of two numbers) is prime to any one of them then the 
original numbers will also be prime to one another. 
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A 











A 


huyxeiodwoav yàp 600 dpo medstot npóc GHAAHA- 
ouc oi AB, BT: AEéyw, Sti xoi ouvaupótepos ô AT npóc 
&xáxepov t&v AB, BI npGróc otw. 

Ei yoo uf, ciow oi TA, AB npóxot npóc GAAHAOUG, 
ueprioet tic toc DA, AB dewWudc. uevps(xo, xoi £ovo ô A. 
&nel ov ô A vobc TA, AB uetpeï, xoi Aouxóv Gow tov BD 
Mevprjoet. uexpet 68 xoi tov BA: ô A dea xobc AB, BT pe- 
Teel npótouc Óvvac npóc AAAA ous: Step &oxlv àOvarov. 
oOx äpa toùs TA, AB åprðuoùs åprðuós xc uevprjoev. oi 
TA, AB da noto mpd¢ dAAfAouc ciotv. Sie xà AUTH 7) 
xoi ot AT, B ngóot med¢ GAAHAOUG ciotv. 6 TA &pa npóc 
&xáxepov t&v AB, BI npéitdé¢ otw. 

*Eotwouy 07, náv ot DÀ, AB nxpóot npóc &AAHAOUC: 
Aéyc, Ott xoi ot AB, BT rodstor mpd¢ GAAKAOUc cioív. 

Ei yoo uf, ciow ot AB, BI ngótot mpd¢ GAAHAOUG, 
ueprioet tic tovc AB, BT àgiüuóc. uetpeitw, xoi Eotw ô A. 
xai &rei ô A exdtepov x&v AB, BT ueteei, xoi óAov dea tov 
TA uexerjoet. uevpet ðè xoi tov AB: 6 A &pga tobe DA, AB 
uexpet TOWTOUC óvvac npóc GAANAOUC: óxep &oxiv KSVVATOV. 
oOx &pa tobe AB, BT ápiüuobc ópuüuóc vc uevprjoe.. oi 
AB, BT dea notor npóc &AAfjAouc eiotv: nep Eder Setar. 


xà. 


“Anas np&oc dpuüuóc npóc Gravta dowdy, Ov Un uE- 
Tost, Medstd¢ &ov. 





B j 


T = 








"Eoo notos ópuüuóc ô A xol tov B uh uetpeitw: Aévo, 
out oi B, A ng&rot npóc dAA|Xouc cioív. 

Ei yàp uf, eiotv ot B, A npótot npóc GAAYAOUG, uexerjoet 
tic avtobc aprüuóc. uevpge(xo ó T. Exel ò T tov B uerpet, 
ô 6€ A tov B o0 uetoet, ô D doa 16 A oOx Eotw 6 avtdc. 
xai &xei ô T tobvc B, A uetpei, xoi tov A doa uexpei Tedtov 
OVTA UY) OV aoxG Ò ob1Óc: Ónep EoTIY &ðúvatov. oUx hea 
tovc B, A vetproet tic dpiüuóc. ot A, B &pa editor npóc 
d&AAVAOUS eiotv: Step Eder Seta. 
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A B C 


ec y ë 


D! l 

For let the two numbers, AB and BC, (which are) 
prime to one another, be laid down together. I say that 
their sum AC is also prime to each of AB and BC. 

For if CA and AB are not prime to one another then 
some number will measure CA and AB. Let it (so) mea- 
sure (them), and let it be D. Therefore, since D measures 
C A and AB, it will thus also measure the remainder BC. 
And it also measures BA. Thus, D measures AB and 
BC, which are prime to one another. The very thing is 
impossible. Thus, some number cannot measure (both) 
the numbers CA and AB. Thus, CA and AB are prime 
to one another. So, for the same (reasons), AC and CB 
are also prime to one another. Thus, C A is prime to each 
of AB and BC. 

So, again, let CA and AB be prime to one another. I 
say that AB and BC are also prime to one another. 

For if AB and BC are not prime to one another then 
some number will measure AB and BC. Let it (so) mea- 
sure (them), and let it be D. And since D measures each 
of AB and BC, it will thus also measure the whole of 
CA. And it also measures AB. Thus, D measures CA 
and AB, which are prime to one another. The very thing 
is impossible. Thus, some number cannot measure (both) 
the numbers AB and BC. Thus, AB and BC are prime 
to one another. (Which is) the very thing it was required 
to show. 





Proposition 29 


Every prime number is prime to every number which 
it does not measure. 


A! 


B pT" 





C ——— 

Let A be a prime number, and let it not measure B. I 
say that B and A are prime to one another. For if B and 
A are not prime to one another then some number will 
measure them. Let C measure (them). Since C measures 
B, and A does not measure B, C is thus not the same as 
A. And since C measures B and A, it thus also measures 
A, which is prime, (despite) not being the same as it. 
The very thing is impossible. Thus, some number cannot 
measure (both) B and A. Thus, A and B are prime to 
one another. (Which is) the very thing it was required to 
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A. 


‘Edy 600 aptüpol nodkAaTAaoidoavtes GAANAOUC TOLédot 
Tiva, TOV 68 Yevóuevov ÈE MUTEY uETEÑ vc MEGTOS åprðuós, 
xal Eva xGv ÈE dpyric uevprjoet. 





Abo yàp devuot ot A, B roAXanAact&caviec åAA Aous 
tov I note(xooav, tov õè T uevpe(xo tic notos dowudc ò 
A: hyo, 611 6 A Eva x&v A, B vetoes. 

Tov yàp A uù uetpeitw: xal ċott np&oc ô A: oi A, 
A dpa mpéitor npóc GAAVAOUS eiotv. xol doduic ô A tov T 
uetpei, TooaUta Uovadec Eotwouv &v 16) E. nel otv ô A 
tov I uetoet xatà tac év 16) E yovddac, 6 A &pa tov E 
xoAAonAaoctécoc tov T nenotnxev. Grd wv xoi o A tov 
B xoAAanAaoctócoac tov I nenotnxev’ ïoos dou &oxlv ô Ex 
t&v A, E xà x tév A, B. gotw doa óc ô A npóc tov A, 
obxoc ô B npóc tov E. oi 6€ A, A rpéitot, ot 68 npótot xol 
&A&ytoxot, oi SE EAdyLOTOL UETEOUOL Tobe TOV abxÓv AdYOV 
éyovtac toduig 6 te ueiGov tov UetTova xal ó &£Aáooov TOV 
&£Aóáoocova, TOUTEOTIY 6 TE NYOUUEVOS TOV NYOUWUEVOV xal ò 
&nÓyuevoc Tov Enducvov’ Ò A doa tov B uetpet. ópotoc 97, 
Oc(&ouev, Sti xoi Exv tov B uh uexpfi, tov A ueverioet. ô A 
dou Eva x&v A, B yetpet Smee Eder Seta. 


ha’. 


“Anaç obwievtoc dpuüuóc O16 npocou TIvd¢ dorÜuo0 ue- 
TOELTOL. 


"Eo obvevtoc åprðuòs 6 A: Aévo, ów Ó A UNS TEWTOU 
1tvóc dpuüuoO uecpeicot. 
"Enc yàp oóvücróc Eotw ó A, YETPHoEL xc aUTOV 
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show. 


Proposition 30 


If two numbers make some (number by) multiplying 
one another, and some prime number measures the num- 
ber (so) created from them, then it will also measure one 
of the original (numbers). 


For let two numbers A and B make C (by) multiplying 
one another, and let some prime number D measure C. I 
say that D measures one of A and B. 

For let it not measure A. And since D is prime, A 
and D are thus prime to one another [Prop. 7.29]. And 
as many times as D measures C, so many units let there 
be in E. Therefore, since D measures C according to 
the units E, D has thus made C (by) multiplying E 
[Def. 7.15]. But, in fact, A has also made C (by) multi- 
plying B. Thus, the (number created) from (multiplying) 
D and E is equal to the (number created) from (mul- 
tiplying) A and B. Thus, as D is to A, so B (is) to E 
[Prop. 7.19]. And D and A (are) prime (to one another), 
and (numbers) prime (to one another are) also the least 
(of those numbers having the same ratio) [Prop. 7.21], 
and the least (numbers) measure those (numbers) hav- 
ing the same ratio (as them) an equal number of times, 
the greater (measuring) the greater, and the lesser the 
lesser—that is to say, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
D measures B. So, similarly, we can also show that if 
(D) does not measure B then it will measure A. Thus, 
D measures one of A and B. (Which is) the very thing it 
was required to show. 


Proposition 31 


Every composite number is measured by some prime 
number. 

Let A be a composite number. I say that A is measured 
by some prime number. 

For since A is composite, some number will measure 
it. Let it (so) measure (A), and let it be B. And if B 
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dewudc. uecps(xo, xoi £ovo ó B. xoi el u£v npõTtóç &ottv ò 
B, veyovóc äv etr, tO Emttaydév. ei de oóvÜOeroc, UETEHoEL 
TIG HUTOY dotUuóc. uetpe(vo, xol Eotw ô T. xoi exci o T 
tov B yetoet, ô òè B tov A uetpeï, xoi ô T doa tov A 
uetpet. xoà ei u£v meditdc otv ò I, yeyovoc àv ely tO 
emitayvev. ci d€ ovVUETOC, uetpfjoe Tiç AVTOV dpuuóc. 
xotaütric BY) yivopévns &rioxédeoc Anpdioetal tic totos 
åprůuós, Öç uexprjoet. et yàp Ov Anpürjoecxot, uexprjoouot 
tov A ópiüpóv Gregor covduol, Gv Etepoc &xépou EAdoOWV 
éotly’ Óónep Eotly ad0vatov £v dpiüuolc. AnpDioetat tis doa 
npótoc dptüuóc, Oc uexprjoet TOV TPO EaUTOU, Óc xol Tov A 
UETERCEL. 





“Anac doa oovüevroc dpuüuóc UNS TEwTOU xtvóc doLNLOD 
uexpeixot: ónep Eder dcia. 


Ag. 

"Axac dpuüuóc fjvot np&óc otv f, UNS npotou ttvóc 
devuod uecpelcot. 

AR 

"How ópiüuóc ó A: Aévco, ów 6 A Hrot npgGóc otv ñ 
DUNO TE@TOL ttvóc àptÛuoŬ UeTeEiToUL. 

Ei uèv odv meditdg &owv ô A, yeyovòs àv cir tó 
émitayvev. et d€ obvdetoc, pETPÝOEL TIG AVTOV npóxoc 
&puüuóc. 

"Axac toa dovduds fiot npüxóc otv f| 
twoc åprÛuoŬ uetpeïtar ónep Eder Seigaun. 


CES S ^, 


LTO TQOTtOU 


AY. 

"Aou v sodévtwv Onoowvoby eteeiv vobc Ehaytotouc 
TOY TOV AUTOV AÓYOV EYSVTWY aAUTOIC. 

"Eowouy oi dovEevtec óxocotobov pruo ot A, B, T- det 
67] eveeiv tobc EdAaylotouc x&v Tov abtóv Adyov &yÓvtov 
toic A, B, T. 

Ot A, B, T yàp fixot mpéitor npóc dAXYjAouc ciolv f| o0. 
ei u£v ov oi A, B, T ngGxot npóc GAANAOUG eiotv, £A&ytoxot 
ciot x&v TOV AUTOV ADYOV &yÓvtov AUTOIC. 
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is prime then that which was prescribed has happened. 
And if (B is) composite then some number will measure 
it. Let it (so) measure (B), and let it be C. And since 
C measures B, and B measures A, C thus also measures 
A. And if C is prime then that which was prescribed has 
happened. And if (C is) composite then some number 
will measure it. So, in this manner of continued inves- 
tigation, some prime number will be found which will 
measure (the number preceding it, which will also mea- 
sure A). And if (such a number) cannot be found then an 
infinite (series of) numbers, each of which is less than the 
preceding, will measure the number A. The very thing is 
impossible for numbers. Thus, some prime number will 
(eventually) be found which will measure the (number) 
preceding it, which will also measure A. 


AK 


B. | 


C — —3 
Thus, every composite number is measured by some 


prime number. (Which is) the very thing it was required 
to show. 





Proposition 32 


Every number is either prime or is measured by some 
prime number. 

A SS 

Let A be a number. I say that A is either prime or is 
measured by some prime number. 

In fact, if A is prime then that which was prescribed 
has happened. And if (it is) composite then some prime 
number will measure it [Prop. 7.31]. 

Thus, every number is either prime or is measured 
by some prime number. (Which is) the very thing it was 
required to show. 


Proposition 33 


To find the least of those (numbers) having the same 
ratio as any given multitude of numbers. 

Let A, B, and C be any given multitude of numbers. 
So it is required to find the least of those (numbers) hav- 
ing the same ratio as A, B, and C. 

For A, B, and C are either prime to one another, or 
not. In fact, if A, B, and C are prime to one another then 
they are the least of those (numbers) having the same 
ratio as them [Prop. 7.22]. 
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B A E Z 


Ei òè o0, cigo Gv A, B, T tò uévtoxov xowóv 
uétpov ô A, xoi óocouc 6 A éxaotov tæv A, B, T uexpet, 
Tooata uováoec Eotwouv £v &xáoto tæv E, Z, H. xoi 
éxaotoc toa x&v E, Z, H éxaotov xGv A, B, T yetpet xoxà 
tac £v 16) A uovóbac. oi E, Z, H &pa tobe A, B, T ioóoac 
uexpobDotv: oi E, Z, H dpa voic A, B, T êv 16 aó1G óy% 
ciotv. Aéyw On, OTL xoà EAdyLoTOL. ei yàp ur, eiow oi E, Z, 
H &Aéytoxot x&v tov avtov Adyov &yóvvov totic A, B, T, 
čoovta [tives] x&v E, Z, H &A&ooovec åprðuol êv 6 avdtés 
Aóyo övtes xoic A, B, T. Eotwoay oi O, K, A: ioåxs &pa 6 
O tov A uexpei xal Exdtepoc v&v K, A &xéxepov x&v B, T. 
doduic 6€ 0 O tov A uexpei, xocaütot pováðeç čotwoav Ev 
t& M: xoi êxåtepos doa xv K, A &xávepov t&v B, T uexpei 
MATa xàc Ev v& M uovábac. xoi Exel ô O tov A uexpet xatà 
tac £v 16) M yovddac, xoi ô M &pa tov A ueETtpEÑ xoxà xàc 
£v 1G O Lovddac. Sid Ta wUTA DÀ ô M xoà &x&xepov x&v B, 
T uexpei xoà tàs &v &xorépo vv K, A uovábac: ô M dpa 
tovc A, B, T uexpgei. xoi é&rel ô O tov A uexpei xoà tàs 
¿v 16 M yovddac, 6 O ápa tov M noAXanAaciécac tov A 
xenoinxev. Sid xà AUTH 07, xoi ô E tov A noddandaordouc 
tov A nenotnxev. tooc dpa éotlv ô ex xv E, A 1G ex 
x&v O, M. éotw dea óc ò E npóc tov O, ovtwc ô M npóc 
tov A. ue(Gov õè ô E tod O- us(Cov dea xoi 6 M tod A. 
xoà yeteet tobc A, B, I Ónep Eotiv &ðúvatov: Undxertot 
yàp ô A x&v A, B, T tò uéyiotov xotvóv uéxpov. 00x dpa 
éoovtat tives t&v E, Z, H &A&ooovec óptüuol £v tT a1G 
Aóvt« Svtec voic A, B, T. ot E, Z, H doa &A&ytoxoí ciot xGv 
Tov aUTOV Aóvov &yóvvov xoic A, B, T: ónep £óct oci&on. 


A T H € 


i] 


A M 
| 





AO. 
Abo åprðu&v 6oUévvov ebesiv, Ov &Adytovov uevpoboty 
åprðuóv. 
”Eotwoav oi dodevtec 600 pruo ot A, B: det 57 cdpsiv, 
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A B C D 


"ri 


G H K L M 
| 


| | 





And if not, let the greatest common measure, D, of 
A, B, and C have be taken [Prop. 7.3]. And as many 
times as D measures A, B, C, so many units let there 
be in E, F, G, respectively. And thus E, F, G mea- 
sure A, D, C, respectively, according to the units in D 
[Prop. 7.15]. Thus, E, F, G measure A, B, C (respec- 
tively) an equal number of times. Thus, E, F, G are in 
the same ratio as A, B, C (respectively) [Def. 7.20]. So I 
say that (they are) also the least (of those numbers hav- 
ing the same ratio as A, B, C). For if E, F, G are not 
the least of those (numbers) having the same ratio as A, 
B, C (respectively), then there will be [some] numbers 
less than E, F, G which are in the same ratio as A, B, C 
(respectively). Let them be H, K, L. Thus, H measures 
A the same number of times that K, L also measure B, 
C, respectively. And as many times as H measures A, so 
many units let there be in M. Thus, K, L measure B, 
C, respectively, according to the units in M. And since 
H measures A according to the units in M, M thus also 
measures A according to the units in H [Prop. 7.15]. So, 
for the same (reasons), M also measures B, C accord- 
ing to the units in K, L, respectively. Thus, M measures 
A, B, and C. And since H measures A according to the 
units in M, H has thus made A (by) multiplying M. So, 
for the same (reasons), E has also made A (by) multiply- 
ing D. Thus, the (number created) from (multiplying) 
E and D is equal to the (number created) from (multi- 
plying) H and M. Thus, as E (is) to H, so M (is) to 
D [Prop. 7.19]. And E (is) greater than H. Thus, M 
(is) also greater than D [Prop. 5.13]. And (M) measures 
A, B, and C. The very thing is impossible. For D was 
assumed (to be) the greatest common measure of A, B, 
and C. Thus, there cannot be any numbers less than E, 
F, G which are in the same ratio as A, B, C (respec- 
tively). Thus, E, F, G are the least of (those numbers) 
having the same ratio as A, D, C (respectively). (Which 
is) the very thing it was required to show. 


Proposition 34 


To find the least number which two given numbers 
(both) measure. 
Let A and B be the two given numbers. So it is re- 
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Ov EAdYLOTOV uexpoboty dpuüuóv. 


A: | 











Oi A, B yàp fjvot npgGtot npóc GAAf|Aouc ciolv f| o0. 
Eotwoay npóxepov oi A, B noto: npóc dAAfAouc, xol ò A 
tov B noAAanAaci&cac tov T notettw: xoi 6 B &pa tov A 
noààaniaocidoas tov I nenotnxev. ot A, B doa tov T ue- 
toovow. Aéyw Of], Óxt xo EAdyLoTOV. ei yàp UH, ueverjoovot 
twa dowyov oi A, B &Aácoova évta tod T. uevpe(xooav 
tov A. xoi óoóouc ô A tov A uerpei, tooatita uovábec 
čotwoav £v 16) E, doduic 6€ ô B tov A yexpei, vocat cot 
uováGec čotwoav £v 16) Z. Oo uèv A doa tov E nroa- 
TAaoidoug tov A nenxo(nxev, ô òè B tov Z noddandaordoauc 
tov A nenoírxev: icoc doa &oxlv ô &x vv A, E 16 £x tov 
B, Z. €otw doa óc ô A npóc tòv B, obxoc ô Z npóc Tov 
E. ot 6£ A, B mpéitot, oi 6& mpdtoL xoi EAdyLotOL, oi Sé 
EAGKLOTOL UETEOVAL Tobe TOV AVTOV ADYOV ExOVTAC Lodouc ő 
te ueiGov tov ue(Cova xol O EAcoowv Tov &A&ocovo ò B 
dea tov E uevpet, wo £xóuevoc &nóuevov. xoi Exel ô A tov 
B, E noddandaoidoug tobe D, A nenxotnxev, Zotw pa we 
ô B ngóc tov E, oŬtws 6 T npóc tov A. uexvpei òè 6 B tov 
E: uexpet dow xoi ò T tov A 6 ue(Cov tov &A&coova ónep 
gotly adbvatov. oOx doa oi A, B uetootot twa åprðuòv 
&Accoova óvra tov D. ôT &pa &Acytoxoc àv onó t&v A, B 
uepelcau. 











Hr— € —3 

My £oxooav Sf oi A, B mpótot npóc GAXfAouc, 
xol eXfypücoovy £A&yiotot dpuüuol x&v Tov aVTOV AÓYov 
éydvtwy tois A, B oi Z, E: (coc doa &oxiv ò &x x&v A, E x6 
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quired to find the least number which they (both) mea- 
sure. 


E = 

For A and B are either prime to one another, or not. 
Let them, first of all, be prime to one another. And let A 
make C (by) multiplying B. Thus, B has also made C 
(by) multiplying A [Prop. 7.16]. Thus, A and B (both) 
measure C. So I say that (C) is also the least (num- 
ber which they both measure). For if not, A and B will 
(both) measure some (other) number which is less than 
C. Let them (both) measure D (which is less than C). 
And as many times as A measures D, so many units let 
there be in E. And as many times as B measures D, 
so many units let there be in F. Thus, A has made D 
(by) multiplying E, and B has made D (by) multiply- 
ing F. Thus, the (number created) from (multiplying) 
A and E is equal to the (number created) from (multi- 
plying) B and F. Thus, as A (is) to B, so F (is) to E 
[Prop. 7.19]. And A and B are prime (to one another), 
and prime (numbers) are the least (of those numbers 
having the same ratio) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
B measures E, as the following (number measuring) the 
following. And since A has made C and D (by) multi- 
plying B and E (respectively), thus as B is to E, so C 
(is) to D [Prop. 7.17]. And B measures E. Thus, C also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea- 
sure some number which is less than C. Thus, C is the 
least (number) which is measured by (both) A and B. 


A —&—— B «——4 


E -—— 





So let A and B be not prime to one another. And 
let the least numbers, F and E, have been taken having 
the same ratio as A and B (respectively) [Prop. 7.33]. 
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&x x&v B, Z. xoi ò A tov E rodAandaoidoac tov T rote(xor 
xoi ò B doa tov Z noXXanAoctiácac tov T nenoínxev: oi A, 
B da tov T uevpobotv.. Aéyw f, OTL xol £A&ytoxov. ei yàp 
uf, uexerjoouoí twa dowdy ot A, B £Aácoova dvta tot 
T. uexpge(vooav tov A. xoi óocoac uèv ô A tov A uexpet, 
tooata uovábec Eotwoay èv 16) H, 6oóouc 66 0 B tov A 
uetpei, tooatita uováGec Eotwoay èv 16) ©. 6 uèv A dpa 
tov H nxoAAamAactécoac tov A nenoinxev, ô dé B tov O 
TodAarAaoidous tov A nenoinxev. (coc doa &oxiv 6 &x xGv 
A, H xà &x tév B, O- Eotw doa óc 6 A npóc tòv B, obvoc 
ô © npóc tov H. óc 6€ ô A npóc xóv B, obvoc ô Z npóc 
tov E: xal óc dpa ò Z npóc tov E, obtoc ô O npóc Tov 
H. oi òè Z, E eAdytotot, ot 6& EAdytotot Ueteovar xobc Tov 
avtoOv Adyov Exovtac toduic 6 te pelCwv tov uetCova xol ô 
&£Aácoov TOV £Aácoovo: ò E doa tov H uetoet. xal Enel ò 
A tovc E, H noAAonAact&cac tobe T, A nenotnxev, gotww 
&pa Wo ô E npóc tov H, obxoc ô T npóc tov A. ô 66 E tov 
H uexget- xoi ô T dpa tov A uexpet ò uetCov tov &Aácoovar 
ónep Eotlv &d0vatov. oOx doa oi A, B uetpńoovoí twa 
devuov EAdooova óvxa tod T. 6 I' dea &Aóytoxoc àv ono 
t&v A, B uetpeito ónep Ener deigan. 


^ 
Ae’. 
‘Edy 860 dprðuoÌl covudy Tiva uevpóoty, Kol Ò EALYLOTOS 
ÙT’ AÛTÕV UETEOUVUEVOS TOV HUTOV uerproet. 





Am Bı j 


T Z A 


e—a ë 


E1 

Ato yàp åprðuoi ot A, B åàprðuóv tiva tov TA pe- 
1pe(vooav, ¿àgyiotov ðè tov E Aéyw, Ów xoi ó E tov TA 
uepet. 

Et yàp où uexgei ò E tov DA, ô E tov AZ petpõv 
Aewéxo Exutod EAdooova tov TZ. xoi Enel oi A, B tov E 
yetpovow, ô òè E tov AZ uetoei, xoi ot A, B &pa tov 
AZ yexerjoouotv. yeteovot ðè xal dAov tov TA: xoi Aownov 
äpa tov TZ uexerjooucty éAcooova dvta tot E: Ónep &oxiv 
&Svvatov. oOx ğpa ov uexpet ò E tov TA: uexpei dea Smee 
der delka. 
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Thus, the (number created) from (multiplying) A and E 
is equal to the (number created) from (multiplying) B 
and F [Prop. 7.19]. And let A make C (by) multiplying 
E. Thus, B has also made C (by) multiplying F. Thus, 
A and B (both) measure C. So I say that (C) is also the 
least (number which they both measure). For if not, A 
and B will (both) measure some number which is less 
than C. Let them (both) measure D (which is less than 
C). And as many times as A measures D, so many units 
let there be in G. And as many times as B measures D, 
so many units let there be in H. Thus, A has made D 
(by) multiplying G, and B has made D (by) multiplying 
H. Thus, the (number created) from (multiplying) A and 
G is equal to the (number created) from (multiplying) B 
and H. Thus, as A is to B, so H (is) to G [Prop. 7.19]. 
And as A (is) to B, so F (is) to E. Thus, also, as F (is) 
to E, so H (is) to G. And F and E are the least (num- 
bers having the same ratio as A and B), and the least 
(numbers) measure those (numbers) having the same ra- 
tio an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
E measures G. And since A has made C and D (by) mul- 
tiplying E and G (respectively), thus as E is to G, so C 
(is) to D [Prop. 7.17]. And E measures G. Thus, C also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea- 
sure some (number) which is less than C. Thus, C (is) 
the least (number) which is measured by (both) A and 
B. (Which is) the very thing it was required to show. 


Proposition 35 


If two numbers (both) measure some number then the 
least (number) measured by them will also measure the 
same (number). 


A = B: l 


C F D 


c y ñ 





E a 

For let two numbers, A and B, (both) measure some 
number CD, and (let) E (be the) least (number mea- 
sured by both A and B). I say that E also measures CD. 

For if E does not measure CD then let E leave CF 
less than itself (in) measuring DF. And since A and B 
(both) measure E, and E measures DF, A and B will 
thus also measure DF. And (A and B) also measure the 
whole of C D. Thus, they will also measure the remainder 
CF, which is less than E. The very thing is impossible. 
Thus, E cannot not measure CD. Thus, (E) measures 
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STOIXEION C. 


As". 
Tov àpiüuGv sovévtwy sópely, Öv &Aóyioxov ue- 
toovow cody. 
”"Eotwoav ot Sovevtec vpeic ópuüuol ot A, B, I det 67 
eopelv, Ov &A&ytoxov uexpoDotv aprüuóv. 


A! 


Bt 





ID — — ——3À 
A 
E 
F4 | 


EU AV yàp ono dbo xiv A, B £Aáytovoc uexpotuevoc 
ô A. ô 84 T tov A rjvot uexgei Ñ ov uexpel. uevpetxo 
xpótepov. yetpovor dé xoi oi A, B tov A> ot A, B, P 
&pa tov A uexpoOotv.. Aéyw 5%, StL xoà EAcytotov. ei yàp 
uf, uexvprjoouow [twa] àpiüpóv ot A, B, T £A&oocova Óvxa 
tov A. uexpe(vocav tov E. énet ot A, B, T tov E uexpobov, 
xoi ot A, B äpa tov E yetpovow. xal 6 £A&ytoxoc &pa ono 
tév A, B uetoovuevoc [xóv E] uexerjoe.. £A&ytoxoc ðè ono 
t&v A, B petpoúuevóç Eotw 6 A: 6 A &pa tov E uexprjoet 
ô ue(Cov Tov &Aácoova: ónep &oxiv ddSbvatov. ox dea oi 
A, B, T uexerjcouoí twa åprůuòv £A&ooova óvxa tod A: oi 
A, B, T &pa &A&ytoxov tov A uexpobow. 

MÌ uexge(vo 97) náAtv OT tov A, xoi ei fpüco nd vv 
T, A &A&yioxoc uevpoouevoc ápiüuóc ô E. nel oi A, B 
tov A uetpovow, ô dé A tov E uexpei, xoi ot A, B dpa 
tov E yetpotiow. uetpei 68 xoi OT [tov E xoi] oi A, B, 
T tea tov E uetpoðŭow. Aéyo oH, Ó xal &A&yloxov. ci 
yàp uh, uexerjoouoí tiva ot A, B, T £Aáccova óvxa tod E. 
uetpettwoav tov Z. énel ot A, B, T tov Z uexgoDov, xol oi 
A, B &a tov Z usteotiow: xoi 6 &X&yioxoc &pa ÙÖTÒ xGv 
A, B uexpotyuevoc tov Z uexpfjoet.. EAdyiotocg 88 ono xGv 
A, B yetpobuevic &oxty 6 A: ô A ğpa tov Z uexpel. uexpet 
dé xoi 6 T tov Z: oi A, T &pa tov Z uetootow: Hote xoi 6 
&Actytoxoc ono x&v A, T uexpoÜuevoc tov Z uexprjoet. 6 ðè 
&Adytoxoc ünó x&v T, A uexpotuevóc otv ô E: ó E &pa 
tov Z uexpet 6 ue(Cov tov &A&ooovo: Step &oxiv dG0vaxov. 
ovx doa ot A, B, T uexerjoouoí twa àprüpuóv £A&ooova óvxa 
tov E. ô E toa &A&ytoxoc àv nò x&v A, B, T uevpeivat 
önep Eder dcia. 
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(C D). (Which is) the very thing it was required to show. 


Proposition 36 


To find the least number which three given numbers 
(all) measure. 

Let A, B, and C be the three given numbers. So it is 
required to find the least number which they (all) mea- 
sure. 


A = 


B i 














E 
E | 


For let the least (number), D, measured by the two 
(numbers) A and B have been taken [Prop. 7.34]. So C 
either measures, or does not measure, D. Let it, first of 
all, measure (D). And A and B also measure D. Thus, 
A, B, and C (all) measure D. So I say that (D is) also 
the least (number measured by A, B, and C). For if not, 
A, B, and C will (all) measure [some] number which 
is less than D. Let them measure E (which is less than 
D). Since A, B, and C (all) measure E then A and B 
thus also measure E. Thus, the least (number) measured 
by A and B will also measure [E] [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
will measure E, the greater (measuring) the lesser. The 
very thing is impossible. Thus, A, B, and C cannot (all) 
measure some number which is less than D. Thus, A, B, 
and C (all) measure the least (number) D. 

So, again, let C not measure D. And let the least 
number E, measured by C and D have been taken 
[Prop. 7.34]. Since A and B measure D, and D measures 
E, A and B thus also measure E. And C also measures 
[LE]. Thus, A, B, and C [also] measure E. So I say that 
CE is) also the least (number measured by A, B, and C). 
For if not, A, B, and C will (all) measure some (number) 
which is less than E. Let them measure F (which is less 
than E). Since A, B, and C (all) measure F, A and B 
thus also measure F. Thus, the least (number) measured 
by A and B will also measure F [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
measures F. And C also measures F. Thus, D and C 
(both) measure F. Hence, the least (number) measured 
by D and C will also measure F [Prop. 7.35]. And E 
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STOIXEION C. 


Kee 
‘Edy àpiüuóc 0x6 xtvoc dpuüuo0 UETEF\ TAL, Ò UETCEOULEVOG 
OUMVULOY uépoc EEEl T WETOOUVTL. 


A! 
Bi 


[T mh 


Am 

AowWydc yåp 6 A onxó tıvoç åprÛuoŬŭ tod B uetpeloðo: 
Aévo, OTL O A ópuovuuov uépoc Exel 6 B. 

‘Ooduc yàp 6 B tov A uetest, tooatta uovábec Eotw- 
cay év tæ T. énel ô B tov A uetoet xoxà tac êv 165 T 
yovadac, uexpet dé xo n A uovàc tov D dovOuov xat& TÈS 
év ox Lovadac, toduic dpa f, A uovàc tov T ápiuov us- 
tost xoi ô B tov A. &vaAAà& dpa iocouc A A uovàc tov B 
åpruòv uexpet xoi ô T tov A: 6 &pa uépoc Eotiv H A povàs 
tot B óptüu o0, TÒ avtd uépoc Eotl xoi OT tot A. Hn 6 A 
yovac to} B aevdyot uépoc Eotly OUMVLUOV obtG: xoi o T 
&pa tol A uépoç &oxiv óuovuuov xG B. Gote 6 A yuépoc 
éyet tov I óucvugov óvxa x& B: ónep £óet Degon. 








An. 
"E&v àptüuoc uépgoc £yr óxtoOv, LTO óucvopou dprůuoŭ 
UETENUHGETOAL TG) uépet. 


AowWydc yàp ô A uépoc &yéxo óuo0v TOv B, xoi và B 
uépet óuovuuoc £oxo [éápiüuóc] 6 Tr- Aéyo, öt ô T xóv A 
uetoet. 

‘Enel yàp ó B tot A uégoc Eotiv óuóvuyov 16 T, ott 
dé xol f, A uovàc tot T uépoc óuovupov avté5, 6 &pa uépoc 
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is the least (number) measured by C and D. Thus, E 
measures F, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A, B, and C cannot measure 
some number which is less than E. Thus, E (is) the least 
(number) which is measured by A, B, and C. (Which is) 
the very thing it was required to show. 


Proposition 37 


If a number is measured by some number then the 
(number) measured will have a part called the same as 
the measuring (number). 


A | 
B 
C 


Dt 

For let the number A be measured by some number 
B. I say that A has a part called the same as B. 

For as many times as B measures A, so many units 
let there be in C. Since B measures A according to the 
units in C, and the unit D also measures C according 
to the units in it, the unit D thus measures the number 
C as many times as D (measures) A. Thus, alternately, 
the unit D measures the number B as many times as C 
(measures) A [Prop. 7.15]. Thus, which(ever) part the 
unit D is of the number B, C is also the same part of A. 
And the unit D is a part of the number B called the same 
as it (i.e., a Bth part). Thus, C is also a part of A called 
the same as B (i.e., C is the Bth part of A). Hence, A has 
a part C which is called the same as B (i.e., A has a Bth 
part). (Which is) the very thing it was required to show. 














Proposition 38 


If a number has any part whatever then it will be mea- 
sured by a number called the same as the part. 


For let the number A have any part whatever, B. And 
let the [number] C be called the same as the part B (i.e., 
B is the Cth part of A). I say that C measures A. 

For since B is a part of A called the same as C, and 
the unit D is also a part of C called the same as it (i.e., 
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STOIXEION C. 


got f| A uovàc tod T ápiüuo0, TÒ axo uépoc &ox xoi 6 B 
tov A: iocoac doa A A uovàs tov T ápiüuóv uepei xoi ô B 
tov A. &vaAAàE toa iodouc Y, A uovàc tov B àprüpóv uexpei 
xai ó T tov A. ôT doa tov A yetpet ónep Eder Deléon. 


A9". 


AowWyov evesiv, ös &Adytovoc àv É&er và SoVEVTA YEN. 


B D 

















© 
H | 

"Eo Tà sovdévta uéen tà A, B, D" det dh dowWyov 
evpeiv, Öç &Aáytoxoc àv fer xà A, B, T pépn. 

"Eoxocav yàp tois A, B, T uépeoiv oyumvuyot d&prduol 
oi A, E, Z, xoi ciAjg~dw ond x&v A, E, Z &A&ytoxoc ue- 
toeovuevoc ópiüuóc o H. 

‘O H da ouovuua uépry Eyer toic A, E, Z. toic 68 A, 
E, Z ou@vuya uépn &oxi xà A, B, T: ô H äpa Eyer xà A, B, 
I'uégn. Aéyo 8f, OTL xod &A&ytoxoc Gy, ei yàp UH, £oxot TIS 
tod H &A&ccov dpiüuóc, Oc &&e tà A, B, T uépgr. Eotw 6 
O. énel ò O Éye xà A, B, T uégn, ò O doa Und opovóuov 
dovüuóv petenńoecta totic A, B, T uégeotv. tois òè A, B, 
T uégeotv óucóvupgot àptüpot ciow oi A, E, Z ô O &pa ono 
t&v A, E, Z uexpeivot. xal got &Aácoov tod H: ónep 
&oxlv ddbvatov. oOx doa gota tic tol H &£Aóooov ópiüuóc, 
Oc e€ect xà A, B, T yepn: Smee Eder Seigau. 
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D is the Cth part of C), thus which(ever) part the unit D 
is of the number C, B is also the same part of A. Thus, 
the unit D measures the number C as many times as B 
(measures) A. Thus, alternately, the unit D measures the 
number B as many times as C (measures) A [Prop. 7.15]. 
Thus, C measures A. (Which is) the very thing it was 
required to show. 


Proposition 39 


To find the least number that will have given parts. 


A Bi 2 € 














H 


=P 

Let A, B, and C be the given parts. So it is required 
to find the least number which will have the parts A, B, 
and C (ie., an Ath part, a Bth part, and a Cth part). 

For let D, E, and F be numbers having the same 
names as the parts A, B, and C (respectively). And let 
the least number, G, measured by D, E, and F, have 
been taken [Prop. 7.36]. 

Thus, G has parts called the same as D, E, and F 
[Prop. 7.37]. And A, B, and C are parts called the same 
as D, E, and F (respectively). Thus, G has the parts A, 
B, and C. So I say that (G) is also the least (number 
having the parts A, B, and C). For if not, there will be 
some number less than G which will have the parts A, 
B, and C. Let it be H. Since H has the parts A, B, and 
C, H will thus be measured by numbers called the same 
as the parts A, B, and C [Prop. 7.38]. And D, E, and 
F are numbers called the same as the parts A, B, and C 
(respectively). Thus, H is measured by D, E, and F. And 
CH) is less than G. The very thing is impossible. Thus, 
there cannot be some number less than G which will have 
the parts A, B, and C. (Which is) the very thing it was 
required to show. 
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Continued Proportioni! 


+The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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STOIXEION n. 


f 
QA. 
"Edy Gow ócoðnnrotoŭv dpuüuol £&fjc åváňoyov, oi SE 
äxpot qÙTÕV np ot npóc dAAYjAouc Wow, &A&ytoxol ciot 
THY TOV AUTOV AdYOV EYSVTWY AUTOIC. 














A E= 
B | Li 1 
T H= 
A MEC 








”"Eotwoav ónocot0v åprðuol etic &váXovov oi A, B, 
T, A, oi òè &xpgot atv ot A, A, npütot npóc GAAHAOUC 
čotwoav: AEyw, ott oi A, B, T, A &A&ytoxoíl ciot xiv tov 
AÙTÒV ADYOV &yÓvtov AUTOIC. 

Ei yàp uf, Eotwouv &Aávxovec x&v. A, B, D, A oi E, 
Z, H, © èv 1G ùt Adyw Svtec adtoic. xoà Enel oi A, 
B, T, A v xà ao1G Adyw Eloi tois E, Z, H, O, xai éouv 
toov tò xAfjüoc [Gv A, B, D, A] x8 mAf0e [tev E, Z, H, 
OJ, dv {oou doa &oxiv óc 6 A npóc tov A, ô E npóc tòv 
O. oi òè A, A npGxot, oi 62 np&ot xol EAdyLoTOL, oi SE 
&A&ytoxot dpiüuol uevpoUot xobc Tov abxóv AdYOV EYOVTAC 
todaic 6 te ue(Gov Tov ue(Cova xol 6 £Aáàooov TOv &Aácoova, 
TOUTEOTIV Ó TE f|YoOuevoc TOV HYOUUEVOYV xal O &rÓUuevoc 
Tov &nóÓuevov. uexpet doa ô A tov E 6 ue(Gov tov EAdooova" 
donee cotly advvatov. ovx dpa ot E, Z, H, O &Aócoovec 
Óóvxec x&v A, B, T, A év xà a0xG AÓYo eiolv abxolc. ot A, 
B, T, A ğpa &A&ytoxo( ciot v&v Tov abxóv AdYOV &yÓóvxov 
avtoic: Sree Eder SetEau. 


Cy 

Apðuoùs evpsiv etic åváňoyov &Xoyíoxouc, óoouc dv 
&ntxó£y, Tic, Ev x 600évu AóYo. 

"Kota 0 d00elc Aóyoc Ev &A&y(otow dprðuoiçs Ò TOD 
A npóc tov B: det O7) åprðuoùs edpsiv &Efic dváAoyov 
éhaytotouc, óoouc &v TIG EmitdEN, Ev TÆ ToD A xpóc tòv B 
OY. 

"Enxeváyooav ð xéccapec, xoi ô A &auxóv nohia- 
nàacidoas tov T xot(vo, tov òè B nrodkAarAaoidoac tov A 
Totettw, xoi Ett O B eautov noAAanAaoctócoc tov E note(xo, 
xol ëtt Ò A voUc T, A, E roAAonAaotácac tobe Z, H, © 
rote(xo, ó 6€ B tov E xoAAanAact&oac tov K notc(xo. 


ELEMENTS BOOK 8 


Proposition 1 


If there are any multitude whatsoever of continuously 
proportional numbers, and the outermost of them are 
prime to one another, then the (numbers) are the least 
of those (numbers) having the same ratio as them. 




















A | Ei 
B | Fe 
C | Gr———_ 
D | H 


Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that 
A, B, C, D are the least of those (numbers) having the 
same ratio as them. 

For if not, let E, F, G, H be less than A, B, C, D 
(respectively), being in the same ratio as them. And since 
A, B, C, D are in the same ratio as E, F, G, H, and the 
multitude [of A, B, C, D] is equal to the multitude [of E, 
F,G, H], thus, via equality, as A is to D, (so) E (is) to H 
[Prop. 7.14]. And A and D (are) prime (to one another). 
And prime (numbers are) also the least of those (numbers 
having the same ratio as them) [Prop. 7.21]. And the 
least numbers measure those (numbers) having the same 
ratio (as them) an equal number of times, the greater 
(measuring) the greater, and the lesser the lesser—that 
is to say, the leading (measuring) the leading, and the 
following the following [Prop. 7.20]. Thus, A measures 
E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, E, F, G, H, being less than A, B, C, 
D, are not in the same ratio as them. Thus, A, B, C, D 
are the least of those (numbers) having the same ratio as 
them. (Which is) the very thing it was required to show. 


Proposition 2 


To find the least numbers, as many as may be pre- 
scribed, (which are) continuously proportional in a given 
ratio. 

Let the given ratio, (expressed) in the least numbers, 
be that of A to B. So it is required to find the least num- 
bers, as many as may be prescribed, (which are) in the 
ratio of A to B. 

Let four (numbers) have been prescribed. And let A 
make C (by) multiplying itself, and let it make D (by) 
multiplying B. And, further, let B make E (by) multiply- 
ing itself. And, further, let A make F, G, H (by) mul- 
tiplying C, D, E. And let B make K (by) multiplying 
E. 


228 


STOIXEION 1. 


A |m 


[Į j 


A m 


Et j 
Z, 1h 
H' | 
O! j 
K' | 


Koi nei 6 A £&auxóv uèv moAAanAaotécoac tov T 
xeno(nxev, tov 6€ B nxoAAanAaotácoc tov A menoínxev, 
gotw dpa óc O A npóc tov B, [oüxoc] 6 T npóc tov A. 
náv, &xel ô uev A tov B rodAdandaocidoug tov A nenoínxev, 
o òè B &auxóv noAAonAaociécac xóv E nenotnxev, &xóvepoc 
&pga x&v A, B tov B roAAonAaotécoc Exdtepov x&v A, E 
xenotnxev. Eotw doa wo 6 A ngóc Tov B, obtoc ô A npóc 
tov E. GA’ ac ô A npóc tov B, 6 T npóc xóv Ac xoi we 
&pa ô T npóc tov A, 6 A npóc tov E. xoi nel ô A xvobc T, 
A noAXoenAaotécac tov Z, H renotnxev, Éouv toa óc OT 
xpóc tov A, [obxoc] 6 Z npóc tov H. óc 6€ 6 T ngóc tov 
A, obcc fjv 6 A npóc tov B: xol óc dpa ò A npóc tov B, 6 
Z npgóc tov H. náv, &nel ô A vobc A, E noddanhaoridoauc 
tovc H, O nenoínxev, Eotw doa óc ô A npóc tov E, 6 H 
xpóc TOV O. GAN’ c 6 A npóc tòv E, ô A npóc xóv B. xoi 
óc tea ô A npóc tov B, otc 6 H npóc tov O. xoi Exel 
oi A, B tov E noAXanAacté&caviec tobe O, K nexoufpatoty, 
Zotw goa wo ô A npóc Tov B, o0voc ô O npóc tòv K. GAR’ 
óc 6 A npóc tov B, owe 6 te Z npóc tov H xoi ô H npóc 
tov O. xal wo doa ò Z npóc tov H, oüvoc 6 te H npóc 
tov O xoi 6 O npóc tov K: oi D, A, E &pa xoi oi Z, H, 
O, K åváňoyóv ciow év 16 tot A npóc tov B Adyw. AEYW 
OF, Ott xoi EAdytotor. Enel yàp ot A, B eAcdytotoi ciot tév 
TOV QUTOV ADYOV EYOVTWOV AUTOIC, Ol SE EAdYLOTOL THY TOV 
avtTOV Aóvov &yóvcov noto. npóc GAAMAOUs ciotv, ot A, B 
&ou npó ot npóc GAAAOUS eiotv. xoi &xétepoc uèv xv A, 
B &auxóv roAXanAoctéooc exktepov t&v I', E nenotnxev, 
exdtepov 6£ x&v I, E xoXAamnAaotiécac êxátepov x&v Z, K 
renolinxev: oi T, E doa xa ot Z, K npóxot npóc GAAHAOUC 
tioív. &àv dé Gow ónocoto0v åpiÛuol Ethic åváňoyov, oi 
dé Gxpot AUTHY TEGTOL npóc GAAYjAouc Wo, £A&ytoxol ciot 
tv Tov abxóv Adyov &yóvxov avtoic. oi T, A, E dpa xoi 
oi Z, H, O, K &A&ytoxo( ciot x&v tov adtOv Adyov EydvTwv 
toic A, B: ónep čðer oci&on. 
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And since A has made C (by) multiplying itself, and 
has made D (by) multiplying B, thus as A is to B, [so] C 
(is) to D [Prop. 7.17]. Again, since A has made D (by) 
multiplying B, and B has made E (by) multiplying itself, 
A, B have thus made D, E, respectively, (by) multiplying 
B. Thus, as A is to B, so D (is) to E [Prop. 7.18]. But, as 
A (is) to B, (so) C (is) to D. And thus as C (is) to D, (so) 
D (is) to E. And since A has made F, G (by) multiplying 
C, D, thus as C is to D, [so] F (is) to Œ [Prop. 7.17]. 
And as C (is) to D, so A was to B. And thus as A (is) 
to B, (so) F (is) to G. Again, since A has made G, H 
(by) multiplying D, E, thus as D is to E, (so) G (is) to 
H [Prop. 7.17]. But, as D (is) to E, (so) A (is) to B. 
And thus as A (is) to B, so G (is) to H. And since A, B 
have made H, K (by) multiplying E, thus as A is to B, 
so H (is) to K. But, as A (is) to B, so F (is) to G, and 
G to H. And thus as F (is) to G, so G (is) to H, and H 
to K. Thus, C, D, E and F, G, H, K are (both continu- 
ously) proportional in the ratio of A to B. So I say that 
(they are) also the least (sets of numbers continuously 
proportional in that ratio). For since A and B are the 
least of those (numbers) having the same ratio as them, 
and the least of those (numbers) having the same ratio 
are prime to one another [Prop. 7.22], A and B are thus 
prime to one another. And A, B have made C, E, respec- 
tively, (by) multiplying themselves, and have made F, K 
by multiplying C, E, respectively. Thus, C, E and F, K 
are prime to one another [Prop. 7.27]. And if there are 
any multitude whatsoever of continuously proportional 
numbers, and the outermost of them are prime to one 
another, then the (numbers) are the least of those (num- 
bers) having the same ratio as them [Prop. 8.1]. Thus, C, 
D, E and F,G, H, K are the least of those (continuously 
proportional sets of numbers) having the same ratio as A 
and B. (Which is) the very thing it was required to show. 
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Ea 
IIógtoua. 

"Ex 67  voÓxou qavepóv, StL àv xptic douüuol &&fic 
&váAoYov &Aáyiovo: Wot vv TOV abtÓv AdYOV EYdVTWV 
avtoic, Ol äxpov aAvTEY xexpdryovo( giov, Exv bE TÉOOAPEG, 
xot. 

, 

"Edy Gotv ónocoto0v puol &Efjc åváňoyov &A&ytoc- 
Ol 1Gv TOV AVTOV ADYOV &£yÓvtov AUTOIC, oi GxXPOL KUTV 
TEGTOL TEdS HAAAOUG eiotv. 
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Corollary 


So it is clear, from this, that if three continuously pro- 
portional numbers are the least of those (numbers) hav- 
ing the same ratio as them then the outermost of them 
are square, and, if four (numbers), cube. 


Proposition 3 


If there are any multitude whatsoever of continu- 
ously proportional numbers (which are) the least of those 
(numbers) having the same ratio as them then the outer- 
most of them are prime to one another. 





























"Eotwoav onocotoby pruo &&fic àváňoyov &A&ytoxot 
xv 1óv adTOV Aóvov &yóvxov adtoic oi A, B, D, A: Aéyo, 
Ott oi &xpor o'óxGv oi A, A npüot npóc d ouc ciotv. 

EiXfyp0coav yàp 600 uèv dprðuol £Adytoxot Ev xG x&v 
A, B, T, A Xóvo oi E, Z, teeic è oi H, O, K, xoi &&fic 
évl rAc(ouc, Ewo TO Aoupovóuevov nAfjOoc toov yévytat xG 
TAffüet x&v A, B, D, A. eiypücocav xoi čotwoav oi A, M, 
N, E. 

Koi enel ot E, Z &A&ytoxo( ciot tév tov adtOV Aóyov 
£yóvtov KUTOIC, MEdToL npóc GAAAOUC Elotv. xoà Emel 
exdtepoc x&v E, Z &auxóv u£v noAAonAaoiutoac Exátepov 
tv H, K menoínxev, exatepov ðè x&v H, K nroa- 
TAaoidoug Exctepov tæv A, = nenotnxev, xoi ot H, K &pa 
xol oi A, € rotot npóc GAAHAOUS cioiv. xoa Emel oi A, B, 
T, A &A&ytoxoí siot xiv xóv abxóv AÓYOV EXdVTWV AUTOIC, 
eiol 6€ xal oi A, M, N, E &A&ytoxot êv 16 Ùt AdyYw Óvtec 
toic A, B, T, A, xat ċotw toov tò nAfj0oc t&v A, B, T, 
A v6 nAfjüe. xv A, M, N, Z, Éxaoxoc &pa xv A, B, T, 
A &xácto tõv A, M, N, E {ooç &oxív {ooç dpa éotiv ò 
uèv A xG A, ô 66 A tH E. xal eio oi A, € npüot npóc 
GAXYAoUc. xal oi A, A doa np&rot npóc dAAjXouc cioív: 
bree Eder Seta. 














A — E © H i At——— E —~ Gr——_ 
Bi Zen O B~ F (oH i 
T ! K | C | K— —À 
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Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers (which are) the least of 
those (numbers) having the same ratio as them. I say 
that the outermost of them, A and D, are prime to one 
another. 

For let the two least (numbers) E, F (which are) 
in the same ratio as A, B, C, D have been taken 
[Prop. 7.33]. And the three (least numbers) G, H, K 
[Prop. 8.2]. And (so on), successively increasing by one, 
until the multitude of (numbers) taken is made equal to 
the multitude of A, B, C, D. Let them have been taken, 
and let them be L, M, N, O. 

And since E and F are the least of those (numbers) 
having the same ratio as them they are prime to one an- 
other [Prop. 7.22]. And since E, F have made G, K, re- 
spectively, (by) multiplying themselves [Prop. 8.2 corr.], 
and have made L, O (by) multiplying G, K, respec- 
tively, G, K and L, O are thus also prime to one another 
[Prop. 7.27]. And since A, B, C, D are the least of those 
(numbers) having the same ratio as them, and L, M, N, 
O are also the least (of those numbers having the same 
ratio as them), being in the same ratio as A, B, C, D, and 
the multitude of A, B, C, D is equal to the multitude of 
L, M, N, O, thus A, B, C, D are equal to L, M, N, O, 
respectively. Thus, A is equal to L, and D to O. And L 
and O are prime to one another. Thus, A and D are also 
prime to one another. (Which is) the very thing it was 
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Adywv 600Évwov ônoowvoŭv Ev Edaytotoic ópuuoic 
&ptüpooc ebpeiv &&fjc åváňoyov Edayiotouc &v xoic oleo 
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required to show. 


Proposition 4 


For any multitude whatsoever of given ratios, (ex- 
pressed) in the least numbers, to find the least numbers 














AóYyotc. continuously proportional in these given ratios. 

A 3 B tT At-—— B — 

T = At C ————À DEg—— = 
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Mr———— K | M— — K 
Or—— A | P | L i 

















"Eotwoav ot 600évxec Aóyot Ev Edaytotoic dpiüuoic ó 
te tov A npóc tov B xal 6 tot I npóc tov A xoi Ett 6 
tov E nxpóc tov Z: det DA derduobs ebpeiv &Efic åváňoyov 
éhaytotouc ëv te xG tod A npóc tov B AdYw xo Ev TH TOD 
T ngóc tov A xoi Ett 16 tol E npóc tov Z. 

Eito yàp ò Und x&v B, T £A&ytoxoc uexpgotbuevoc 
åprůuòs ó H. xoi oodxic u£v ô B tov H uetest, tooauté&xuic 
xoi ò A tov © yetpeitw, doduic 6€ ô T vóv H uexpet, to- 
coat xóoac xoi ô A tov K uexpe(vo. 6 è E tov K tot yetpet 
Ñ oÙ uexpet. uetpeitTw npótepov. xol dodxIc ô E tov K ys- 
Tost, tooautdxic xol ó Z tov A uetpeitw. xoi énel lodouc Ò 
A tov © uexpet xoi 6 B tov H, éotw &pa óc 6 A npóc Tov 
B, obtoc 0 O ngóc xóv H. dià xà HUTA BY xol óc ó T ned¢ 
tov A, ottwe ó H npóc tov K, xoi Ett óc ô E npóc tov Z, 
obxoc 6 K npóc tov A: oi O, H, K, A dpa &&fjc åváňoyóv 
eiow ëv te 16) tol A xpóc tov B xal êv xà tod T npóc tov 
A xoi ét Ev 16 tot E npóc tov Z Adyw. Aéyo OH, ów xoi 
éAdytotor. et yàp uý ciow oi O, H, K, A e€¥jc å&váňoyov 
&Actytoxot ËV te xoic tol A mpd¢ xóv B xoi tod T npóc tov 
A xoi êv 16 tot E npóc tov Z Aóvotc, Éoxocav oi N, E, 
M, O. xoi éxet Eotw wo ô A npóc tov B, obtoc ó N npóc 
tov Z, ot òè A, B £Adytoxoit, oi bE EAdytotoL uevpoDot xoUc 
avtTOV Aóvov Eyovtac ioóouc Ó ve ueiGov xóv ue(Cova 
xal Ò &Aácotcv TOV EAdGOOVa, TOUTEOTIV Ó TE NYOUUEVOS 
TOV fiYoÓuevov xoi O &£xóuevoc xóv &nóuevov, ò B doa tov 
E uetoet. Sid và auta SA xol ò T tov E uetoet oi B, T 
&pa tov = uexpoÜotv: xoi ò &A&ytoxoc dou ono x&v B, T 
uexpoüuevoc TOV E uerprjoet. EAdyLotoc ðè Uno x&v B, T 
uevpetvor ô H: ô H doa tov E uevpet 6 ue(Gov tov &£Aácoova: 
Ónep &oxly àG0vraxov. oOx dpa Eoovtat vtvec xv O, H, K, 
A &X&ccovec åprůuol &&fic Ev te 16) tol A npóc tòv B xol 
x tot T npóc tov A xoi ëtt 16 tol E npóc tov Z AdyG. 


^ 
TOV 





Let the given ratios, (expressed) in the least numbers, 
be the (ratios) of A to B, and of C to D, and, further, 
of E to F. So it is required to find the least numbers 
continuously proportional in the ratio of A to B, and of 
C to B, and, further, of E to F. 

For let the least number, G, measured by (both) B and 
C have be taken [Prop. 7.34]. And as many times as B 
measures G, so many times let A also measure H. And as 
many times as C measures G, so many times let D also 
measure K. And E either measures, or does not measure, 
K. Let it, first of all, measure (X). And as many times as 
E measures K, so many times let F also measure L. And 
since A measures H the same number of times that P also 
(measures) G, thus as A is to B, so H (is) to G [Def. 7.20, 
Prop. 7.13]. And so, for the same (reasons), as C (is) to 
D, so G (is) to K, and, further, as E (is) to F, so K (is) 
to L. Thus, H, G, K, L are continuously proportional in 
the ratio of A to B, and of C to D, and, further, of E to 
F. So I say that (they are) also the least (numbers con- 
tinuously proportional in these ratios). For if H, G, K, 
L are not the least numbers continuously proportional in 
the ratios of A to B, and of C to D, and of E to F,let N, 
O, M, P be (the least such numbers). And since as A is 
to B, so N (is) to O, and A and B are the least (numbers 
which have the same ratio as them), and the least (num- 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measur- 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures O. So, for 
the same (reasons), C also measures O. Thus, B and C 
(both) measure O. Thus, the least number measured by 
(both) B and C will also measure O [Prop. 7.35]. And 
G (is) the least number measured by (both) B and C. 
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My petpeitw 07, ô E tov K, xoà efypüo tro tév E, 
K eddytotoc petpoúuevoç åprůuòçs ó M. xa óoóxic èv 
ó K tov M ueteei, tooautáxiç xol Eexdtepoc tæv ©, H 
exdtepoy tæv N, = uetpeitw, dodaxic 66 ô E tov M ue- 
Tost, tooauténic xol ó Z tov O petpeitw. Enel toduic ò O 
tov N uetoet xoi 0 H tov &, gotw doa wo ô O npóc xov 
H, o¥tw¢ ó N med¢ tov E. óc è ô O ngóc tov H, obxoc 
ô A npóc tov B: xoi we &pa 6 A npóc tov B, ottwo O N 
xpóc TOV E. Sid xà HUTA 07 xal óc OT npóc tòv A, obxoc 
ò & ngóc tov M. náv, Emel toduic ô E tov M uetoet xoi 
ò Z tov O, Éoxty dpa Gc ô E npóc tov Z, obxoc ó M npóc 
tov O: oi N, E, M, O doa &£fjc àváňoyóv cioty £v tois voO 
te A npóc tov B xol tod T npgóc tov A xal Ett tot E npóc 
tov Z ddyotc. AéY« OF, StL xol &£Adytoxot Ev toic A B, P 
A, E Z Aóvotwc. ci yàp uh, Ecovtat tives t&v N, =, M, O 
&Aéccovec cowWyol £&fjc å&váňoyov v toic AB, T A, EZ 
Aóyotc. Eotwouy oi II, P, X, T. xoi enet otv óc ò II ngóc 
tov P, oŬtws ô A npóc tòv B, oi òè A, B &Adytoxot, oi òè 
&£A&ytoxot UETPOVGL voUc TOV AUTOV AdYOV Éyovtac ocolc 
loóotc O te fyoOuevoc TOV HYOUMEVOV xol Ò &£xóuevoc TOV 
&nóuevov, ó B dpa tov P petpei. Dià xà aÙtà O7) xol ô T 
tov P uetpet: oi B, T doa tov P uevpoDotv. xal ô £A&ytoxoc 
goa ono t&v B, T uevoouevoc tov P uetoeroet. £A&ytoxoc 
dé Und x&v B, T uexgotuevoc &owv ò H: ò H doa tov P 
uexpet. xal Cot Wc ò H npóc tov P, obtoc ô K npóc Tov 
dr xoi 6 K doa tov X uexpel. uetoet dé xoi ô E tov X ot E, 
K doa tov X uexpoDotv. xal 6 &A&ytoroc doa Und x&v E, K 
uexpoüuevoc xóv X uexprjoet. &A&ytovoc 9€ UNO t&v E, K 
uetpoúuevóç Coty ó M: ô M dea tov X yexpet ò uetGov tov 
&£Aáocovor Ónep &oxlv &DúvatTov. oOx dpa Écovxaí TIVES THY 
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Thus, G measures O, the greater (measuring) the lesser. 
The very thing is impossible. Thus, there cannot be any 
numbers less than H, G, K, L (which are) continuously 
(proportional) in the ratio of A to B, and of C to D, and, 
further, of E to F. 
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So let E not measure K. And let the least num- 
ber, M, measured by (both) E and K have been taken 
[Prop. 7.34]. And as many times as K measures M, so 
many times let H, G also measure N, O, respectively. 
And as many times as E measures M, so many times let 
F also measure P. Since H measures N the same num- 
ber of times as G (measures) O, thus as H is to G, so 
N (is) to O [Def. 7.20, Prop. 7.13]. And as H (is) to G, 
so A (is) to B. And thus as A (is) to B, so N (is) to 
O. And so, for the same (reasons), as C (is) to D, so O 
(is) to M. Again, since E measures M the same num- 
ber of times as F (measures) P, thus as E is to F, so 
M (is) to P [Def. 7.20, Prop. 7.13]. Thus, N, O, M, P 
are continuously proportional in the ratios of A to B, and 
of C to D, and, further, of E to F. So I say that (they 
are) also the least (numbers) in the ratios of A B, C D, 
E F. For if not, then there will be some numbers less 
than N, O, M, P (which are) continuously proportional 
in the ratios of A B, C D, E F. Let them be Q, R, S, 
T. And since as Q is to R, so A (is) to B, and A and B 
(are) the least (numbers having the same ratio as them), 
and the least (numbers) measure those (numbers) hav- 
ing the same ratio as them an equal number of times, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures R. So, for 
the same (reasons), C also measures R. Thus, B and C 
(both) measure R. Thus, the least (number) measured by 
(both) B and C will also measure R [Prop. 7.35]. And G 
is the least number measured by (both) B and C. Thus, 
G measures R. And as G is to R, so K (is) to S. Thus, 
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N, =, M, O éddooovec ópiüpol &Efic àváňoyov čv te tog 
tov A medc¢ tov B xoi tot T npóc tov A xoi Ett tod E npóc 
tov Z ddyotc: ot N, =, M, O doa &&fic àv&Xoyvov erdytotot 
eiow v tois A B, T A, E Z Aóyotc: Sree Eder SetEau. 


, 


£. 


Ot Exinedor àpiüpol npóc GAAHAOUC Adyov £youot Tov 
ovYxeluevov Èx 1v nAeupóv. 
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At 

”"Eotwoav entredsor dovuot ot A, B, xoi tot uev A 
TAeveal Eotwoav oi T, A àpgiüpot, tot dé B oi E, Z Aéyo, 
ot Ò A npóc tov B Adyov Eyer tov ovyxeiyevov Ex xv 
TAEUEOY. 

Adywv yàp SoVEvwyv tod ve dv Eyet 6 T npóc tov E xoi 
ô A npd¢ tov Z cidhpdwoav åprðuol &&fjc EAcytotot Ev tos 
T E, A Z àóyo, oi H, O, K, oce civar coc u&v tov T npóc 
tov E, ottw¢ tov H npóc tov O, we 868 tov A npóc tov Z, 
otw> Tov O npóc xóv K. xoi ó A tov E noddandaordouc 
tov A nxote(to. 

Koi éxel ô A tov èv I moAAonAaotécoc tov A 
nenoinxev, tov 68 E nxoAAonAaotéoac tov A nenoinxey, 
gov dea wc ô T npóc tov E, obxoc ô A npóc tov A. we 
d¢ ó T ned¢ tov E, oŬtws ô H med¢ tov O° xal óc hoa ò 
H ngóc tov O, oŬtws ô A npóc tòv A. náv, Exel ô E tov 
A noAXanAaoct&cac tov A nenoinxev, å&AAà Uy xol tòv Z 
noààaniacidoas tov B nenoí(rxev, čotiv dpa wo ô A npóc 
tov Z, oŬtws ô A npóc tòv B. GAA’ óc ô A npóc Tov Z, 
obtoc ô O npóc tòv K: xal óc dou ó O npóc Tov K, obtoc 
ô A npóc tov B. edetyDy Se xal óc ô H npóc tov O, oŬtwç 
ô A npóc tov A: Òr {oou &pa Eotly wo 6 H npóc tov K, 
[obtwc] 6 A npóc xóv B. 6 òè H npóc tov K Aóvov Eyer 
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K also measures S [Def. 7.20]. And E also measures 
S [Prop. 7.20]. Thus, E and K (both) measure S. Thus, 
the least (number) measured by (both) E and K will also 
measure S [Prop. 7.35]. And M is the least (number) 
measured by (both) E and K. Thus, M measures S, the 
greater (measuring) the lesser. The very thing is impos- 
sible. Thus there cannot be any numbers less than N, O, 
M, P (which are) continuously proportional in the ratios 
of A to B, and of C to D, and, further, of E to F. Thus, 
N, O, M, P are the least (numbers) continuously propor- 
tional in the ratios of A B, C D, E F. (Which is) the very 
thing it was required to show. 


Proposition 5 


Plane numbers have to one another the ratio compoun- 
ded! out of (the ratios of) their sides. 
A! 
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Let A and B be plane numbers, and let the numbers 
C, D be the sides of A, and (the numbers) E, F (the 
sides) of B. I say that A has to B the ratio compounded 
out of (the ratios of) their sides. 

For given the ratios which C has to E, and D (has) to 
F, let the least numbers, G, H, K, continuously propor- 
tional in the ratios C E, D F have been taken [Prop. 8.4], 
so that as C is to E, so G (is) to H, and as D (is) to F, so 
H (is) to K. And let D make L (by) multiplying E. 

And since D has made A (by) multiplying C, and has 
made L (by) multiplying E, thus as C is to E, so A (is) to 
L [Prop. 7.17]. And as C (is) to E, so G (is) to H. And 
thus as G (is) to H, so A (is) to L. Again, since E has 
made L (by) multiplying D [Prop. 7.16], but, in fact, has 
also made B (by) multiplying F, thus as D is to F, so L 
(is) to B [Prop. 7.17]. But, as D (is) to F, so H (is) to 
K. And thus as H (is) to K, so L (is) to B. And it was 
also shown that as G (is) to H, so A (is) to L. Thus, via 
equality, as G is to K, [so] A (is) to B [Prop. 7.14]. And 
G has to K the ratio compounded out of (the ratios of) 
the sides (of A and B). Thus, A also has to P the ratio 
compounded out of (the ratios of) the sides (of A and B). 
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Tov ouyxeluevov ¿x x&v rAeupGv: xol ô A &pa npóc TOV 
B Aóvov £y& tov ouyxeiuevoy &x tæv nAeupGv: ónep EEL 
Geiton. 


t ie., multiplied. 


, 


T. 


Eàv Gow ónocotw0v deol Eijc åváňoyov, ô SE 
rpóoc TOV SEUTEPOV UN) uevpfj, OLSE dAXoc OVdelc ob6éva 
UETORCEL. 
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”"Eotwoav ónocoioŬv ápiüuol £&fjc åváňoyov oi A, B, 
T, A, E, 6 òè A tov B u uexpe(xox Aéyw, StL OSE HAO 
ovdelc ob8Éva uetprjoet. 

"Ow £v odv oi A, B, T, A, E &&fjic àà&AfjAouc oO pe- 
tootow, qovepóv: o0808 yao ô A tov B yevgel. yo 
dH, OTL o06& GAXoc OVSelc OLVSEVa uetphosı. El yàp Ou- 
vatév, uexpe(vo ô A tov T. xa door ciolv ot A, B, T, 
tooovtor eiAfkpüccav Erdytotor ópiüuol xv TOV qÙTÒV 
Aóvov Exdvtwv toic A, B, T oi Z, H, ©. xoi nel ot Z, 
H, O &v x6 a01G Adyw ciol voic A, B, T, xal Eotw toov tò 
nAffüoc x&v A, B, P xà nAffüet xGv Z, H, O, bv oov &pa 
éotlv óc O A npóc tov T, oŬtws ô Z npóc xóv O. xoi Enet 
&cv ÒS ô A npóc tov B, oŬtws 6 Z ngóc tov H, ov yetpet 
dé ô A tov B, od uexpei &pa o06& ô Z xóv H: oOx doa uovác 
éotw ò Z f| yàp uovàc n&vxa dprůuòv uero. xal eiotv oi 
Z, © notol Ted àXXjAouc [oó6& ô Z doa tòv © yuepei]. 
xat Eotw ÒG O Z ngóc tov O, oŬtws ô A npóc tòv I” OvdE 
ò A dpa tov T uexpgei. Ouolwc 57 6e(&ouev, Sti OVSE HAAOC 
ovdelc Obdéva uevprjoev Ónep Eder SetEau. 


C 
Eàv Gow ónocotobv doevduol [etic] åváňoyov, 6 ðè 
TEGTOS TOV EOYATOV ETE), xol TOV SeUTEPOV uerprjoet. 
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(Which is) the very thing it was required to show. 


Proposition 6 


If there are any multitude whatsoever of continuously 
proportional numbers, and the first does not measure the 
second, then no other (number) will measure any other 
(number) either. 


A 1 

















"Hoa w 


FH 
Gr 


H | 

Let A, B, C, D, E be any multitude whatsoever of 
continuously proportional numbers, and let A not mea- 
sure B. I say that no other (number) will measure any 
other (number) either. 

Now, (it is) clear that A, B, C, D, E do not succes- 
sively measure one another. For A does not even mea- 
sure B. So I say that no other (number) will measure 
any other (number) either. For, if possible, let A measure 
C. And as many (numbers) as are A, B, C, let so many 
of the least numbers, F, G, H, have been taken of those 
(numbers) having the same ratio as A, B, C [Prop. 7.33]. 
And since F, G, H are in the same ratio as A, B, C, and 
the multitude of A, B, C is equal to the multitude of F, 
G, H, thus, via equality, as A is to C, so F (is) to H 
[Prop. 7.14]. And since as A is to B, so F (is) to G, 
and A does not measure B, F does not measure G either 
[Def. 7.20]. Thus, F is not a unit. For a unit measures 
all numbers. And F and H are prime to one another 
[Prop. 8.3] [and thus F does not measure H]. And as 
F is to H, so A (is) to C. And thus A does not measure 
C either [Def. 7.20]. So, similarly, we can show that no 
other (number) can measure any other (number) either. 
(Which is) the very thing it was required to show. 








Proposition 7 


If there are any multitude whatsoever of [continu- 
ously] proportional numbers, and the first measures the 


234 


STOIXEION 1. 


A! 
"Eoxcoav onocotoby dovyoi &&fic åváħňoyov oi A, B, T, 
A, 6 6€ A tov A uexpe(xox Aéyo, óu xoi ó A tòv B vetoes. 
Ei yàp ob uexpei ô A tov B, o06& WAoc oddeic oó6éva 
Mevprjoer uetoet 88 ô A tov A. uexpel doa xoi ô A tov B: 
Ónep Eder SetEan. 





, 
n . 

"Ey 600 dpuüuGv uevatb xatà tO cuveyéc dváňoyov 
éuntrtow dpiüuot(, ócot eic abtobe PETAĞÙ xoxà TO ou- 
vey&c avoAoyov &unítrxouoty àpiüuol, xocoUrot xol eic xobc 
TOV abxóv AdYOV ëyovtaç [aoxoic] uetačù xatà TO ouvéyec 
&váAoYvov &yxecoUvrat 























Je —— 5 E ———À 
[T+ M | 
A N ! 
B Z | 
He— 

O ———3À 

K= 

Nm 


Abo yàp dovudy t&v A, B uetačù xatà tÒ ouveyès 
åváňoyov éumintétwoay gowyol oi D, A, xa meroujodw we 
ô A npòs tov B, obtoc 6 E npóc tov Z: Aéyw, Óów dot cic 
TOÙG A, B uexa&b xaxà TÒ OUVEXÈG ÅVÁAOYOV &unertoxaot 
dptüuo(, tooottot xa eic vobc E, Z uetačù xatà 16 cuveyéc 
&váAoYvov Euneoovvta. 

"Ooo. yée ciot 16 nası ot A, B, T, A, tooobdtoar 
ciAnpdwoav ehaytoto. deol tæv Tov avTOV Aóyov 
£yóvxvov toic A, T, A, B oi H, O, K, A: oi dea &xpor 
autéy ot H, A npGrot npóc dAAAOUC ciotv. xoi Exel ot A, 
T, A, B xoic H, O, K, A êv xG adté Ady Eioty, xal otv 
{oov tò nAijüoc tév A, T, A, B xà Affe tev H, O, K, 
A, GV toov &pa &oxiv óc ô A npóc Tov B, o0voc 6 H npóc 
tov A. ac 6€ 6 A npóc tòv B, o0toc ô E npóc tov Z xoi 
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last, then (the first) will also measure the second. 
A HY 


B! | 


C —9————À 





D E 

Let A, B, C, D be any number whatsoever of continu- 
ously proportional numbers. And let A measure D. I say 
that A also measures B. 

For if A does not measure B then no other (number) 
will measure any other (number) either [Prop. 8.6]. But 
A measures D. Thus, A also measures B. (Which is) the 
very thing it was required to show. 


Proposition 8 


If between two numbers there fall (some) numbers in 
continued proportion then, as many numbers as fall in 
between them in continued proportion, so many (num- 
bers) will also fall in between (any two numbers) having 
the same ratio [as them] in continued proportion. 




















A= ke] 
cr——— M | 
D— —3À N i 
Bei up i 
G —3 

Ht 

K—— 
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For let the numbers, C and D, fall between two num- 
bers, A and B, in continued proportion, and let it have 
been contrived (that) as A (is) to B, so E (is) to F. I say 
that, as many numbers as have fallen in between A and 
B in continued proportion, so many (numbers) will also 
fall in between E and F in continued proportion. 

For as many as A, B, C, D are in multitude, let so 
many of the least numbers, G, H, K, L, having the same 
ratio as A, B, C, D, have been taken [Prop. 7.33]. Thus, 
the outermost of them, G and L, are prime to one another 
[Prop. 8.3]. And since A, B, C, D are in the same ratio 
as G, H, K, L, and the multitude of A, B, C, D is equal 
to the multitude of G, H, K, L, thus, via equality, as A is 
to B, so G (is) to L [Prop. 7.14]. And as A (is) to B, so 
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a> doa 6 H npd¢ tov A, ottw¢ ô E mpd¢ tov Z. oi 6€ H, A 
TEGTOL, oi SE TEGTOL xol EAGYLOTOL, oi bE EAAYLOTOL dprðuol 
yEteOVOL Tos xóv abTOV ADYOV &yovxac loduic 6 te ueiCov 
tov ue(Cova xal 6 £Aácocv TOV &£Aácoova, TOUTEOTW Ó TE 
NYOvUEVOS TOV fjvobuevov xol O &móuevoc TOV ENOUEVOV. 
toduic dea ô H tov E uexgei xoi ò A tov Z. óocxic 60 ô H 
tov E uetpei, tooauténic xol &xáxepoc xv ©, K &xávepov 
t&v M, N petpeitw: ot H, O, K, A doa tobe E, M, N, Z 
todxic uetootow. ot H, O, K, A pa xoic E, M, N, Z &v té5 
avté AóY«o ciotv. àÀAX& oi H, O, K, A toic A, T, A, B êv t& 
aùt& Aóyo Elotv: xoi oi A, D, A, B &pa voic E, M, N, Z èv 
1G HUTG Adyw etotv. oi 6€ A, T, A, B é&fic åváňoyóv ciow: 
xoi oi E, M, N, Z dou ¿ñs avdAoydv ciow. door dpa cic 
toc A, B uexa&b XATA TÒ cuveyéc &vdAOYOV EUTETTAXMOLW 
dptüuo(, tooottot xoi eic vobc E, Z uetačù xoà 16 cuveyéc 
åváňoyov &yneroóxoo puoi: ónep Eder SetEau. 


0. 


‘Edy úo dprðuol meditot npóc GAAYAouUc Bow, xol 
tic o'bxobc UETAČÙ xaxà TO OUVEXÈG avdAOYOV EuTiNTWOLW 
åpivuoÍ, ócot eic aUTOL. pETAEÙ xoxà TO cuveyx&c &VEAOYOV 
éunintovow àprðuol, vocoótot xol &xoxépou otv xol 
uováGoc uevo£U xaxà TO cuvey&c åváňoyov éunecoÜvcou. 














At @r—— 
I o———À kK 
A + At 
B l 

M = 
E 

Nt 
Zt S43 
H= O | 


”"Eotwoav 800 åprðuol npóot npóc GAAcAouc oi A, 
B, xoi eig oóxobc uevatb xatk TÒ ouveyéc åváňoyov 
éumimtetwouv oi D, A, xoi &xxeíoto À E uovác: Aévo, 
dt Ócot eic xobc A, B uetačù xoxà tò ouveyès dváAovov 
éurentwoxacw dewyot, tooodtor xoi &xoxépou xv A, 
B xal vfjc uováóoc uectačù xatk tò ocuveyéc dváAoyov 
EUTEGOUVTAL. 

Ei jpdwoav yàp 600 uèv dprðuol EAdyLoTOL Ev xG TEV 
A, T, A, B àóyo Óvxec oi Z, H, toeic òè oi O, K, A, xoi del 
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E (is) to F. And thus as G (is) to L, so E (is) to F. And 
G and L (are) prime (to one another). And (numbers) 
prime (to one another are) also the least (numbers hav- 
ing the same ratio as them) [Prop. 7.21]. And the least 
numbers measure those (numbers) having the same ratio 
(as them) an equal number of times, the greater (measur- 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20]. Thus, G measures E the same 
number of times as L (measures) F. So as many times as 
G measures E, so many times let H, K also measure M, 
N, respectively. Thus, G, H, K, L measure E, M, N, 
F (respectively) an equal number of times. Thus, G, H, 
K, L are in the same ratio as E, M, N, F [Def. 7.20]. 
But, G, H, K, L are in the same ratio as A, C, D, B. 
Thus, A, C, D, B are also in the same ratio as E, M, N, 
F. And A, C, D, B are continuously proportional. Thus, 
E, M, N, F are also continuously proportional. Thus, 
as many numbers as have fallen in between A and B in 
continued proportion, so many numbers have also fallen 
in between £ and F in continued proportion. (Which is) 
the very thing it was required to show. 


Proposition 9 


If two numbers are prime to one another and there 
fall in between them (some) numbers in continued pro- 
portion then, as many numbers as fall in between them 
in continued proportion, so many (numbers) will also fall 
between each of them and a unit in continued proportion. 














At— H——4À 
(1 7—————5 K— —À 
Dp | —————— 
B l 
M —4À 
Bu 
Nt 
F = OS 
G = P i 


Let A and B be two numbers (which are) prime to 
one another, and let the (numbers) C and D fall in be- 
tween them in continued proportion. And let the unit E 
be set out. I say that, as many numbers as have fallen 
in between A and B in continued proportion, so many 
(numbers) will also fall between each of A and P and 
the unit in continued proportion. 

For let the least two numbers, F and G, which are in 
the ratio of A, C, D, B, have been taken [Prop. 7.33]. 
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&&fjc Evi MAtouc, Ewe dv oov yévnta TO nAfjOoc adtHv t 
naisi x&v A, T, A, B. ciAjpdwoay, xoi Eotwoav oi M, N, 
E, O. qavepóv 5%, Ott Ò u£v Z EXUTOV NOAAATAGOLAGUS TOV 
O nenoinxev, tov ó£ O noAAanAootéácac Tov M. nenoinxev, 
xoi ò H &auxóv u£v roAXoanAaotiooc tov A xenotnxev, Tov 
dé A nodAatAaoidoac tov O nenotnxev. xoi &nei ot M, N, 
E, O &Aó&ytoxol ciot x&v tov abxóv Adyov &yÓvtov oic Z, 
H, eioi 6& xoi oi A, D, A, B &Actoxot x&v xóv avUTOV Aóyov 
éydovtwy tois Z, H, xai £owv toov tò nAf[0oc vv M, N, E, 
O xà màs t&v A, T, A, B, Exaotoc &pa xy M, N, £, O 
excotw tév A, D, A, B {oog &oxív: (coc dpa &oxiv 6 u£v M 
t& A, 6 6€ O xà B. xoi Enel 6 Z Equtov xoAAanAactécac 
tov © nenoí(nxev, ò Z doa tov O uetost xatà tac £v TH Z 
yovadac. uevpet be xal 7 E uovàc tov Z xaxà tac Ev aot 
uováboc: iadxuic dea f, E povàs tov Z dowdy uerpei xol o Z 
tov ©. Eotw &pa óc Å E povàs npóc tov Z dpruóv, obtw< 
ò Z npóc tov O. nó, Exel ò Z xóv O noddatdAaocrdoug 
tov M. neno(rxev, ò O dea tov M yuetpet xatà tàs Ev 16 Z 
yovddac. uetpeŤ dé xol f) E uovàc tov Z doyov xoà tàs Ev 
adTES gováGac: tococ toa T, E povàs tov Z àpuüuóv uetpei 
xoi ó O tov M. £cxv dpa wo f; E uovàc npóc tòv Z àpuüuóv, 
obxcc ô O npóc tov M. &6e(y0r, SE xol óc f, E uovàc npóc 
tov Z àptÛuóv, ota 6 Z npóc tov O* xo d¢ doa f, E uovàc 
Ted TOV Z àprðuóv, obtcc ô Z npóc TOV O xoi ó O npóc 
tov M. (coc dé 6 M xà A: Eotw doa óc f| E uovàc npóc xov 
Z ágiüuóv, obvoc 6 Z npgóc tov O xoi 6 O npóc tov A. Bie 
TH HUTA BT xoi Oc f, E uovàc npgóc tov H àpuiüuóv, obtoc ò 
H npóc tov A xoi ô A npóc tov B. ócot doa cic toùs A, B 
uexa&b xoà TO cuveyéc dváAoyov Eurentoxaow dprüuot, 
tooovtot xol Exatépou v&v A, B xoi uováGoc ts E uetačù 
KATA TO OUVEYXES dváAoYvov &uxenvoxaot coool ónxep Edet 
Seton. 


t 

"Edy 500 óptüuGv &£xoxépou xoà uováGoc uetačù xoà 
TO cuveyéc àváňoyov eunintwow åprðuol, ócot Exatéeou 
avtév xol uová6oc Yetadd xatà TÒ cuveyéc dváAoyov 
éuntrtovow dewyot, tooottot xol eic abtobs UETAČÙ XATA 
TO cuvey&c AVdAOYOV EUTEGOUVTAL. 

Ato yàp dovydv tæv A, B xoi pováðos tij¢ T yue- 
TAED xoà TO OUVEXES dvdAovov EUTITTETWOAY pruo ot 
te A, E xoi oi Z, H: d€yw, óu Boor &xoxépou x&v A, 
B xoi uová6oc ts T uetačù xoxà tÒ cuveyéc avdAoyov 
éurentoxaow cowyot, xoco0tot xol eic tobc A, B uetagù 
KATA TO cuvey&c dváAovov EUTECOUVTAL. 
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And the (least) three (numbers), H, K, L. And so on, 
successively increasing by one, until the multitude of the 
(least numbers taken) is made equal to the multitude of 
A, C, D, B [Prop. 8.2]. Let them have been taken, and 
let them be M, N, O, P. So (it is) clear that F has made 
H (by) multiplying itself, and has made M (by) multi- 
plying H. And G has made L (by) multiplying itself, and 
has made P (by) multiplying L [Prop. 8.2 corr]. And 
since M, N, O, P are the least of those (numbers) hav- 
ing the same ratio as F, G, and A, C, D, B are also the 
least of those (numbers) having the same ratio as F, G 
[Prop. 8.2], and the multitude of M, N, O, P is equal 
to the multitude of A, C, D, B, thus M, N, O, P are 
equal to A, C, D, B, respectively. Thus, M is equal to 
A, and P to B. And since F has made H (by) multiply- 
ing itself, F thus measures H according to the units in F 
[Def. 7.15]. And the unit E also measures F according to 
the units in it. Thus, the unit E measures the number F 
as many times as F (measures) H. Thus, as the unit F is 
to the number F, so F (is) to H [Def. 7.20]. Again, since 
F has made M (by) multiplying H, H thus measures M 
according to the units in F [Def. 7.15]. And the unit E 
also measures the number F according to the units in it. 
Thus, the unit E measures the number F as many times 
as H (measures) M. Thus, as the unit E is to the number 
F, so H (is) to M [Prop. 7.20]. And it was shown that as 
the unit E (is) to the number F, so F (is) to H. And thus 
as the unit E (is) to the number F, so F (is) to H, and H 
(is) to M. And M (is) equal to A. Thus, as the unit £ is 
to the number F, so F (is) to H, and H to A. And so, for 
the same (reasons), as the unit E (is) to the number G, 
so G (is) to L, and L to B. Thus, as many (numbers) as 
have fallen in between A and B in continued proportion, 
so many numbers have also fallen between each of A and 
B and the unit E in continued proportion. (Which is) the 
very thing it was required to show. 


Proposition 10 


If (some) numbers fall between each of two numbers 
and a unit in continued proportion then, as many (num- 
bers) as fall between each of the (two numbers) and the 
unit in continued proportion, so many (numbers) will 
also fall in between the (two numbers) themselves in con- 
tinued proportion. 

For let the numbers D, E and F, G fall between the 
numbers A and B (respectively) and the unit C in con- 
tinued proportion. I say that, as many numbers as have 
fallen between each of A and B and the unit C in contin- 
ued proportion, so many will also fall in between A and 
B in continued proportion. 
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'O A yàp tov Z noràaniacidoas tov O mote(to, 
&xáxepoc be vv A, Z tòv O noAXonAaotácac E£xávepov 
tõv K, A nxote(xo. 

Kat énet £owv we ÀT uovàc ngóc tov A dowdy, obvoc 
ô A ngOc tov E, iocouc doa ñT uovàc tov A ápiüuóv uexpei 
xai ò A tov E. 7 68 T uovàc tov A ápiüuóv uexpet xoà vàc 
£v 165 A yuová6ac: xol ó A doa dprüuóc tov E uexpet xoxà 
tac Èv 16) A yovédac: 6 A &pa £auxóv TOAAATAACIÁOAGS TOV 
E menoínxev. náňv, nel otw wo fj D [uovàc] med¢ tov 
A daev0uov, obtac 6 E npóc tov A, toduic dpa T, T uovàc 
tov A aevyuov uetpei xoi ò E tov A. 7 66 T yovàc tov 
A ápiüuóv uexpei xoxà tàs Ev xà A Yovddac: xoi 6 E &pa 
tov A uexpei xatà tac £v xG A yovddac: 6 A doa tov E 
TodAatAaoitoag tov A nenoírxev. Sie xà atà Ù xoà Ò 
uèv Z eautoyv noXAanAaocikcac tov H renotnxev, tov d¢ H 
TodAatAaoious tov B nenotnxev. xol Enel 6 A Eautov uev 
ToAAaTAaoidous tov E nenotnxev, tov 68 Z roXAXanAactóococ 
tov © nenoírnxev, Eottv doa wo ô A ngóc tov Z, otw¢ ô E 
TPO TOV O. Bid xà HUTA 67 xoi óc 6 A npóc Tov Z, obvoc Ò 
O npóc tov H. xal óc doa 6 E npóc tov O, o0toc ô O npóc 
tov H. nd, &nel ô A &xóxepgov xiv E, O noddandaordouc 
&xáxepov xGv A, K nenotnxev, Éouv dpa óc ô E npóc tov O, 
obxoc 6 A npóc tòv K. aM’ óc ô E npóc Tov O, oüvoc 6 A 
xpóc tov Zr xol óc doa ô A npóc tov Z, oŬTWG O A npóc TOV 
K. n&Aw, nel &xáxegoc x&v A, Z tov © noXAanAoaoctácac 
&xáxepov t&v K, A nenotnxev, Eotty pa óc ó A npóc tov 
Z, obvoc ô K npgóc tov A. GAN’ óc 6 A npóc Tov Z, obvoc Ò 
A npóc tov K: xoi óc doa ô A npóc tòv K, obtoc ô K npóc 
tov A. Éu énel 6 Z exdtepov x&v ©, H noddanraordoac 
exctepov tæv A, B nenotnxev, Eotww doa óc 6 © npóc Tov 
H, o01oc 6 A med¢ xóv B. óc 5 6 O npóc tòv H, obxoc 
ô A npóc tov Z: xoà óc dpa ô A npóc tov Z, o0voc ô A 
xpóc tov B. é6c(yrür SE xol wc 6 A npóc tov Z, obtoc 6 TE 
A ngóc tov K xoi ô K npóc tov A: xoà óc dpa ô A npóc 
tov K, obxoc 6 K npóc tov A xoi ô A npóc tov B. oi A, 
K, A, B doa xaxà tò ouveyès &&fic Elow àváňoyov. ócot 
&pa Exatéepou vv A, B xoà ts T uováðoç uetačù xoxà 
TO cuvey&c AVEAOYOV &uníirvouot dpiüuot, xocoÜto: xoi eic 
tovc A, B yetagd xatà tò cuvey&c &uneooüvrar. dmep Eder 
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For let D make H (by) multiplying F. And let D, F 
make K, L, respectively, by multiplying H. 

As since as the unit C is to the number D, so D (is) to 
E, the unit C thus measures the number D as many times 
as D (measures) E [Def. 7.20]. And the unit C measures 
the number D according to the units in D. Thus, the 
number D also measures E according to the units in D. 
Thus, D has made E (by) multiplying itself. Again, since 
as the [unit] C is to the number D, so E (is) to A, the 
unit C thus measures the number D as many times as E 
(measures) A [Def. 7.20]. And the unit C measures the 
number D according to the units in D. Thus, E also mea- 
sures A according to the units in D. Thus, D has made 
A (by) multiplying E. And so, for the same (reasons), F 
has made G (by) multiplying itself, and has made B (by) 
multiplying G. And since D has made E (by) multiplying 
itself, and has made H (by) multiplying F, thus as D is to 
F, so E (is) to H [Prop 7.17]. And so, for the same rea- 
sons, as D (is) to F, so H (is) to G [Prop. 7.18]. And thus 
as E (is) to H, so H (is) to G. Again, since D has made 
A, K (by) multiplying E, H, respectively, thus as E is to 
H, so A (is) to K [Prop 7.17]. But, as E (is) to H, so D 
(is) to F. And thus as D (is) to F, so A (is) to K. Again, 
since D, F have made K, L, respectively, (by) multiply- 
ing H, thus as D is to F, so K (is) to L [Prop. 7.18]. But, 
as D (is) to F, so A (is) to K. And thus as A (is) to K, 
so K (is) to L. Further, since F has made L, B (by) mul- 
tiplying H, G, respectively, thus as H is to G, so L (is) to 
B [Prop 7.17]. And as H (is) to G, so D (is) to F. And 
thus as D (is) to F, so L (is) to B. And it was also shown 
that as D (is) to F, so A (is) to K, and K to L. And thus 
as A (is) to K, so K (is) to L, and L to B. Thus, A, K, 
L, B are successively in continued proportion. Thus, as 
many numbers as fall between each of A and B and the 
unit C in continued proportion, so many will also fall in 
between A and B in continued proportion. (Which is) 
the very thing it was required to show. 


ird 
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Seton. 
ta. 
Abo cevpoyovov åpru&v cic uécoc åváåħoyóv Eottv 


dpuüuÓc, xoi Ò TeTeEkywvog npóc TOV cetpéyovov ðI- 
TAaotova AGYOV EXEL HEE f, MAcvEa npóc THY TACVEdY. 


A 
B 
Pst A 
E' 


"Eovcoov xexpéyovot ápiüuoi ot A, B, xoi tod uv A 
rAeupà Eotw ó T, tod 66 B ô Ac EY, öt x&v A, B cic 
uécoc dváAoyóv &ouv ópupuóc, xoi O A npóc tov B à 
TAaotova Aóvov Eyet fjmep ô T npóc tov A. 

‘O T yàp tov A noAAamAaoi&cac tov E novwto. xol 
&nel tetpkywvdc &ouv ô A, nàeupà 66 abxo0 éouv OT, OT 














&ou EXUTOV TOAAaTAdOLdous TOV A nenoinxev. Gui xà abcà 
dr xoi ô A Eautdv noAAaTAdotdouc tov B nenotnxev. Enel 
obdv ô T &xáxegov t&v T, A nroXXanAoctáocac &xávepov tév 
A, E nenoinxev, gotw &pa óc ô T npóc tov A, obvoc ô A 
xpóc Tov E. Dià xà HUTA 97) xoi Wo OT npóc xóv A, obvoc 6 
E góc tov B. xoi óc doa 6 A npóc tòv E, o0voc ô E npóc 
tov B. x&v A, B dou cic uécoc åváňoyóv tot åprðuós. 

Aéyw ðh, Öt xol 6 A ngóc tòv B dinAactova Adyov Eyer 
fixep ô T npóc tov A. &nel yàp xpeic dpuüuol avadoydv cio 
oi A, E, B, 6 A doa npóc tòv B dinAactova Aóyov Eyer Timeo 
ô A npóc tov E. óc 66 ô A npóc tòv E, o0xoc 6 T npóc 
tov A. ô A dea npóc tov B dimAaoctova Aóvov Exel HE H 
T nàcupà npòs thy A` oreo Eder Seta. 
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Proposition 11 


There exists one number in mean proportion to two 
(given) square numbers.’ And (one) square (number) 
has to the (other) square (number) a squared? ratio with 
respect to (that) the side (of the former has) to the side 
(of the latter). 


Let A and B be square numbers, and let C be the side 
of A, and D (the side) of B. I say that there exists one 
number in mean proportion to A and B, and that A has 
to B a squared ratio with respect to (that) C (has) to D. 

For let C make E (by) multiplying D. And since A is 
square, and C is its side, C has thus made A (by) multi- 
plying itself. And so, for the same (reasons), D has made 
B (by) multiplying itself. Therefore, since C has made A, 
E (by) multiplying C, D, respectively, thus as C is to D, 
so A (is) to E [Prop. 7.17]. And so, for the same (rea- 
sons), as C (is) to D, so E (is) to B [Prop. 7.18]. And 
thus as A (is) to E, so E (is) to B. Thus, one number 
(namely, E) is in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) C (has) to D. For since A, E, B are 
three (continuously) proportional numbers, A thus has 
to B a squared ratio with respect to (that) A (has) to E 
[Def. 5.9]. And as A (is) to E, so C (is) to D. Thus, A has 
to B a squared ratio with respect to (that) side C (has) 
to (side) D. (Which is) the very thing it was required to 
show. 


t In other words, between two given square numbers there exists a number in continued proportion. 


t Literally, “double”. 


p’. 

Abo xOpov cgovudv 600 uécot åvåňoyóv ciow åprðuoí, 
xal ò xUBo¢ npóc TOV xúBov xpguxAao(ova Aóyov Exel nep À 
TAEVEG npóc THY rÀAeupóv. 

"Eoxocav xópot cevduol ot A, B xoi tod uàv A nAeupà 
éow ô T, tod 66 B ô Ac: héya, óu x&v A, B 600 éco 
åváňoyóv ciow dewyot, xoi ò A npóc tòv B teitAaotova 
hoyov Exet Free ô T npdc tov A. 


Proposition 12 


There exist two numbers in mean proportion to two 
(given) cube numbers.’ And (one) cube (number) has to 
the (other) cube (number) a cubed? ratio with respect 
to (that) the side (of the former has) to the side (of the 
latter). 

Let A and B be cube numbers, and let C be the side 
of A, and D (the side) of B. I say that there exist two 
numbers in mean proportion to A and B, and that A has 
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K' 

‘O yàp T £auxóv yev modAAandacidoacg tov E note(xo, 
tov 6€ A moAAanAaocikooac tov Z mote(to, ò è A eautov 
xoAAonAaciéooc tov H nxote(vo, &xévepoc dé xiv T, A tov 
Z ToAdanAaordoug exatepov t&v O, K note(to. 

Koi &nei x0Boc &oxiv ô A, rAeupà 6& aùtoŭ ó T, xoi 6 
T éautov u£v noAA^anAocct&ooc tov E nenoinxev, ò T doa 
EXUTOV u&v noààanàaoidoas Tov E nenroinxev, tov dé E 
TodAatAdoitoag tov A nenoírxev. Sie xà adte 51) xoà O 
A éautov u£v noAAanAaciécac Tov H nenoinxev, tov õè H 
TohAarhaoidoac tov B nenotnxev. xoà enel ô I’ &xéxepov 
t&v T, A noddandaoidoug Exctepov t&v E, Z nenoinxey, 
got doa óc ó T npóc tov A, oŬtws ô E npóc tov Z. 
Ste xà HOTA SH xoi Gc OT npóc tov A, o0xoc ô Z npóc 
tov H. nóAw, &rel ò T &xé&xepov x&v E, Z roAXonAactócoc 
exdtepov tæv A, O nenoínxev, Éowv doa wo 6 E npóc tòv 
Z, obvoc ô A npóc Tov O. we 6€ ô E npd¢ tov Z, o0voc OT 
xpóc tov A: xal óc &pa ô T npóc tov A, obxoc ô A npóc TOV 
O. néAw, Enel &xéxepoc t&v T, A tov Z noddanraordoac 
exdtepoy tæv O, K nenolnxev, Eotw doa óc ô I npóc tov 
A, ottw> ô O npóc tov K. nédw, Exel ò A Exdtepov xv 
Z, H roAAaxAactécoc &xé&repov tæv K, B nenotnxev, Eotw 
dpa c ô Z ngóc tov H, ottw¢ 6 K npóc tov B. óc be 6 Z 
xpóc tov H, obxoc ô T ngóc tov A> xal óc doa ô T npóc 
tov A, obtoc 6 te A npóc tòv O xoi ô O npóc tòv K xoi 
ô K npóc tov B. x&v A, B &pa 600 uécot å&váňoyóv ciow 
oi O, K. 

Aéyw dh, óx xol ô A npóc tòv B xpuuAao(ova Xóvov Eyer 
nep OT npóc tov A. Enel yàp xéooopec deol åváňoyóv 
ciow oi A, O, K, B, ô A &pa npóc tòv B teimAactova Adyov 
éyet Aree O A npóc Tov O. óc dé 6 A npóc xóv O, OTC 6 
T ned¢ tov A: xoi 6 A [pa] ned¢ xóv B tertAactova. Aóvov 
éyet yep ô T npóc tov A’ Ónep Eder Seigau. 
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to B a cubed ratio with respect to (that) C (has) to D. 
At E te 














Bt 1 F»: 
C= Gr——— —À4 
D— —3À H 

K! 





For let C make E (by) multiplying itself, and let it 
make F (by) multiplying D. And let D make G (by) mul- 
tiplying itself, and let C, D make H, K, respectively, (by) 
multiplying F. 

And since A is cube, and C (is) its side, and C has 
made E (by) multiplying itself, C has thus made E (by) 
multiplying itself, and has made A (by) multiplying E. 
And so, for the same (reasons), D has made G (by) mul- 
tiplying itself, and has made B (by) multiplying G. And 
since C has made E, F (by) multiplying C, D, respec- 
tively, thus as C is to D, so E (is) to F [Prop. 7.17]. And 
so, for the same (reasons), as C (is) to D, so F (is) to G 
[Prop. 7.18]. Again, since C has made A, H (by) multi- 
plying E, F, respectively, thus as E is to F, so A (is) to 
H [Prop. 7.17]. And as E (is) to F, so C (is) to D. And 
thus as C (is) to D, so A (is) to H. Again, since C, D 
have made H, K, respectively, (by) multiplying F, thus 
as C is to D, so H (is) to K [Prop. 7.18]. Again, since D 
has made K, B (by) multiplying F, G, respectively, thus 
as F is to G, so K (is) to B [Prop. 7.17]. And as F (is) 
to G, so C (is) to D. And thus as C (is) to D, so A (is) 
to H, and H to K, and K to B. Thus, H and K are two 
(numbers) in mean proportion to A and B. 

So I say that A also has to B a cubed ratio with re- 
spect to (that) C (has) to D. For since A, H, K, B are 
four (continuously) proportional numbers, A thus has 
to B a cubed ratio with respect to (that) A (has) to H 
[Def. 5.10]. And as A (is) to H, so C (is) to D. And 
[thus] A has to B a cubed ratio with respect to (that) C 
(has) to D. (Which is) the very thing it was required to 
show. 


t In other words, between two given cube numbers there exist two numbers in continued proportion. 


t Literally, “triple”. 


LY’. 

"Edy Got dooidnnotobty d&puol eij¢ àváňoyov, xoi 
TMOAAATAUOLAOAG Éxootoc EAVTOV nof tiva, oi Yevóuevot 
¿E avtev åváåňoyov Écovvar xol ¿àv oi Ef ópyfic voUc 
Yevouévouc TOAAATAAOLdouvTEs roroi tivoc, xol ool 


åváħňoyov Eoovtat [xol del reel vobc doxpouc totito cuuaívet]. 


"Eoxocav óxocot0v devuol &&fic avdAoyov, oi A, B, 


Proposition 13 


If there are any multitude whatsoever of continuously 
proportional numbers, and each makes some (number 
by) multiplying itself, then the (numbers) created from 
them will (also) be (continuously) proportional. And if 
the original (numbers) make some (more numbers by) 
multiplying the created (numbers) then these will also 
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T, óc 6 A npóc tov B, ottwe 6 B npóc tòv T, xoà oi 
A, B, T éauvobc uèv xoAAanAaoicoaviec vobc A, E, Z 
nmotcitwoay, tob 6€ A, E, Z roAXonAaoctócavtec tovc H, 
O, K roteitwoav’ AEyw, ött ot te A, E, Z xoi ot H, O, K 
&&fjc dvédoyoy ciotv. 


iv» 
x] 








Eu S 








© 
K 








'O uèv yàp A tov B nxoAAonAaotéooc tov A Torito, 
&xáxepoc dé t&v A, B tov A roààaniacidoas £xátepov xv 
M, N note(xo. xo nóAw ô u£v B tov T nod\Aandaoidoug tov 
E notcttw, êxátepos 0€ t&v B, T tov & xoAAanAactócac 
exdtepov t&v O, II note(xo. 

‘Ouotwc 51 toic Exdvw óci&ouev, ów oi A, A, E xoi ot 
H, M, N, © &&fic cio åváňoyov v 16 tod A med¢ tov 
B AóYvo, xoi Ett oi E, =, Z xoi ot O, O, II, K &&fjc ciow 
åváňoyov &v 16) tot B npóc tov T Adyw. xal otv óc ô A 
xpóc tov B, o0xoc 6 B npóc tov I" xoi ot A, A, E dou tois 
E, =, Z ev 16 ùt Adym ciol xoi Ett ot H, M, N, O tois 
O, O, II, K. xaí éotw toov tò u&v tév A, A, E Ao 165 
t&v E, E, Z rAnver, tò be xv H, M, N, O x6 x&v O, O, 
II, K: 8v toou &pa &oxlv wc uèv 6 A npóc xóv E, obxoc Ô 
E npóc tov Z, óc 6€ ó H ngóc tov O, obxoc ô O npóc Tov 
K: 6nep £óc 6ci&on. 

Qo. 

"Ey Tetp&ywvoc xevpiycovov VETER, xoi f| tAeupà THY 
TAEUpÀV ueprjoev xol &àv f| MAcvEd THY nÀeupáy uecpf|, xol 
Ò TETEKYWVOS TOV TETPÁYWVOV uexerjost. 

"Eococav tetokywvot pruo ot A, B, rAeupod òè otv 
čotwoav oi T, A, ô dé A tov B uexpe(vo: Aévo, Str xal Ô 
I tov A yexpet. 
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be (continuously) proportional [and this always happens 
with the extremes]. 

Let A, B, C be any multitude whatsoever of contin- 
uously proportional numbers, (such that) as A (is) to B, 
so B (is) to C. And let A, B, C make D, E, F (by) 
multiplying themselves, and let them make G, H, K (by) 
multiplying D, E, F. I say that D, E, F and G, H, K are 
continuously proportional. 














At—— L= 
B — —3 Or 
C= M———— 
Dr—— > 

E ———— —3À i 

F — Q 
G= 

H 

K | 








For let A make L (by) multiplying B. And let A, B 
make M, N, respectively, (by) multiplying L. And, again, 
let B make O (by) multiplying C. And let B, C make P, 
Q, respectively, (by) multplying O. 

So, similarly to the above, we can show that D, L, 
E and G, M, N, H are continuously proportional in the 
ratio of A to B, and, further, (that) E, O, F and H, P, Q, 
K are continuously proportional in the ratio of B to C. 
And as A is to B, so B (is) to C. And thus D, L, E are in 
the same ratio as E, O, F, and, further, G, M, N, H (are 
in the same ratio) as H, P, Q, K. And the multitude of 
D, L, E is equal to the multitude of E, O, F, and that of 
G, M, N, H to that of H, P, Q, K. Thus, via equality, as 
D is to E, so E (is) to F, and as G (is) to H, so H (is) to 
K [Prop. 7.14]. (Which is) the very thing it was required 
to show. 


Proposition 14 


If a square (number) measures a(nother) square 
(number) then the side (of the former) will also mea- 
sure the side (of the latter). And if the side (of a square 
number) measures the side (of another square number) 
then the (former) square (number) will also measure the 
(latter) square (number). 

Let A and B be square numbers, and let C and D be 
their sides (respectively). And let A measure B. I say that 
C also measures D. 
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A 
Bi | 











E! | 

‘OT yàp tov A xoAXanAactóácoc tov E notette oi A, E, 
B doa &&fic åváňoyóv eio &v xG tod T npóc tov A Xóvo. 
xai &xel oi A, E, B &&fjc åàváňoyóv eio, xal uevpet ò A tov 
B, uexpet doa xoi ò A tov E. xai &oxtv wc ô A npóc tov E, 
obxoc ô T npóc tov A: uexgei dpa xoi ô D tov A. 

II&At 87, 6 T tov A uexge(xox Aéyo, ów xoi ó A tòv B 
uepet. 

Tõv yàp advtiv xataoxevaodevtwv duotwc Oc(&ouev, 
ou ot A, E, B &&fic å&váňoyóv eio £v 16 tot T npóc tov A 
Aóv«. xal Enel Eotw óc OT npd¢ tov A, ottwe ô A npóc 
tov E, uexgei 6£ ô T tov A, uexpei doa xoi ô A tov E. xai 
eiow oi A, E, B &&fic àvAovov: uexpei doa xoi ô A tov B. 

"Edy dpa vevpéyeovoc xeveéyovov uecpfj, xol f| TAcved 
Thy nÀeupáv uexprjoet Kol &àv Ñ TACUEG Thy rAeupav uecefi, 
xal Ò tetTpåywvoç TOV tetpáYovov uevpfoev Ómnep det 
cita. 





t£". 

"E&v xópoc àpiüuóc xópov dprðuòv uetefj, xoi A xAeupà 
TH rÀeupáv uexprjoet Kol &&v Ñ TACO THY rAeupày yeti, 
xal ò xófioc tov xbBov uererjost. 

Koófoc yàp åprðuòs 6 A x0Bov tov B uexps(xo, xoi tod 
u&v A nAeupà čotw ô T, tot 66 B ô A: EYw, Sti ô T tov 
A uetoet. 
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For let C make E (by) multiplying D. Thus, A, E, 
B are continuously proportional in the ratio of C to D 
[Prop. 8.11]. And since A, E, B are continuously pro- 
portional, and A measures B, A thus also measures E 
[Prop. 8.7]. And as A is to E, so C (is) to D. Thus, C 
also measures D [Def. 7.20]. 

So, again, let C measure D. I say that A also measures 
B. 

For similarly with the same construction, we can 
show that A, E, B are continuously proportional in the 
ratio of C to D. And since as C is to D, so A (is) to E, 
and C measures D, A thus also measures E [Def. 7.20]. 
And A, E, B are continuously proportional. Thus, A also 
measures B. 

Thus, if a square (number) measures a(nother) square 
(number) then the side (of the former) will also measure 
the side (of the latter). And if the side (of a square num- 
ber) measures the side (of another square number) then 
the (former) square (number) will also measure the (lat- 
ter) square (number). (Which is) the very thing it was 
required to show. 


Proposition 15 


If a cube number measures a(nother) cube number 
then the side (of the former) will also measure the side 
(of the latter). And if the side (of a cube number) mea- 
sures the side (of another cube number) then the (for- 
mer) cube (number) will also measure the (latter) cube 
(number). 

For let the cube number A measure the cube (num- 
ber) B, and let C be the side of A, and D (the side) of B. 
I say that C measures D. 


A | C 





———À 














‘OT yàp &auxóv noAAanAaordous Tov E notettw, 6 62 A 





B |! D 





Gi kK | 





FR 
For let C make E (by) multiplying itself. And let 
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EXUTOV TOAAATAMOLdous TOV H noteitw, xoi Et. OT tov A 
xoAAaxAactécac tov Z [roito], &xé&vepoc 6€ x&v T, A tov 
Z roAXanAactéooc exdtepov tæv O, K nowitw. pavepov 
oy, ów oi E, Z, H xoi oi A, O, K, B &£fjc å&váňoyóv ciow 
év 16) tov T npóc tov A Adyo. xa Exel ot A, O, K, B &&fic 
åváňoyóv ciow, xol uexvpei ô A tov B, uexpet doa xol tov 
O. xal otw óc ô A npóc tòv O, oŬtwç ô T npóc xóv Ac 
uexpei toa xoi ô T tov A. 

AAAG 67, uexpe(xo) 6 T tov Ac Aéyow, Óxt xol O A tov B 
UETORCEL. 

Tv yàp o'bxGv xataoxevacVEvtwy ópotoc 7) SelEouey, 
ou oi A, O, K, B &£fic àváňoyóv ciow &v 16 tot I npóc 
tov A ddyw. xoi Exel o T tov A uexgei, xal &oxty wc ô T 
npóc tov A, o0xoc 6 A npóc tòv O, xoi 6 A doa tòv O 
uexpei- Wote xoi tov B uexpei 6 Av Ónep Eder deion. 


ts. 

‘Edy tetpåywvoçs dpuüuóc tetedywvov dprðuòv ur, 
uetpfj, OVSE Å trÀAeup& THY TAEUEdY uetpňoev xàv f| MAEVE 
Tfjv xAeupdy UN UETEF, OSE Ò tvexpétyovoc TOV tevpityovov 
UETERCEL. 


A |m 


Bi | 

"Eocoav tetexywvot dpiüuol ot A, B, rAeupod òè otv 
čotwoav ot T, A, xol ur) uexpe(vo ò A tov B: A&yo, ów OVE 
ô T tov A uexgei. 

Ei yàp uexpgei o I tov A, uexerjoet xoi ò A tov B. od 
uexpei 8$ O A tov B: ovde koa 6 T xóv A yexerjoet. 

MÌ petpeitw [54] nó 6 T tov A: Aévo, Sti OvSE ô A 
tov B uetoeroet. 

Ei yàp uexpei ô A tov B, uetejoet xoi ò T tov A. od 
uetpet 6£ ô T tov A: 00d’ dea ô A xóv B ueteyoet ónep 
der elko. 


]' -—3 





A m= 


e. 
‘Edy xófoc àpiüuóc xópov dprðuòv uù uevpfj, OLdE Å 
TÀeUpá THY rAeupüv uetprjoseU xàv j| TASUE THY TAEUEdY 
Un LETH, Ovde ó xófoc xov xópov ueterjoet. 
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D make G (by) multiplying itself. And, further, [let] C 
[make] F (by) multiplying D, and let C, D make H, K, 
respectively, (by) multiplying F. So it is clear that E, F, 
G and A, H, K, B are continuously proportional in the 
ratio of C to D [Prop. 8.12]. And since A, H, K, B are 
continuously proportional, and A measures B, (A) thus 
also measures H [Prop. 8.7]. And as A is to H, so C (is) 
to D. Thus, C also measures D [Def. 7.20]. 

And so let C measure D. I say that A will also mea- 
sure B. 

For similarly with the same construction, we can 
show that A, H, K, B are continuously proportional in 
the ratio of C to D. And since C measures D, and as C is 
to D, so A (is) to H, A thus also measures H [Def. 7.20]. 
Hence, A also measures B. (Which is) the very thing it 
was required to show. 


Proposition 16 


If a square number does not measure a(nother) 
square number then the side (of the former) will not 
measure the side (of the latter) either. And if the side (of 
a square number) does not measure the side (of another 
square number) then the (former) square (number) will 
not measure the (latter) square (number) either. 

A = Gt 


B HK D E————À 

Let A and B be square numbers, and let C and D be 
their sides (respectively). And let A not measure B. I say 
that C does not measure D either. 

For if C measures D then A will also measure B 
[Prop. 8.14]. And A does not measure P. Thus, C will 
not measure D either. 

[So], again, let C not measure D. I say that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.14]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 


Proposition 17 


If a cube number does not measure a(nother) cube 
number then the side (of the former) will not measure the 
side (of the latter) either. And if the side (of a cube num- 
ber) does not measure the side (of another cube number) 
then the (former) cube (number) will not measure the 
(latter) cube (number) either. 
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A! j 


B —I_ Po A m 

KvBoc yàp àpiüuóc ô A xópov åprðuòv tov B uù ue- 
tocitw, xol tol uèv A mAeupà čotw ò T, tot 68 B ô Ac 
Aéyw, O11 O T tov A ov uexerjoet. 

Ei yàp uevpet ò D tov A, xoi ô A tov B uetphoet. od 
uetpet è O A tov B: 00d’ &pa o T tov A uetpei. 

AAG 97) UA uexvpe(xo) ó P tov Ac Méyo, óu OVSE 6 A 
tov B ye:prjoet. 

Ei yàp ô A tov B uetpet, xoi ó D tov A uetphoet. où 
uetpet 6£ ô T tov A: odd’ doa ô A xóv B ueteyoet ónep 
der Ocio. 





]'--—*! 


$ 

n M 
Abo duotwy emunédwv dowdy eic uéooc &vedOY Ov &£oxtv 
dewudc: xal ò Enttedoc npóc TOv Extnedov SitAdotova Aóyov 
EXEL Tjxep f; OUOAOYOS TAEVEa npóc THY OUOAOYOV nAeupóv. 

















A 1 B | 
I — EÁ——À 
At Z- 

H 


”"Eotwoav 800 Suotot extnedor ápiüuol oi A, B, xoi tod 
uèv A nàcupal Eotwoav ot T, A doevuot, tot òè B oi E, 
Z. xol ¿nel Čuoior Exinedot elow ol àvåňoyov ČXOVTES Thc 
TÀeupóc, Eotw dpa ðs ô T npóc tov A, obxoc ô E npóc 
tov Z. Ayo odv, dt x&v A, B cic uécoc åváňoyóv £ouv 
dptüuóc, xoi 6 A npóc tov B àuAaoí(ova Aóyov Eyet nep ô 
T npd¢ tov E Ñ 6 A ngóc xóv Z, toutéotw Free f, ôuóňoyos 
TAECUPÀ TEDS THY óuóAovov [rXeup&y]. 

Kat énet &ouv óc OT npóc tov A, oŬtws 6 E npóc tòv 
Z, EVOAAGE &pa Eotlv óc OT npóc tov E, 6 A npgóc tov Z. 
xal &nei enineddc otv ô A, TAcupal 66 quUtot oi T, A, ô A 
&pa tov T roAXAorAaot&cac tov A nxenoínxev. Sid và adTE 
ù xoi ô E tov Z noAXanAactécac tov B nxenoínxev. ô A 
of tov E xoAAaAatoiécoac tov H xote(to. xal ênel ô A tov 
u&v T noXAazAoactácac tov A neroinxev, tov dé E xoAAo- 
rÀact&ooc tov H nenotnxev, Eotw doa wc 6 T góc tov E, 
ovtac 6 A npdc tov H. GAN’ óc OT npóc tov E, [oococ] 
ô A npóc tov Z xal wo dpa 6 A npóc tov Z, obvoc ô A 
xpóc tov H. nó, énel 6 E tov u£v A roààaniaocidoas tov 
H nenotnxev, tov 6¢ Z noAAandacidoucg tov B renotinxey, 
got dea óc ô A npóc tov Z, o0toc ò H npóc tov B. 
edetyOn 68 xol óc O A npóc tòv Z, o0voc ô A npóc TOV 
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At 


Bı l Dt 

For let the cube number A not measure the cube num- 
ber B. And let C be the side of A, and D (the side) of B. 
I say that C will not measure D. 

For if C measures D then A will also measure B 
[Prop. 8.15]. And A does not measure B. Thus, C does 
not measure D either. 

And so let C not measure D. I say that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.15]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 


C t— 





Proposition 18 


There exists one number in mean proportion to two 
similar plane numbers. And (one) plane (number) has to 
the (other) plane (number) a squared! ratio with respect 
to (that) a corresponding side (of the former has) to a 
corresponding side (of the latter). 














A= B 

CGir—i E= 
D—— E——— 
G 1 


Let A and B be two similar plane numbers. And let 
the numbers C, D be the sides of A, and E, F (the sides) 
of B. And since similar numbers are those having pro- 
portional sides [Def. 7.21], thus as C is to D, so E (is) to 
F. Therefore, I say that there exists one number in mean 
proportion to A and B, and that A has to B a squared 
ratio with respect to that C (has) to E, or D to F—that is 
to say, with respect to (that) a corresponding side (has) 
to a corresponding [side]. 

For since as C is to D, so E (is) to F, thus, alternately, 
as C is to E, so D (is) to F [Prop. 7.13]. And since A is 
plane, and C, D its sides, D has thus made A (by) mul- 
tiplying C. And so, for the same (reasons), E has made 
B (by) multiplying F. So let D make G (by) multiplying 
E. And since D has made A (by) multiplying C, and has 
made G (by) multiplying E, thus as C is to E, so A (is) to 
G [Prop. 7.17]. But as C (is) to E, [so] D (is) to F. And 
thus as D (is) to F, so A (is) to G. Again, since E has 
made G (by) multiplying D, and has made B (by) multi- 
plying F, thus as D is to F, so G (is) to B [Prop. 7.17]. 
And it was also shown that as D (is) to F, so A (is) to G. 
And thus as A (is) to G, so G (is) to B. Thus, A, G, B are 
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H: xoà óc toa 6 A npóc tov H, oŭtws 6 H npóc tov B. oi 
A, H, B doa &&fjc åváňoyóv ciow. tév A, B dpa cic uécoc 
åváåňoyóv otv ópiüuóc. 

Aéyw Of, óu xoi 6 A npòs tòv B SitAaoctova Aóyov 
EXEL nep f; OUOAOYOS MAEVE npóc THY òuóňoyov tàcvpáv, 
toutéotw ynep ô T npd¢ tov E Ñ ô A npóc xov Z. &ncel yàp 
oi A, H, B &&fic àváňoyóv Eiow, 6 A npóc xóv B GuAao(ova 
Aóvov Exel nep npóc tov H. xal Eotw óc ô A npóc tòv H, 
o’tw> 6 te I npóc tov E xoi 6 A npóc tov Z. xoi ô A &pa 
rpóc tòv B SitAactova Adyov Eyer Ameo ò T npóc tov E ñ 
ô A npóc tov Zr ónep Eder Oci&on. 


t Literally, “double”. 
v. 

Ato duotwy ovegeGv dpuüuGv O00 uécot åváňoyov 
éurtntovow üpiüuo xol Ò oxepeóc npóc TOV óuotov oxepeóv 
TolmAaotova Aóyov EXEL HEE f, OUOAOYOS TAEVEX npóc tiv 
OUOAOYOY TAEUEgy. 




















A T = 
A 
E et 
B i Zi 
Hr 
© 
K ———-7 
M N: 
At m: 


ELEMENTS BOOK 8 


continously proportional. Thus, there exists one number 
(namely, G) in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) a corresponding side (has) to a corre- 
sponding side—that is to say, with respect to (that) C 
(has) to E, or D to F. For since A, G, B are continuously 
proportional, A has to P a squared ratio with respect to 
(that A has) to G [Prop. 5.9]. And as A is to G, so C (is) 
to E, and D to F. And thus A has to B a squared ratio 
with respect to (that) C (has) to E, or D to F. (Which 
is) the very thing it was required to show. 


Proposition 19 


Two numbers fall (between) two similar solid num- 
bers in mean proportion. And a solid (number) has to 
a similar solid (number) a cubed! ratio with respect to 


(that) a corresponding side (has) to a corresponding side. 
At C — 








B: F 
Gr 
H-—— ————4 

K eT 

Me N: 

Lt O: 














"Eovcooov 800 ópotot oxepeoi ot A, B, xoi tot uèv A 
TAcueal ëotwoav oi T, A, E, tot òè B oi Z, H, O. xoi nel 
Óuotot OTEPEEOL cioty Ol vá oYvov Éyovtec xàc rAeupác, &oxty 
&pa óc u&v OT ngóc tov A, obtoc 6 Z npóc tov H, óc dé 
ô A ngóc tov E, o0voc 6 H ngóc tov O. Aévo, óu xGv A, 
B 660 uécot åváňoyóv &ynirvoucty åprðuoí, xoi ô A npóc 
tov B teinAactova Aóvov Exel nep OT ngóc tov Z xoi ò 
A npóc tov H xoi Ett ô E npóc tov O. 

‘OT yàp tov A noAXAanAaoci&cac tov K note(vo, ô sé 
Z tov H xoAAaxAaotácoac tov A mote(to. xol éne) ot T, 
A tois Z, H êv 16 aoxG Adyw eiotv, xoi ex uèv xGv T, 
A cow ò K, ex òè xv Z, H ô A, ot K, A [doa] óuot 
éninedot eiotv dovduot xv K, A dea cic uécoc åváňoyóv 
got åprůuós. čotw ô M. ô M &ga ċotiv ô ex x&v A, 
Z, ÒS £v Té TEO ToUTOV Veweruatt edetyIn. xa Enel ò 
A tov uèv T roddandaoikdoug tov K nenoinxev, tov õè Z 
noàaniaocigoas tov M neno(rxev, Eotw doa óc ó T ngóc 
tov Z, ovtwc ó K npóc tov M. GAX’ óc ó K med¢ tov M, 
ô M ngóc tov A. oi K, M, A &pa &&fic ciow åváħoyov &v 


Let A and B be two similar solid numbers, and let 
C, D, E be the sides of A, and F, G, H (the sides) of 
B. And since similar solid (numbers) are those having 
proportional sides [Def. 7.21], thus as C is to D, so F 
(is) to G, and as D (is) to E, so G (is) to H. I say that 
two numbers fall (between) A and B in mean proportion, 
and (that) A has to B a cubed ratio with respect to (that) 
C (has) to F, and D to G, and, further, E to H. 

For let C make K (by) multiplying D, and let F make 
L (by) multiplying G. And since C, D are in the same 
ratio as F, G, and K is the (number created) from (mul- 
tiplying) C, D, and L the (number created) from (multi- 
plying) F, G, [thus] K and L are similar plane numbers 
[Def. 7.21]. Thus, there exits one number in mean pro- 
portion to K and L [Prop. 8.18]. Let it be M. Thus, M is 
the (number created) from (multiplying) D, F, as shown 
in the theorem before this (one). And since D has made 
K (by) multiplying C, and has made M (by) multiplying 
F, thus as C is to F, so K (is) to M [Prop. 7.17]. But, as 
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16 tot I' npóc tov Z AÓYG. xoi Enel otv wc OT ngóc tov 
A, obtw¢ 6 Z med¢ tov H, évaAAàE doa &oxiv wo ô T npóc 
tov Z, ob0xoc ô A npóc tov H. àtà xà HUT 07, xoi Wo ô A 
mpdc¢ tov H, obxoc 6 E med¢ tov O. oi K, M, A dow &&fic 
cioty àváňoyov čv te 16) tod I npóc tov Z Aóyvo xoi TH 
tot A npdc¢ tov H xol Ett 165 tol E npóc tòv O. Exatepoc 
67] xv E, O tov M noAAanAacUukcac êxátepov tæv N, € 
Tovettw. xol Emel oxepeóc &oxtv ô A, rAeupol bE aUTOD ciot 
oi T, A, E, 6 E pa tov &x x&v T, A noXXanAooctácac tov 
A nenotnxev. ô dé &x x&v D, A otw ô K: ò E ága ov K 
xoAAonAaociooc tov A nenoinxev. Sid xà HOTA O7) xoi ô O 
tov A noAAoenAaotéooc tov B nenotnxev. xoi nel ó E tov 
K noddandacidoug tov A nenoinxev, GAAG UY xoi xóv M 
ToAAaTAaoidoug tov N nenotnxev, Eotw dea óc ó K npóc 
tov M, ottwo 6 A npóc tov N. óc dé ô K npóc xóv M, 
obxoc 6 te T npóc tov Z xoi ô A npóc tov H xoi Ett ò E 
xpóc tov O: xal óc doa ô T npd¢ tov Z xoi 6 A npóc tov 
H xoà ô E npóc tov O, obvoc ô A npóc tòv N. nóAt, nel 
exdtepoc t&v E, O tov M nohAarAacidouc Extepov xv 
N, E nenoinxev, Eotw toa wc ó E npóc tov O, ottwo ô N 
TOS TOV E. AAA’ c O E ngóc tòv O, oŬtws 6 te I' npóc tòv 
Z xol 6 A npd¢ tov H- xoi óc ğpa ô T npóc tov Z xoi ô A 
mpdc¢ tov H xoi ô E npóc tov O, obxoc 6 te A npóc tov N 
xal ò N moedc tov =. nåàw, Emel ó O tov M noààaniaoidoas 
tov E nenoinxev, dA UAV xoi xóv A roAXarAootitoac TOV 
B nenoínxev, Eotw toa óc 6 M npóc tov A, obtoc 6 € npóc 
tov B. àAX' óc ô M npóc tov A, obvoc 6 te D npóc tov Z 
xoi ò A npóc tov H xoi ô E xpóc tov O. xoi óc doa ô T 
xpóc tov Z xoi ó A npóc tov H xoi ô E npóc tov O, obxoc 
ov uóvov ò & npóc tov B, dAA& xoi 6 A med¢ xóv N xal 6 
N ngóc tov =. oi A, N, Z, B dow &£fic ciow àvdAoyov v 
toic eipnuévotc x&v nAeupGv Adyotc. 

Aéyw, Öt xo 6 A npóc tòv B xpuuAaoíova Aóyov 
EXEL Tjxep f; OUOAOYOS TACUEa npóc THY òuóňoyov nAeupóv, 
toutéotw nep OT ded npóc tov Z fj ô A npóc xóv 
H xoi étt 6 E npóc tov O. Enel yàp xéocopec åprðuol &&fic 
åváňoyóv cioty ot A, N, =, B, 6 A pa npóc xóv B ter 
TAaotova Aóyov éyet fixep ô A npóc tov N. GAA’ wo ô A 
xpóc tov N, ottw¢ Edety0n 6 te T npóc tov Z xol 6 A npóc 
tov H xoi ëtt ô E npóc tov O. xoi 6 A dea npóc tov B 
TolmAaotova AóYvov EXEL nep f, ouóXovoc TAELEX npóc tijv 
óUuÓAoYov nAeupáv, vouxécuv nep OT àpiüuóc npóc Tov 
Z xoi ô A ngóc tov H xoi £u ô E npóc tov O: önep Eder 
citar. 


* Literally, “triple”. 


d 


X. 


‘Edy 600 dovudy cic uécoc avdAOYOV &unírf| KowWudc, 
uoto Extredor Ecovta oi cKowWuot. 
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K (is) to M, (so) M (is) to L. Thus, K, M, L are contin- 
uously proportional in the ratio of C to F. And since as 
C is to D, so F (is) to G, thus, alternately, as C is to F, so 
D (is) to G [Prop. 7.13]. And so, for the same (reasons), 
as D (is) to G, so E (is) to H. Thus, K, M, L are contin- 
uously proportional in the ratio of C to F, and of D to G, 
and, further, of E to H. Solet E, H make N, O, respec- 
tively, (by) multiplying M. And since A is solid, and C, 
D, E are its sides, E has thus made A (by) multiplying 
the (number created) from (multiplying) C, D. And K 
is the (number created) from (multiplying) C, D. Thus, 
E has made A (by) multiplying K. And so, for the same 
(reasons), H has made B (by) multiplying L. And since 
E has made A (by) multiplying K, but has, in fact, also 
made N (by) multiplying M, thus as K is to M, so A (is) 
to N [Prop. 7.17]. And as K (is) to M, so C (is) to F, 
and D to G, and, further, E to H. And thus as C (is) to 
F, and D to G, and E to H, so A (is) to N. Again, since 
E, H have made N, O, respectively, (by) multiplying M, 
thus as E is to H, so N (is) to O [Prop. 7.18]. But, as 
E (is) to H, so C (is) to F, and D to G. And thus as C 
(is) to F, and D to G, and E to H, so (is) A to N, and 
N to O. Again, since H has made O (by) multiplying M, 
but has, in fact, also made B (by) multiplying L, thus as 
M (is) to L, so O (is) to B [Prop. 7.17]. But, as M (is) 
to L, so C (is) to F, and D to G, and E to H. And thus 
as C (is) to F, and D to G, and E to H, so not only (is) 
O to B, but also A to N, and N to O. Thus, A, N, O, 
B are continuously proportional in the aforementioned 
ratios of the sides. 

So I say that A also has to B a cubed ratio with respect 
to (that) a corresponding side (has) to a corresponding 
side—that is to say, with respect to (that) the number C 
(has) to F, or D to G, and, further, E to H. For since A, 
N, O, B are four continuously proportional numbers, A 
thus has to B a cubed ratio with respect to (that) A (has) 
to N [Def. 5.10]. But, as A (is) to N, so it was shown (is) 
C to F, and D to G, and, further, E to H. And thus A has 
to B a cubed ratio with respect to (that) a corresponding 
side (has) to a corresponding side—that is to say, with 
respect to (that) the number C (has) to F, and D to G, 
and, further, E to H. (Which is) the very thing it was 
required to show. 


Proposition 20 


If one number falls between two numbers in mean 
proportion then the numbers will be similar plane (num- 
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Ato yàp åpðuðv tæv A, B cic uécoc åváňoyov 
éumintéetw åprðuòc ó T: Aévo, ött oi A, B uoo Extredot 
ciow àptüpot. 


























A'— NI 
T i Z 
B i 
E 
H i 


Eijpdwoav [yàp] Ercyiotor prol tév tov adtOv 
Aóyov &yóvxov xoic A, T ot A, E toduic doa ô A tov A 
yetpet xoi 6 E tov T. doduic 07) ô A tov A uexpet, tooatta 
uováðeç Eotwoav v 16 Z 6 Z doa tov A noddanraordouc 
tov A nenotnxev. ote o A énineddc¢ otw, nAeupol òè 
avtot oi A, Z. néAw, &nel ot A, E &Adytoxo( siot tév tov 
avtov Adyov Exdvtwv xoic T, B, ioóxic &pa ô A tov T ue- 
tpe xal ò E tov B. óoócouc 64 ô E tov B uetpei, tocoatto 
uovábec Eotwouy ev 165 H. ô E doa tov B vetpet xatà tke 
£v 1G H uová6ac: ò H äpa tov E noAAanAoctécoc tov B 
nerotnxev. ó B &pa entmedoc¢ Cott, MAcueal SE aUTOD cioty 
oi E, H. oi A, B &pa éninedot ciow dewWuol. AEyw Sh, óu 
xoà Ópotot. nel yàp ô Z tov uèv A nodAatAaordoag tov 
A nenoinxev, tov dé E xoAXanAaociutooc tov I nenoínxev, 
got dea ac ô A npóc tov E, ottwo ô A npóc tov T, 
toutéotw Ô I’ ngóc tov B. nád, Enel ó E exctepov x&v Z, 
H noAAanAect&cac voUc I’, B renotnxev, Eotw doa óc o Z 
rpóc tov H, oŬtws ô T npóc tov B. óc 6€ ôT ngóc tov B, 
obxoc ô A ngóc tov E; xal óc &pa 6 A npóc Tov E, obvoc 
ô Z ngóc tov H: xoi &vaAAà& wo 6 A npóc tov Z, obtoc 6 
E xgóc tov H. oi A, B dou poio éní(ne60t dewyot iow: at 
yàp TAcupal otóxGv åváňoyóv cio: Step Eder SetEau. 
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bers). 

For let one number C fall between the two numbers A 
and B in mean proportion. I say that A and B are similar 
plane numbers. 























At——— D= 
C i F 
B ] 
E 
G te 


[For] let the least numbers, D and E, having the 
same ratio as A and C have been taken [Prop. 7.33]. 
Thus, D measures A as many times as E (measures) C 
[Prop. 7.20]. So as many times as D measures A, so 
many units let there be in F. Thus, F has made A (by) 
multiplying D [Def. 7.15]. Hence, A is plane, and D, 
F (are) its sides. Again, since D and E are the least 
of those (numbers) having the same ratio as C and B, 
D thus measures C as many times as E (measures) B 
[Prop. 7.20]. So as many times as E measures D, so 
many units let there be in G. Thus, E measures B ac- 
cording to the units in G. Thus, G has made B (by) mul- 
tiplying E [Def. 7.15]. Thus, B is plane, and E, G are 
its sides. Thus, A and B are (both) plane numbers. So I 
say that (they are) also similar. For since F has made A 
(by) multiplying D, and has made C (by) multiplying E, 
thus as D is to E, so A (is) to C—that is to say, C to B 
[Prop. 7.17].! Again, since E has made C, B (by) multi- 
plying F, G, respectively, thus as F is to G, so C (is) to 
B [Prop. 7.17]. And as C (is) to B, so D (is) to E. And 
thus as D (is) to E, so F (is) to G. And, alternately, as D 
(is) to F, so E (is) to G [Prop. 7.13]. Thus, A and B are 
similar plane numbers. For their sides are proportional 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


t This part of the proof is defective, since it is not demonstrated that F x E = C. Furthermore, it is not necessary to show that D : E :: A: C, 


because this is true by hypothesis. 
xa. 

‘Edy 600 ópi0uGv 000 uécot àvåňoyov uUTÍTTWOLWV 
&piüuot, duoLot otepeoi eiotv oi àpiügot. 

Ato yàp dewydyv xv A, B 600 uécot åváňoyov 
éumimtéetwoav pruo oi T, A: Aéyo, óu oi A, B uoo 
otepeoi ciot. 

EUypücocav yàp &A&yiotvot dprðuol tæv TOV avTOV 
Aóvov &yóvvov tois A, D, A xpeic oi E, Z, H: oi doa d&xeor 
avtéyv oi E, H np&xot npóc àAAYjXouc Elotv. xal Enel tæv 
E, H eic uécoc &váAovov &£unértoxev aovuoc ó Z, oi E, 
H doa dprðuol uoo entnedoi eiotw. Éoxoocav obv to uèv 


Proposition 21 


If two numbers fall between two numbers in mean 
proportion then the (latter) are similar solid (numbers). 

For let the two numbers C and D fall between the two 
numbers A and B in mean proportion. I say that A and 
B are similar solid (numbers). 

For let the three least numbers E, F, G having the 
same ratio as A, C, D have been taken [Prop. 8.2]. Thus, 
the outermost of them, E and G, are prime to one an- 
other [Prop. 8.3]. And since one number, F, has fallen 
(between) E and G in mean proportion, E and G are 
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E nAeupoi oi O, K, tot 6€ H oi A, M. gavepdv &pa Eotiv 
&x tov Ted roOtou, Ott oi E, Z, H &&fjc elow avddoyov čv 
te T To O npóc tòv A Adyw xal TG tod K npóc tov M. 
xol enel oi E, Z, H &A&ytoxol siot tév tov avtov Aóyov 
&yóvxov toic A, T, A, xal &owv (cov 16 xAfj0oc xv E, 
Z, H xà nàs tev A, D, A, bv toov doa £oxv óc ô E 
xpóc tov H, oŬtws 6 A npóc tov A. oi òè E, H np&xot, oi 
6& noto. xal EAdyLoTOL, oi SE £A&ytoxot UETEOUOL TOÙÇ Tov 
avtOv Adyov Éyovroc atos locouc 6 ve ue(Cov Tov ue(Cova 
xal Ò &Aácotcv TOV £Aáooova, TOUTEOTIV Ó Te NYOUUEVOS 
TOV fivoÓuevov xol Ò &nÓuevoc Tov EMdUEVOV’ icx toa 
ò E tov A uexgei xoi ò H tov A. óoóodc Of ô E tov A 
uexpet, TooatTa Uovadec Eotwoay èv 1G N. ô N dpa tov E 
TohAatAaoitoag tov A nenotnxev. 6 66 E otv ô &x xGv 
O, K: ô N da tov éx x&v O, K roddandAaordoacg tov A 
xenoinxev. ovepeóc dpa Eotly ô A, nAeupol SE ato ciow 
oi O, K, N. rédw, &nel oi E, Z, H &A&ytoxoí ciot tév tov 
avtov Aóyov &yÓvrov tois T, A, B, toduic dpa 6 E tov T 
ueteet xoi ò H tov B. dodxic 67, ô E tov T uexpet, tooatita 
uovábec Eotwoay &v 16) S. ò H dpa tov B uetpet xoà vàc 
£v 1G € uováðacs: ó = doa tov H noAXonAactécac tov B 
reno(mxev. ô 68 H otv ô &x x&v A, M: ò E doa tov ex 
t&v A, M noddandaoidoac tov B xenoínxev. ovepeóc &pa 
éotlv ô B, nàeupol è adtod elow ot A, M, =: oi A, B dpa 
otepeol eiotv. 
































Am @t— 

r o K= 

A Ne 

B ] 

SS JN 

Z | M | 
H | a | 


Aéyo [òh], Stt xa öuowo. Exel yàp oi N, € tov E toà- 
LatAnoidoavtes toùs A, T nenourxaow, Éov doa óc ô N 
npóc tov E, ô A npóc tov T, toutéotw Ò E npóc tov Z. 
GAM’ àc ô E npóc tov Z, ô O npóc tòv A xoi 6 K npóc tòv 
M: xal óc pa ô O npóc tòv A, oŬtws ô K npóc tov M xoi 
ô N npóc tov E. xal ciow oi uèv O, K, N mAcupal tot A, 
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thus similar plane numbers [Prop. 8.20]. Therefore, let 
H, K be the sides of E, and L, M (the sides) of G. Thus, 
it is clear from the (proposition) before this (one) that E, 
F, G are continuously proportional in the ratio of H to 
L, and of K to M. And since E, F, G are the least (num- 
bers) having the same ratio as A, C, D, and the multitude 
of E, F, G is equal to the multitude of A, C, D, thus, 
via equality, as E is to G, so A (is) to D [Prop. 7.14]. 
And E and G (are) prime (to one another), and prime 
(numbers) are also the least (of those numbers having 
the same ratio as them) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, E measures A the same 
number of times as G (measures) D. So as many times as 
E measures A, so many units let there be in N. Thus, N 
has made A (by) multiplying E [Def. 7.15]. And E is the 
(number created) from (multiplying) H and K. Thus, N 
has made A (by) multiplying the (number created) from 
(multiplying) H and K. Thus, A is solid, and its sides are 
H, K, N. Again, since E, F, G are the least (numbers) 
having the same ratio as C, D, B, thus E measures C the 
same number of times as G (measures) B [Prop. 7.20]. 
So as many times as E measures C, so many units let 
there be in O. Thus, G measures B according to the units 
in O. Thus, O has made B (by) multiplying G. And 
G is the (number created) from (multiplying) L and M. 
Thus, O has made B (by) multiplying the (number cre- 
ated) from (multiplying) L and M. Thus, B is solid, and 
its sides are L, M, O. Thus, A and B are (both) solid. 





























A ————À Hrt— 

C | K —— 

D | N= 

B l 

E= —4 D= 

F ! M= 
G O ! 


[So] I say that (they are) also similar. For since N, O 
have made A, C (by) multiplying E, thus as N is to O, so 
A (is) to C—that is to say, E to F [Prop. 7.18]. But, as 
E (is) to F, so H (is) to L, and K to M. And thus as H 
(is) to L, so K (is) to M, and N to O. And H, K, N are 
the sides of A, and L, M, O the sides of B. Thus, A and 


248 


STOIXEION vf. 


oi òè €, A, M mAcvpai tod B. oi A, B &pa pruo Suotot 
oxepeoí sio: ónep edet dego. 


t The Greek text has ^O, L, M”, which is obviously a mistake. 


xp. 
"Ey toeic dowWyol £&fjc avdAoyov Gow, ô 8& npóroc 
xevp&Yovoc Tj, xoi Ò vp(voc vexpényovoc EoTAL. 
At 


B 
T l 


”"Eotwoav tesic åpiÛuoÌ &&fjc åváňoyov oi A, B, T, 6 6€ 
mpéitoc 6 A tetpáywvos čotw: AEYH, óu xoi O Toitoc OT 
TETPYWVÓG EOTIV. 

‘Enel yuo tov A, T cic uécoc àvóAovóv otv dpiüuóc 
ô B, oi A, T ápa uoo éninedot eiotv. vevpétyovoc 68 ô A: 
tetedywvoc &pa xoi ó I" ónep Eder SetEau. 


I ———— —4à 








Fa 
xY'. 
"Eàv xéocopec dpiüuol Fic dvd ovov Gow, ó 6€ npi oc 
x0Boc Å, xoi O xéxaprxoc xopoc £ocot. 


A 
B' | 
I? 
A 


”"Eotwoav téooupes åprðuol &Efic åváňoyov oi A, B, T, 
A, ô È A xópoc Eotw Aévo, tt xoi ô A xópoc Eotiv. 

"Enci yàp vv A, A 600 uécot àváAoyóv ciow dpuüuol 
oi B, T, oi A, A &pa ópotoíl ciot otepeol å&prðuoi. xópoc dé 
ô A: xópoc doa xoi ô A> bree eer SeiEau. 














x0’. 
‘Edy 600 dpuüuol npóc GAAHAOUC AdYOV čywow, Ov 
tevpáYovoc àpıÛuòs npóc Ttetpåywvov douüuóv, O ðè 
TEGO vexpáycovoc T, xol O SeVtTEPOC xevpétyovoc EOTAL. 


A! | T — 


B ————4À 





A HK 
Ato yàp aevuot oi A, B mpóc dAMfAouc Aóyov 
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B are similar solid numbers [Def. 7.21]. (Which is) the 
very thing it was required to show. 


Proposition 22 


If three numbers are continuously proportional, and 
the first is square, then the third will also be square. 
A ———4À 


B — 7 


C 

Let A, B, C be three continuously proportional num- 
bers, and let the first A be square. I say that the third C 
is also square. 

For since one number, B, is in mean proportion to 
A and C, A and C are thus similar plane (numbers) 
[Prop. 8.20]. And A is square. Thus, C is also square 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 








Proposition 23 


If four numbers are continuously proportional, and 
the first is cube, then the fourth will also be cube. 


Let A, B, C, D be four continuously proportional 
numbers, and let A be cube. I say that D is also cube. 

For since two numbers, B and C, are in mean propor- 
tion to A and D, A and D are thus similar solid numbers 
[Prop. 8.21]. And A (is) cube. Thus, D (is) also cube 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


Proposition 24 


If two numbers have to one another the ratio which 
a square number (has) to a(nother) square number, and 
the first is square, then the second will also be square. 


For let two numbers, A and B, have to one another 
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éyétwoav, Ov tetekywvoc dpuüuóc ó I npóc tete&ywvov 
geruov tov A, ô dé A tete&kywvoc Eotw AEYH, StL xol Ò 
B tetedywvdc otw. 

‘Enel yàp oi T, A xexpéovot eiow, oi T, A &pa óuotot 
éninedot ciow. vv T, A dpa cic uécoc &váAoyov &yunínxet 
åpruós. xal otv óc 6 T ngóc tov A, ô A npóc tòv B: 
xoi t&v A, B dpa eic uécoc àváňoyov éuninter dowd. xat 
toti ô A xexpétyovoc: xoi ò B dpa vevpiyovóc £owv: ónep 
der Ocio. 


^ 
XE. 
‘Edy 600 dpuüuol med¢ GAAvAouc Aóyov ExwoW, Ov 
xófoc dprðuòs Ted¢ xópov dowdy, O dé MEdStOc xbBoc 7, 
xal ò debtEEOC KUBO £ocot. 











J NES 





DA! l 
Ato yàp åpıðuoà oi A, B mpóc åňňńňous Aóyov 
£yéxoocav, Ov xÚBoç dpiüuóc O I' npóc xópov dprðuòv tov 
A, xbBoc¢ 6€ Zotw ô A: Mo [SH], OTL xoi ò B xófoc Eotiv. 
"Enc yàp oi T, A x0Bor ciotv, ot T, A Suotor ote- 
peoi ciow: x&v T, A doa 600 uécot avdAoyov éuntrtovow 
gewyot. door dé cic tobc T, A petačù xoxà 16 cuveyéc 
&váAovov éuntmtovow, TOOOŬTOL xol eic tobc Tov avTOV 
Aóyov Éyovxac avtos: Hote xoi xv A, B dbo yéoor 
åváňoyov éurittovow àprůuoí. eumimtétwoay oi E, Z. ere 
obv téooupec åpiðuol oi A, E, Z, B &&fic åváňoyóv ciow, 
xai £o xoc ô A, xópoc dpa xoi ô B: émep Eder Seta. 


Xs. 


Ot uoto Extredor apiüuol xpóc GAAHAOUC Adyov £you- 
otv, OV TeTEdywvoc dpiüuóc npóc vexpéyovov &prðuóv. 


A 


D m 





A m 


Bt Zi 
"Eotwoav powo eninedor àpiüuol oi A, B: Aéyo, óu 


ô A npóc tòv B Aóvov Eye, Öv xexpáyovoc dpuüuóc npóc 
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the ratio which the square number C (has) to the square 
number D. And let A be square. I say that B is also 
square. 

For since C and D are square, C and D are thus sim- 
ilar plane (numbers). Thus, one number falls (between) 
C and D in mean proportion [Prop. 8.18]. And as C is 
to D, (so) A (is) to B. Thus, one number also falls (be- 
tween) A and B in mean proportion [Prop. 8.8]. And A 
is square. Thus, B is also square [Prop. 8.22]. (Which is) 
the very thing it was required to show. 


Proposition 25 


If two numbers have to one another the ratio which 

a cube number (has) to a(nother) cube number, and the 
first is cube, then the second will also be cube. 
A —— C: i 

















E 
F l 
B 1 Dt l 

For let two numbers, A and B, have to one another 
the ratio which the cube number C (has) to the cube 
number D. And let A be cube. [So] I say that B is also 
cube. 

For since C and D are cube (numbers), C and D are 
(thus) similar solid (numbers). Thus, two numbers fall 
(between) C and D in mean proportion [Prop. 8.19]. 
And as many (numbers) as fall in between C and D in 
continued proportion, so many also (fall) in (between) 
those (numbers) having the same ratio as them (in con- 
tinued proportion) [Prop. 8.8]. And hence two numbers 
fall (between) A and B in mean proportion. Let E and F 
(so) fall. Therefore, since the four numbers A, E, F, B 
are continuously proportional, and A is cube, B (is) thus 
also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 


Proposition 26 


Similar plane numbers have to one another the ratio 
which (some) square number (has) to a(nother) square 
number. 


A 
C E — —— 
B 1 FE! 


Let A and B be similar plane numbers. I say that A 
has to B the ratio which (some) square number (has) to 





D — ——- 
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TETEAYWVOY doLOUdY. 

‘Enel yàp oi A, B ópotot énxtnedot ciow, xv A, B dpa 
eic u£coc &váAoYov Eurintet KowWydc. EUMIMTETW xol EOTW O 
T, xoi ctAipdwoay chdytotot aovOyuol xv TOV aUTOV Aóyov 
£yóvxov totic A, T, B ot A, E, Z oi &pa d&xeor aùtõv oi 
A, Z tete&ywvot ciow. xol enet Eotw óc 6 A npóc tov Z, 
otw>o 6 A npóc tòv B, xat eiotw ot A, Z tete&ywvot, ô A 
&pa npóc Tov B Aóyov Eyet, Ov xvexpéyovoc piòs npóc 
xexpávovov óprüuóv: mee Eder Geiton. 


Ei 
Oi ópotot otepeol àpiÛuol npóc GAAVAOUC Aóyov £you- 
ow, Ov xUBoc¢ apgiüuóc npóc xópov dprðuóv. 








fA p E = 
Pe —— LS 
A iUo H= 
B MEC | 








”"Eotwoav poor otepeol dpiüuol ot A, B: Aéyo, óu Ò 
A npóc tov B Aóyov Éyet, dv xoc àpiüuóc npóc xópov 
&pvüuóÓv. 

‘Enel yàp ot A, B uoo otepeot cio, xv A, B dea 600 
uécot àv&Aovov Eurtntovow aevWyuol. eumimtétTwouv ot T, 
A, xol cidjpdwouv crcyiotot åpruol xv xóv UTOV Aóyov 
&yóvxov xoic A, T, A, B toot atos tò nAfj0oc oi E, Z, H, 
O: oi doa d&xeol aoxGv oi E, O x0Bor eiotv. xal Eotw Gc Ò 
E npóc tov O, oŬtwç ô A npóc tòv B: xoi ô A dpa npóc 
tov B Aóyov Éyet, dv xófpoc àpgiüuóc Ted¢ xópov dprðuóv: 
Órep Eder deiga. 
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a(nother) square number. 

For since A and B are similar plane numbers, one 
number thus falls (between) A and B in mean propor- 
tion [Prop. 8.18]. Let it (so) fall, and let it be C. And 
let the least numbers, D, E, F, having the same ratio 
as A, C, B have been taken [Prop. 8.2]. The outermost 
of them, D and F, are thus square [Prop. 8.2 corr.]. And 
since as D is to F, so A (is) to B, and D and F are square, 
A thus has to B the ratio which (some) square number 
(has) to a(nother) square number. (Which is) the very 
thing it was required to show. 


Proposition 27 


Similar solid numbers have to one another the ratio 
which (some) cube number (has) to a(nother) cube num- 
ber. 

















At——— Em 
C | Fi 
D G= 
B ' H ! 


Let A and B be similar solid numbers. I say that A 
has to B the ratio which (some) cube number (has) to 
a(nother) cube number. 

For since A and B are similar solid (numbers), two 
numbers thus fall (between) A and B in mean proportion 
[Prop. 8.19]. Let C and D have (so) fallen. And let the 
least numbers, E, F, G, H, having the same ratio as A, 
C, D, B, (and) equal in multitude to them, have been 
taken [Prop. 8.2]. Thus, the outermost of them, E and 
H, are cube [Prop. 8.2 corr.]. And as E is to H, so A (is) 
to B. And thus A has to B the ratio which (some) cube 
number (has) to a(nother) cube number. (Which is) the 
very thing it was required to show. 
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Applications of Number Theory" 


+The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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# 
a. 
‘Edy 500 uoo &ní(ne80t pruo xoAXorAactécovtec 
&AAfjAouc roiroi Tiva, Ò Yevóuevoc TETPÁYWVOG EOTAL. 


A 
B | 

I | 
A 


”"Eotwoav 800 uoo éxinedor åprðpo ot A, B, xoi 6 
A tov B xoAAaxAaoctócac tov T note(t» Aéyo, öt ô T 
TETPYWVÓG EOTLV. 

‘O yàp A Eautov nodAAatAaoidoac tov A nott. 6 A 
&pa tetpkywvdc £ouv. nel oOv O A EauTOV uèv TOAAG 
TAaoidous vóv A nenotnxev, tov 66 B nodAAatAaordoag Tov 
T nenotnxev, Eottv doa wo ô A mpd¢ xóv B, ottwo ô A 
xpóc tov T. xoi &nel ot A, B dyotor entredot ciow dpiüuot, 
t&v A, B toa cis uécoc åváħoyov Eurinter dpiüuóc. Edy 6 
600 dovÜüuGv UETAEÙ xoà TO OUveyxes dvdAovov EuTintwoL 
&piüuot, ócot cic AÛTOÙÇ &unírtouot, vocobxot xol eic TOÙÇ 
tov adtOv Adyov Éyovrac: ote xoi xv A, T eic uécoc 
åváňoyov éurinter dowydc. xal ott tetedywvoc ô A 
tetpdywvoc doa xoi ô T- ónep Eder Seta. 

















p 
‘Edy 600 àptüpol nroXAonAocUukoavrec AAAA ouc noro 
tetTpåywvov, óuotot &ríneóoí( ciow ceyot. 


A 
B | 
I^ 
A 


”"Eotwoav 000 åpıvuoÌ oi A, B, xoi 6 A tov B noXxa- 
TAaoidoug texpáyvovov tov T roveitw AEyw, öt oi A, B 
uoo Extnedol ciow dpuüuot. 

‘O yàp A &auxóv nodAatAaotdoag tov A noi» 6 A 
&pa tetecywvdc &ouv. xol Enel O A EautOV uèv TOAAG 
TAaoidous vóv A nenotnxev, tov 66 B noAAatAaordoug Tov 
T nenoínxev, Eotw &pa óc ô A npóc tòv B, 6 A npóc tov 
T. xoà ¿nel 6 A tetekywvdc Eotw, GAAG xoi ô D, ot A, T 
äpa poo Extredot elow. tév A, T dou elc uécoc å&váňoyov 


po 
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Proposition 1 


If two similar plane numbers make some (number by) 
multiplying one another then the created (number) will 
be square. 


Let A and B be two similar plane numbers, and let A 
make C (by) multiplying B. I say that C is square. 

For let A make D (by) multiplying itself. D is thus 
square. Therefore, since A has made D (by) multiply- 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since A and 
B are similar plane numbers, one number thus falls (be- 
tween) A and B in mean proportion [Prop. 8.18]. And if 
(some) numbers fall between two numbers in continued 
proportion then, as many (numbers) as fall in (between) 
them (in continued proportion), so many also (fall) in 
(between numbers) having the same ratio (as them in 
continued proportion) [Prop. 8.8]. And hence one num- 
ber falls (between) D and C in mean proportion. And D 
is square. Thus, C (is) also square [Prop. 8.22]. (Which 
is) the very thing it was required to show. 


Proposition 2 


If two numbers make a square (number by) multiply- 
ing one another then they are similar plane numbers. 


At 
B — ——4A 


C! | 


D 5 —<—— 1. — à 

Let A and B be two numbers, and let A make the 
square (number) C (by) multiplying B. I say that A and 
B are similar plane numbers. 

For let A make D (by) multiplying itself. Thus, D is 
square. And since A has made D (by) multiplying itself, 
and has made C (by) multiplying B, thus as A is to B, so 
D (is) to C [Prop. 7.17]. And since D is square, and C 
(is) also, D and C are thus similar plane numbers. Thus, 
one (number) falls (between) D and C in mean propor- 
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éuntnter. xal &oxtv óc Ô A npóc tov T, obtoc 6 A npóc Tov 
B: xoi x&v A, B &pa cic uécoc àváAovov Eurinter. &àv dé 
600 dpuuGv eic pécos àvåňoyov EUTintH, óuotot Extredot 
ciow [oi] åprðuoí: oi dea A, B Ópoto( ciow enxtredor önep 
£6&t Setcoau. 


L4 
y’. 
"Eàv xbBoc¢ àpiüuóc Eautov NoAAaTAdoLdous noi Tiva, 
ò Yevóuevoc xoc EoTaL. 


A | 
B 


]'—— 


A 


Kóoc yàp àpiüuóc 6 A Eautov noXXonAaoctácac tov B 
rote(vo): Aévo, OTL ó B xófoc Eotty. 

EU AV yàp tot A tAcved OT, xoi 6 T £auxóv x0AAo- 
TAact&ooc tov A note(vo. qavegóv 57 ot, čt ô D tov A 
xoAAomnAaoctéooc tov A nenoinxev. xoi &nei ô T Eautdv Tod- 
AamAaotácac tov A nenoirxev, ô T doa tov A uerpei xoà 
Tag EV AUTO uováGoc. GAG UHV xal Y, uovàc tov I uexpet 
KATA TUS EV AVTES puováooc: Eatw hoa óc Å uovàc npóc Tov 
T, ô T npdc tov A. nédw, éxet 6 T xóv A noXXanAooctácac 
tov A nenotnxev, ò A doa tov A uexpel xatà tàs ev xà T 
yovadac. yeteet ðè xal f) povàs tov I xoxà tac Ev avtds 
uováGac: Zotw doa óc Å uovàc npóc tov D, 6 A npóc tov 
A. &XX óc f, uovàc npóc tov T, 6 T npgóc tov Ac xoi we 
&pa f| uovàc npóc tov T, o0voc 6 T ngóc tov A xoi ô A 
xpóc Tov A. Tc &pa uováboc xoi tod A åprůuoŭ 500 uécot 
åváňoyov KATH TO cuveyéc éunervo»xaoty åpivuo oi D, A. 
náv, Enel ô A &auxóv noAXanAaoct&oac TOV B nxenoínxev, 
ô A doa tov B uexpei xoà tac Ev adTE Yovddac uevpei 6€ 
xal Ñ uovàc tov A xata tac Ev adTE Lovddauc’ Eotw koa we 
Ñ uovàc npóc tov A, ô A npóc tòv B. tc 6$ uovéáboc xoi 
tov A 800 uécot àváXovov &yxenvo»xoaoty åprðuoí: xol xv 
A, B doa 500 uécot åváňoyov Euncootvta dpiüuot. &Xv è 
600 dovWudyv dbo éco. &véAoYvov Eurintwow, O dé npbtoc 
xoc fj, xoi ô SeUtEpO¢ xópoc Zot. xoí Eottv ô A xópoc: 
xai ó B dpa xópoc &oxtv: ónep Eder degon. 














o. 


'Eà&v xópoc ópu0uóc x0Bov dpu0uóv noXXAomAactkcac 
TOLf tiva, Ò Yevóuevoc xófjoc £oxou. 
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tion [Prop. 8.18]. And as D is to C, so A (is) to B. Thus, 
one (number) also falls (between) A and B in mean pro- 
portion [Prop. 8.8]. And if one (number) falls (between) 
two numbers in mean proportion then [the] numbers are 
similar plane (numbers) [Prop. 8.20]. Thus, A and B are 
similar plane (numbers). (Which is) the very thing it was 
required to show. 


Proposition 3 


If a cube number makes some (number by) multiply- 
ing itself then the created (number) will be cube. 


A j 
B j 


C —— 











Dt 

For let the cube number A make B (by) multiplying 
itself. I say that B is cube. 

For let the side C of A have been taken. And let C 
make D by multiplying itself. So it is clear that C has 
made A (by) multiplying D. And since C has made D 
(by) multiplying itself, C thus measures D according to 
the units in it [Def. 7.15]. But, in fact, a unit also mea- 
sures C according to the units in it [Def. 7.20]. Thus, as 
a unit is to C, so C (is) to D. Again, since C has made A 
(by) multiplying D, D thus measures A according to the 
units in C. And a unit also measures C according to the 
units in it. Thus, as a unit is to C, so D (is) to A. But, 
as a unit (is) to C, so C (is) to D. And thus as a unit (is) 
to C, so C (is) to D, and D to A. Thus, two numbers, C 
and D, have fallen (between) a unit and the number A 
in continued mean proportion. Again, since A has made 
B (by) multiplying itself, A thus measures B according 
to the units in it. And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to B. 
And two numbers have fallen (between) a unit and A in 
mean proportion. Thus two numbers will also fall (be- 
tween) A and B in mean proportion [Prop. 8.8]. And if 
two (numbers) fall (between) two numbers in mean pro- 
portion, and the first (number) is cube, then the second 
will also be cube [Prop. 8.23]. And A is cube. Thus, B 
is also cube. (Which is) the very thing it was required to 
show. 


Proposition 4 


If a cube number makes some (number by) multiply- 
ing a(nother) cube number then the created (number) 
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A 


Kópoc yàp àpiüuóc ô A xóBov åprðuòv tov B xoAAo- 
nàacidoas tov T rote(xo: Aévo, OTL ó T xópoc Eotty. 

'O yàp A &auxóv roààaniacidoas tov A motu» 6 
A tea xbBoc &oxív. xa Exel ò A &auxóv uiv noha- 
TAaoidoug tov A renotnxev, tov 66 B nodAAatAaordoag Tov 
T nexotnxev, éoxtv dea óc ô A ngóc tòv B, o0xoc ô A npóc 
tov T. xoi &nei oi A, B xpo ciotv, duotot otepeot eiotv ot A, 
B. x&v A, B dpa 800 uécot åváňoyov EuTintovow dpiüuotC 
Gore xoi tv A, T 660 yécot åváňoyov &unecoUvrou 
dotüuo(. xal £o x0ópoc o A: xópoc toa xoi ô T" Ónep 
del Seizau. 


, 


£. 


‘Edy xópoc àpiüuóc dprðuóv tiva toAXomAoctéococ xopov 
TOL}, xoi ò roAXanxAoctaoUelc xópoc EoTaL. 


A! 


p —— ——4À 





[D —— — —— 


A 


KóBoc yàp àpiüuóc 6 A åprðuóv va tov B xoAAo- 
TAaoidous x0Bov tov T rote(vo: Aévo, ott ò B xópoc &oxtv. 

‘O yàp A &auxóv noAXarAactéácac tòv A rxote(vo: xOpoc 
&pat &oxív ô A. xo &nel ô A Eautdv u&v roXXomAaoutooac TOV 
A mexo(nxev, tov òè B noAAanAacié&cac tov T nenoínxev, 
got dpa óc ô A npóc vóv B, ô A npóc tov T. xol Enel 
oi A, T xófot eiotv, ópotot otepeoi ciow. x&v A, T doa 
600 uécot &váXovov &unírvouotv pruo. xal otv woo A 
xpóc tov T, obxoc 6 A npóc tov B: xoi vv A, B doa 000 
uécot àváAovov éunintovow åprðuoí. xal &o xoc ô A: 
xópoc dpa &oxi xoi O B: ónep eeu SeiEau. 





, 


qus 


"Edy àpiüuóc £auxóv roAXanAactéooc xOpov ro, xoi 


will be cube. 


For let the cube number A make C (by) multiplying 
the cube number B. I say that C is cube. 

For let A make D (by) multiplying itself. Thus, D is 
cube [Prop. 9.3]. And since A has made D (by) multi- 
plying itself, and has made C (by) multiplying B, thus 
as A is to B, so D (is) to C [Prop. 7.17]. And since A 
and B are cube, A and B are similar solid (numbers). 
Thus, two numbers fall (between) A and B in mean pro- 
portion [Prop. 8.19]. Hence, two numbers will also fall 
(between) D and C in mean proportion [Prop. 8.8]. And 
D is cube. Thus, C (is) also cube [Prop. 8.23]. (Which 
is) the very thing it was required to show. 


Proposition 5 


If a cube number makes a(nother) cube number (by) 
multiplying some (number) then the (number) multi- 
plied will also be cube. 


A | 

B | 

C | 
D | 


For let the cube number A make the cube (number) 
C (by) multiplying some number B. I say that B is cube. 

For let A make D (by) multiplying itself. D is thus 
cube [Prop. 9.3]. And since A has made D (by) multiply- 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since D and C 
are (both) cube, they are similar solid (numbers). Thus, 
two numbers fall (between) D and C in mean proportion 
[Prop. 8.19]. And as D is to C, so A (is) to B. Thus, 
two numbers also fall (between) A and B in mean pro- 
portion [Prop. 8.8]. And A is cube. Thus, P is also cube 
[Prop. 8.23]. (Which is) the very thing it was required to 
show. 

















Proposition 6 


If a number makes a cube (number by) multiplying 
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avto¢g xbBo¢ ota. 


A 
B l 
T l 


AowWydc yàp ô A fautòv noAAatAdoidous x0pov tov B 
rote(vo: Aéyw, ów xoi ó A xófoc Eotiv. 

‘O yàp A tov B noddandaordous tov T xote(vo. nel odv 
ò A &auxóv uev ToAAatAdoidous Tov B renoinxev, tov òè 
B xoAAanAaciécac tov T nenotnxev, ò T dea xófpoc &oxítv. 
xol ¿nel O A &auxóv roààaniaoidoas vóv B nenotnxev, ô 
A dpa tov B uetpet xoxà the £v aoi Lovddac. Uetoet 68 
xol f) uovàc tov A xaxà Ta Ev MUTE uováboc. Zotw dpa 
óc f, uovàc Ted¢ tov A, obxoc 6 A npóc xóv B. xoi Exel 
ô A tov B noddandaoidoug tov T nenotnxev, ò B &pa tov 
T uexpet xoà tac £v xà A pováðas. uetoel 5é xal Å povàs 
tov A xaxà ta Ev abr Yovddac. Zotw dpa óc Å povàs 
xpóc tov A, ottwc ó B npóc tov T. ad’ óc f) uovàc npóc 
tov A, obxoc ô A npóc tov B: xol óc &pa 6 A npóc tòv B, 
ò B ngóc tov T. xoi &nei oi B, T xópoi eiotv, ópotot oxepeot 
ciotv. t&v B, T dea 660 uécot àváXoYÓv cio &prðuoí. xoí 
got óc ô B npóc tov T, 6 A npóc tov B. xoi vv A, B 
&pa 600 uécot avdAoyoy ciow àpıÛuoi. xal £oxv xópoc ò 
B: xófloc doa &oxi xoi ô A: Sree Eder Deléon. 














d 
‘Edy obvietocg ópu0uóc àpiÛuóv tiva roňňanriacidoas 
TOLÑ TIVA, Ò Yevóuevoc OTEPEOS EOTAL. 
At 
B ——34 


E, ————À 








——À 


Móvüstoc yàp dpuüuóc ô A åprðuóv twa tov B noAAa- 
TAaoidous Tov I’ rote(xo: Aéyo, Ott ó T oxvepeóc tot. 

‘Enel yàp ô A obwetd¢ otv, UNO dood tivoç ue- 
tondyjoeta. Yetpeiodw tnd tot A, xoi doduic 6 A tov A 
uetpei, xocaoxot Uovades Eotwouv &v 16) E. Enel otv 6 A 
tov A uerpei xaxà tac èv 16 E uováboc, ô E dpa tov A 
TodAarAaoidous tov A nenoínxev. xol &xel ò A tov B Tod- 
AanAoctácac tov T nenotnxev, ô 66 A tot ô ex xGv A, E, 
ô toa &x t&v A, E tov B noddandaoidoug tov T nenoinxev. 
ô T äpa otepeds Eotw, rAeupot SE adtOD eio ot A, E, B: 
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itself then it itself will also be cube. 


A l 
B i 
C | 


For let the number A make the cube (number) B (by) 
multiplying itself. I say that A is also cube. 

For let A make C (by) multiplying B. Therefore, since 
A has made B (by) multiplying itself, and has made C 
(by) multiplying B, C is thus cube. And since A has made 
B (by) multiplying itself, A thus measures B according to 
the units in (A). And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to 
B. And since A has made C (by) multiplying B, B thus 
measures C according to the units in A. And a unit also 
measures A according to the units in it. Thus, as a unit is 
to A, so B (is) to C. But, as a unit (is) to A, so A (is) to 
B. And thus as A (is) to B, (so) B (is) to C. And since B 
and C are cube, they are similar solid (numbers). Thus, 
there exist two numbers in mean proportion (between) 
B and C [Prop. 8.19]. And as B is to C, (so) A (is) to B. 
Thus, there also exist two numbers in mean proportion 
(between) A and B [Prop. 8.8]. And B is cube. Thus, A 
is also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 














Proposition 7 


If a composite number makes some (number by) mul- 
tiplying some (other) number then the created (number) 
will be solid. 





For let the composite number A make C (by) multi- 
plying some number B. I say that C is solid. 

For since A is a composite (number), it will be mea- 
sured by some number. Let it be measured by D. And, 
as many times as D measures A, so many units let there 
be in E. Therefore, since D measures A according to 
the units in E, E has thus made A (by) multiplying D 
[Def. 7.15]. And since A has made C (by) multiplying B, 
and A is the (number created) from (multiplying) D, E, 
the (number created) from (multiplying) D, E has thus 
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bree Eder Seta. 


, 
v y 
"Edy &nd uováðoç ónocow0v åprůpol čs avdAoyov 
Gotv, Ò u&v rpí(voc aNd tç uováboc vetpéyovoc £ocot 
xal oi Eva OtoAc(rovtec, O è xévaptoc xoc xal oi 
600 OtaAc(rovrec návtec, O SE Époouoc xófoc ğua xal 
TeTe&ywvos xol oi névve SiaAcimovtec. 











*Eotwouy ànó yováðoç óxocoto0v åprðuo £&fic dvdAov- 
ov ot A, B, T, A, E, Z Mo, óu 6 uèv tpitos and 
tfjc uováGoc ò B tetpáywvós &ox xal oi Eva Gto e(xovtec 
x&vtec, Ó O& vévaproc O I xófoc xoà oi Dúo dtadretnovtec 
ráviec, Ó ðè Efoouoc ò Z xófoc Gua xal vevpétyovoc xoi oi 
mévte OtoAe(xovtec návrec. 

"Enel yuo &owv óc f, uovàc npóc tov A, ottwco ô A 
xpóc tov B, ioouc dea fj uovàc tov A dovüuóv uexpei xoi 
ô A tov B. f| 66 uovàc tov A dowdy uexpsei xoxà The 
£v avté uovóboc: xoi ô A doa tov B uetpet xoà tac Ev 
1G A povédac. ó A doa Eautdv ToAAaTAaoidoug Tov B 
netotnxev’ tetekywvoc doa éotiv ô B. xoi nel ot B, T, A 
&&fjc åváňoyóv ciow, ô 6$ B tetedywvdc &ouv, xoi ô A &pa 
TeTtedywvdc Eotiv. Sid TH KUTA OH xol O Z tetekywvdc 
got. Ouolwc 07) Seifouev, Óx xa ot Eva Staretnovtec 
MAVTES TETEaYWVO Elow. Aéyw OH, StL xol Ò véxoproc ATÒ 
ts uovadoc ó T xópoc oTi xal oi 660 dadeinovtes návrtec. 
&nel YUP &oxtv ÒS f| uovàc npóc Tov A, obvoc O B npóc tòv 
T, ioóotc dpa f| uovàc tov A àpiüuóv uexpei xoi ô B tov T. f 
dé uovàc tov A ápiüuóv uexpei xoà xàc Ev TG A uovábac: 
xoi ò B &ea tov T uevpei xatà tac Ev 16 A uováboc: 6 A 
&pa tov B noddatAacidouc tov I nenotnxev. enel oov ò 
A éautoy u£v noAAanAoctécac tov B nenoínxev, tov dé B 
xoAAamAoctéooc tov I nenotnxev, xópoc hou &oxiv T. xoi 
&nel oi T, A, E, Z &&fic åváħoyóv ciow, 6 è T xófoc &oxív, 
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made C (by) multiplying B. Thus, C is solid, and its sides 
are D, E, B. (Which is) the very thing it was required to 
show. 


Proposition 8 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then the third 
from the unit will be square, and (all) those (numbers 
after that) which leave an interval of one (number), and 
the fourth (will be) cube, and all those (numbers after 
that) which leave an interval of two (numbers), and the 
seventh (will be) both cube and square, and (all) those 
(numbers after that) which leave an interval of five (num- 
bers). 











E! l 

Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. I say that the third from the unit, B, is square, 
and all those (numbers after that) which leave an inter- 
val of one (number). And the fourth (from the unit), C, 
(is) cube, and all those (numbers after that) which leave 
an interval of two (numbers). And the seventh (from the 
unit), F, (is) both cube and square, and all those (num- 
bers after that) which leave an interval of five (numbers). 

For since as the unit is to A, so A (is) to B, the unit 
thus measures the number A the same number of times 
as A (measures) B [Def. 7.20]. And the unit measures 
the number A according to the units in it. Thus, A also 
measures B according to the units in A. A has thus made 
B (by) multiplying itself [Def. 7.15]. Thus, B is square. 
And since B, C, D are continuously proportional, and B 
is square, D is thus also square [Prop. 8.22]. So, for the 
same (reasons), F is also square. So, similarly, we can 
also show that all those (numbers after that) which leave 
an interval of one (number) are square. So I also say that 
the fourth (number) from the unit, C, is cube, and all 
those (numbers after that) which leave an interval of two 
(numbers). For since as the unit is to A, so B (is) to C, 
the unit thus measures the number A the same number 
of times that B (measures) C. And the unit measures the 
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xol ò Z toa xópoc &ox(v. edelyOn SE xal tetokywvoc: ó toa 
EBSouo0g àxó tis uováboc xoc tÉ &ox xoà xevpétyovoc. 
Ouotws SH SeiGouev, Str xoà oi névte OtAe(rovcec návtec 
xvBor té ciot xol tetokywvor ónep Eder SetEau. 


Ve 
"Edy dnd uováðoç ónocot0v &&fjc “atk TO ocuveyéc 
deol àváňoyov Gow, O 6€ uev THY pováða xevpétyovoc 
Tj, xoà ot Aono Mavtec xexpétyovot Eoovta. xoi àv Ô uexà 
THY Lovada xópoc fj, xoà oi Aoro navtec xópot £covcot. 


A m 


Bt 














7, | | 


”"Eotwoav ånò uová6oc &&fjic &váAoyov Oócoibnnrotobv 
doiüuol ot A, B, T, A, E, Z, 6 òè petà thy uováða 
ô A tetekywvog Éovoy Aéyco, StL xoi oi omol návtec 
TETEKYWVOL EGOVTAL. 

"Ou u&v OV ò 1p(xoc AO ts uováboc ó B xevpéyovóc 
£o xol oi Eva Gto e(rovxec návrec, Séderxta’ Aévo [dh], 
Ott xoi oi Aotrol r&vxec tetpáywvoí ciow. Enel yàp oi A, 
B, T &&fjc &váXovóv ciow, xal &ov Ò A xevpétyovoc, xoi ó 
T [čpa] vexo&yovoc &oxv.. náňw, Enel [xo] oi B, D, A ¿ñs 
åváňoyóv ciow, xaí &owv 6 B tetekywvoc, xoi ó A [doa] 
texpáyovóc EotW. Opgoíoc Sf 6e(&ouev, Str xol oi Aotxol 
x&vtec teTpáywvoí cio. 

AAAA DÀ Éovo) ó A xOpoc: AEYw, StL xol oi AOLTOL rávteç 
xot eiotv. 

"Ot u&v Ody ò xéxaproc AMO Thc uováboc OT xóoc £o 
xoi ot úo Guo e(rovxec névtec, SEd5eixto” AEY [h], Stu xol 
oi Aotmol r&vcec xbBor eiotv. Emel yåp EOTW óc f| uovàc npóc 
tov A, obvoc 6 A npóc tov B, todxic dpa f; uovàc tov A 
uetpeï xoi o A tov B. fj 6€ uovàc vóv A uexpet xoxà xàc Ev 
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number A according to the units in A. And thus B mea- 
sures C according to the units in A. A has thus made C 
(by) multiplying B. Therefore, since A has made B (by) 
multiplying itself, and has made C (by) multiplying B, C 
is thus cube. And since C, D, E, F are continuously pro- 
portional, and C is cube, F is thus also cube [Prop. 8.23]. 
And it was also shown (to be) square. Thus, the seventh 
(number) from the unit is (both) cube and square. So, 
similarly, we can show that all those (numbers after that) 
which leave an interval of five (numbers) are (both) cube 
and square. (Which is) the very thing it was required to 
show. 


Proposition 9 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, and the (num- 
ber) after the unit is square, then all the remaining (num- 
bers) will also be square. And if the (number) after the 
unit is cube, then all the remaining (numbers) will also 
be cube. 











Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from a 
unit. And let the (number) after the unit, A, be square. I 
say that all the remaining (numbers) will also be square. 

In fact, it has (already) been shown that the third 
(number) from the unit, B, is square, and all those (num- 
bers after that) which leave an interval of one (number) 
[Prop. 9.8]. [So] I say that all the remaining (num- 
bers) are also square. For since A, B, C are continu- 
ously proportional, and A (is) square, C is [thus] also 
square [Prop. 8.22]. Again, since B, C, D are [also] con- 
tinuously proportional, and B is square, D is [thus] also 
square [Prop. 8.22]. So, similarly, we can show that all 
the remaining (numbers) are also square. 

And so let A be cube. I say that all the remaining 
(numbers) are also cube. 

In fact, it has (already) been shown that the fourth 
(number) from the unit, C, is cube, and all those (num- 
bers after that) which leave an interval of two (numbers) 
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avté Yovddac xoi Ò A doa tov B uetpet xatà tac Ev abt 
uováGac: ó A dow ĉautòv noAAatAaoudous tov B nenoinxev. 
xat £owv ô A x0Boc. &Xv SE xófoc dpiüuóc EaUTOV noAXa- 
nàacidoac noi tiva, O Yevóuevoc xópoc Eotiv: xoi ò B how 
xvBog Eotiv. xoi Enel xécoopec åprðuol oi A, B, T, A &&fic 
åváňoyóv eioww, xal gotw ô A x0Boc, xoi ô A doa xópoc 
&ot(v. ÖA xà AUTH BY) xoi ó E xoc &oív, xoi OUolwe oi 
Aono x&vxec xot eiotv: Smee Eder deiga. 


v. 

"Eàv ånò uovó6oc önocoioŭv åprðuol [etic] å&váňoyov 
Gotv, O 6€ uexà THY pováða uù Ñ tetTEåYwvoç, O05" GAO 
ovdelc TeTEkYwWvos EoTa Ywpic tod xp(xou AMO ts uováboc 
xol Tov Eva StoAreimdvtwv Mévtwv. xol Ev Ô ETÀ vv 
uováða xófoc UN fj, o06€ &AXoc OvdElc xUBOc EoTH yoplc 
toU tetdetoU ano ts uováðoç xal x&v BVO SiadeiTdvTwv 
TAVTWYV. 


A m 


Bt 











"Eotwouv ånò uová6oc efic avdAoyov ócoðnrotoðv 
govduot ot A, B, T, A, E, Z, 6 petà thy povdda o A yr, 
EOTW vexpáyovoc: Aévo, OTL OVSE GAMO ob6clc tevpityovoc 
čata ywple tod tettou and tùs uováboc [xol t&v Eva ða- 
hetrdvtwy]. 

Ei yàp Suvatéyv, čotw ô I tete&ywvoc. £o bE xoi ô 
B vexveéyovoc: oi B, T tea ngóc aAAnAouc Adyov Éyov- 
Oly, OV xexpétvovoc piòs npóc TeTEd&ywvov àapgiüuóv. xoí 
got Qc 6 B npóc tov T, 6 A npóc tov B: oi A, B dpa 
TES GAAHAOUS Aóyov £youcty, Ov xevpétyovoc dpuuóc npóc 
tetodywvoyv dpudv’ Bote oi A, B dyouot eninedot ciow. 
xal ott tetekywvoc ô B: tetedywvocg goa Eotl xoi ô A: 
Ónep OLY Onéxetxo. Ovx doa OT xevpéyovóc &oxtv. óuoloc 
67, SelEouev, óx OVS’ GAA oó6clc xexpdyovóc EOTL yoplc 
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[Prop. 9.8]. [So] I say that all the remaining (numbers) 
are also cube. For since as the unit is to A, so A (is) to 
B, the unit thus measures A the same number of times 
as A (measures) B. And the unit measures A according 
to the units in it. Thus, A also measures B according to 
the units in (A). A has thus made B (by) multiplying it- 
self. And A is cube. And if a cube number makes some 
(number by) multiplying itself then the created (number) 
is cube [Prop. 9.3]. Thus, B is also cube. And since the 
four numbers A, B, C, D are continuously proportional, 
and A is cube, D is thus also cube [Prop. 8.23]. So, for 
the same (reasons), F is also cube, and, similarly, all the 
remaining (numbers) are cube. (Which is) the very thing 
it was required to show. 


Proposition 10 


If any multitude whatsoever of numbers is [continu- 
ously] proportional, (starting) from a unit, and the (num- 
ber) after the unit is not square, then no other (number) 
will be square either, apart from the third from the unit, 
and all those (numbers after that) which leave an inter- 
val of one (number). And if the (number) after the unit 
is not cube, then no other (number) will be cube either, 
apart from the fourth from the unit, and all those (num- 
bers after that) which leave an interval of two (numbers). 








Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. And let the (number) after the unit, A, not be 
square. I say that no other (number) will be square ei- 
ther, apart from the third from the unit [and (all) those 
(numbers after that) which leave an interval of one (num- 
ber)]. 

For, if possible, let C be square. And B is also 
square [Prop. 9.8]. Thus, B and C have to one another 
(the) ratio which (some) square number (has) to (some 
other) square number. And as B is to C, (so) A (is) 
to B. Thus, A and B have to one another (the) ratio 
which (some) square number has to (some other) square 
number. Hence, A and B are similar plane (numbers) 
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tov teitou ano Tic uováGoc xal TV Eva ÕLAAEITÓVTOV. 

AAG 67 uy, Zot ô A xópoc. Aéyo, StL 00d’ WAoc 
ovdelc xÓpoc čata ywelc tov vexáprou aNd ts uováboc 
xol x&v O00 StaAetMdvTv. 

Ei yàp Duvatóv, £oxo ô A xoc. Eott ðè xoi 6 T xófoc: 
TETHOTOS YUP EOTIV ANO ts uováboc. xal Eotw óc OT ned¢ 
tov A, ô B npóc tov I" xoi 6 B doa npóc tov T Adyov Eye, 
öv xÓpoc npóc xópov. xal Eotw ô T xópoc: xoi 6 B tow 
xv0Boc Eotiv. xoi &ne( Eotw óc À uovàc npóc Tov A, 6 A npóc 
tov B, f| 6€ uovàc Tov A uerpei xoxà Tac Ev ATE LOvddac, 
xoi ò A dpa tov B uetpet xatà tàs Ev abi uováboc: 6 A 
doa tautòv ToAAaTAaotdoac xópov tov B nenotnxev. &àv 
dE doiüuóc EAUTOV TOAAaTAACIdoas xÓpov TOL, xol abTOC 
xvBog Éovot. xUBoc &pa xoi O A: ónep OLY UNdxEITAL. OLX 
goa 6 A xoc &oxív. ópoíoc 07, SetZouev, dtr 00d’ GAXoc 
ovdel¢ xUBoc toT) ywpic Tov xeváprou nÒ Tic uováboc xoi 
t&v 000 StaAretmdvtIwv: ónep Eder deto. 


tol’. 


"Edy &nd uováðoç ónocow0v åprůpol é&Efic avdAoyov 
How, 6 Ad ttwv tov wetCova uexpet KATH Tiva TEV UTAEYOVT- 
wv Èv Tolc àvåňoyov àpiüuoic. 








”"Eotwoav ånò uováGoc vfjic A órocoioŭv pruo &Efic 
åváňoyov oi B, T, A, E Aéyo, óu tHv B, T, A, E 
&Acytovoc ô B tov E uexpet xoxá two àv T, A. 

"Enel yåp otv óc f, A povàs npóc Tov B, obvoc 6 A 
npóc tòv E, ioóoac dpa f, A uovàc tov B ådprðuòv yetpet 
xol ò A tov Ev £vaXAà& doa locodc 7) A povàs tov A uepei 
xoi ò B tov E. fj 66 A uovàc tov A yexpet xoxà xàc Ev 
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[Prop. 8.26]. And B is square. Thus, A is also square. 
The very opposite thing was assumed. C is thus not 
square. So, similarly, we can show that no other (number 
is) square either, apart from the third from the unit, and 
(all) those (numbers after that) which leave an interval 
of one (number). 

And so let A not be cube. I say that no other (num- 
ber) will be cube either, apart from the fourth from the 
unit, and (all) those (numbers after that) which leave an 
interval of two (numbers). 

For, if possible, let D be cube. And C is also cube 
[Prop. 9.8]. For it is the fourth (number) from the unit. 
And as C is to D, (so) B (is) to C. And B thus has to 
C the ratio which (some) cube (number has) to (some 
other) cube (number). And C is cube. Thus, P is also 
cube [Props. 7.13, 8.25]. And since as the unit is to 
A, (so) A (is) to B, and the unit measures A accord- 
ing to the units in it, A thus also measures B according 
to the units in (A). Thus, A has made the cube (num- 
ber) B (by) multiplying itself. And if a number makes a 
cube (number by) multiplying itself then it itself will be 
cube [Prop. 9.6]. Thus, A (is) also cube. The very oppo- 
site thing was assumed. Thus, D is not cube. So, simi- 
larly, we can show that no other (number) is cube either, 
apart from the fourth from the unit, and (all) those (num- 
bers after that) which leave an interval of two (numbers). 
(Which is) the very thing it was required to show. 


Proposition 11 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then a lesser 
(number) measures a greater according to some existing 
(number) among the proportional numbers. 


Let any multitude whatsoever of numbers, B, C, D, 
E, be continuously proportional, (starting) from the unit 
A. I say that, for B, C, D, E, the least (number), B, 
measures E according to some (one) of C, D. 

For since as the unit A is to B, so D (is) to E, the 
unit A thus measures the number B the same number of 
times as D (measures) E. Thus, alternately, the unit A 
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avtés Wovedac: xol ó B dpa tov E uetpel xatà tac Ev xG 
A uováGac: ote ó £A&ooov ô B tov uc(Cova tov E pe- 
tpe xatå tiva àptÛuòv x&v UMAPydvTWY EV xolc à&váňoyov 


&piüuoic. 


IIógtoya. 
Kat qavepóv, ott Tv Éyet THEW ó uctov ånò Yovddoc, 
Thy avthy Eyer xod Ò xad’ Sv uerpei aNd Tod uexpouuévou 
&ri TÒ npó aUTOD. Ónep Eder degou. 


^ 
Ds 
"Eàv &nd uová6oc ónocow0v åprůpol &&Efic avdAoyov 
Gotv, VY ócov àv O Eoyatog npoov dpuDuóv LETEATAL, 
ONO TÕV AUTOY xol Ò TaPa THY povåða uevprürjoe cou. 





E ^ 
7, ————À 
Her 


O! l 
"Kotwoay àxó uová6oc onocosyrotoby pruo àváňoy- 
ov ot A, B, T, Ac Xéyo, öt OGY’ ócov àv ô A Teadtwv 
dotüuGv uecpfivot, UNO xv atv xol 6 A UetonIYoeTaL. 
Me1peío0o yàp 6 A Und tivos npocou åptuoŬ tot E: 
EY, Ott ó E tov A uexpei. uù Yáp: xal &owv ó E np&coc, 
dnac 6€ np oc dpuüuóc npóc &ravca, ÖV uÙ uexpet, TEdSTO¢ 
got’ ot E, A dea npGrot npóc dAAfjAoUc cioív. xol Emel 
ò E tov A uetpet, uetoeitw airov xoxà tov Z ô E doa 
tov Z rxoAAamAooiukooc tov A nenoinxev. náv, &nel ô A 
tov A uexpei xaxà tac Ev 16 I uováboc, ó A &pga tov T 
xoAAomnAaoctéooc tov A nenotnxev. AA uiv xoi 6 E tov Z 
TodAarAaoidoug tov A nenoirxev: ô doa &x tõv A, T {ooç 
éotl 16 £x t&v E, Z. Éouv &pa óc 6 A npóc tov E, ô Z 
xpóc tov T. ot òè A, E npüxot, oi 62 Testor xod £Adytoot, 
oi OÈ &A&ytoxot uevpobot Tobe Tov aUTOV AdYOV Éyovtoc 
ioáxıs O te fyoOuevoc TOV yoúuevov xol Ò &£xóuevoc TOV 
&nÓuevov: uexpet doa ó E tov I’. uexpe(vo wvtov xoxà TÒV 
H: ò E dpa tov H noAXanAocté&coc tov I renotnxev. &AAà 
uyv Ià TO Ted xoOxou xoi O A tov B roddanAnordoug tov 
T nenotnxev. 6 toa &x x&v A, B looc Eotl 16 £x xv E, H. 
Écttv dpa óc ô A npóc tòv E, 6 H ngóc tov B. oi òè A, E 
TESTOL, oi SE TEGSTOL xol EAdyLOTOL, oi SE EAcyLoTOL prvu 
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measures D the same number of times as B (measures) 
E [Prop. 7.15]. And the unit A measures D according to 
the units in it. Thus, B also measures E according to the 
units in D. Hence, the lesser (number) B measures the 
greater E according to some existing number among the 
proportional numbers (namely, D). 


Corollary 


And (it is) clear that what(ever relative) place the 
measuring (number) has from the unit, the (number) 
according to which it measures has the same (relative) 
place from the measured (number), in (the direction of 
the number) before it. (Which is) the very thing it was 
required to show. 


Proposition 12 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then however 
many prime numbers the last (number) is measured by, 
the (number) next to the unit will also be measured by 
the same (prime numbers). 








A = E -—\— 
B - E FH 
C | G = 


D SS H [————À1 

Let any multitude whatsoever of numbers, A, B, C, 
D, be (continuously) proportional, (starting) from a unit. 
I say that however many prime numbers D is measured 
by, A will also be measured by the same (prime numbers). 

For let D be measured by some prime number E. I 
say that E measures A. For (suppose it does) not. E is 
prime, and every prime number is prime to every num- 
ber which it does not measure [Prop. 7.29]. Thus, E 
and A are prime to one another. And since E measures 
D, let it measure it according to F. Thus, E has made 
D (by) multiplying F. Again, since A measures D ac- 
cording to the units in C [Prop. 9.11 corr.], A has thus 
made D (by) multiplying C. But, in fact, E has also 
made D (by) multiplying F. Thus, the (number cre- 
ated) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, as A is to E, 
(so) F (is) to C [Prop. 7.19]. And A and E (are) prime 
(to one another), and (numbers) prime (to one another 
are) also the least (of those numbers having the same ra- 
tio as them) [Prop. 7.21], and the least (numbers) mea- 
sure those (numbers) having the same ratio as them an 
equal number of times, the leading (measuring) the lead- 
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uexpoUot voc TOV aMUTOV AdYOV Éyovroc AUTOIC iackuIc Ó TE 
nyobwuevog tov nyobuevov xol O &nÓuevoc TOV EMOUEVOV' 
uexgei doa ò E tov B. uexpe(xo oov xatà tov O` 6 E dpa 
tov © noAAanAactécac vóv B xenoínxev. GAAG urjv xoi ô A 
EXUTOV noXAanAaocikcac TOV B neroinxev: ò toa èx t&v E, 
O {oog oti 16 dnd tod A. Eotw doa ðs ô E npóc tov A, ô A 
Ted¢ Tov O. oi òè A, E np&xot, of SE TETOL xa EAYLOTOL, oi 
d€ &£A&ytoxot uexvpoUot voUc Tov AUTOV Adyoy Exovtac lodo 
6 fjyobuevoc Tov HYOUUEVOY xal O &xóuevoc TOV ENOUEVOV' 
uevpet doa ò E tov A óc fiyoOuevoc fiyoOuevov. GAAG uv 
xal ob uexpei: Step ådúvatov. oOx doa oi E, A npóot npóc 
AAA ouc eiotv. oóvüexot doa. oi SE cóvüexot ono [npoxou] 
devuod tivo uevpoOvrot. xol Exel ò E npó voc UNOxEITHL, Ó 
d€ np& xoc UNO &xépou àpıÛuoŬ Ov uexpelvot yj Ù’ ExUTO, Ò 
E doa xobc A, E uevpget: Hote ó E tov A uexpet. uevpei 6€ 
xai tov A: ô E dpa xotc A, A yevpet. ogotoc 7| SetZouev, 
dt by’ dowv äv ó A npàov åpru&v etot, UNO xv 
autéy xol o A uetondnoeta nep Eder deiga. 


Ets 

"Edy &nd gová6oc ónocow0v åprůuol é&fic avdAoyov 
@ow, Ò 8& UETA THY uovåða notos f, O uéytoroc UT’ 
o06evóc [&AXov] UEetoendhoeta napèč t&v Umapydvtwv Ev 
toic avaroyov coduoic. 

”"Eotwoav àxó uová6oc ónocoto0v åprðuo &&fic åváňoyov 
oi A, B, T, A, 6 dé uexà thy Lovdda 6 A npGroc čotw' 
EYW, OTL Ô uéyioxoc avTHV ô A bn’ oó6evóc GAXXov us- 
tondyjoeta napee xv A, B, T. 
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ing, and the following the following [Prop. 7.20]. Thus, 
E measures C. Let it measure it according to G. Thus, 
E has made C (by) multiplying G. But, in fact, via the 
(proposition) before this, A has also made C (by) multi- 
plying B [Prop. 9.11 corr.]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) E, G. Thus, as A is to E, (so) G 
(is) to B [Prop. 7.19]. And A and E (are) prime (to 
one another), and (numbers) prime (to one another are) 
also the least (of those numbers having the same ratio 
as them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures B. Let it measure it according to H. Thus, 
E has made B (by) multiplying H. But, in fact, A has 
also made B (by) multiplying itself [Prop. 9.8]. Thus, 
the (number created) from (multiplying) E, H is equal 
to the (square) on A. Thus, as E is to A, (so) A (is) 
to H [Prop. 7.19]. And A and E are prime (to one an- 
other), and (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures A, as the leading (measuring the) leading. But, 
in fact, (E) also does not measure (A). The very thing 
(is) impossible. Thus, E and A are not prime to one 
another Thus, (they are) composite (to one another). 
And (numbers) composite (to one another) are (both) 
measured by some [prime] number [Def. 7.14]. And 
since E is assumed (to be) prime, and a prime (number) 
is not measured by another number (other) than itself 
[Def. 7.11], E thus measures (both) A and E. Hence, E 
measures A. And it also measures D. Thus, Æ measures 
(both) A and D. So, similarly, we can show that however 
many prime numbers D is measured by, A will also be 
measured by the same (prime numbers). (Which is) the 
very thing it was required to show. 


Proposition 13 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, and the (num- 
ber) after the unit is prime, then the greatest (number) 
will be measured by no [other] (numbers) except (num- 
bers) existing among the proportional numbers. 

Let any multitude whatsoever of numbers, A, B, C, 
D, be continuously proportional, (starting) from a unit. 
And let the (number) after the unit, A, be prime. I say 
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A | ee 
Br— Li SS 
[> ———3À H — 
A! | O |= 


Ei yàp Suvatéy, ueteciodw Uno tot E, xoi ò E unóevi 
t&v A, B, T gotw 6 abxóc. pavepòv of, 6tt ó E npótoc 
obx &ouv. ci yàp O E npoõtóç Eott xol uexpei tov A, xol tov 
A uetposi npGcov évta ur] Qv avtG O abxóc: Ónep EoTiv 
adbvatov. oOx dea ó E npõtóç otv. avv0etoc doa. móc 
6& cóvÜexoc douüuóc UNO TEWTOL TIVdc ceLOUOD UETEEITOL: 
Ò E dea ono npoxou xtvóc ópiüuo0 uevpeitot. AEyw Of, OTL 
ÙT’ OvdEevdc &AXoU npoou ueveriüYjoexot TAŇV xoO A. ei yàp 
ùg’ &xépou uexpelvor ò E, ô 66 E tov A yetpet, xóxetvoc dpa 
tov A uexerjoev ote xoi tov A uexerjoe: np ov Óvxa ur) 
Qv avté Ò abrÓóc: Ónep é£oxlv åðúvatov. 6 A doa tov E 
uecpet. xoi &nel ô E tov A UETpEÑ, uevpe(xvo atóv XATA TOV 
Z. Aéy0, Ott Ô Z ovsevi xv A, B, T otv 6 adtdc. ei yàp ô 
Z évi x&v A, B, T otv 6 aoc xol uexpei tov A xat& TÒV 
E, xoi cic dou x&v A, B, T tov A uexpei xoxá tov E. àAAà 
cic vv A, B, T tov A yuevpei xoxá tiva xv A, B, I^ xoi 6 
E doa evi vv A, B, T otw 6 avtdc: Önep ovY OonÓxevat. 
ovx tea 6 Z evi tv A, B, T otw 6 avtdc. Ouotwc 97) 
de(fouev, Stt uevpeivot Ô Z bnd tod A, Setxvdvtec náv, 
ou Ò Z obx Eott TESTO. ei yàp, xol uevpei TOV A, xoi TÒV 
A uexpfjoet npGrov évta Ui Qv avté Ô abxóc: Ónep EoTiv 
adbvatov' Obx doa npGóc &otv O Z: oóvüexoc doa. Grac 
dé cóvÜOexoc àpiüuóc ÙTÒ TEAdTOU ttvóc àptÛuoŬ UETPEtTAL’ Ò 
Z doa UNO TEwtov xtvóc àpiüuo0 uexpelvot. AEyw DÁ, STL VG’ 
ETEPOU npoou o0 LETEnVYoCETA TAY To A. ci yàp Éxepóc 
"c npóroc tov Z yetoet, Ò 68 Z tov A yerpet, x&xeivoc 
&pa tov A gexerjoev Gote xoi tov A uerprjoet np rov óvxa 
Un dv adté Ô abvóc: Step &oxiv adbvatov. O A dpa tov Z 
uevpet. xol Enel ò E tov A uexpei xatà tov Z, ô E doa tov 
Z noddandaordoug tov A nenotnxev. dA Ur xoi 6 A tov 
T noddandacidoug tov A nenoinnev’ ô doa &x vv A, T 
{ooç £o 16 &x x&v E, Z. avedoyov dpa &oxiv wo ô A npóc 
tov E, obxoc 6 Z ngóc tov T. 6 6€ A tov E uexpet xoi ô Z 
&pa tov I' uexpel.. uexpe(xvo oov xoxà tov H. ógoícoc 97] 
oc(£ouev, ött ó H ovdevi x&v A, B éouv ó avtdc, xoi StL 
uevpetvot UNO tov A. xoi Exel ò Z tov I uexpei xatà tov H, 
ò Z tea tov H noAXorAoctécac tov T renotnxev. Ad wry 
xoi ó A tov B roddandaoidoag tov D nenotnxev’ ô dpa ex 
t&v A, B {ooç éotl 1G &x x&v Z, H. àváXovov ğpa Wo ô A 
npóc tov Z, ô H npóc tov B. uexpet 6£ ô A tov Z: uexpei 
äpa xoi ô H tov B. uexpe(xvo autov xatà tov O. olwc dH 
6e(&ouev, ów Ò O 16 A oóx Zotw ó adtdc. xoi Exel ô H tov 
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that the greatest of them, D, will be measured by no other 
(numbers) except A, B, C. 











Ar E — 
Br—— F- 
C= G= 
D | H= 


For, if possible, let it be measured by E, and let E not 
be the same as one of A, B, C. So it is clear that E is 
not prime. For if E is prime, and measures D, then it will 
also measure A, (despite A) being prime (and) not being 
the same as it [Prop. 9.12]. The very thing is impossible. 
Thus, E is not prime. Thus, (it is) composite. And every 
composite number is measured by some prime number 
[Prop. 7.31]. Thus, E is measured by some prime num- 
ber. So I say that it will be measured by no other prime 
number than A. For if E is measured by another (prime 
number), and E measures D, then this (prime number) 
will thus also measure D. Hence, it will also measure A, 
(despite A) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, A mea- 
sures E. And since E measures D, let it measure it ac- 
cording to F. I say that F is not the same as one of A, B, 
C. For if F is the same as one of A, B, C, and measures 
D according to E, then one of A, B, C thus also measures 
D according to E. But one of A, B, C (only) measures 
D according to some (one) of A, B, C [Prop. 9.11]. And 
thus E is the same as one of A, B, C. The very oppo- 
site thing was assumed. Thus, F is not the same as one 
of A, B, C. Similarly, we can show that F is measured 
by A, (by) again showing that F is not prime. For if (F 
is prime), and measures D, then it will also measure A, 
(despite A) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, F is 
not prime. Thus, (it is) composite. And every composite 
number is measured by some prime number [Prop. 7.31]. 
Thus, F is measured by some prime number. So I say 
that it will be measured by no other prime number than 
A. For if some other prime (number) measures F, and 
F measures D, then this (prime number) will thus also 
measure D. Hence, it will also measure A, (despite A) 
being prime (and) not being the same as it [Prop. 9.12]. 
The very thing is impossible. Thus, A measures F. And 
since E measures D according to F, E has thus made 
D (by) multiplying F. But, in fact, A has also made D 
(by) multiplying C [Prop. 9.11 corr.]. Thus, the (number 
created) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, proportionally, 
as A is to E, so F (is) to C [Prop. 7.19]. And A measures 
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B yetoet xatà tov O, ò H doa tov O noAdanAaordca¢ Tov 
B nenoinxev. àXAà UAV xoi ô A &auxóv noAAomAoot&cac 
tov B nenoinxev: ô tea Und O, H (coc £ox 1G dnd tot A 
xexpary vox Zot &pa Gc ô O npóc tov A, 6 A npóc Tov H. 
uetpet òè ô A tov H: uetpet dou xoi ò O tov A np&Gxov óvxa 
UN) Qv avtd Ò avtTdc’ OnE &TOTOV. OLX Hea O UEYLOTOS Ò 
A 10 &1épou dovduod UetenDhoeta nape cv A, B, T: 
bree Eder Seta. 


(8. 
‘Edy &A&ytoxoc dpiüuóc ono npóov ópuGv uecpfvot, 
bn’ ovdevdc &AXou npoxou douüuoO uetpnürjoerot napéé 
xv ÈE dpyfic uevpoOvtov. 





A! | Bt | 


I = 


A 


"Eddyiotoc yàp ópuüuóc ó A onó npoov dorüuóv vv 
B, T, A yvetpeiodw: AEyw, óu ó A On’ Ovdevd¢ GAXoU 
TPOTOU dpiüuo0 uexerürjoevot napee t&v B, D, A. 

Ei yàp 6uvoxóv, usteciodw bro nporou tod E, xol ò 
E undevi tv B, T, A čotw ó abxÓc. xoi Exel ò E tov 
A ueteet, uetpeitw avtov xatà tov Z: ò E dea tov Z 
TodAatAaoidousg tov A nenroinxev. xol uetosita ô A Und 
Teotwv covdydy vv B, T, A. &àv õè 600 dpiüuol Toà- 
AarAaoikcavrec GAXfjAouUc ToLdot tiva, TOV 6& YevÓuevov 
ÈG KUTV uevpf| tlc npGroc dpiüuóc, xoi Eva t&v && åpxňs 
uexerjoev. oi B, T, A &pga éva x&v E, Z uexprjoouotv.. tov 
u&v odv E ov uexprjoouoiv: ò yàp E npoõtós Eott xal ovbdevl 
t&v B, D, A 6 aoxóc. tov Z dou yetpovow &Aácoova óvxa 
tov A: énep &d0vatov. 6 yàp A bndxeita EAdytotog ono 
t&v B, T, A ueteobuevoc. obx doa tov A uexprjoet totos 
govdwoc rap£& t&v B, T, A> órep Eder deigan. 


Z, —34 
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E. Thus, F also measures C. Let it measure it according 
to G. So, similarly, we can show that G is not the same 
as one of A, B, and that it is measured by A. And since 
F measures C according to G, F has thus made C (by) 
multiplying G. But, in fact, A has also made C (by) mul- 
tiplying B [Prop. 9.11 corr.]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) F, G. Thus, proportionally, as A (is) 
to F, so G (is) to B [Prop. 7.19]. And A measures F. 
Thus, G also measures B. Let it measure it according to 
H. So, similarly, we can show that H is not the same as 
A. And since G measures B according to H, G has thus 
made B (by) multiplying H. But, in fact, A has also made 
B (by) multiplying itself [Prop. 9.8]. Thus, the (number 
created) from (multiplying) H, G is equal to the square 
on A. Thus, as H is to A, (so) A (is) to G [Prop. 7.19]. 
And A measures G. Thus, H also measures A, (despite 
A) being prime (and) not being the same as it. The very 
thing (is) absurd. Thus, the greatest (number) D cannot 
be measured by another (number) except (one of) A, B, 
C. (Which is) the very thing it was required to show. 


Proposition 14 


If a least number is measured by (some) prime num- 
bers then it will not be measured by any other prime 
number except (one of) the original measuring (num- 
bers). 


A 


E «+ 








FRC 

For let A be the least number measured by the prime 
numbers B, C, D. I say that A will not be measured by 
any other prime number except (one of) B, C, D. 

For, if possible, let it be measured by the prime (num- 
ber) E. And let E not be the same as one of B, C, D. 
And since E measures A, let it measure it according to F. 
Thus, E has made A (by) multiplying F. And A is mea- 
sured by the prime numbers B, C, D. And if two num- 
bers make some (number by) multiplying one another, 
and some prime number measures the number created 
from them, then (the prime number) will also measure 
one of the original (numbers) [Prop. 7.30]. Thus, B, C, 
D will measure one of E, F. In fact, they do not measure 
E. For E is prime, and not the same as one of B, C, D. 
Thus, they (all) measure F, which is less than A. The 
very thing (is) impossible. For A was assumed (to be) the 
least (number) measured by B, C, D. Thus, no prime 
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+ 
lE . 
"Edy tosic åpruol &&Efic åváňoyov Gow &A&ytoxot TV 
TOV QUTOV Aóyov yóvtwv aUTOIc, 500 Omnototobv ouv- 
teVeévtec npóc TOV AOITOY npGrol siot. 


A E Z 


A ——— m 


Bt 


i ml 

”"Eotwoav tocic deol &&fjc åváħňoyov EAdyiotoL xGv 
Tov HUTOV Adyov &yóvvov abcoic oi A, B, I" Aévo, óu xGv 
A, B, T 660 ónototobv cuvxeüévrec npóc TOV Aoutóv npóstot 
iow, oi uèv A, B npóc tov T, oi òè B, T npóc tov A xoi 
étt ot A, T npóc tov B. 

EUwypücocav yàp &A&yiovot dprðuol tæv TOV avTOV 
Aóvov exydvtwv toic A, B, T 660 ot AE, EZ. qavepóv 
of, Ott ô u&v AE &auxóv noAXomAaoctéácac tov A xenoínxev, 
tov 6€ EZ noAAanAocté&coc tov B nenotnxev, xoi £u ô EZ 
&auxóv rxoAAamAooutooc vóv I nerotnxev. xoi &xel ot AE, 
EZ &AX&yiorol cio, npó xot npóc àAAY|Aouc clotv. &àv òè 
600 pruo npóxot npóc GAAHAOUC Got, xol ouvagpócepoc 
xpóc Éxáxepov npüóc &ouv: xol ó AZ dow npóc &xáxepov 
t&v AE, EZ npó óc Eotw. åAAà uv xoi ò AE npóc tov 
EZ np&xóc £ouv: oi AZ, AE doa npóc tov EZ npg&xoíl ciow. 
¿àv è 000 ópiÜuol npóc tiva dprðuòv TEdTOL Wow, xoi ô 
ÈG avtév Yevóuevoc npóc Tov AOITÒV npGróc £ouv: Hote 
ô &x 1v ZA, AE npóc tov EZ npGóc Eotw: Hote xol ô 
¿x 1&v ZA, AE npóc tov &nd tod EZ npóxóc otw. [£Xv 
yàp dúo àptÜuol np&xot npóc AAAA ous Bow, Ó x ToD Evdc 
autéy vevóuevoc npóc TOV AoLMOV npüGróc otw]. GAA’ 6 
¿x vy ZA, AE 6 àxó to} AE otl uet& tod &x x&v AE, 
EZ: 6 ápa and tod AE uexà tod &x xv AE, EZ npóc tov 
&no tol EZ npóóc Eotw. xal éouv 6 u£v and tod AE 
ô A, 6 6€ &x x&v AE, EZ ô B, 6 6€ ånò tot EZ ôT oi 
A, B doa cuvxeüévxec ngóc tov T npüxo( eiotv. ôpolws 51 
oe(&£ouev, ów xoi oi B, T npóc tov A npóxo( ciow. Aévo 
of, Stt xoi ot A, T ngóc tov B npóxo( eiotv. Exel yàp ô AZ 
xpóc Exctepov tæv AE, EZ npGxóc otv, xoi Ô and tod 
AZ ngóc tov ex x&v AE, EZ meésté¢ otv. GAG và ànó 
tot AZ toot eiolv ot and x&v AE, EZ petà tod dic £x xGv 
AE, EZ: xoi ot and xv AE, EZ dou uexà tod dic O16 xGv 
AE, EZ ngóc tov nd x&v AE, EZ npéitot [eioi]. SteAdvtt 
oi and x&v AE, EZ yet tot &nag tnd AE, EZ npóc tov 
òrò AE, EZ npéstot ciow. £u SteAdvtt oi dnd x&v AE, EZ 
&pa npóc tov Und AE, EZ npüxo( ciow. xal otv ô uèv 
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number can measure A except (one of) B, C, D. (Which 
is) the very thing it was required to show. 


Proposition 15 


If three continuously proportional numbers are the 
least of those (numbers) having the same ratio as them 
then two (of them) added together in any way are prime 
to the remaining (one). 

D E F 


At H i 





B rt“ 


C! 

Let A, B, C be three continuously proportional num- 
bers (which are) the least of those (numbers) having the 
same ratio as them. I say that two of A, B, C added to- 
gether in any way are prime to the remaining (one), (that 
is) A and B (prime) to C, B and C to A, and, further, A 
and C to B. 

Let the two least numbers, DE and EF, having the 
same ratio as A, B, C, have been taken [Prop. 8.2]. 
So it is clear that DE has made A (by) multiplying it- 
self, and has made B (by) multiplying EF, and, fur- 
ther, EF has made C (by) multiplying itself [Prop. 8.2]. 
And since DE, EF are the least (of those numbers hav- 
ing the same ratio as them), they are prime to one an- 
other [Prop. 7.22]. And if two numbers are prime to 
one another then the sum (of them) is also prime to each 
[Prop. 7.28]. Thus, DF is also prime to each of DE, EF. 
But, in fact, DE is also prime to EF. Thus, DF, DE 
are (both) prime to EF. And if two numbers are (both) 
prime to some number then the (number) created from 
(multiplying) them is also prime to the remaining (num- 
ber) [Prop. 7.24]. Hence, the (number created) from 
(multiplying) FD, DE is prime to EF. Hence, the (num- 
ber created) from (multiplying) FD, DE is also prime 
to the (square) on EF [Prop. 7.25]. [For if two num- 
bers are prime to one another then the (number) created 
from (squaring) one of them is prime to the remaining 
(number).] But the (number created) from (multiplying) 
FD, DE is the (square) on DE plus the (number cre- 
ated) from (multiplying) DE, EF [Prop. 2.3]. Thus, the 
(square) on DE plus the (number created) from (multi- 
plying) DE, EF is prime to the (square) on EF. And 
the (square) on DE is A, and the (number created) from 
(multiplying) DE, EF (is) B, and the (square) on EF 
(is) C. Thus, A, B summed is prime to C. So, similarly, 
we can show that B, C (summed) is also prime to A. So 
I say that A, C (summed) is also prime to B. For since 
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ano xo0 AE ò A, 6 òè bn 1v AE, EZ 6 B, 6 5€ àxó tot 
EZ óT. oi A, T dea ouvtedévtec npóc tov B npóxoí eiotv 
Ónep Eder Oct&on. 
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DF is prime to each of DE, EF then the (square) on DF 
is also prime to the (number created) from (multiplying) 
DE, EF [Prop. 7.25]. But, the (sum of the squares) on 
DE, EF plus twice the (number created) from (multiply- 
ing) DE, EF is equal to the (square) on DF [Prop. 2.4]. 
And thus the (sum of the squares) on DE, EF plus twice 
the (rectangle contained) by DE, EF [is] prime to the 
(rectangle contained) by DE, EF. By separation, the 
(sum of the squares) on DE, EF plus once the (rect- 
angle contained) by DE, EF is prime to the (rectangle 
contained) by DE, EF. Again, by separation, the (sum 
of the squares) on DE, EF is prime to the (rectangle 
contained) by DE, EF. And the (square) on DE is A, 
and the (rectangle contained) by DE, EF (is) B, and 
the (square) on EF (is) C. Thus, A, C summed is prime 
to B. (Which is) the very thing it was required to show. 


t Since if a 8 measures o? + 8? + 2a f then it also measures a? + 8? + o 6, and vice versa. 


, 


iv. 


‘Edy dúo dovuol npéxot ngóc AAAA oug Wow, oOx ETA 
ÒG Ò TPÕTOG npóc TOV SeUTEPOV, OŬTWG O SebTEPOC npóc 
AAV TVÅ. 


B —— ——À 





15 m 

Abo yàp åprðuo ot A, B xpóot npóc HAAHAOUC Éoxo- 
cav: Aéyw, tL 00x ZotW óc ô A npóc Tov B, ottwe 6 B 
TES GAAOV TIVe. 

Ei yàp õuvatóv, Zotw óc 6 A npóc tov B, 6 B npóc 
tov T. of 6&6 A, B npóxot, oi 6& TEdtOL xol EAdyLaTOL, oi 6€ 
&A&ytoxot dpiüuol uevpoUot xobc Tov abxóv AdYOV £yovtoac 
loóxic O te fyoOuevoc TOV yoúuevov xal ó &£xóuevoc TOV 
&nóyevov: uexpet dpa O A tov B òs f|Yooyuevoc fiYoOuevov. 
uevpet 68 xoi Eautédv’ O A doa tobe A, B uevpet npoxouc 
Ovtag npóc GAAHAOUG STEP &tOTOV. oÓx kPa Éovot Wo ô A 
xpóc tòv B, ottwe ô B npóc tov T- ónep Eder oci&on. 


C. 
"Edy Gow Oooldynrotovv dpuüuol čs åváňoyov, oi SE 
&xpot aUTHY TPGTOL MEO AAAA ouc Wow, OLX čata c Ò 
TEGO npóc Tov SebtEPOV, OŬTWS Ò Éoyaxoc npóc GAAOV 


Proposition 16 


If two numbers are prime to one another then as the 
first is to the second, so the second (will) not (be) to some 
other (number). 


At 


B' 


C p—————— 

For let the two numbers A and B be prime to one 
another. I say that as A is to B, so B is not to some other 
(number). 

For, if possible, let it be that as A (is) to B, (so) 
B (is) to C. And A and B (are) prime (to one an- 
other). And (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21]. And the least numbers measure 
those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures B, as the leading (measuring) the leading. 
And (A) also measures itself. Thus, A measures A and B, 
which are prime to one another. The very thing (is) ab- 
surd. Thus, as A (is) to B, so B cannot be to C. (Which 
is) the very thing it was required to show. 





Proposition 17 


If any multitude whatsoever of numbers is continu- 
ously proportional, and the outermost of them are prime 
to one another, then as the first (is) to the second, so the 
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iv. 

”"Eotwoav Ooodsnnotovy dpuüuol &&fjc åváňoyov ot A, 
B, T, A, oi òè Gxpot adtév oi A, A npüxot npóc GAAHAOUC 
čotwoav: AEYW, StL OVX Zotw óc 6 A npóc Tov B, obvoc 6 
A npd¢ &AXov tid. 
1 


| 


EL————————4 


>T uw > 








E = 

Ei yàp 8uvaxóv, Zotw óc ô A npóc tov B, oóvoc ô A 
xpóc TOV Ev EvadAdE Hoa £oxlv ç ô A npóc Tov A, 6 B npóc 
tov E. ot 68 A, A rpéstot, ot 6& med toL xol EAGYLOTOL, oi 68 
&A&ytoxot ġprðuol Ueteovat tob< Tov abxóv AdYOV £yovtoac 
loduig O te HYOUUEVOS xóv HYOUMEVOV xol O &£xóuevoc TOV 
&nóuevov. yetest doa ô A tov B. xal Eotw óc O A npóc 
tov B, ó B npóc tov T. xoi ò B doa tov I uevget^ oce 
xoi ò A tov T uetpet. xol &ne( Eotw óc ô B npóc tov T, 
ô T ngóc tov A, uevget dé ô B tov T, uexpei dow xoi o T 
tov A. ddd’ ò A tov T &uéxpeu Gote ô A xoi tov A uespel. 
Mevpet dé xal Eautdv. ô A doa toc A, A uexpei npoxouc 
Ovtacg npóc GAAAAOUG: ónep EoTly &dúvatov. OVX koa EOTAL 
óc 6 A npóc tov B, obxoc ô A npóc &AXov tvé: ónep Eder 
citar. 


E a 
Wi 5 
Abo åprðu&v SodEevtwvy &nioxédaoot, et Suvatdv Eottv 
avtoic teitov avédoyov TeoceupEty. 
A E— — — 8H IB | 


B J A ] 
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last will not be to some other (number). 

Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that as 
A is to B, so D (is) not to some other (number). 

At 
Ber 

C! 

D! 
E eT 

For, if possible, let it be that as A (is) to B, so D 
(is) to E. Thus, alternately as A is to D, (so) B (is) 
to E [Prop. 7.13]. And A and D are prime (to one 
another). And (numbers) prime (to one another are) 
also the least (of those numbers having the same ra- 
tio as them) [Prop. 7.21]. And the least numbers mea- 
sure those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures B. And as A is to B, (so) B (is) to C. Thus, B 
also measures C. And hence A measures C [Def. 7.20]. 
And since as B is to C, (so) C (is) to D, and B mea- 
sures C, C thus also measures D [Def. 7.20]. But, A was 
(found to be) measuring C. And hence A also measures 
D. And (A) also measures itself. Thus, A measures A 
and D, which are prime to one another. The very thing is 
impossible. Thus, as A (is) to B, so D cannot be to some 


other (number). (Which is) the very thing it was required 
to show. 








Proposition 18 


For two given numbers, to investigate whether it is 
possible to find a third (number) proportional to them. 
At C j 














”"Eotwoav oi ðoVévteçs 000 åpşprðuo oi A, B, xa 
dé0v Eotw EmtoxépaoVat, ei Suvatdv otv avdtoic toettov 
åváåňoyov xpoosupelv. 

Ot 57 A, B Ato notor npóc GAAHAOUS Eloly T, o0. xoà ei 
xpó ot npóc GAARAOUS Eloty, SéderxTaL, StL ADÓÝVATÓV OTV 
avtoic teitov &våňoyov TeocEupEty. 

AAG 57 uÀ Eotwoav ot A, B np&xot npóc HAAKAOUc, 
xoi ó B Eautov noAAanAaoidous tov T xote(vo. ô A DÀ tov 
T fixot uexpet Ñ ov uevpet. uevpe(vo npóxegov xoxà tov A: 
ô A &pa tov A noddandaoidoug tov T nenotnxev. dXXa uv 
xoi ó B Eautov noAAonAaoikcac tov I nenotnxev ò tow 


B | D | 

Let A and B be the two given numbers. And let it 
be required to investigate whether it is possible to find a 
third (number) proportional to them. 

So A and B are either prime to one another, or not. 
And if they are prime to one another then it has (already) 
been show that it is impossible to find a third (number) 
proportional to them [Prop. 9.16]. 

And so let A and B not be prime to one another. And 
let B make C (by) multiplying itself. So A either mea- 
sures, or does not measure, C. Let it first of all measure 
(C) according to D. Thus, A has made C (by) multiply- 
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¿x tév A, A (coc Eotl 16 dnd tot B. gotw dpa Wo ô A 
mpdc¢ tov B, 6 B npóc tov A: xoic A, B doa xp(xoc &prðuòs 
åváňoyov Teoonventa ô A. 

AAA& BY uÀ uetpeitw o A tov I^ Aévo, ött toic A, B 
ad0vatov &oxt 1plxov avdAOYOV npoosupetv dpuüuóv. e yàp 
duvatév, npoonuperjoUo ô A. ó dpa &x x&v A, A {ooç £o 
1G &nd tot B. 6 òè dnd tod B &cwv ô T- 6 dpa &x t&v A, 
A {oog é&ox xà T. Bote 6 A tov A noAAanAaotácoac Tov 
T reno(xev: ô A doa tov I uexpet xoxà tov A. åa uv 
bmoxelton xol UN) UETedv’ ónep tonov. oOx dpa Ouvatóv 
got toic A, B teitov åváňoyov mpooeupsiv dpuüuov, óxav 


ô A tov T uh petofi nep Eder deiga. 


v. 


Tov dàpguüuGv Goüévcov &mroxédpaotot, nóxe Guvaxóv 
EOTW AUTOIC TETUPTOV dváAoYvov xpoosupelv. 
At 


B 
liv 
A 


E eR 














"Eocoav oi 600évcec vpeic dovOuol ot A, B, T, xoi déov 
čotw emoxépaota, ndte Suvatdv Eottv obtoic TÉTAPTOV 
åváňoyov rpoosupeiv. 

"Hxot obv ox eio &Efic åváňoyov, xoi oi Gxpot adtéSv 
noto. npóc GAAYAOUC Elotv, Ñ &fjc Elow åváħoyov, xol oi 
&xpot avv ox siot notol npóc GAAKAOUG, f, oŬte &&fic 
cioty &váAovov, OUTE oi Gox«pot a'óxGv TEGTOL npóc dAATjAOUG 
eiotv, Ñ xo &&fic cio avdAoyov, xoi oi &xoot oróxGv TPéTOL 
xpóc dAAf|Aouc Eloty. 

Ei u&v oov oi A, B, T &&fjc ciow åváħňoyov, xoi oi 
&xpot avtév ot A, T noto npóc dAAVAOUs ciotv, SéderxTHL, 
OTL dObvaxóv &oxtv AUTOIC TÉTApTOV àvåňoyov npootupeiv 
dotüuóv. uù Eotwoav 97, ot A, B, T ¿ñs avddoyov tæv 
GxgGv náv Óvvov npotov npóc GAAHAOUC. AEYW, OTL 
xol OŬTWS ADÚVATÓV £ottvy abtoOic TETAPTOV dváAoYov npo- 
oeupely. ei yàp Guvaxóv, npoosugrjoUo ó A, dote elvat Gc 
tov A npóc tov B, tov T npóc tov A, xoi yeyovétw óc 6 B 
xpóc tov T, 6 A npóc tov E. xoi &ne( Eotw óc u£v ô A npóc 
tov B, 0 T npóc tov A, óc dé ô B npóc tov T, ô A npóc 
tov E, dv {oou dea ðs 6 A npóc tov T, 6 T npóc tov E. oi 
0€ A, T reétot, ot 6€ npüot xol &£Aáytoxot, ot SE EAdyLoTOL 


ELEMENTS BOOK 9 


ing D. But, in fact, B has also made C (by) multiplying 
itself. Thus, the (number created) from (multiplying) A, 
D is equal to the (square) on B. Thus, as A is to B, (so) 
B (is) to D [Prop. 7.19]. Thus, a third number has been 
found proportional to A, B, (namely) D. 

And so let A not measure C. I say that it is impossi- 
ble to find a third number proportional to A, B. For, if 
possible, let it have been found, (and let it be) D. Thus, 
the (number created) from (multiplying) A, D is equal to 
the (square) on B [Prop. 7.19]. And the (square) on B 
is C. Thus, the (number created) from (multiplying) A, 
D is equal to C. Hence, A has made C (by) multiplying 
D. Thus, A measures C according to D. But (A) was, in 
fact, also assumed (to be) not measuring (C). The very 
thing (is) absurd. Thus, it is not possible to find a third 
number proportional to A, B when A does not measure 
C. (Which is) the very thing it was required to show. 


Proposition 19! 


For three given numbers, to investigate when it is pos- 
sible to find a fourth (number) proportional to them. 
A 


B l 
C i 
D | 


E l 

Let A, B, C be the three given numbers. And let it be 
required to investigate when it is possible to find a fourth 
(number) proportional to them. 

In fact, (A, B, C) are either not continuously pro- 
portional and the outermost of them are prime to one 
another, or are continuously proportional and the outer- 
most of them are not prime to one another, or are neither 
continuously proportional nor are the outermost of them 
prime to one another, or are continuously proportional 
and the outermost of them are prime to one another. 

In fact, if A, B, C are continuously proportional, and 
the outermost of them, A and C, are prime to one an- 
other, (then) it has (already) been shown that it is im- 
possible to find a fourth number proportional to them 
[Prop. 9.17]. So let A, B, C not be continuously propor- 
tional, (with) the outermost of them again being prime to 
one another. I say that, in this case, it is also impossible 
to find a fourth (number) proportional to them. For, if 
possible, let it have been found, (and let it be) D. Hence, 
it will be that as A (is) to B, (so) C (is) to D. And let it be 
contrived that as B (is) to C, (so) D (is) to E. And since 
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y 


ueteotot voUc tov abtÓv Aóyov Éyovvac Ó te f|roOUuevoc 
TÒV NYOUUEVOY xoi Ò EMOUEVOS TOV ENOUEVOY. uetpel hoa Ô 
A tov T àc fiyoOuevoc nyobuEvoyv. YETeEt ðè xol EavTdV: 
ô A &pa tobe A, T uevpet npoouc övtas npóc GAAYAOUC: 
ónep Eotly adbvatov. obx ğpa toic A, B, T Guvaxóv ot 
xévoptov dvdAoYvov npoosupeiv. 

AAAG 67, náv čotwoav ot A, B, P &&fjc åàváňoyov, oi 6€ 
A, T ph £oxocav notor npóc å&AAńAous. Avo, StL BUVATOV 
EOTW avTOIC TETAPTOV åváňoyov TeOGELEElV. O yàp B xov T 
TohAatAaoidoas tov A notetta ò A doa tov A Tito uexpei 
Ñ OÙ pETpEÑ. Uetoeitw avVTOV npóxepov xaxà xóv E: ô A doa 
tov E noAAamAaci&cac tov A nenoinxev. å&AAà uty xoi ô 
B tov T noddandaordoucg tov A nenoirxev: ô toa èx xv 
A, E {ooç &ox x& èx tõv B, T. åváňoyov dou [Eotly] óc 6 
A ngóc tov B, ôT ngóc tov E: tols A, B, T hoa xéxaproc 
&véAoYvov Teoonventa ô E. 

AAAA 97) Uh uexvpe(xo) ô A tov Ac AEY, dt ådúvatóv 
got totic A, B, T tétaptov åváħoyov npoosupciv prðuóv. 
ei yàp Suvatdyv, rpooeuprfjoüo ô E: ó doa &x vv A, E {ooç 
£o 1G Ex x&v B, T. GAG ô Ex x&v B, T otw 6 Ac xoi 
ô £x tév A, E &pa {oos £o t% A. 6 A dpa tov E norda- 
TAaoidous tov A nenolrxev: 6 A doa tov A uexpet xoxà TÒV 
E: @ote uevpet 6 A tov A. Gà xol OU uexvpet: ónep &tOTOV. 
00x äpa Ouváxov £o tos A, B, T vévopxov åváňoyov npo- 
ceupely dptügóv, óxav ò A tov A ur) uexpfj. AAG O7) ot A, B, 
T uve &&fjc Eotwoav àváXovov uńte oi dxpot notol npóc 
AA Aous. xoi 6 B tov T noddandaordoug tov A note(xo. 
Ouotws 97 Georürjoevot, Sti ei uèv petpe O A tov A, õu- 
vaxóv oTi oroic HVAAOYOV npooeupeiv, El SE OD uerpel, 
åðúvatov: Step Eder deiga. 
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as A is to B, (so) C (is) to D, and as B (is) to C, (so) D 
(is) to E, thus, via equality, as A (is) to C, (so) C (is) to E 
[Prop. 7.14]. And A and C (are) prime (to one another). 
And (numbers) prime (to one another are) also the least 
(numbers having the same ratio as them) [Prop. 7.21]. 
And the least (numbers) measure those numbers having 
the same ratio as them (the same number of times), the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, A measures C, (as) the 
leading (measuring) the leading. And it also measures 
itself. Thus, A measures A and C, which are prime to 
one another. The very thing is impossible. Thus, it is not 
possible to find a fourth (number) proportional to A, B, 
C. 

And so let A, B, C again be continuously propor- 
tional, and let A and C not be prime to one another. I 
say that it is possible to find a fourth (number) propor- 
tional to them. For let B make D (by) multiplying C. 
Thus, A either measures or does not measure D. Let it, 
first of all, measure (D) according to E. Thus, A has 
made D (by) multiplying E. But, in fact, B has also made 
D (by) multiplying C. Thus, the (number created) from 
(multiplying) A, E is equal to the (number created) from 
(multiplying) B, C. Thus, proportionally, as A [is] to B, 
(so) C (is) to E [Prop. 7.19]. Thus, a fourth (number) 
proportional to A, B, C has been found, (namely) E. 

And so let A not measure D. I say that it is impossible 
to find a fourth number proportional to A, B, C. For, if 
possible, let it have been found, (and let it be) E. Thus, 
the (number created) from (multiplying) A, E is equal to 
the (number created) from (multiplying) B, C. But, the 
(number created) from (multiplying) B, C is D. And thus 
the (number created) from (multiplying) A, E is equal to 
D. Thus, A has made D (by) multiplying E. Thus, A 
measures D according to E. Hence, A measures D. But, 
it also does not measure (D). The very thing (is) absurd. 
Thus, it is not possible to find a fourth number propor- 
tional to A, B, C when A does not measure D. And so 
(let) A, B, C (be) neither continuously proportional, nor 
(let) the outermost of them (be) prime to one another. 
And let B make D (by) multiplying C. So, similarly, it 
can be show that if A measures D then it is possible to 
find a fourth (number) proportional to (A, B, C), and 
impossible if (A) does not measure (D). (Which is) the 
very thing it was required to show. 


t The proof of this proposition is incorrect. There are, in fact, only two cases. Either A, B, C are continuously proportional, with A and C prime 


to one another, or not. In the first case, it is impossible to find a fourth proportional number. In the second case, it is possible to find a fourth 


proportional number provided that A measures B times C. Of the four cases considered by Euclid, the proof given in the second case is incorrect, 


since it only demonstrates that if A : B :: C : D then a number E cannot be found such that B : C :: D : E. The proofs given in the other three 
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cases are correct. 


x. 

Ot np&xot &pruol rAe(ouc ciol ravtxóc tot npoteüévtoc 

rÀfjDouc npocov &pručv. 
Ar 


B 
IB j 
E AZ 


”"Eotwoav oi npoteðévtes npGot dpiüuol oi A, B, T: 
Eyw, Öt x&v A, B, T nAeíouc sioù npóxot ópuüpot. 

EUfypüo yàp 6 Und t&v A, B, T £Acytoxoc uexpotuevoc 
xal Eotw AE, xoi npooxeíoto xà AE uovàc 7 AZ. 6 54 EZ 
ToL xpGrÓc otv Ï OV. £ovo TEdTEPOV TESTO: eüpruévot 
&pa elol npdtor pruo ot A, B, T, EZ mActouc vv A, B, 


Hr 


po 











AAG OF UA Eotw ò EZ notoc: 0nó Teadtou Goa xtvóc 
dprůuoŬ Uetosita. uetpeloðw Ùnò nporou tot IT Aéyo, 
ou ó H ovdevi xv A, B, T otw 6 abdtdc. ci yàp Suvatév, 
čotw. ot dé A, B, T tov AE uetpovow: xoi 6 H doa tov 
AE ueteyoet. uevpet 88 xoi tov EZ: xoà Aou thy AZ 
yovada uetpńosı ò H àpiüuóc àv: ónep &tOTOV. ox Gea ò 
H evi tév A, B, T otw 6 abdtéc. xoi bndxetta npóoc. 
EVENLEVOL Goa ciol npóxot dorOyol mAciouc tov npoveüévtoc 
TARVous tv A, B, T oi A, B, D, H: ónep eer SetEou. 


L 


Xa. 


‘Edy dotiot àpo ónocotobv ovvteddéow, Ò ÓAoc 


&pttóc EoTW. 

[LM A MN. 5 

Zuyxeloðwoav yàp &puot àpriÜüpol ônocoioŭv oi AB, 
BT, TA, AE: Xéyo, óu óXoc 6 AE &ptiós otw. 

"Enel yàp ëxaotos tév AB, BT, TA, AE dotié¢ Eotw, 
Éyet uépoc fiutou: Bote xoi óXoc ô AE Eyer uépoc fiuc. 
&puoc 6& ådpruóç &ouv ó Biya Otopobuevoc: &puoc dpa 
éotlv ô AE: Ónep eden Seigau. 
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Proposition 20 


The (set of all) prime numbers is more numerous than 
any assigned multitude of prime numbers. 


At G t+ 
B —— —— 

C! 
; DF 


H 

Let A, B, C be the assigned prime numbers. I say that 
the (set of all) primes numbers is more numerous than A, 
B,C. 

For let the least number measured by A, B, C have 
been taken, and let it be DE [Prop. 7.36]. And let the 
unit DF have been added to DE. So EF is either prime, 
or not. Let it, first of all, be prime. Thus, the (set of) 
prime numbers A, B, C, EF, (which is) more numerous 
than A, B, C, has been found. 

And so let EF not be prime. Thus, it is measured by 
some prime number [Prop. 7.31]. Let it be measured by 
the prime (number) G. I say that G is not the same as 
any of A, B, C. For, if possible, let it be (the same). And 
A, B, C (all) measure DE. Thus, G will also measure 
DE. And it also measures EF. (So) G will also mea- 
sure the remainder, unit DF, (despite) being a number 
[Prop. 7.28]. The very thing (is) absurd. Thus, G is not 
the same as one of A, B, C. And it was assumed (to be) 
prime. Thus, the (set of) prime numbers A, B, C, G, 
(which is) more numerous than the assigned multitude 
(of prime numbers), A, B, C, has been found. (Which is) 
the very thing it was required to show. 








Proposition 21 


If any multitude whatsoever of even numbers is added 
together then the whole is even. 

A B C D E 

H ! ! H | 

For let any multitude whatsoever of even numbers, 
AB, BC, CD, DE, lie together. I say that the whole, 
AE, is even. 

For since everyone of AB, BC, CD, DE is even, it 
has a half part [Def. 7.6]. And hence the whole AF has 
a half part. And an even number is one (which can be) 
divided in half [Def. 7.6]. Thus, AE is even. (Which is) 
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i 
xp’. 
‘Edy nepioool &prðuol ónocotobv cuvveÜGotv, tÒ dé 
TARVO¢ atv ğptiov Å, O ÓAoc ðptioç EoTaL. 


A B T A E 

H ! H t 1 

huyxeioVwouv yàp mnepuoooi deiuol dOooldnnototyv 
&etio. TO TAHVoo ot AB, BD, TA, AE: Xéyo, óu óXoc 
ô AE ópuóc otw. 

‘Enel yàp Exaotoc x&v AB, BI, TA, AE nepitté¢ Eotw, 
apapevetong uová6oc ap’ &xáotrou Éxactoc tV onv 
&pguoc Éovar Hote xoi O ovyxelyevoc ¿E avtiv üpuoc 
gota. Éou è xol tO mAijüoc x&v Lovddwv prov. xoa 
óXoc Goa ó AE doetid¢ Eotw: Sree Eder Seigan. 





F 
xy’. 
‘Edy nepioool &prðuol ónocotobv ovvtediow, tÒ dé 
TARVOC obxGv nepuooóv fj, xoi O ÓXoc nepiooóc EOTAL. 


A BT EA 


Zuyxelioðwoav yàp onocototv nepiocol &prÛuol, Qv TO 
TAfiüoc nepiooòv Éovo, ot AB, BT, TA: Aévo, dtu xal óXoc 
ô AA neptooóc otw. 

'Adqnerjodo ånò tot TA uovàc f, AE: Aouóc doa 6 TE 
&puóc £owv. Zott SE xoi ô TA dotioc: xoi óAoc doa 6 AE 
&puóc otv. xal £o povàs f, AE. nepicodc toa &oxiv ò 


AA: Ónep Eder Seigau. 





xo’. 


‘Edy and aoetiou àpu0uoU ketiog doupeüf, O Aowunóc 


&prtoc ota. 
A T B 


Ano yàp dpx(ou toŭ AB doetiocg ådgneńoðw 6 BT: Aéyo, 
Ott 6 Aoóc 6 TA ópuóc £owv. 

‘Enel yàp ó AB &puóc totu, Éyet uépoc uou. Bid xà 
oóxà 97) xoi 6 BT Eyer uépoc ğwov: ote xol Aowóc [6 TA 
£yet uépoc Tjutou] ketioc [pa] Eotiv 6 AT: önep Eder detka. 
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the very thing it was required to show. 


Proposition 22 


If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is even, then the 
whole will be even. 

A B C D E 


—— 

For let any even multitude whatsoever of odd num- 
bers, AB, BC, CD, DE, lie together. I say that the 
whole, AE, is even. 

For since everyone of AB, BC, CD, DE is odd then, a 
unit being subtracted from each, everyone of the remain- 
ders will be (made) even [Def. 7.7]. And hence the sum 
of them will be even [Prop. 9.21]. And the multitude 
of the units is even. Thus, the whole AE is also even 
[Prop. 9.21]. (Which is) the very thing it was required to 
show. 


Proposition 23 


If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is odd, then the 
whole will also be odd. 

A B C E D 


m y 

For let any multitude whatsoever of odd numbers, 
AB, BC, CD, lie together, and let the multitude of them 
be odd. I say that the whole, AD, is also odd. 

For let the unit DE have been subtracted from CD. 
The remainder CE is thus even [Def. 7.7]. And CA 
is also even [Prop. 9.22]. Thus, the whole AE is also 
even [Prop. 9.21]. And DE is a unit. Thus, AD is odd 
[Def. 7.7]. (Which is) the very thing it was required to 
show. 


Proposition 24 


If an even (number) is subtracted from an (other) even 
number then the remainder will be even. 

A C B 
k y 

For let the even (number) BC have been subtracted 
from the even number AB. I say that the remainder CA 
is even. 

For since AB is even, it has a half part [Def. 7.6]. So, 
for the same (reasons), BC also has a half part. And 
hence the remainder [CA has a half part]. [Thus,] AC is 
even. (Which is) the very thing it was required to show. 
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, 


XE. 


‘Edy ànó aetiou dpuüuo0 nepirooòs apapsDH, O Aouóc 


xeptooóc EOTAL. 
A r A B 


And yàp detiou tot AB nepiooòs donofjoodo ô BT: 
EY, Ott O Xowóc ô TA nepiooóç éouv. 

Adgnefjodo yuo and tod BT uovàc n DA: 6 AB dow 
&puóc Eotw. Eott dE xoi ò AB &puoc: xol Aotnóc doa ò 
AA Getid¢ £owv. xal Eott uovàc À DA: 6 TA Soa nepuooóc 
éotw: Önep eer Seta. 





, 


XT. 


‘Edy ano reptooc00 &pruoŬ repuooóc apaped yh, ô AOLTOC 


&prtoc EoTta. 
T A B 
I ] 
T 1 


A 
H ! 
Ano yàp nepgioc00 tot AB nepiooóc å&oneńoðw ô BT: 
EY, ów O Xowóc ô TA &puóc &ovv. 
‘Enel yàp ô AB nepuooóc Eotw, éqrorjodo uovàc f, BA: 
Aowóc doa ò AA petós &ouv. Sid xà AUTH OF xoi ô TA 
&puóc &ouv: Bote xoi Aotxóc ô TA &etid¢ otv: ónep Eder 


citar. 





xC. 
‘Edy and nepioco0 ópiüuoU0 dpuoc aparpsDH, O Aouóc 
xeptooóc EOTAL. 


AA ! ! 


And yàp neptoco0 tot AB &puoc denofjoodo ô BT: 
EY, Ott O Xowóc ô TA xepuoóc éouv. 

Adnofjo9o [yàp] uovàc Y, AA: 6 AB &pa Gpxóc otw. 
£c 8€ xoi ó BT &puoc: xoi Aowóc doa ô DA ópuóc £owv. 
xepiooóc toa ô TA: ónep ëder Deléon. 





xn. 
‘Edy nepiocóc dpuüuóc detiov noAAaTAaoidouc TOL 
TIVA, Ó YEVOUEVOS &prtoc EOTAL. 
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Proposition 25 


If an odd (number) is subtracted from an even num- 
ber then the remainder will be odd. 


A C D B 


For let the odd (number) BC have been subtracted 
from the even number AB. I say that the remainder CA 
is odd. 

For let the unit CD have been subtracted from BC. 
DB is thus even [Def. 7.7]. And AB is also even. And 
thus the remainder AD is even [Prop. 9.24]. And CD is 
a unit. Thus, CA is odd [Def. 7.7]. (Which is) the very 
thing it was required to show. 





Proposition 26 


If an odd (number) is subtracted from an odd number 
then the remainder will be even. 
D B 


AC 

For let the odd (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder CA 
is even. 

For since AB is odd, let the unit BD have been 
subtracted (from it). Thus, the remainder AD is even 
[Def. 7.7]. So, for the same (reasons), CD is also 
even. And hence the remainder C'A is even [Prop. 9.24]. 
(Which is) the very thing it was required to show. 





Proposition 27 


If an even (number) is subtracted from an odd num- 
ber then the remainder will be odd. 


AD C B 


For let the even (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder C'A 
is odd. 

[For] let the unit AD have been subtracted (from AB). 
DB is thus even [Def. 7.7]. And BC is also even. Thus, 
the remainder C D is also even [Prop. 9.24]. CA (is) thus 
odd [Def. 7.7]. (Which is) the very thing it was required 
to show. 





Proposition 28 


If an odd number makes some (number by) multiply- 
ing an even (number) then the created (number) will be 
even. 


273 


STOIXEION v. 


A 


BRM 





]'————— ———————4À 

Ileptocóc yàp ópiüuóc ô A &puov tov B noria- 
TAaoidouc tov I' rote(xo: Aévo, OTL ô T ápuóc &ouv. 

‘Enel yàp ô A tov B xoAAonAactócoc tov I nenotnxey, 
ò T doa ovyxetta &x TocoUTHV towv 1G B, dom siol Ev 
16 A yovddec. xal got 6 B dotiog ô T doa obyxerta 
&& dotiwv. &àv 6€ dotiot doo! óxocotobv OUvTEdéow, ô 
dhog Hotid¢ ċott. potios &pa &oxiv ô I Ónep Eder Seta. 


x). 


"E&v xeptooóc ded negiooóv pruv roAAXarAaoctác- 
ac rOtfj TIVA, Ô Yevóuevoc nepiocóc £oxot. 


A 
B 
T j 


Ileptocóc yàp ådprðuòçs 6 A nepiooòv tov B noha- 
TAaoidous tov I' rote(xo: AEyw, óx ó T reguooóc Eottw. 

‘Enel yàp ô A tov B roAAonAactócoc tov I rexotnxey, 
oT ápa ovyxerta &x xocoóxov loov 165 B, doa eioty êv 1G 
A povedec. xaí Eotw &xé&vepoc x&v A, B nepiooóc: OT tow 
OUYxXEITAL EX xeptooGv pruv, Ov TO nAfjUoc nepuooóv 
éotwv. ote OT nepioodc Eotw: Ónep Eder Seta. 














A. 


‘Edy nepiooóc àpiüuóc dpuov àpiüuoóv uecpfj, xol Tov 
fiutcuv axo uexerjost. 


A 


BO 


T^ 
IIcptocóc yàp åprðuòs ô A &puov Tov B uevps(vox Aévo, 

OTL xol TOV fjutouv QÙTOŬ uerproet. 
‘Enel yàp ò A tov B pETpEÑ, uexpe(vo abxóv xoxà TOV 
T: Aéyo, ött ò T oóx £c neptooóc. e yàp Suvatov, £oto. 
xoi éenel O A tov B uexgei xoxà tov T, ô A doa tov T 
TohAarhaoidoac tov B nenotnxev. ò B doa obyxettoun &x 
reptooGv pruv, Gv tò TAVoc nepiocóv otv. ò B tow 
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A! 
Bı 
C! 


For let the odd number A make C (by) multiplying 
the even (number) B. I say that C is even. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And B is 
even. Thus, C is composed out of even (numbers). And 
if any multitude whatsoever of even numbers is added 
together then the whole is even [Prop. 9.21]. Thus, C is 
even. (Which is) the very thing it was required to show. 








Proposition 29 


If an odd number makes some (number by) multiply- 
ing an odd (number) then the created (number) will be 
odd. 


For let the odd number A make C (by) multiplying 
the odd (number) B. I say that C is odd. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And each 
of A, B is odd. Thus, C is composed out of odd (num- 
bers), (and) the multitude of them is odd. Hence C is odd 
[Prop. 9.23]. (Which is) the very thing it was required to 
show. 


Proposition 30 


If an odd number measures an even number then it 
will also measure (one) half of it. 
At——— 


Bı 
C! 


For let the odd number A measure the even (number) 
B. I say that (A) will also measure (one) half of (B). 

For since A measures B, let it measure it according to 
C. I say that C is not odd. For, if possible, let it be (odd). 
And since A measures B according to C, A has thus made 
B (by) multiplying C. Thus, B is composed out of odd 
numbers, (and) the multitude of them is odd. B is thus 
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xepiooÓc Cot’ ONE torov: UMdxELTAL YUE Gpuoc. OVX 
&pa ô T reptooóc toti: üpuoc dpa cotiv OT. Bote 6 A 
tov B yetoet aotidxic. di 67) voto xal TOV fjutcuv avTOD 
uexerjoev. ónep Eder Ociton. 


Aa. 


‘Edy neptooóc àpiüuóc ngóc tiva àpiüuóv npóoc f, xoi 
xpóc TÒV SiTAaclova AÙTOŬ npGroc Éoxot. 
At— 


B 
IB 


A m 


d 








Ileptocóc yàp ópuuóc 6 A nxpóc twa àpiüuóv tòv B 
notos Éovo, tod dé B dinAaoiwv čotw OT: Aévo, 6110 A 
[xoi] med¢ tov T npGxóc Eotw. 

Ei yàp uy ciow [oi A, T] npóxot, uexerjost tis abxotc 
dotÜüuóc. uexpe(xo, xoi Eotw ô A. xal &owv ô A nxepiooóc: 
xepiooÓc doa xoi O A. xoi &nel ô A nepiooòs àv tov T 
uetest, xal otv ò I detioc, xoi tòv wouy dea tod T 
uetpńosıi [ô A]. tot sé T fuco cotw 6 B: ô A Goa tov 
B uetpet. uevpei 88 xol tov A. 6 A doa xobc A, B uexpet 
TEWTOUS Óvxac npóc GAAfAouc: Önep EoTly &dúvatov. oOx 
&pa ô A npóc tov T npxoc o0x Eotw. oi A, T &pa npóxot 
xpóc dAAMfAoUc ciotv: önep Eder Sego. 


AQ 
Tv dnd 60a60c OwAactCouévov dotüuov  Éxactoc 
dprtóoac óprióc &oxt UOVOV. 





A ! 

And yàp 60aG0c tic A OeOuAactáo0ocav cody- 
notoby dewyoi oi B, T, A: Aéyo, öt oi B, T, A dotidutc 
&prtot ciot uóvov. 

"Ox èv ody Éxacxoc [x&v B, T, A] àpuéxc &puóc 
&ottv, Qovepóv: and yàp buddoc &oxi OuxAoctatoUe(c. AéYvo, 
Ott xal uóvov. Exxciow yàp uovác. Enel oov and uováboc 
ónocot00v åprůpol &Efic åváňoyóv ciow, o ðè petà Ty 
yovada ô A npüióc gotw, ô uéviovoc tv A, B, T, A ô 
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odd [Prop. 9.23]. The very thing (is) absurd. For (B) 
was assumed (to be) even. Thus, C is not odd. Thus, C 
is even. Hence, A measures B an even number of times. 
So, on account of this, (A) will also measure (one) half 
of (B). (Which is) the very thing it was required to show. 


Proposition 31 


If an odd number is prime to some number then it will 
also be prime to its double. 


A | 
B ———4A 
C! 


DR“ 





For let the odd number A be prime to some number 
B. And let C be double B. I say that A is [also] prime to 
C. 

For if [A and C] are not prime (to one another) then 
some number will measure them. Let it measure (them), 
and let it be D. And A is odd. Thus, D (is) also odd. 
And since D, which is odd, measures C, and C is even, 
[D] will thus also measure half of C [Prop. 9.30]. And B 
is half of C. Thus, D measures B. And it also measures 
A. Thus, D measures (both) A and B, (despite) them 
being prime to one another. The very thing is impossible. 
Thus, A is not unprime to C. Thus, A and C are prime to 
one another. (Which is) the very thing it was required to 
show. 


Proposition 32 


Each of the numbers (which is continually) doubled, 
(starting) from a dyad, is an even-times-even (number) 
only. 

A | 


Bt 
C L————3 


D! l 

For let any multitude of numbers whatsoever, B, C, 
D, have been (continually) doubled, (starting) from the 
dyad A. I say that B, C, D are even-times-even (num- 
bers) only. 

In fact, (it is) clear that each [of B, C, D] is an 
even-times-even (number). For it is doubled from a dyad 
[Def. 7.8]. I also say that (they are even-times-even num- 
bers) only. For let a unit be laid down. Therefore, since 
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A br’ ovdevdcg &AXou UETeNnDhoeta Tapee THV A, B, T. xai 
got Exaotoc tev A, B, T ápuoc: ô A &pa dotiduig &puóc 
£c uóvov. olwc SH SelEouev, Stu [xoi] &xé&epoc x&v B, 
T detidxic detid¢ &oxt uóvov: ónep et deigan. 


À xd 
Y. 

'Eàv ápuüuóc tov fiucuv ČXN nepuooÓv, ŘPTLÁXIÇ TE- 
piooóc EOTL uóvov. 


A 


AowWydc yàp o A tov fjutcuv &yéxo nepiooóv: AEYw, OTL 
Ô A detidxig neptooóc £o uóvov. 

"Oct gu&v OV àptiåxıç xeptooóc otv, Mavepdv’ ô yàp 
Hulouc aAvTOD xeptooóc àv uexpel AUTOV dprióoduc, ACY Ov, 
bt xoi uóvov. ci yàp gota O A xoà dpuóouc ĞETLOG, uE- 
Tonvroeta LTO dpr(ou xoà dotiov colWudv Bote xol oO 
Hutouc avtot uetendjoeta Uo dpi(ou àprÛuoÙŭ nepuocóc 
Qv: Ónep gotly Gronov. O A doa dotidxic nepuooóc EoTL 
uóvov: ónep det Seiga. 





Ao. 


"Edy dpiüuóc uńte tæv ånò 6uó60c OuAociCouévov f, 
UNTE xov fjutcuv ExN xepuooóv, APTIÁXIG TE üpttóc EOTL xol 
APTIÅXIG tepuooóc. 

A! | 

AowWydc yàp ô A unte x&v dnd 60d60c Om octaCouévov 
gow Ute tòv fjucuv E£yéto nepiooóv: MÉvo, STL Ô A 
&prtóxac TE &oxtv Gpttoc xoà HoTIdKIC mepuooóc. 

"Ou u£v odv 6 A åptiáxıs &oxlv ptos, qavepóv: xóv 
yàp fjutoUv oOx Exel xepuo0Óv.. Aéyo HY, OTL xol dpxtáxtc TE- 
pto0óc Eotw. é&Xv yàp tov A xéuvoguev diya xol xóv Tiuucuv 
advtod Stya xoa TOŬTO del rotyev, xoxavrrjcouev elc TIVA 
&ptüuóv neptooóv, Oc uevprjoet Tov A xax ğptiov åprðuóv. 
ei yàp o0, xaxavxrjcouev eic 6ud8a, xol Zotar O A xv ano 
dudd0¢g OtmAoctaCouévov: nep OLY UNdxELTA. Got 6 A 
GpTIaKIG nepiooóv Cot. edetyDy OE xol doeTIdxIc dottoc. O 
A doa ÅPTIÁXIG TE üprióc &ox xol ÅPTLÁXIG repgiooóc: STEP 
£6&t Setcoau. 
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any multitude of numbers whatsoever are continuously 
proportional, starting from a unit, and the (number) A af- 
ter the unit is prime, the greatest of A, B, C, D, (namely) 
D, will not be measured by any other (numbers) except 
A, B, C [Prop. 9.13]. And each of A, B, C is even. Thus, 
D is an even-time-even (number) only [Def. 7.8]. So, 
similarly, we can show that each of B, C is [also] an even- 
time-even (number) only. (Which is) the very thing it was 
required to show. 


Proposition 33 


If a number has an odd half then it is an even-time- 
odd (number) only. 

A! l 

For let the number A have an odd half. I say that A is 
an even-times-odd (number) only. 

In fact, (it is) clear that (A) is an even-times-odd 
(number). For its half, being odd, measures it an even 
number of times [Def. 7.9]. So I also say that (it is 
an even-times-odd number) only. For if A is also an 
even-times-even (number) then it will be measured by an 
even (number) according to an even number [Def. 7.8]. 
Hence, its half will also be measured by an even number, 
(despite) being odd. The very thing is absurd. Thus, A 
is an even-times-odd (number) only. (Which is) the very 
thing it was required to show. 





Proposition 34 


If a number is neither (one) of the (numbers) doubled 
from a dyad, nor has an odd half, then it is (both) an 
even-times-even and an even-times-odd (number). 

A! 

For let the number A neither be (one) of the (num- 
bers) doubled from a dyad, nor let it have an odd half. 
I say that A is (both) an even-times-even and an even- 
times-odd (number). 

In fact, (it is) clear that A is an even-times-even (num- 
ber) [Def. 7.8]. For it does not have an odd half. So I 
say that it is also an even-times-odd (number). For if we 
cut A in half, and (then cut) its half in half, and we do 
this continually, then we will arrive at some odd num- 
ber which will measure A according to an even number. 
For if not, we will arrive at a dyad, and A will be (one) 
of the (numbers) doubled from a dyad. The very oppo- 
site thing (was) assumed. Hence, A is an even-times-odd 
(number) [Def. 7.9]. And it was also shown (to be) an 
even-times-even (number). Thus, A is (both) an even- 
times-even and an even-times-odd (number). (Which is) 
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de’ 

"Eàv Gow Gootdnnotoby doewWyol &&fjc åváśňoyov, apou- 
pedo. 6€ and te Tod eutépou xal tod &£oyóxou toot 1G 
TEMTW, EOTAL ÒG Å TOU Oguxépou ÙNEPOXÀ MEDC TOV TPéSTOV, 
o0toc fj tol Eoydtou Obmnepoy!| npóc tobc npó EaUTOD 
TAVTAC. 


A |Á 


B 











A | 
EAK®O 


"Eoxooav Onocotonnotovy devOuol &&fic åváňoyov oi A, 
BT, A, EZ apyduevor and Ehayiotov tod A, xoi apnefjodw 
ano tot BT xal tod EZ tò A (coc &xéxepgoc xv BH, ZO: 
Aéyco, ów Eotly óc ô HL npóc tov A, o0toc 6 EO npóc 
tovc A, BT, A. 

Ketodw yàp x u£v BT toos 6 ZK, 16 66$ A (coc ô ZA. 
xal &nel o ZK xà BI iooc Eotty, ov ô ZO xà BH (coc &oxtv, 
Aoutóc Goa 6 OK Aoi 1G HE cot looc. xoi £xe( Eotw óc 
ô EZ npóc tov A, ottw¢ ô A npóc tov BT xoi 6 BT npóc 
tov A, coc 86 6 u£v A xà ZA, o òè BT 16 ZK, 6 dé A 16 
ZO, éotw doa óc 6 EZ npóc tov ZA, obvoc ò AZ npóc tov 
ZK xoi 6 ZK npóc tov ZO. dieddvtt, Wo ô EA npóc tov AZ, 
obxoc 6 AK npóc xóv ZK xoi ô KO npóc tov ZO. ~otw &pa 
xal óc eic x&v fjYouuévov npóc Eva x&v &xogévov, OUTWC 
&notvxec ol fjYoOuevot npóc amavtac ToU¢ &£xouévouc: Éotty 
&pa Wo ô KO npóc tov ZO, o0xoc oi EA, AK, KO npóc 
tovc AZ, ZK, OZ. icoc è 6 u£v KO 16 TH, 6 6& ZO 16 
A, ot òè AZ, ZK, OZ xoic A, BT, A: čotw doa óc 6 TH 
xpóc tov A, oŬtws 6 EO npóc tobe A, BE, A. Zotw pa 
Oc T, Tov Geuxépou OnepoyrT| npóc TÒV npGov, OUTWS Å TOD 
éoydtou Onepoy?| MEd xobc npó EaUTO n&vvac: Step Edel 
citar. 


t This proposition allows us to sum a geometric series of the form a, 
(ar — a)/a = (ar" — a)/Sn. Hence, Sn = a(r™ — 1)/(r — 1). 


^ 
As. 
"Eàv ànó uováGoc óxocotobv dpiüuol &&fjc &xveüóoty Ev 


TH SitAaoctow avadoyta, wo oÙ ò ovunas ouvreÜelc notos 
yevnta, xol Ò oOunac El TOV Eoyatov TOAAaTAAoLADVEl¢ 
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the very thing it was required to show. 


Proposition 35! 


If there is any multitude whatsoever of continually 
proportional numbers, and (numbers) equal to the first 
are subtracted from (both) the second and the last, then 
as the excess of the second (number is) to the first, so the 
excess of the last will be to (the sum of) all those (num- 
bers) before it. 

A el 


B G C 








D: l 
E L KH F 


Let A, BC, D, EF be any multitude whatsoever of 
continuously proportional numbers, beginning from the 
least A. And let BG and FH, each equal to A, have been 
subtracted from BC and EF (respectively). I say that as 
GC is to A, so EH is to A, BC, D. 

For let FK be made equal to BC, and FL to D. And 
since FK is equal to BC, of which FH is equal to BG, 
the remainder HK is thus equal to the remainder GC. 
And since as EF is to D, so D (is) to BC, and BC to 
A [Prop. 7.13], and D (is) equal to FL, and BC to FK, 
and A to FH, thus as EF is to FL, so LF (is) to FK, and 
FK to FH. By separation, as EL (is) to LF, so LK (is) 
to FK, and KH to FH [Props. 7.11, 7.13]. And thus as 
one of the leading (numbers) is to one of the following, 
so (the sum of) all of the leading (numbers is) to (the 
sum of) all of the following [Prop. 7.12]. Thus, as KH 
is to FH, so EL, LK, KH (are) to LF, FK, HF. And 
KH (is) equal to CG, and FH to A, and LF, FK, HF 
to D, BC, A. Thus, as CG is to A, so EH (is) to D, 
BC, A. Thus, as the excess of the second (number) is to 
the first, so the excess of the last (is) to (the sum of) all 
those (numbers) before it. (Which is) the very thing it 
was required to show. 


2 3 


ar, ar’, ar3,... a r^-1 


ar . According to Euclid, the sum Sn satisfies 


Proposition 36! 


If any multitude whatsoever of numbers is set out con- 
tinuously in a double proportion, (starting) from a unit, 
until the whole sum added together becomes prime, and 
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xotfj Tiva, Ò YEVOUEVOS xéAetoc ČOTOAL. 

And yàp uováóoc exxeiodwouv dootdynnototyv åprðu- 
ol êv ti SimAaotow avaroyta, Ewo oÙ ô obUTAC cuvtetelc 
notos yévnta, ot A, B, T, A, xoi 16 otunavtt oos Eotw 
ô E, xoi ó E tov A x oXAarAacikcoc tov ZH noto. AEYo, 
6tt o ZH téAevd¢ Eotty. 


A 
BRO 
[> ——3 


A ! 











Or— 

II— — ——À 

“Ooo. yé eiow oi A, B, T, A xà r1Afjüet, vocoÜtot and 
tod E eiAfjpüeooovy èv t SitAaolow avadoyia ot E, OK, A, 
M: òr’ toou dea Eotiv óc 6 A npóc tòv A, obxoc ô E npóc 
tov M. 6 doa &x x&v E, A (coc toti x6 èx xv A, M. xal 
éouv ô èx 1v E, A ô ZH: xoi 6 &x x&v A, M dou &oxlv ò 
ZH. ó A &pa tov M noXXanAoctácac tov ZH nenotnxev: ô 
M äpa tov ZH uetpeŤ xoà tàs êv 16) A uovábac. xal £o 
6uàc ô A: GA óotoc Goa &oxiv O ZH tod M. sioù dé xoi oi M, 
A, OK, E &&fic 6n &otot áA wv: ot E, OK, A, M, ZH tow 
&&fjc dvd oYÓv cio Ev xfj GA atotovt avadoyia. apnoefodw 
67] àxó tod Geuxépou tot OK xol tod £oyóxou tod ZH xG 
npo TĚ E icoc exdtepoc vv ON, ZE: Eotw doa wc ñ 
to 8euxépou aero brepoyT npóc TOV npGrov, OUTWS Å 
tot coyd&tov OnepoyT npóc Tobe npó EAUTOD M&vTAC. Éottv 
&pa Wo ô NK npóc tov E, obvoc 6 EH npóc tobe M, A, 
KO, E. xat &owv ô NK icoc 165 E xoi 6 ZH doa toos £o 
tois M, A, OK, E. got: 5€ xoi ò ZE xà E tooc, 6 66 E 
toic A, B, T, A xoi t uováót. óAoc dow 6 ZH {oos £o 
toic te E, OK, A, M xoi voic A, B, T, A xol tH uováðr 
xol uexpelvot ÙT’ aóxGv. Aéyw, Ott xoi ó ZH vn’ ovdevdc 
&AXou uexerürjoevot rapèé àv A, B, P, A, E, OK, A, M 
xal Thc uováGoc. el yuo Suvatdyv, uevpe(xo tic tov ZH ô 
O, xoi ô O urdevi tév A, B, T, A, E, OK, A, M gow ò 


avtdc. xol óoóouc ò O tov ZH uetpet, tooattoa uovábec 
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the sum multiplied into the last (number) makes some 
(number), then the (number so) created will be perfect. 

For let any multitude of numbers, A, B, C, D, be set 
out (continuouly) in a double proportion, until the whole 
sum added together is made prime. And let E be equal to 
the sum. And let E make FG (by) multiplying D. I say 
that FG is a perfect (number). 


H NK 








P ————4À 

Q= 

For as many as is the multitude of A, B, C, D, let so 
many (numbers), E, HK, L, M, have been taken in a 
double proportion, (starting) from Æ. Thus, via equal- 
ity, as A is to D, so E (is) to M [Prop. 7.14]. Thus, the 
(number created) from (multiplying) E, D is equal to the 
(number created) from (multiplying) A, M. And FG is 
the (number created) from (multiplying) E, D. Thus, 
FG is also the (number created) from (multiplying) A, 
M [Prop. 7.19]. Thus, A has made FG (by) multiplying 
M. Thus, M measures FG according to the units in A. 
And A is a dyad. Thus, FG is double M. And M, L, 
HK, E are also continuously double one another. Thus, 
E, HK, L, M, FG are continuously proportional in a 
double proportion. So let HN and FO, each equal to the 
first (number) E, have been subtracted from the second 
(number) HK and the last FG (respectively). Thus, as 
the excess of the second number is to the first, so the ex- 
cess of the last (is) to (the sum of) all those (numbers) 
before it [Prop. 9.35]. Thus, as N K is to E, so OG (is) 
to M, L, KH, E. And NK is equal to E. And thus OG 
is equal to M, L, HK, E. And FO is also equal to E, 
and E to A, B, C, D, and a unit. Thus, the whole of FG 
is equal to E, HK, L, M, and A, B, C, D, and a unit. 
And it is measured by them. I also say that FG will be 
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éotwouy ev 1G IT 6 II doa tov O noAXonAactécac tov ZH 
reno(mxev. GAA uy xoi ò E tov A nodAarAacikouc tov 
ZH nenotnxev’ otw doa wo ô E medc¢ tov II, ô O med¢ tòv 
A. xoi enet dnd uováðos &&fjc avdAoydv ciow ot A, B, T, 
A, ô A dpa br’ obdevdc &AAOU dpiüuo0 YeteENDhoeta Tapee 
tv A, B, T. xoi brdxerta 6 O ovdevi x&v A, B, T ô aóxóc: 
00x doa uexprjoet ô O tov A. GAM’ óc ô O npóc tòv A, 6 
E ngóc tov II: ovdé 6 E doa tov II uetest. xal cotw ô E 
TEGO rüc SE TESTO óptÜuóc npóc ğnravta, Óv UA uexpet, 
rpGóc [Eotty]. oi E, II &pa npósxot med¢ &AAHAOUC cioty. oi 
dé TEGTOL xol £Adytoxot, oi SE £A&ytoxot UETEOVOL TOÙG TOV 
avtov Adyov Éyovzac loduic 6 Te fyYoouevoc TOV fyroouevov 
xal ò £nÓuevoc xóv ENdUEVOV’ xal otv óc Ò E ned¢ Tov II, 
ô O npóc tòv A. ioóouc &pa ô E tov O uexpei xoi ô II tov 
A. ô 6€ A br’ oùðevòç GXXoU uexpeixot nop£& xv A, B, I" 
ô II dow evi vv A, B, T otw 6 avtdéc. Zotw t B ô avtdc. 
xoi doot ciolv oi B, T, A xà TAVet tocobtor ciAHpdwoav 
ano tot E oi E, OK, A. xaí ciow ot E, OK, A toic B, I, A 
év TẸ aT) Aóvox OU (oou &pa &oxiv óc ô B ngóc tov A, 6 
E npóc tov A. 6 ğpa &x xv B, A {oos Eotl 1H £x t&v A, 
E: GAY’ 6 Ex tév A, E tcoc Eoti xà Ex xv II, O: xoi ô Ex 
x&v II, O dpa (coc toti 16 &x x&v B, A. Eotw &pa we 6 II 
xpóc tov B, 6 A npóc tov O. xai Eotw ô II và B 6 avtdc: 
xoà ò A doa ty O otw 6 adtédc Ónep åðúvatov: ô yàp O 
UNOXELTAL UNSEVL TOV &xxeiuévov O AUTO’ o0x &pa TOV ZH 
uexerjoe: tic Gord napee xv A, B, T, A, E, OK, A, M 
xal vfjc uováGoc. xoi edetyn o ZH toic A, B, T, A, E, OK, 
A, M xoi xfj uovábt tooc. xéAetoc 68 apuüuóc EotW ô oic 
tautoŬ uépeoty toos Qv: xéAetoc Goa &oxiv ò ZH: bree eer 
Seton. 
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measured by no other (numbers) except A, B, C, D, E, 
HK, L, M, and a unit. For, if possible, let some (num- 
ber) P measure FG, and let P not be the same as any 
of A, B, C, D, E, HK, L, M. And as many times as P 
measures FG, so many units let there be in Q. Thus, Q 
has made F'G (by) multiplying P. But, in fact, E has also 
made FG (by) multiplying D. Thus, as E is to Q, so P 
(is) to D [Prop. 7.19]. And since A, B, C, D are con- 
tinually proportional, (starting) from a unit, D will thus 
not be measured by any other numbers except A, B, C 
[Prop. 9.13]. And P was assumed not (to be) the same 
as any of A, B, C. Thus, P does not measure D. But, 
as P (is) to D, so E (is) to Q. Thus, E does not mea- 
sure Q either [Def. 7.20]. And E is a prime (number). 
And every prime number [is] prime to every (number) 
which it does not measure [Prop. 7.29]. Thus, E and Q 
are prime to one another. And (numbers) prime (to one 
another are) also the least (of those numbers having the 
same ratio as them) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the leading (measuring) 
the leading, and the following the following [Prop. 7.20]. 
And as E is to Q, (so) P (is) to D. Thus, E measures P 
the same number of times as Q (measures) D. And D 
is not measured by any other (numbers) except A, B, C. 
Thus, Q is the same as one of A, B, C. Let it be the same 
as B. And as many as is the multitude of B, C, D, let so 
many (of the set out numbers) have been taken, (start- 
ing) from E, (namely) E, H K, L. And E, HK, L are in 
the same ratio as B, C, D. Thus, via equality, as B (is) 
to D, (so) E (is) to L [Prop. 7.14]. Thus, the (number 
created) from (multiplying) B, L is equal to the (num- 
ber created) from multiplying D, E [Prop. 7.19]. But, 
the (number created) from (multiplying) D, E is equal 
to the (number created) from (multiplying) Q, P. Thus, 
the (number created) from (multiplying) Q, P is equal 
to the (number created) from (multiplying) B, L. Thus, 
as Q is to B, (so) L (is) to P [Prop. 7.19]. And Q is the 
same as B. Thus, L is also the same as P. The very thing 
(is) impossible. For P was assumed not (to be) the same 
as any of the (numbers) set out. Thus, FG cannot be 
measured by any number except A, B, C, D, E, HK,L, 
M, and a unit. And FG was shown (to be) equal to (the 
sum of) A, B, C, D, E, HK, L, M, and a unit. Anda 
perfect number is one which is equal to (the sum of) its 
own parts [Def. 7.22]. Thus, FG is a perfect (number). 
(Which is) the very thing it was required to show. 


İt This proposition demonstrates that perfect numbers take the form 2”—1 (2^ — 1) provided that 2” — 1 is a prime number. The ancient Greeks 


knew of four perfect numbers: 6, 28, 496, and 8128, which correspond to n — 2, 3, 5, and 7, respectively. 
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Incommensurable Magnitudes 


+The theory of incommensurable magntidues set out in this book is generally attributed to Theaetetus of Athens. In the footnotes throughout 
this book, k, k’, etc. stand for distinct ratios of positive integers. 
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“Opor. 

o. Luyustea peyéðn AéyeTaL và 6) AÙT uetpo yE- 
Tpoúueva, doúuueTpa BE, Ov UNSEV EVEYETAL XOLVOV uétpov 
vyeveovat. 

BY. Evveion Suvauer oúuuetpoí eiotv, óxav TH AT’ atv 
xevpáY ovo. TH) KUTE xoplo UETET TAL, &oouuerpor OE, Ótav 
toic àT’ AUTH vevpoty voto UNSEV &voeymot ywplov xotóv 
uétpov yevéoða. 

Y'. Tovtwv Onoxeigévov ðeixvuta, Ott Tt Toeotedeion 
evvdela Undeyovow evdeion nAVEr änerpoi ovuuetTpol xe xoi 
QOUUUETEOL Ol uev UAXEL uóvov, ai SE xal SUVduEL. xoAetoo 
00v f, u£v TooTEDElow evVeta ENTH, xol ai TXUTH OULUETEOL 
eie unxet xoi Duváuer cite SUVduEL uóvov erat, ai Se TATH 
KOUUUETEOL GAOYOL xaicioðwoay. 

©. Koi tò uèv and ts npoteðelons evdetac vevpiyo- 
vov ÈNTÓV, xoi xà TOÚTY OÚuuETpA ONT, TH SE TOUTED 
åoúuueTtpa Goya xarcioVu, xal al Õuváuevar HUTA GAOYOL, 
el uèv tetTpåywva e, adtal ai MAcueal, el bE čtepå tiva 
evOvypayUa, at too avTOIc tTeEtTpåywva å&vaypåpovoa. 
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Definitions 

1. Those magnitudes measured by the same measure 
are said (to be) commensurable, but (those) of which no 
(magnitude) admits to be a common measure (are said 
to be) incommensurable.* 

2. (Two) straight-lines are commensurable in square? 
when the squares on them are measured by the same 
area, but (are) incommensurable (in square) when no 
area admits to be a common measure of the squares on 
them.’ 

3. These things being assumed, it is proved that there 
exist an infinite multitude of straight-lines commensu- 
rable and incommensurable with an assigned straight- 
line—those (incommensurable) in length only, and those 
also (commensurable or incommensurable) in square.‘ 
Therefore, let the assigned straight-line be called ratio- 
nal. And (let) the (straight-lines) commensurable with it, 
either in length and square, or in square only, (also be 
called) rational. But let the (straight-lines) incommensu- 
rable with it be called irrational.* 

4. And let the square on the assigned straight-line be 
called rational. And (let areas) commensurable with it 
(also be called) rational. But (let areas) incommensu- 
rable with it (be called) irrational, and (let) their square- 
roots® (also be called) irrational—the sides themselves, if 
the (areas) are squares, and the (straight-lines) describ- 
ing squares equal to them, if the (areas) are some other 


rectilinear (figure). 


t In other words, two magnitudes a and G are commensurable if a : 8 :: 1 : k, and incommensurable otherwise. 


* Literally, “in power". 


8 In other words, two straight-lines of length a and 3 are commensurable in square if a : G :: 1 : k!/2, and incommensurable in square otherwise. 


Likewise, the straight-lines are commensurable in length if o : 8 :: 1 : k, and incommensurable in length otherwise. 


{T To be more exact, straight-lines can either be commensurable in square only, incommensurable in length only, or commenusrable/incommensurable 


in both length and square, with an assigned straight-line. 


* Let the length of the assigned straight-line be unity. Then rational straight-lines have lengths expressible as k or k!/2, depending on whether 


the lengths are commensurable in length, or in square only, respectively, with unity. All other straight-lines are irrational. 


$ The square-root of an area is the length of the side of an equal area square. 


ll The area of the square on the assigned straight-line is unity. Rational areas are expressible as k. All other areas are irrational. Thus, squares 


whose sides are of rational length have rational areas, and vice versa. 


o. 

Ado ueYe06v dviowy &xxeluuévov, &àv imo tod uetGovoc 
&potpe0f| ueiCov T TÒ Tiutou xal tod xoaaXeuouévou usttov 
Ñ TO fjutcu, xoi toUto cel Cy vro, Aeupürioexat ti Uevetoc, 
Ó Écxat EAacooy tov &xxetiuévou &Aáocovoc uevétouc. 

"Ecco 800 peyéðn &vca xà AB, T, Gv ucitov tò AB: 


Proposition 1t 


If, from the greater of two unequal magnitudes 
(which are) laid out, (a part) greater than half is sub- 
tracted, and (if from) the remainder (a part) greater than 
half (is subtracted), and (if) this happens continually, 
then some magnitude will (eventually) be left which will 
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Aévo, OTL, av and tod AB d&paped# uciCov Ñ tO uov 
xal toO xaxoAeuouévou ueiGov Tj TO uou, xoi tobto del 
ylyvnta, Aeupürjoexat xt uéveOoc, 6 Eota £Aacoov tot T 
ueyéOouc. 


AK © B 


Sa ae 





T 











! | 
A Z H E 

Tò P yàp noňňaniaoiaCóuevov gota. notè tod AB 
ueiCov. nenroààaniacidoðw, xol čotw tò AE tot pèv T 
Tod\AatAdcotov, tov ðè AB ueiCov, xoi ðmpeńoðw tò AE cic 
ta 16) T toa tà AZ, ZH, HE, xoi å&doneńoðw dnd uèv tod 
AB yueitov Ñ tò uou tò BO, and dé tod AO UeiZov Ñ tò 
Hutov tò OK, xoi toto del yiyvéoðw, Ewe äv at &v x AB 
Ototpécetc icorAnÜsic yEvwvtat tos Ev v AE ótotpéoseow. 

”"Eotwoav ov oi AK, KO, OB diapéoeic ioonAndetc 
obcot toic AZ, ZH, HE: xoà nel ueiCóv ċott tò AE tov 
AB, xoi aphonta and uèv toh AE £Xacoov tod fjutoecc TO 
EH, àxó 8& to} AB yeiZov Ñ tò wou tò BO, Aoindv &pa 
tò HA dotnod tod OA uci óv &ouv. xol Enel uet óv £o TO 
HA «x00 OA, xoi aphenta tot u£v HA rjucu tò HZ, tot 
dé OA ueiCov ñ tò Huo tò OK, Aotxóv doa tò AZ Aorrod 
tot AK uciCóv otv. (oov 6$ tò AZ 16 TI" xoi tò T dpa 
tot AK uciCóv &cwv. ÉXaccov &pa tò AK tod T. 

Katoreineto doa dnd tot AB uevéüouc tò AK uéyeOoc 
ÉAaccov Ov tov &xxeuiévou &Aáooovoc UEyeVouc tod I* 
bree Edet SetEou.— Ouotuc Se SeryDhoeta, x&v Hulton Å xà 
Gpotpooueva. 
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be less than the lesser laid out magnitude. 

Let AB and C be two unequal magnitudes, of which 
(let) AB (be) the greater. I say that if (a part) greater 
than half is subtracted from AB, and (if a part) greater 
than half (is subtracted) from the remainder, and (if) this 
happens continually, then some magnitude will (eventu- 
ally) be left which will be less than the magnitude C. 


AK H B 


a 
C ———3À 


c 
D F G E 


For C, when multiplied (by some number), will some- 
times be greater than AB [Def. 5.4]. Let it have been 
(so) multiplied. And let DE be (both) a multiple of C, 
and greater than AB. And let DE have been divided into 
the (divisions) DF, FG, GE, equal to C. And let BH, 
(which is) greater than half, have been subtracted from 
AB. And (let) HK, (which is) greater than half, (have 
been subtracted) from AH. And let this happen continu- 
ally, until the divisions in AB become equal in number to 
the divisions in DE. 

Therefore, let the divisions (in AB) be AK, KH, HB, 
being equal in number to DF, FG, GE. And since DE is 
greater than AB, and EG, (which is) less than half, has 
been subtracted from DE, and BH, (which is) greater 
than half, from AB, the remainder GD is thus greater 
than the remainder HA. And since GD is greater than 
H A, and the half GF has been subtracted from GD, and 
HK, (which is) greater than half, from H A, the remain- 
der DF is thus greater than the remainder Ak. And DF 
(is) equal to C. C is thus also greater than AK. Thus, 
AK (is) less than C. 

Thus, the magnitude AK, which is less than the lesser 
laid out magnitude C, is left over from the magnitude 
AB. (Which is) the very thing it was required to show. — 
(The theorem) can similarly be proved even if the (parts) 
subtracted are halves. 


t This theorem is the basis of the so-called method of exhaustion, and is generally attributed to Eudoxus of Cnidus. 


p. 


"Ey 8600 peyel [Exxewevor] &v(oov &vOugoeipouuévou 


del to £Aáooovoc TÒ tod us(Covoc TÒ xoaAeumóuevov 
unóénote xatapetp TO npó EaUTOD, doOuuetpa Éorot TH 
ueyvén. 

Ato yàp ueveU0Gv Óvuov dv(oov xv AB, PA xol 
&A&ccovoc tol AB dvÜudgotpouuévou del tod &Aóocovoc 
ano tod us(Covoc TO mnepuewóuevov unNÕÉTOTE XATAUE- 


Proposition 2 


If the remainder of two unequal magnitudes (which 
are) [laid out] never measures the (magnitude) before it, 
(when) the lesser (magnitude is) continually subtracted 
in turn from the greater, then the (original) magnitudes 
will be incommensurable. 

For, AB and CD being two unequal magnitudes, and 
AB (being) the lesser, let the remainder never measure 
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tocitw TÒ Ted &oautoU: 


TA yevén. 


Aévo, OTL dobUUETE& tott xà AB, 


AH B 





E——* 








T Z A 

Ei yåp cot oúuuetpa, uexprjoet TL AUTH uéYeÜoc. yE- 
tocitw, ei duvatév, xal Eotw TO E xoi tò u£v AB tò ZA 
XATAVETEOLY Aeuévo EXUTOD £Aaccov tò TZ, tò dé TZ tò 
BH xatauetpoŭv Aeuévo ĉautoŭ £Aacoov tò AH, xoi toto 
del Ytv£o00, Ewe ob Actpdf ti UEyeVoc, 6 &oxty £Aaooov To 
E. yeyovétw, xoà AcAcipdw tò AH £Xaccov tod E. éxel odv 
TÒ E tò AB uetpet, àÀAà tò AB tò AZ uexpei, xoi to E dow 
TÒ ZA ueteyoet. uevpet ðè xol dAov tò TA: xoi Aotóv doa 
tÒ [Z uexerjoe.. àÀAAà tò TZ tò BH ueteet xoi tò E dow 
tÒ BH yeteet. uetoet è xoi dAov xó AB: xoi Aotxóv dea TO 
AH yveteroet, tò uciGov tò ÉAaccov: ónep Eotly &d0vatov. 
ovx doa xà AB, DA uevéon yetproet vt uéyeD oc: àoougetpa 
&pa &oxi tà AB, TA ueyedn. 

"E&v dea 600 ueveUGv aviowy, xoi xà &&fjc. 


t The fact that this will eventually occur is guaranteed by Prop. 10.1. 


r1 
Y. 
Ado ueve0Gv cuuuéxpov 600évvov TÒ uévtotxov atv 
xotvóv uétpov eopciv. 


A Z t ! 1 








A 





H t 
I E 
Ht 

"Eotw xà do0Evta 600 ueyéün ovupetpa tà AB, TA, 
Gv £Xaccov tò AB: det 67, tHv AB, TA tò yéytotov xowov 
uétpov EUeElV. 

To AB yàp yéyedoc tol uexpet tò TA Ñ ov. ei uèv 
ov ueteet, uexpei 68 xoi Eautd, TO AB dow x&v AB, TA 
xotvóv uéxpov &oxív: xol Pavepdv, StL xol uéyioxov. UEtTov 
yàp tod AB ueyéVouc tò AB ov uevprjoet. 

My uetpeitw 87, xó AB tò TA. xoi àvüugotpouuévou 
del to £Aácoovoc àxó tov us(Covoc, TO nepukeuóuevov 
METPÁOEL NOTE TO MEO EXUTOD Otà TO uÙ eivor GOVUUETOA TH 
AB, DA: xoi tò u£v AB 10 EA xatapetpoby Aewévo Eautod 
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the (magnitude) before it, (when) the lesser (magnitude 
is) continually subtracted in turn from the greater. I say 
that the magnitudes AB and C'D are incommensurable. 


AG | B 





E — 


C F D 

For if they are commensurable then some magnitude 
will measure them (both). If possible, let it (so) measure 
(them), and let it be E. And let AB leave CF less than 
itself (in) measuring FD, and let CF leave AG less than 
itself (in) measuring BG, and let this happen continually, 
until some magnitude which is less than E is left. Let 
(this) have occurred,! and let AG, (which is) less than 
E, have been left. Therefore, since E measures AB, but 
AB measures DF, E will thus also measure FD. And it 
also measures the whole (of) CD. Thus, it will also mea- 
sure the remainder CF. But, CF measures BG. Thus, E 
also measures BG. And it also measures the whole (of) 
AB. Thus, it will also measure the remainder AG, the 
greater (measuring) the lesser. The very thing is impos- 
sible. Thus, some magnitude cannot measure (both) the 
magnitudes AB and CD. Thus, the magnitudes AB and 
C D are incommensurable [Def. 10.1]. 

Thus, if... of two unequal magnitudes, and so on .... 








Proposition 3 


To find the greatest common measure of two given 
commensurable magnitudes. 
I 





Ht 


C E D 


G 

Let AB and CD be the two given magnitudes, of 
which (let) AB (be) the lesser. So, it is required to find 
the greatest common measure of AB and CD. 

For the magnitude AB either measures, or (does) not 
(measure), CD. Therefore, if it measures (CD), and 
(since) it also measures itself, AB is thus a common mea- 
sure of AB and C D. And (it is) clear that (it is) also (the) 
greatest. For a (magnitude) greater than magnitude AB 
cannot measure AB. 

So let AB not measure C D. And continually subtract- 
ing in turn the lesser (magnitude) from the greater, the 


284 


STOIXEION v. 


ÉAaccov tò EI’, tò òè EDT tò ZB xatayeteoty Aetnévo 
Eautod EAaooov tò AZ, tò dé AZ tò TE uetpeiw. 

‘Enel obv tò AZ tò TE uexget, àÀAAà tò TE tò ZB uexgei, 
xoi tò AZ dea tò ZB ueteroet. uevpet ðè xod autó: xol 
ÓXov &pa tò AB uexerjoet tò AZ. dAAG tò AB tò AE uexpet 
xoi tÒ AZ doa tò EA petphosi. uevpet 66 xoi tò TE: xot 
ÓXov Goa TO DA uexpet tò AZ &pa vv AB, TA xowov 
uétpov cotiv. Aéyo OH, OTL xoà uéytoxov. ci yàp UN, £oxot 
tt uéye90c uctov to AZ, ð ueverjoet xà AB, TA. Éoxo 16 
H. ¿nel oov tò H tò AB yexpet, àAAà tò AB tò EA yespet, 
xoi tò H dpa tò EA yetoyoet. uevpet dé xoi dAov tò TA: 
xol Aotnov doa tò TE uexerjioet tò H. GAA tò TE tò ZB 
uetget- xoi tò H dpa tò ZB usteroet. uevpei Se xoi ÖAov 
tO AB, xal Aowndv tÒ AZ yuexerjoet, xó ueiGov tò ÉAacoov: 
Ónep Eotly åðúvatov. oóx toa uciGóv tı uéye0oc tod AZ 
tà AB, TA uetefoer tò AZ &pa x&v AB, TA 16 uéyioxov 
xotóv uÉTpOV &oxiv. 

Avo dea ueve0Gv ovuuétpwv sodévtwv xv AB, TA 
TO UEYLOTOV xotyóv uéxpov nUENTAL ónep Eder Geieou. 


IIógtoya. 


"Ex 6) tobtov qavepóv, OTL, àv UEvetoc 000 ueyéðn 
UETET), xol TO UEYLOTOV aoxGv xotvóv uétpov uerproet. 


o. 


Toy ueye0Gv cuugévpov dsovévtwy TÒ uéytotov 
o01Gv xotvóv uéxpov eopeiv. 





B 
T j 


A E Z 
"Eotw tà dodévta tela ueyéðn ovupetpa xà A, B, T- 
det 07] vv A, B, T tò uévyioxov xowòv pétpov evesiv. 
Eizo yàp 600 t&v A, B 16 uéytovov xowóv uétpov, 
xoi čotw tO A: tÒ 87] A tò T Fron yetoet Ñ od [yetoei]. 
uevpe(vo Mpdtepov. nel ov tò A tò T uexpei, uexpei òè 
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remaining (magnitude) will (at) some time measure the 
(magnitude) before it, on account of AB and CD not be- 
ing incommensurable [Prop. 10.2]. And let AB leave EC 
less than itself (in) measuring ED, and let EC leave AF 
less than itself (in) measuring FB, and let AF measure 
CE. 

Therefore, since AF measures C E, but CE measures 
FB, AF will thus also measure FB. And it also mea- 
sures itself. Thus, AF will also measure the whole (of) 
AB. But, AB measures DE. Thus, AF will also mea- 
sure ED. And it also measures CE. Thus, it also mea- 
sures the whole of CD. Thus, AF is a common measure 
of AB and CD. So I say that (it is) also (the) greatest 
(common measure). For, if not, there will be some mag- 
nitude, greater than AF, which will measure (both) AB 
and CD. Let it be G. Therefore, since G measures AB, 
but AB measures ED, G will thus also measure ED. And 
it also measures the whole of C D. Thus, G will also mea- 
sure the remainder C E. But CE measures FB. Thus, G 
will also measure FB. And it also measures the whole 
(of) AB. And (so) it will measure the remainder AF, 
the greater (measuring) the lesser. The very thing is im- 
possible. Thus, some magnitude greater than AF cannot 
measure (both) AB and CD. Thus, AF is the greatest 
common measure of AB and C D. 

Thus, the greatest common measure of two given 
commensurable magnitudes, AB and CD, has been 
found. (Which is) the very thing it was required to show. 


Corollary 


So (it is) clear, from this, that if a magnitude measures 
two magnitudes then it will also measure their greatest 
common measure. 


Proposition 4 


To find the greatest common measure of three given 
commensurable magnitudes. 
Ad 


B 
C l 














D E F 


Let A, B, C be the three given commensurable mag- 
nitudes. So it is required to find the greatest common 
measure of A, B, C. 

For let the greatest common measure of the two (mag- 
nitudes) A and B have been taken [Prop. 10.3], and let it 
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xai xà A, B, tò A doa xà A, B, T uetoet: tò A dpa x&v A, 
B, P xowóv uétpov Eottv. xol qovepóv, Ott xal uéytovov: 
ueiGov yàp tot A uevéüouc tà A, B ov uexpet. 

My uexpeíxo 87) tò A xó T. Aévo ngó ov, Sti oouuexoó 
£c xà T, A. Enel yàp obuuetpå govt tà A, B, D, uexprjoet 
TL auTa uéYeOUoc, 6 OnAoO7 xoi và A, B uexgrjoev Hote 
xoi tò x&v A, B uévtoxov xowóv uéxpov tO A yexpfjoet. 
uexpet be xoi tò I’: ote TÒ cipnuévov uéye9oc uexerjoet và 
T, A: obuuetoea doa &oxi xà T, A. eigo odv adtéiv 16 
UEYLOTOV xotwóv uéxpov, xol Eotw TO E. Exel obv tò E tò 
A uexgei, àÀAà TO A xà A, B petpeï, xoi tò E doa xà A, B 
Mevprjoet. uevpet ðè xoi tò T. tò E dou xà A, B, T uevpet 
TÒ E dpa xGv A, B, T xotvóv ot uétpov. AEyw OH, StL xol 
uéyiotov. ci yàp Ouvaxóv, Éovo 1 tov E uctov uéyetoc 
TÒ Z, xoà uetositw te A, B, T. xoi &nei tò Z tà A, B, P 
uevpet, xoi xà A, B dow ueteroet xoi tò xv A, B uévtoxov 
xotvóv uéxpov uerprjoet. TO dé xv A, B uéyiotov xowóv 
uéxpov oT} TÒ A: TÒ Z doa tÒ A uexpet. uevpet ðè xal TO 
T: tò Z dopa xà D, A uexget: xol tò x&v T, A doa uéyioxov 
xotwóv uéxpov uexpfjoet TO Z. Eott dé TO Er tò Z doa tò E 
uexprioet, TO uctov TO Ehacoov: ónep &oxiv &ðúvatov. OVX 
dou ueiCóv xt tot E yeyedouc [uéyeðoc] tà A, B, T uexpet 
TÒ E doa t&v A, B, T tò uévtoxov xotvóv uéxpov &oxív, ¿àv 
uÀ uexefj tO A xo T, ¿àv O€ Utes, axo TO A. 

Tov doa ueve0Gv cuguuétpov SoVEvtwy TO u£yuotov 
xotwóv uétpov NUEnto [Smee Eder deiga]. 


IIógtoya. 
"Ex ù voOxou wavepdy, OTL, £v ué£veDoc Teta yeyéðn 
LETE, xol TO PÉYLOTOV WUTESV xotvóv uétpov uetprjost. 
"Ouoícc Ù xod Ext rAetóvov TO UEYLOTOV xotóv uétpov 
Anpdroeta, xoi xó nóptoua npoycprjoet. OnE Eder Oeicot. 


ELEMENTS BOOK 10 


be D. So D either measures, or [does] not [measure], C. 
Let it, first of all, measure (C). Therefore, since D mea- 
sures C, and it also measures A and B, D thus measures 
A, B, C. Thus, D is a common measure of A, B, C. And 
(it is) clear that (it is) also (the) greatest (common mea- 
sure). For no magnitude larger than D measures (both) 
A and B. 

So let D not measure C. I say, first, that C and D are 
commensurable. For if A, B, C are commensurable then 
some magnitude will measure them which will clearly 
also measure A and B. Hence, it will also measure D, the 
greatest common measure of A and B [Prop. 10.3 corr.]. 
And it also measures C. Hence, the aforementioned mag- 
nitude will measure (both) C and D. Thus, C and D are 
commensurable [Def. 10.1]. Therefore, let their greatest 
common measure have been taken [Prop. 10.3], and let 
it be E. Therefore, since E measures D, but D measures 
(both) A and B, E will thus also measure A and B. And 
it also measures C. Thus, E measures A, B, C. Thus, E 
is a common measure of A, B, C. So I say that (it is) also 
(the) greatest (common measure). For, if possible, let F 
be some magnitude greater than E, and let it measure A, 
B, C. And since F measures A, B, C, it will thus also 
measure A and B, and will (thus) measure the greatest 
common measure of A and B [Prop. 10.3 corr.]. And D 
is the greatest common measure of A and B. Thus, F 
measures D. And it also measures C. Thus, F measures 
(both) C and D. Thus, F will also measure the greatest 
common measure of C and D [Prop. 10.3 corr.]. And it is 
E. Thus, F will measure E, the greater (measuring) the 
lesser. The very thing is impossible. Thus, some [magni- 
tude] greater than the magnitude E cannot measure A, 
B, C. Thus, if D does not measure C then E is the great- 
est common measure of A, B, C. And if it does measure 
(C) then D itself (is the greatest common measure). 

Thus, the greatest common measure of three given 
commensurable magnitudes has been found. [(Which is) 
the very thing it was required to show.] 


Corollary 


So (it is) clear, from this, that if a magnitude measures 
three magnitudes then it will also measure their greatest 
common measure. 

So, similarly, the greatest common measure of more 
(magnitudes) can also be taken, and the (above) corol- 
lary will go forward. (Which is) the very thing it was 
required to show. 
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, 


£. 


Tà ovuuetoa ueyéür npóc GAANAa Adyov Exel, Ov 
dpiüuóc npóc douüuóv. 


A 














A 


"Eoo oóuuexpa uevéür và A, B: AEyw, ów TO A npóc 
tò B Adyov Éyet, Ov àpiüuóc npóc dprðuóv. 

"Enc yàp obuueted ċott tà A, B, uevpfjoet th obtà 
uéyeÜoc. petpeitw, xal got tò T. xoi óoóodc tò T to 
A yetpei, tooatita uová6ec čotwoav èv t A, óoóouc 6€ 
tò T tò B uetpeï, tooatta wovadec čotwoav ev 165 E. 

Enel oov tò T tò A yetpet xatà tàs Ev 165 A pováðag, 
uetpet Se xal À uovàc Tov A xaxà xàc Ev aUTG Lovddac, 
toda doa Å uovàc tov A uexpet åpruòv xal tò T péyevos 
TÒ À: otw &pa wo tò T npóc 16 A, obxoc f| povàs npóc 
tov A: åváånaňıv gpa, óc TÒ A xpóc tò D, oŬtws 6 A npóc 
Thy povada. médw &£mei tò I tò B yetoet xoxà tac ev 1G 
E povadac, uexpet 6& xal f) uovàc tov E xoà TAS Ev aot 
uováboc, ioóoxuc dea f, uovàc tov E uetoet xoi tò T tò B: 
éotw dpa Wo tò I ngóc tò B, ottw¢ f| povàs npóc Tov E. 
edetyOn SE xol óc TO A npóc TOT, 6 A npóc THY uováooc 
dv {oou &pa &oxlv óc TO A npóc tò B, obtoc ô A åprÛuòs 
rpóc Tov E. 

Tà &po obuuetoa ueyéðn xà A, B npóc GAANAM AdYOV 
éyet, Ov dpiüuóc ô A npóc doo tòv E: ónep er detka. 
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Proposition 5 


Commensurable magnitudes have to one another the 
ratio which (some) number (has) to (some) number. 


A B C 





D E 

Let A and B be commensurable magnitudes. I say 
that A has to B the ratio which (some) number (has) to 
(some) number. 

For if A and B are commensurable (magnitudes) then 
some magnitude will measure them. Let it (so) measure 
(them), and let it be C. And as many times as C measures 
A, so many units let there be in D. And as many times as 
C measures B, so many units let there be in E. 

Therefore, since C measures A according to the units 
in D, and a unit also measures D according to the units 
in it, a unit thus measures the number D as many times 
as the magnitude C (measures) A. Thus, as C is to A, 
so a unit (is) to D [Def. 7.20].! Thus, inversely, as A (is) 
to C, so D (is) to a unit [Prop. 5.7 corr.]. Again, since 
C measures B according to the units in E, and a unit 
also measures E according to the units in it, a unit thus 
measures E the same number of times that C (measures) 
B. Thus, as C is to B, so a unit (is) to E [Def. 7.20]. And 
it was also shown that as A (is) to C, so D (is) to a unit. 
Thus, via equality, as A is to B, so the number D (is) to 
the (number) E [Prop. 5.22]. 

Thus, the commensurable magnitudes A and B have 
to one another the ratio which the number D (has) to the 
number E. (Which is) the very thing it was required to 
show. 


+ There is a slight logical gap here, since Def. 7.20 applies to four numbers, rather than two number and two magnitudes. 


, 


T. 


"Edy 860 uevéOr, npóc GAAnAa Aóyov Éyn, Ov dprðuòs 
TEOS dpuüuóv, OUUUETEA EoToL xà ueyéÛN. 


Bi 


E——! 





At— 
D— Z+——— 

Abo yàp uevéür, xà A, B npóc &AANAa Adyov ExETW, Öv 
dptüuóc 6 A npdc dpiüuóv tov Ev Aévo, ÖTL cÓuuexpá £o 
ta A, B peyéðn. 

"Oca, áp etow v x A povddec, eic tooatta toa 


Proposition 6 


If two magnitudes have to one another the ratio which 
(some) number (has) to (some) number then the magni- 
tudes will be commensurable. 


A! H H i j 


D = 





Cr 

For let the two magnitudes A and B have to one an- 

other the ratio which the number D (has) to the number 

E. I say that the magnitudes A and B are commensu- 
rable. 
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dtnefjodw tò A, xoi Evi adtév (cov ~otw tò I" dom õé 
clow £v 16) E yovddec, &x tooovtwv ueyeðčv toov 16 T 
ovyxeto0w xo Z. 

‘Enel obdv, ócat ciolv £v 16) A yovddec, tooaŬtá ciot xoi 
£v 16) A uevéOn toa tă D, 6 boa uépoc Eotiv Ñ uovàc tot 
A, TÒ avt6 uépoc &oxi xoi xó I tot A: gotw dea óc tò T 
xpóc TO A, oÜtoc f| povàs npóc Tov A. uexpei bE A uovàc 
tov A åprÛuóv: uevpet doa xoi tò I to A. xoà net otw 
ac tò T npóc tò A, ob tw¢ Å uovàc TED xóv A fåprðuóy], 
averadw tea óc tÒ A med¢ tò T, obvoc 6 A àpgiüuóc npóc 
trjv Lovada. x&v eret, doa cloly £v 16) E uovóbec, tooatté 
clot xoà £v 16 Z toa 1G T, Eotw doa wo tò I npgóc tÒ Z, 
obtoc f| povàs TEd¢ TOV E [àprüpóv]. deixin dè xoi we 
TÒ A npóc tò T, oŬtws 6 A npóc tijv uováoor bi’ toou &pa 
gotly ÒS TÒ A npóc 16 Z, obxoc ô A npóc Tov E. GA’ óc 6 
A ngóc tov E, obxoc &oxi TO A npóc tò B: xol óc pa tò A 
xpóc tò B, obtoc xoi npóc tÒ Z. tO A doa npóc &xáxepov 
t&v B, Z tov aov £yet Adyov: loov doa &oxi tò B x6 Z. 
uexgei be tò I’ tò Z uexpei doa xoi tò B. AAG why xoi TO 
A: 10 T dea xà A, B yetpet. oóugexpov doa éotl tÒ A x 
B. 

"Eàv &pa 800 yeyedy npóc HAANAG, xoi xà &&fic. 


IIógtoya. 


e 


"Ex 67) tobtou qavepóv, Ott, &Xv Got S00 dprðuoí, ac 
oi A, E, xoà cd0eia, óc fj A, Dúvatóv ċott roroa óc ô 
A ópiüuóc npóc tov E dowdy, obvoc thy eóüciav npóc 
evvetav. àv 6€ xol vv A, Z éon åváňoyov Ang, óc f 
B, gota óc f) A npóc Thy Z, o0voc TÒ dnd tfc A npóc TO 
and ts B, toutéotw óc f| TE®TH npóc Thy TeitHY, obxoc 
TO ANO cfjc TEWTNS npóc TO ATÒ TÜS SeUTEPAC TO Ópotov xoi 
Ouotug åvaypapóuevov. GAN óc fj A npóc THY Z, obxoc 
éotlv ô A åpuos npóc xóv E dpiüuóv: yéyovev doa xoi 
óc ô A ópiüuóc med¢ Tov E dewWydy, obxoc TÒ and ts A 
evvetac npóc TO and ts B cdVetuc: ónep Eder SetEa. 


C. 
Ta àoúuuetpa peyéðn npóc GAANAa Aóyov oOx Exel, Ov 
&ptüuóc Ted dptüpóv. 
"Eoo åoúuuetpa peyéðn xà A, B: Aévo, StL TO A npóc 
tò B Adyov oOx £yet, dv apiüuóc npóc dprðuóv. 
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For, as many units as there are in D, let A have been 
divided into so many equal (divisions). And let C be 
equal to one of them. And as many units as there are 
in E, let F be the sum of so many magnitudes equal to 
C. 

Therefore, since as many units as there are in D, so 
many magnitudes equal to C are also in A, therefore 
whichever part a unit is of D, C is also the same part of 
A. Thus, as C is to A, so a unit (is) to D [Def. 7.20]. And 
a unit measures the number D. Thus, C also measures 
A. And since as C is to A, so a unit (is) to the [number] 
D, thus, inversely, as A (is) to C, so the number D (is) 
to a unit [Prop. 5.7 corr.]. Again, since as many units as 
there are in E, so many (magnitudes) equal to C are also 
in F, thus as C is to F, so a unit (is) to the [number] E 
[Def. 7.20]. And it was also shown that as A (is) to C, 
so D (is) to a unit. Thus, via equality, as A is to F, so D 
(is) to E [Prop. 5.22]. But, as D (is) to E, so A is to B. 
And thus as A (is) to B, so (it) also is to F [Prop. 5.11]. 
Thus, A has the same ratio to each of B and F. Thus, B is 
equal to F [Prop. 5.9]. And C measures F. Thus, it also 
measures P. But, in fact, (it) also (measures) A. Thus, 
C measures (both) A and B. Thus, A is commensurable 
with B [Def. 10.1]. 

Thus, if two magnitudes ...to one another, and so on 


Corollary 


So it is clear, from this, that if there are two numbers, 
like D and E, and a straight-line, like A, then it is possible 
to contrive that as the number D (is) to the number E, 
so the straight-line (is) to (another) straight-line (i.e., F). 
And if the mean proportion, (say) B, is taken of A and 
F, then as A is to F, so the (square) on A (will be) to the 
(square) on B. That is to say, as the first (is) to the third, 
so the (figure) on the first (is) to the similar, and similarly 
described, (figure) on the second [Prop. 6.19 corr.]. But, 
as A (is) to F, so the number D is to the number E. Thus, 
it has also been contrived that as the number D (is) to 
the number E, so the (figure) on the straight-line A (is) 
to the (similar figure) on the straight-line B. (Which is) 
the very thing it was required to show. 


Proposition 7 


Incommensurable magnitudes do not have to one an- 
other the ratio which (some) number (has) to (some) 
number. 

Let A and B be incommensurable magnitudes. I say 
that A does not have to B the ratio which (some) number 
(has) to (some) number. 
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A 


Br 





Ei yàp Éyet tò A npóc tò B Adyov, dv ápiüuóc npoóc 
dotüuóv, oúuuetpov čëota TO A x& B. oOx éco SE OVX Koa 
TÒ A npóc tò B Adyov Éyet, Öv åprðuòs npóc åprðuóv. 

Tà dea &oouguecpa ueyétr npóc GAAna AdYOV oOx Éyst, 
xoi xà &&fic. 


n- 
‘Edy 500 ueyéðn npóc GAANAG Aóyov UH Ex, Ov dprðuòs 
TENS dpuüuóv, GoVWUETEA £ocot xà uevén. 


A! | 


BR 





Abo yàp ueyéðn xà A, B npóc &AANAa Adyov UH EXETH, 
Öv åprðuòcs npóc dpuüuóv: AEYw, StL dobUUETEd EoTL Ta A, 
B veyed. 

Et yàp £oxot obuuetoa, xó A npóc tò B Adyov eet, dv 
devuoc npóc dpruóv. oOx Exel 6€. KOVUUETOA dpa oT} TH 
A, B peyéðn. 

"Ey &pa 600 ueyéðn góc HAANAG, xoi xà &&fic. 


v. 


Ta ond tæv ufxet ovuuétpwv cUVDELY teTpåywva 
npóc äğäAànàa Aóyov Exel, Ov Tete&ywvoc dpuüuóc npóc 
tevpáYovov åpruóv: xoà và TeTEdywva xà npóc HAANAA 
Aóvov EXOVTA, OV TeTEkywvoc KoIWUds npóc TETE&ywvov 
åpiðuóv, xoà tac nxAeupüc ECer ume cugguévpouc. TE 
6£ AMO t&v ufjet &ouuuétpov cUVELSv tetpáywva npóc 
&AAnAa Aóyov oOx Exel, Óóvrep TetTEdywvoc ópiÜuóc npóc 
tevpáYovov douüuóÓv: xoà và TeTEdywva xà npóc HAANAA 
Aóvov uù EXOVTA, OV xexpétyovoc dpuüuóc npóc xevpétyovov 
dptüuóÓv, OVSE Tac rÀeupóc É&et urpcet ouugérpouc. 





A 


]'— —3 


Bre 


A= 

"Eotwouv yàp at A, B ux er oúuuetpor Aévo, StL TÒ 
ano ts A xexpéycvov npóc tò ånò týs B tetekywvov 
Aóyov Exel, Öv tetekywvoc àpıůuòs Tedc TeTE&ywvov 
åprðuóv. 
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A ————3À 





B — ——- 
For if A has to B the ratio which (some) number (has) 
to (some) number then A will be commensurable with B 
[Prop. 10.6]. But it is not. Thus, A does not have to B 
the ratio which (some) number (has) to (some) number. 
Thus, incommensurable numbers do not have to one 
another, and so on .... 


Proposition 8 


If two magnitudes do not have to one another the ra- 
tio which (some) number (has) to (some) number then 
the magnitudes will be incommensurable. 


A + 


B — — 

For let the two magnitudes A and B not have to one 
another the ratio which (some) number (has) to (some) 
number. I say that the magnitudes A and B are incom- 
mensurable. 

For if they are commensurable, A will have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. But it does not have (such a ratio). Thus, 
the magnitudes A and B are incommensurable. 

Thus, if two magnitudes ...to one another, and so on 


Proposition 9 


Squares on straight-lines (which are) commensurable 
in length have to one another the ratio which (some) 
square number (has) to (some) square number. And 
squares having to one another the ratio which (some) 
square number (has) to (some) square number will also 
have sides (which are) commensurable in length. But 
squares on straight-lines (which are) incommensurable 
in length do not have to one another the ratio which 
(some) square number (has) to (some) square number. 
And squares not having to one another the ratio which 
(some) square number (has) to (some) square number 
will not have sides (which are) commensurable in length 
either. 


A! ' B 


C =~~ 

For let A and B be (straight-lines which are) commen- 

surable in length. I say that the square on A has to the 

square on B the ratio which (some) square number (has) 
to (some) square number. 


~ 








Dte— 
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‘Emel yàp obuuetedc cot f| A tH B urjxet, f| A po med¢ 
thy B Aóyov Exet, Ov dpiüuóc npóc àpıðuóv. &yévo, OV O 
T npdc tov A. éxel oOv &oxtv wo Å A npóc thy B, obxoc 6 
T ngóc tov A, àXAX xoO u£v ts A ngóc Thy B Adyou &t- 
TAdotwv Eotiv 6 tod and xfjc A vevpoyovou npóc TO åTÒ fic 
B tetexywvov xà yàp GuOLA oyńuata Ev diTAaciow Adyw 
tot) x&v OUOAdYwV rAcupGv: voO 6€ tod T [aero] npóc 
tov A [dovdudy] Adyou SimAaotwy &oxlv 6 tod and tod T 
TETPAYÓVOU npóc TOV dxó Tot A tetpáywvov: 600 yp TE- 
1paycvov doLOUdY eic uécoc àváňoyóv &oxty apiüuóc, xoí 
6 tetek&ywvos Teds TOV xexpóyovov [épgi0uóv] SitAAotova 
Aóyov EXEL, nep f| tAeupà npóc THY nAeupáv: Éouv how 
xoi ÒS TO and tc A tetekywvov npóc TO ånò tç B 
TETEAYWVOY, obvoc Ô &nd TOD T tetekywvoc [dovduUd¢] TEd¢ 
tov and tot A [åprðuoð] tetedywvov [åprðuóy]. 

AAG 57 £o óc TO dnó tc A TetTekywvov npóc TO 
and ts B, obtw¢ Ò and tot I vexpétyovoc npóc Tov ATÒ 
tov A [xexo&yeovov]: Xévo, StL obuuexpóc &ovv f| A tH B 
urjxet. 

"Enel yuo toti óc TÒ àxó tc A vevpéyovov npóc TÒ 
ånò tic B [tetedywvoy], oŬtws 6 dnd tod T vexvpéyovoc 
xpóc TOV and tov A [vexvpéyovov]|, GAA’ 6 uèv tO ånò ts 
A tetoayavou xpóc tò and tc B [tetekywvov] Aóvoc ð- 
TAaotwv ot} tod tis A npóc uv B Adyou, 6 òè tod and 
tov T [devduot] tetowyavou [deo] npóc xóv and tot A 
[&grüpo0] tetokywvov [Kovudy] Xóvoc SitAactwv ot) tod 
tov T [&prüpo0] npóc tov A [dovdudv] Adyou, Zotw dpa 
xoi ac f, A medc¢ thy B, ottwc óT [ópiüpóc] ted¢ tov A 
[åprðuóy]. ñ A doa npóc thy B Aóyov Eyet, dv àpiüuóc 6 T 
xpóc dpuüuóv Tov A: cÓuuetpoc dow Eotlv f, A tH B ure. 

AAAG D) &couuevpoc Eotw f, A xfj B uec Aévo, óu 
TÒ and tic A xexvpétyovov xpóc tO and tis B [vexpétyovov] 
Aóyov oOx Exel, OV xexpéyovoc dpiüuóc npóc TeTE&ywvov 
åprůuóv. 

Ei yàp éyet tò and tç A xexvpóyovov npóc TÒ and 
tfc B [tetekywvov] Aóyov, Ov xexvpéyovoc ápiüuóc npóc 
xexpéryovov dpuüuóv, ooóuuexpoc Eota f, A xfj B. ovx £o 
dé o0x doa TO And Ttc A vevpiyovov npóc TO ANO fic 
B [tetedywvoy] Aóyov yet, Ov xexvpéyovoc àpiüuóc npóc 
xevpáYovov åprðuóv. 

IIldAw 87) TÒ and tc A tetoåywvov npóc TO aNO cíjc 
B [tetecywvoy] Adyov uh &yéxo, Ov xexp&vovoc àpibüuóc 
xpóc TETEKYWVOV próv: Aévo, OTL àcouguetpóc oT Å A 
xfj B urjxet. 

Ei yáåp oti oúuuetpos H A fj B, fer tò and ts A 
TEOS TO dno Thc B Adyov, Öv tete&kywvoc cdoelWuds npóc 
TETEdywvoy dowdy. obx Exel DÉ: OVX dea ObUUETEdC EOTIV 
7 A xfi B urxet. 

Tà doa and TOV urpxec ouugéxpov, xoi xà &&fc. 
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For since A is commensurable in length with B, A 
thus has to P the ratio which (some) number (has) to 
(some) number [Prop. 10.5]. Let it have (that) which 
C (has) to D. Therefore, since as A is to B, so C (is) 
to D. But the (ratio) of the square on A to the square 
on B is the square of the ratio of A to B. For similar 
figures are in the squared ratio of (their) corresponding 
sides [Prop. 6.20 corr]. And the (ratio) of the square 
on C to the square on D is the square of the ratio of 
the [number] C to the [number] D. For there exits one 
number in mean proportion to two square numbers, and 
(one) square (number) has to the (other) square [num- 
ber] a squared ratio with respect to (that) the side (of the 
former has) to the side (of the latter) [Prop. 8.11]. And, 
thus, as the square on A is to the square on B, so the 
square [number] on the (number) C (is) to the square 
[number] on the [number] D. 

And so let the square on A be to the (square) on B as 
the square (number) on C (is) to the [square] (number) 
on D. I say that A is commensurable in length with B. 

For since as the square on A is to the [square] on B, so 
the square (number) on C (is) to the [square] (number) 
on D. But, the ratio of the square on A to the (square) 
on B is the square of the (ratio) of A to B [Prop. 6.20 
corr.]. And the (ratio) of the square [number] on the 
[number] C to the square [number] on the [number] D is 
the square of the ratio of the [number] C to the [number] 
D [Prop. 8.11]. Thus, as A is to B, so the [number] C 
also (is) to the [number] D. A, thus, has to P the ratio 
which the number C has to the number D. Thus, A is 
commensurable in length with B [Prop. 10.6].* 

And so let A be incommensurable in length with B. I 
say that the square on A does not have to the [square] on 
B the ratio which (some) square number (has) to (some) 
square number. 

For if the square on A has to the [square] on P the ra- 
tio which (some) square number (has) to (some) square 
number then A will be commensurable (in length) with 
B. But it is not. Thus, the square on A does not have 
to the [square] on the B the ratio which (some) square 
number (has) to (some) square number. 

So, again, let the square on A not have to the [square] 
on B the ratio which (some) square number (has) to 
(some) square number. I say that A is incommensurable 
in length with B. 

For if A is commensurable (in length) with B then 
the (square) on A will have to the (square) on B the ra- 
tio which (some) square number (has) to (some) square 
number. But it does not have (such a ratio). Thus, A is 
not commensurable in length with B. 

Thus, (squares) on (straight-lines which are) com- 
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IIóptoya. 


Kot qovegóv ex tæv Osoóetyuévov ČOT, StL od UAXEL 
OUUUETEOL x&vroc xot 6uváger, ai SE SUvdEL OD x&vroc xoi 
unxet. 
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mensurable in length, and so on .... 


Corollary 


And it will be clear, from (what) has been demon- 
strated, that (straight-lines) commensurable in length 
(are) always also (commensurable) in square, but (straight- 
lines commensurable) in square (are) not always also 
(commensurable) in length. 


t There is an unstated assumption here that if o; : 3 :: y : 6 then a? : 8? :: 42 : 02. 


t There is an unstated assumption here that if o? : 8? :: 42 : 6 then a: 8 :: y : ó. 


L 


pL. 


Tf nooteveton cvdeig meooeupety dúo eudetac &ouugéc- 
pouc, THY UEV UNKEL uóvov, xrjv ðè xoi SUVdUEL. 








"Eoo f| mpoteveion evdeta f A: Set 07] tH A npoosupciv 
600 cdVelacg &ouuguétpouc, THY uev urjxer uóvov, Thy dé xol 
SUVAUEL. 

‘Exxciodwoav yàp 660 apruol ot B, T npòs aAArAouc 
AóYov UY Éyovcec, ÖV TETPÁYWVOG dpuüuóc npóc vevpiYovov 
&piüuÓv, voutéott UN ópotot Exinedol, xol YEYOVETW óc Ò 
B npóc tov T, obvoc TÒ dnd tc A vevpéyovov npóc TO 
and týs A cevpóyovov: éuéÜouev Yóp: oÓuuetpov pa 
TÒ dxÓ ts A v& and tç A. xoi Exel ó B mgóc tov T 
Aóyov oOx EXEL, OV tetpåywvos dpuüuóoc npóc xevpáyovov 
dptÜuóv, 00d’ doa TO and tc A npóc tò and týs A Adyov 
éyel, OV Tetedywvocg dowWudc npóc tetpåywvov &průuóv' 
&cougetpoc doa cotly f, A tÅ A uhxer. ciot xv A, A 
uéon àváAovov f, E: gotw čpa óc f, A ngóc Thy A, obxoc 
TÒ and tic A vevpétyovov npóc TÒ &NO tç E. àcóuguetpoc 
dé cotw Å A xfj A Urner àoouuexpov &pa &oxi xoi TO and 
tc A tetpkywvov 16 dnd týs E tetpayovw ào0uguetpoc 
&pa &oxiv fj A xfj E duveuer. 

TÀ &pa nootedeton ev0eta t A mpooevenvta 000 
evvetoan dobuueteot at A, E, yýxer u&v uóvov f, A, duvéuer 
öè xal uýxer nadh f, E [ónep der Seien]. 


Proposition 10t 


To find two straight-lines incommensurable with a 
given straight-line, the one (incommensurable) in length 
only, the other also (incommensurable) in square. 


Al i 


E + 





Dt 
B t——— 


C 

Let A be the given straight-line. So it is required to 
find two straight-lines incommensurable with A, the one 
(incommensurable) in length only, the other also (incom- 
mensurable) in square. 

For let two numbers, B and C, not having to one 
another the ratio which (some) square number (has) to 
(some) square number—that is to say, not (being) simi- 
lar plane (numbers)—have been taken. And let it be con- 
trived that as B (is) to C, so the square on A (is) to the 
square on D. For we learned (how to do this) [Prop. 10.6 
corr.]. Thus, the (square) on A (is) commensurable with 
the (square) on D [Prop. 10.6]. And since B does not 
have to C the ratio which (some) square number (has) to 
(some) square number, the (square) on A thus does not 
have to the (square) on D the ratio which (some) square 
number (has) to (some) square number either. Thus, A 
is incommensurable in length with D [Prop. 10.9]. Let 
the (straight-line) E (which is) in mean proportion to A 
and D have been taken [Prop. 6.13]. Thus, as A is to D, 
so the square on A (is) to the (square) on E [Def. 5.9]. 
And A is incommensurable in length with D. Thus, the 
square on A is also incommensurble with the square on 
E [Prop. 10.11]. Thus, A is incommensurable in square 
with E. 
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Thus, two straight-lines, D and E, (which are) in- 
commensurable with the given straight-line A, have been 
found, the one, D, (incommensurable) in length only, the 
other, E, (incommensurable) in square, and, clearly, also 
in length. [(Which is) the very thing it was required to 
show.] 


t This whole proposition is regarded by Heiberg as an interpolation into the original text. 


ta. 

‘Edy 1éooopa ueyéür àváňoyov f, TO 6& npGtov 1G 
SEVTEPW GUUNETEOY fj, xol TO xplxov TG vevápto OUUUETEOV 
čata x&v TO TEdSTOV 1G SeUTEEPW doOuuetpov f, xoà TO 
TpÍTOV 16) vexápro dobugetpov £ocot. 


A! | B 


i | Am 

”"Eotwoav téooapa ueyéðn åváňoyov xà A, B, T, A, 
óc TÒ A npóc tò B, oŬtws tò T ngóc xó A, xó A 68 xà 
B oúuuetpov čotw: Aéyco, Ott xoi tò T 16 A oúuueTtpov 
čOTAL. 

Encel yàp obuuetedv ċott TÒ A x& B, 16 A doa npóc tò 
B Aóvov Éyet, Ov àpiüuóc npóc åpıðuóv. xal ot wc TÒ A 
xpóc tò B, obvoc tò T npòs tò Ac: xoi tò T doa med¢ tò A 
Aóyov Exel, Ov apiüuóc TEd¢ dpuüuóv: oúuueTtpov hoa EoTl 
tO T tõ A. 

'AXA& DÀ TÒ A 16 B åoúuuetpov Éoxvox Aévo, StL xol TO 
T x A dovuueteov gota. Enel yàp àoOuuetpóv &ou TO A 
16) B, 16 A dea npóc tò B Adyov oOx Eyet, Ov dovdUd¢ TEd¢ 
dotüuÓv. xal &oxtv óc TÒ A npd¢ tò B, oŬtws tò T npóc tò 
A: o08& tò T doa npóc tò A Aóvov Éyet, Ov ápiüuóc npóc 
dptüuóv: àoOugetpov doa toti tò P xà A. 

"Eàv dea xécoopa ueyéðn, xoi xà &&fic. 














Ds 

Ta xà at ueyéder oúuuetpa xol GAAHAOIC tot 
OUUUETEM. 

"Exéxegov yoo xv A, B 16 T Éovo oúuuetpov. Aévo, 
bu xoi TÒ A xà B otl obuUETPOV. 

‘Enel yàp oouuexpóv got, TO A 16 T, tò A doa npóc 
tò T Aóyov Éyet, dv àpiüuóc npóc dpiüuóv. &£yévo, OVO A 
rpóc Tov E. nA, ¿nel oúuuetpóv &ox tò T 165 B, 10 I how 
rpóc tò B Adyov £yet, Öv àpiüuóc npóc àpiüuóv. &yéto, Ov 
ò Z npóc tov H. xoi Adywv SoVEvtwY ONOGWVOUY TOU ce, 
dv éyet 6 A npóc tov E, xoi ô Z ngóc tòv H ecidnpdwoav 
åprÛpol és Ev tois doveo Adyotc oi O, K, A: ote cva 


Proposition 11 


If four magnitudes are proportional, and the first is 
commensurable with the second, then the third will also 
be commensurable with the fourth. And if the first is in- 
commensurable with the second, then the third will also 
be incommensurable with the fourth. 


A’ B — ——4 


C! Dt 

Let A, B, C, D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. And let A 
be commensurable with B. I say that C will also be com- 
mensurable with D. 

For since A is commensurable with B, A thus has to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. And as A is to B, so C (is) to D. Thus, 
C also has to D the ratio which (some) number (has) 
to (some) number. Thus, C is commensurable with D 
[Prop. 10.6]. 

And so let A be incommensurable with B. I say that 
C will also be incommensurable with D. For since A 
is incommensurable with B, A thus does not have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.7]. And as A is to B, so C (is) to D. Thus, C 
does not have to D the ratio which (some) number (has) 
to (some) number either. Thus, C is incommensurable 
with D [Prop. 10.8]. 

Thus, if four magnitudes, and so on .... 





Proposition 12 


(Magnitudes) commensurable with the same magni- 
tude are also commensurable with one another. 

For let A and B each be commensurable with C. I say 
that A is also commensurable with B. 

For since A is commensurable with C, A thus has 
to C the ratio which (some) number (has) to (some) 
number [Prop. 10.5]. Let it have (the ratio) which D 
(has) to E. Again, since C is commensurable with B, 
C thus has to B the ratio which (some) number (has) 
to (some) number [Prop. 10.5]. Let it have (the ratio) 
which F (has) to G. And for any multitude whatsoever 
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wc uèv tov A npóc tov E, oŬtws tov O npóc tov K, óc õè 
tov Z ngóc tov H, ottwe tov K npóc tov A. 

















A T B 
At— O= 

E= Kr— 

Zii A= 

H 


Enel ov Eotw óc TÒ A npóc tò T, obvoc 6 A npóc 
tov E, gd’ wc ô A npóc tov E, oŬtws 6 O npóc tov K, 
got dpa xal óc TÒ A npóc tò T, oŬtws ô O npóc tòv K. 
THA, Emel Eotw wc TO I npòs tò B, oŬtws ô Z npóc Tov 
H, àAX óc 6 Z ngóc tov H, [oóxoc] 6 K npóc tov A, xoi 
óc goa tò T npd¢ tò B, obxoc 6 K npóc tov A. got 6€ xol 
óc TÒ A npóc tò T, obxoc 6 O npóc tov K: bv’ oou dpa 
éotlv Gc TÒ A npóc tò B, oŬtws 6 O npóc tov A. TO A dpa 
mpd¢ tò B Aóvov Éyet, Öv åprðuòs 6 O npóc ápiüuov tov A 
cOpguepov doa &oxi xo A 16 B. 

Tà dou T o0tG ueyéOer. oÚuuetTpa xoà GAAAOIC tot 
ovuuEtoa’ Smee Eder Seiga. 

ly’. 

'E&kv fj úo ueyéOrn obuUEToa, TO be £vepov ov 
uevevet Til &oOugexpov Ñ, xoi TO AOLTOV TÆ MUTE HObUETE- 
OV Éoxat. 





A 


I m 


B ] 

"Eotw 900 ueyéür obuuetea tà A, B, 10 d€ Évepov 
avtév TÒ A Gdrw xw 16 D dobuuetepov £o Aévo, óu 
xal TO Aotnov TO B t& T dobuuetTpóv &ov. 

Ei yåp got ovuuetpov tò B xà T, GAG xoi tò A xG 
B oúupetpóv &oxty, xoi TÒ A doa tæ T oOupexpóv otw. 
GAA xal GOVUUETEOV’ nep ASVVaTOY. oOx dpa DULUETEOV 
éott tÒ B 16) I: àcóuyuetpov doa. 

"Edy dea Å 600 ueyéðn ovuuetpa, xol xà &&fic. 








Afiuga. 
Avo 900c'cGv cddev dvíoov copciv, th usitov 
6Ovoxat Å ue(Gov ts £Aácoovoc. 
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of given ratios—(namely) those which D has to E, and 
F to G—let the numbers H, K, L (which are) contin- 
uously (proportional) in the(se) given ratios have been 
taken [Prop. 8.4]. Hence, as D is to E, so H (is) to K, 
and as F (is) to G, so K (is) to L. 

| b C 








A B: 
D= Hr— 
Er—— Kr— 








FH 
Gre——I 
Therefore, since as A is to C, so D (is) to E, but as 
D (is) to E, so H (is) to K, thus also as A is to C, so H 
(is) to K [Prop. 5.11]. Again, since as C is to D, so F 
(is) to G, but as F (is) to G, [so] K (is) to L, thus also 
as C (is) to B, so K (is) to L [Prop. 5.11]. And also as A 
is to C, so H (is) to K. Thus, via equality, as A is to B, 
so H (is) to L [Prop. 5.22]. Thus, A has to B the ratio 
which the number H (has) to the number L. Thus, A is 
commensurable with B [Prop. 10.6]. 
Thus, (magnitudes) commensurable with the same 
magnitude are also commensurable with one another. 
(Which is) the very thing it was required to show. 


Proposition 13 


If two magnitudes are commensurable, and one of 
them is incommensurable with some magnitude, then 
the remaining (magnitude) will also be incommensurable 


with it. 
A 


C ————3À 








B po—————————————1 

Let A and B be two commensurable magnitudes, and 
let one of them, A, be incommensurable with some other 
(magnitude), C. I say that the remaining (magnitude), 
B, is also incommensurable with C. 

For if B is commensurable with C, but A is also com- 
mensurable with B, A is thus also commensurable with 
C [Prop. 10.12]. But, (it is) also incommensurable (with 
C). The very thing (is) impossible. Thus, P is not com- 
mensurable with C. Thus, (it is) incommensurable. 

Thus, if two magnitudes are commensurable, and so 
on.... 


Lemma 


For two given unequal straight-lines, to find by (the 
square on) which (straight-line) the square on the greater 
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A B 


"Eoxcooav oi doco 600 &vtcot edea of AB, T, dv 
ueiGov gotw 7 AB: det dù eüpeiv, tim ueiCov Sbvata fj, AB 
ifc r. 

l'eypóq0c ent týs AB numxdxdtov tò AAB, xoi eic aùtò 
&vnpuóo9o cf T ton n AA, xoi &neCeoy 0o 7 AB. pavepov 
of, Ott pð Eotw FH óxó AAB vowví(a, xoi öt T, AB ts 
AA, xouxéou tis T, ueiCov 60voot tH AB. 

"Ougoícc 8€ xol 600 GoUctoGv euderdyv f, 6uvaévr or xà 
evetoxetat oboc. 

*Eotwoav at 600€icot 600 cós at AA, AB, xal dé0v 
čotw evpeiv thy Ouvogiévrjv avtdc. xeloNwouv yåp, oce 
ÓpUTiv yoviav xepiéyety thy ónó AA, AB, xoi éneCeoy 0o 
n AB: qavegóv nó, Sti f, tàs AA, AB Guvagévr &oxiy H 
AB: önep £e Setka. 


+ That is, if a and @ are the lengths of two given straight-lines, with 
o? = 8? + 72. Similarly, we can also find y such that 7? = o? + 82. 


10’. 


‘Edy xéocopec evVeian avédoyov Wow, óvta de 7 
TOOTH TS Ocuiépac yeiCov 1G dnd cuugérpou aut 
[uper], xo fj tolt ts xevóptnc ueiCov ðuvýocta t nò 
OUUMETPOU auti [uńýxe]. xo &àv f| METH tfj; ðcutépas 
ueiCov ðúvnta té ånò åouvuuétpou avt [Ur xe], xoà f 
TEIT TS xexápirc ueitov óuvfjoexot T dnd douguuévpou 
tauti [uper]. 

”"Eotwoav téooupes evdetar å&váňoyov at A, B, T, A, 
a> À A xpóc thy B, ottwc HT npòs thy A, xoi n A uèv 
tis B uctov ðuváoðw 16 and ts E, 9j 62 DP ts A ueitov 
dvuvdéoVw 1G and ts Z: Aéyw, OTL, eive GWUUETEdC &oxty 
n A th E, obuyetedc cott xoi f, T xfj Z, cite dobuuetedc 
otv f| A ti E, covuyetpd¢ &ou xoi ô T xfj Z. 
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(straight-line is) larger than (the square on) the lesser.' 


C 


D 








A B 


Let AB and C be the two given unequal straight-lines, 
and let AB be the greater of them. So it is required to 
find by (the square on) which (straight-line) the square 
on AB (is) greater than (the square on) C. 

Let the semi-circle ADB have been described on AB. 
And let AD, equal to C, have been inserted into it 
[Prop. 4.1]. And let DB have been joined. So (it is) clear 
that the angle ADB is a right-angle [Prop. 3.31], and 
that the square on AB (is) greater than (the square on) 
AD—that is to say, (the square on) C—by (the square 
on) DB [Prop. 1.47]. 

And, similarly the square-root of (the sum of the 
squares on) two given straight-lines is also found likeso. 

Let AD and DB be the two given straight-lines. And 
let it be necessary to find the square-root of (the sum 
of the squares on) them. For let them have been laid 
down such as to encompass a right-angle— (namely), that 
(angle encompassed) by AD and DB. And let AB have 
been joined. (It is) again clear that AB is the square-root 
of (the sum of the squares on) AD and DB [Prop. 1.47]. 
(Which is) the very thing it was required to show. 


a being greater than 6, to find a straight-line of length y such that 


Proposition 14 


If four straight-lines are proportional, and the square 
on the first is greater than (the square on) the sec- 
ond by the (square) on (some straight-line) commen- 
surable [in length] with the first, then the square on 
the third will also be greater than (the square on) the 
fourth by the (square) on (some straight-line) commen- 
surable [in length] with the third. And if the square on 
the first is greater than (the square on) the second by 
the (square) on (some straight-line) incommensurable 
[in length] with the first, then the square on the third 
will also be greater than (the square on) the fourth by 
the (square) on (some straight-line) incommensurable 
[in length] with the third. 

Let A, B, C, D be four proportional straight-lines, 
(such that) as A (is) to B, so C (is) to D. And let the 
square on A be greater than (the square on) B by the 
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| 


A BECA Z 


Encel yåp otv wo f, A ngóc thy B, obvoc HT npóc thy 
A, éotw dpa xal ÒS TÒ dnd TÄS A rpòs tÒ ånò ts B, oŬtws 
TÒ ånò ts l' npòs tò and ts A. åAAà TH uèv dnó ts A 
lou cotl tà and x&v E, B, 16 6€ and tç T tow Cott tà ano 





t&v A, Z. Éoxtv dpa ðs xà ånò t&v E, B npóc tò and ts 
B, obxoc xà ànó tõv A, Z ngóc 16 ånò ts A GuwAÓvu dpa 
&otlv óc TO NO tfj E npóc tÒ and týs B, obvoc TO ànó 
tiic Z xpóc tÒ and ts A: Zotw doa xol wo f| E npóc thy 
B, ottwe< f| Z ngóc thy A> avarnadw &pa &oxiv óc f, B npóc 
thy E, obvoc f, A ngóc thy Z. Zot 6€ xol óc f, A npóc THy 
B, oótoc 5;  npóc thy A: bv (oou doa &oxiv óc Å A npóc 
thy E, obo HT npóc thy Z. cite obv obuuEtedc ċotw ñ A 
th E, cuugetpóc cot xoi fj T tH Z, cite &oouuetpóc eov 
7 A th E, ådoúuuetpós &oxt xoi f, I xfj Z. 
"Edy dpa, xoi xà EF Fc. 


t£". 

'"Ekv 000 ueyéðn oóuuetvpa ouvteðf, xal TO ÓAov 
&xoxépo otv oÓuguetpov čata XV TO ÓAov Evl aUTHV 
OUUNETEOV f, xoi xà EE oxic UeyeNN cóuuexpa EoTaL. 

Luyxetod yàp 600 veyed cóuuexpa xà AB, BI" Aéyo, 
ó xal dAov tO AT &xoxépo x&v AB, BT toti obuyetpov. 
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(square) on E, and let the square on C be greater than 
(the square on) D by the (square) on F. I say that A 
is either commensurable (in length) with E, and C is 
also commensurable with F, or A is incommensurable 
(in length) with E, and C is also incommensurable with 
FS 














| 


ABECDF 


For since as A is to B, so C (is) to D, thus as the 
(square) on A is to the (square) on B, so the (square) on 
C (is) to the (square) on D [Prop. 6.22]. But the (sum 
of the squares) on E and B is equal to the (square) on 
A, and the (sum of the squares) on D and F is equal 
to the (square) on C. Thus, as the (sum of the squares) 
on E and B is to the (square) on B, so the (sum of the 
squares) on D and F (is) to the (square) on D. Thus, 
via separation, as the (square) on F is to the (square) 
on B, so the (square) on F (is) to the (square) on D 
[Prop. 5.17]. Thus, also, as E is to B, so F (is) to D 
[Prop. 6.22]. Thus, inversely, as B is to E, so D (is) 
to F [Prop. 5.7 corr.]. But, as A is to B, so C also (is) 
to D. Thus, via equality, as A is to Æ, so C (is) to F 
[Prop. 5.22]. Therefore, A is either commensurable (in 
length) with E, and C is also commensurable with F, or 
A is incommensurable (in length) with E, and C is also 
incommensurable with F [Prop. 10.11]. 

Thus, if, and so on .... 





Proposition 15 


If two commensurable magnitudes are added together 
then the whole will also be commensurable with each of 
them. And if the whole is commensurable with one of 
them then the original magnitudes will also be commen- 
surable (with one another). 

For let the two commensurable magnitudes AB and 
BC be laid down together. I say that the whole AC is 
also commensurable with each of AB and BC. 
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A B D 








At 

"Enc yàp obuuste& &ow xà AB, BT, ueverjoet te oaoxà 
uéye0oc. uexpe(vo, xoi Eotw TÒ A. éxel obv tò A xà AB, 
BI yexpet, xoi óXov tò AT ueverjoet. uetpet dé xoi xà AB, 
BI. tò A doa xà AB, BI, AT uexpget: obuuetpov toa £oxi 
tò AT &xoxépo x&v AB, BT. 

AAAA 67, tO AT Eotw ovuuetpov x AB: Xéyo 9f, STL 
xai xà AB, BT obuueted& &oxty. 

"Enel yàp obupetpå ċott xà AT, AB, uevprjoet x ate 
uéyeOoc. uevpe(vo, xol Eotw tÒ A. Enel odv tò A xà TA, 
AB uetpet, xoi Aowtóv doa tò BIT uexvperjoet. uevpet ðè xol 
to AB: tò A dea tà AB, BT uexerjoev oúuuetpa doa tot 
tà AB, BT. 

"Eàv dea 600 veyed, xoi xà &&fic. 


d 
tT. 
'Eàv úo ueyéOr doúuuectpa ouvteOf,, xoi TO dAov 
&xoxépo AVTOY HOLUUETEOV čata xàv TO ÓAov &£vl AUTH 
KOUUUETOOV f, xoi xà EE doc ueyéðn åovuuetpa EoTaL. 


A B T 








Am 

Luyxetodw yàp 600 ueyéün dobuuetoa xà AB, BT: 
AEYw, Ott xal ÖAov xó AT &xoxépo vàv AB, BT àoóupevpóv 
OTU. 

Ei yàp un gotw åoúuuetpa tà TA, AB, uetpńoet xt 
[aóxà] ueyedoc. uetpeitw, ei Suvatdy, xoi Eotw tO A. Enel 
oŬv tò A xà TA, AB veteet, xoà Aouxóv doa tò BT ueverioet. 
uevpet dé xoi xó AB: 10 A &pa xà AB, BI uevpet. obupetpa 
&pga £ou ta AB, BI" bréxewto dé xoi dobuuetoea Ónep 
éotly ddbvatov. oOx dea xà TA, AB uexprioet x uévetoc: 
åoúuueETpA dpa toti xà TA, AB. óuoíoc 97) 6c(&ouev, ó xol 
tà AT, TB dovuueted &owv. tÒ AT &pa &xoxépo xv AB, 
BI govuuetedv cotw. 

AXAà 95 TO AT Evi Gv AB, BI åoúvuuetpov Eotw. 
čotw 07] npórepov x AB: AMéYo, Ott xoi xà AB, BD 
&oogupuetpá EOTIY. El Yàp Éoxot OUUUETEA, PETPHOEL TL AUTH 
vevedoc. uexpe(vo, xal Éovo TÒ A. éxel ov tò A xà AB, 
BI uevpet, xoi óAov doa tò AT uexgrjoet. uevpet ðè xol tO 
AB: tò A dpa xà TA, AB uetpet. obuuetoa doa £oxi. cà 
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A B C 








Dt 

For since AB and BC are commensurable, some mag- 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) AB 
and BC, it will also measure the whole AC. And it also 
measures AB and BC. Thus, D measures AB, BC, and 
AC. Thus, AC is commensurable with each of AB and 
BC [Def. 10.1]. 

And so let AC be commensurable with AB. I say that 
AB and BC are also commensurable. 

For since AC and AB are commensurable, some mag- 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) CA 
and AB, it will thus also measure the remainder BC. 
And it also measures AB. Thus, D will measure (both) 
AB and BC. Thus, AB and BC are commensurable 
[Def. 10.1]. 

Thus, if two magnitudes, and so on .... 


Proposition 16 


If two incommensurable magnitudes are added to- 
gether then the whole will also be incommensurable with 
each of them. And if the whole is incommensurable with 
one of them then the original magnitudes will also be in- 
commensurable (with one another). 


A B C 
km r 


Dt 

For let the two incommensurable magnitudes AB and 
BC be laid down together. I say that that the whole AC 
is also incommensurable with each of AB and BC. 

For if CA and AB are not incommensurable then 
some magnitude will measure [them]. If possible, let it 
(so) measure (them), and let it be D. Therefore, since 
D measures (both) CA and AB, it will thus also mea- 
sure the remainder BC. And it also measures AB. Thus, 
D measures (both) AB and BC. Thus, AB and BC are 
commensurable [Def. 10.1]. But they were also assumed 
(to be) incommensurable. The very thing is impossible. 
Thus, some magnitude cannot measure (both) CA and 
AB. Thus, C A and AB are incommensurable [Def. 10.1]. 
So, similarly, we can show that AC and CB are also 
incommensurable. Thus, AC is incommensurable with 
each of AB and BC. 

And so let AC be incommensurable with one of AB 
and BC. So let it, first of all, be incommensurable with 
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TA, AB: bréxerto 8& xoi åoúvuuetpa: ónep Eotly å&ðúvatov. 
ovx dea tà AB, BT ueteyoe: x yéyeðoc: dobuetoa doa 
£o xà AB, BT. 

"E&v dea 600 uevéOn, xoi xà &&fic. 


Afiuga. 
‘Edy raed twa cvvdetav napaBAndh ropoXXnAóvpouov 
&AXeixov elder TETONYOVW, TO TACABANVEY toov Eotl 16) UNO 
TOV Ex Thc nopofjoAfjc Yevouévov tunuátov Tic cbVEtac. 


A 





A T B 


Ilopà yàp evdeiav thy AB mapofepAfo0o napad- 
Anàóypapuov tò AA &AAcinov etder tetpayóvy t AB: 
Aéyw, Ott toov Eoti tò AA 16 rò tõv AT, TB. 

Kat £&oxtv aùtóðev qovepóv: nel yàp Tetedywvdv OTI 
tò AB, ton gotlv f, AT tH TB, xat £ow tò AA 16 O16 xGv 
AT, TA, tovtéott tò òrò x&v AT, DB. 

"Eàv dpa rapá twa edvdeiav, xal xà &&fic. 


* Note that this lemma only applies to rectangular parallelograms. 


IC. 

‘Edy Got 000 cvVeian vioo, t SE TeTedtw uépet 
toO àmó tc £Aáccovoc toov napà THY uetCova TapaBANdY} 
&£AAeinov eldel TeTOAyYHVY xal eic oóugetga atv Simpy} 
uryxet, 5j ue(Cov týs &A&ccovoc uciGov 6uvfjoexot TH) dno 
ouugécou auti [uYpei]. xot àv f, ue(Cov týs £A&oocovoc 
ueiGov ðúvnta x dnd cuuuétpou taut [uńxe], tæ dE 
TETEÁPTY TOŬ àmó tç £Aácoovoc {oov xapà thy us(Cova 
napaan £XXeirov eldet vevpoYovo, eic OULUETEA AUTH 
Stoupet urjxet. 

”"Eotwoav 000 cóüciot &vwcot ai A, BT, Gv ueiCov f| 
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AB. I say that AB and BC are also incommensurable. 
For if they are commensurable then some magnitude will 
measure them. Let it (so) measure (them), and let it be 
D. Therefore, since D measures (both) AB and BC, it 
will thus also measure the whole AC. And it also mea- 
sures AB. Thus, D measures (both) CA and AB. Thus, 
CA and AB are commensurable [Def. 10.1]. But they 
were also assumed (to be) incommensurable. The very 
thing is impossible. Thus, some magnitude cannot mea- 
sure (both) AB and BC. Thus, AB and BC are incom- 
mensurable [Def. 10.1]. 
Thus, if two... magnitudes, and so on .... 


Lemma 


If a parallelogram,! falling short by a square figure, is 
applied to some straight-line then the applied (parallelo- 
gram) is equal (in area) to the (rectangle contained) by 
the pieces of the straight-line created via the application 
(of the parallelogram). 

D 





A C B 


For let the parallelogram AD, falling short by the 
square figure DB, have been applied to the straight-line 
AB. I say that AD is equal to the (rectangle contained) 
by AC and C B. 

And it is immediately obvious. For since DB is a 
square, DC is equal to CB. And AD is the (rectangle 
contained) by AC and C D—that is to say, by AC and 
CB. 

Thus, if ...to some straight-line, and so on .... 


Proposition 17t 


If there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commen- 
surable in length, then the square on the greater will be 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable [in length] with 
the greater. And if the square on the greater is larger 
than (the square on) the lesser by the (square) on 
(some straight-line) commensurable [in length] with the 
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BI, xà è tetedets uépet tod and EAdooovoc ts A, 
TOUTEOTL TES ANOS rfj; fusíac ts A, toov nap& thy BT 
TrapapeBAnodw &AXeixov eoe. vevpoty ovo, xol EOT% TO nó 
t&v BA, AT, oóugexpoc 88 Eotw 7| BA xfj AT urpxec AEYO, 
ott f, BT tic A uctov Sbvato t and cuugévpou taut. 











! ! | 
B Z E AT 

Texurjo9o yàp 7, Br diya xatà tò E onuciov, xa xciodw 
tf, AE ion f, EZ. om) dow f, AT ton £o tH BZ. xoi nel 
evveta n BI tétunta cic uev toa xatà tò E, cic 68 voa 
xatà tÒ A, TÒ dea Und BA, AT negeoróuevov dpdoyaviov 
uexà Tov dnd ts EA tetpayóvou toov £o tæ ånò ts 
ED vexvpoyY vox. xoà Tx TeTeATAcdoLaA TO doa TeTEdmIc LTO 
t&v BA, AT petà tot tetpanAactou tot ånò ts AE toov 
toti 1$ tetedxic and ts ED tetpayovw. AAAA TE uèv 
tetopatAaoty tod tnd vv BA, AT (toov éotl tò ånò tç 
A tetekywvoyv, 16 è tetoatAaotw tot and tis AE toov 
£o TÒ and ts AZ tetpkywvov: SinAactwy Yáp cotw f| AZ 
tic AE. 16 6& tetpatAactw tot àxó ts ET (cov éotl tò 
and týs BI vexgétyovov: SitAactwy yåp toti náv f, BD 
tis TE. xà doa dnd xv A, AZ xexpévova tow tot) 16 and 
tfic BT vevpéyovox Bote TÒ àxó týs BE tot and ts A 
ueiCóv £o xG and tis AZ: Y, BT dpa ts A ueiCov SOvata 
tfj AZ. Sevetéov, Sti xoi oougexpóc &owv H BI xfj AZ. 
&nel yàp oOuuexpóc &owv f, BA xf; AT Urner, oóuuecpoc 
doa cott xoi f, BD xf, DA ujixev. 8x HPA tos L'A, BZ 
£c cOyuerpoc uýxer ton Yeo &ov f, DA tH BZ. xoi fj BE 
doa cougevpóc EoTL ts BZ, DA urjxev. Bote xoi Aou, xfi 
ZA oúuuetpós &oxty f; BI uńxev ñ BT doa tic A ueitov 
60varxat. TE AMO cuugécpou EQUTH}. 

AAAG 67 Å BP täs A uctov Suvdéc0w và ånò cuuuéxpou 
tauti, TG SE tete&tTOW TOD and ts A toov nap& thy BT 
rapapeBAnodw &XXeixov elder vevpoty ovo, xol £o TO LUMO 
t&v BA, AT. detxtéov, óu oóugexpóc &owv T, BA tH AT 
urjxet. 

Tõv yàp otv xataoxevaodevtwv duotwc Oc(&ouev, 
ou H BT tis A uctov Sbvata 165 dax ts ZA. Sbvaton dé Å 
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greater, and a (rectangle) equal to the fourth (part) of the 
(square) on the lesser, falling short by a square figure, is 
applied to the greater, then it divides it into (parts which 
are) commensurable in length. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth part of the (square) on the lesser, A—that is, 
(equal) to the (square) on half of A—falling short by a 
square figure, have been applied to BC. And let it be 
the (rectangle contained) by BD and DC [see previous 
lemma]. And let BD be commensurable in length with 
DC. I say that that the square on BC is greater than 
the (square on) A by (the square on some straight-line) 
commensurable (in length) with (BC). 





B F E D C 

For let BC have been cut in half at the point E [Prop. 
1.10]. And let EF be made equal to DE [Prop. 1.3]. 
Thus, the remainder DC is equal to BF. And since the 
straight-line BC has been cut into equal (pieces) at E, 
and into unequal (pieces) at D, the rectangle contained 
by BD and DC, plus the square on ED, is thus equal to 
the square on EC [Prop. 2.5]. (The same) also (for) the 
quadruples. Thus, four times the (rectangle contained) 
by BD and DC, plus the quadruple of the (square) on 
DE, is equal to four times the square on EC. But, the 
square on A is equal to the quadruple of the (rectangle 
contained) by BD and DC, and the square on DF is 
equal to the quadruple of the (square) on DE. For DF 
is double DE. And the square on BC is equal to the 
quadruple of the (square) on EC. For, again, BC is dou- 
ble CE. Thus, the (sum of the) squares on A and DF is 
equal to the square on BC. Hence, the (square) on BC 
is greater than the (square) on A by the (square) on DF. 
Thus, BC is greater in square than A by DF. It must 
also be shown that BC is commensurable (in length) 
with DF. For since BD is commensurable in length 
with DC, BC is thus also commensurable in length with 
CD [Prop. 10.15]. But, CD is commensurable in length 
with CD plus BF. For CD is equal to BF [Prop. 10.6]. 
Thus, BC is also commensurable in length with BF plus 
CD [Prop. 10.12]. Hence, BC is also commensurable 
in length with the remainder FD [Prop. 10.15]. Thus, 
the square on BC is greater than (the square on) A by 
the (square) on (some straight-line) commensurable (in 
length) with (BC). 
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BI tijc A ueiCov TẸ àró ouuuétpou &aucfj. ooóuguexpoc dpa 
éotl f, BI xfj ZA urjxev. Gote xoà Aon ovvauqozépo cfi 
BZ, AT obyuetedc &ovv f, BI rer. àÀAà cuvogupóxepoc 
ñ BZ, AT oóugexpóc éott vf, AT [ure]. Gote xoi 5j BI 
xfj UA obuetedc &ox unxer xo SteAdvtt doa f| BA xfj AT 
EOTL OUUNETOS urjxet. 

"Ey &pa Gor 600 evdeion Gvicot, xoi xà &&fic. 
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And so let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) 
commensurable (in length) with (BC). And let a (rect- 
angle) equal to the fourth (part) of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by B.D and DC. It 
must be shown that B.D is commensurable in length with 
DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square on) A 
by the (square) on F D. And the square on BC is greater 
than the (square on) A by the (square) on (some straight- 
line) commensurable (in length) with (BC). Thus, BC 
is commensurable in length with FD. Hence, BC is 
also commensurable in length with the remaining sum 
of BF and DC [Prop. 10.15]. But, the sum of BF and 
DC is commensurable [in length] with DC [Prop. 10.6]. 
Hence, BC is also commensurable in length with CD 
[Prop. 10.12]. Thus, via separation, BD is also commen- 
surable in length with DC [Prop. 10.15]. 

Thus, if there are two unequal straight-lines, and so 
on.... 


t This proposition states that if ax — x? = 8? /4 (where a = BC, x = DC, and 8 = A) then a and \/a? — 82 are commensurable when a — x 


are x are commensurable, and vice versa. 


tn. 

‘Edy Got 000 cvVelan aviool, T SE TetThoTW uépet 
Tov àmó tc £Aáccovoc toov napà tùy uetCova tapar; 
&AXeixov elder vexpoty vo, xal eic GOLUUETOA ATHY Ototpf 
[uper], A uctZwv tc &A&ooovoc UEiTov 6uvrjoevor TH dro 
&cuugérpou aut. xol &&v Å ue(Cov ts £Aáccovoc UEiTov 
60 vr|vot TES ATÒ AOVUUETOOV EQUTH, TH OE vexpópro TOD ATO 
tc £A&ácoovoc (cov Tapa tiv ue(Cova TapaBANnDH £AXeixov 
cider vexvpoty vo, eic åoúpueTpA MUTHY dorpe [ufjxer]. 

"Eoxcoav 8600 evdeia &vtcot at A, BT, Gv uciGov f, BT, 
1G 6& tetéete [uépet] tov dnd tic &£Aácoovoc tc A tcov 
rapa thy BT rapofepArjodo £AXcinov eost vevpoyo vo, xol 
čotw TO UNO t&v BAT, &o0ugetpoc 8& čotw H BA tH 
AT ufpev Aéyo, Sti f, BP ts A ueiCov 60vaxot t ano 
&cugupéxpou AUT. 


Proposition 18! 


If there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) incom- 
mensurable [in length], then the square on the greater 
will be larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater And if the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater, and a (rectangle) equal to the 
fourth (part) of the (square) on the lesser, falling short by 
a square figure, is applied to the greater, then it divides it 
into (parts which are) incommensurable [in length]. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth [part] of the (square) on the lesser, A, falling 
short by a square figure, have been applied to BC. And 
let it be the (rectangle contained) by BDC. And let BD 
be incommensurable in length with DC. I say that that 
the square on BC is greater than the (square on) A by 
the (square) on (some straight-line) incommensurable 
(in length) with (BC). 
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Am 


B Z E A rF 


Tõv yàp AÙTÕV xaTASKELAOVEVTWY TE TEOTEPOV óuotoc 
det€ouev, ów H BT ts A ueiCov ðúvatar x& ånò ts ZA. 
deixtéov [ody], Sti &oouuetpóc Eotw f| BI tH AZ up. 
&nel yàp åoúuuetpós tot À BA xfj AT urxer, &oOuuexpoc 
goa £o xoi f, BD xfj DA pret. dAAG H AT ooupepóc Eott 
ovvayotépac tos BZ, AI" xoi ñ BT doa &oopguexpóc 
£c ouvauQoxépotc tas BZ, AT. ote xoà Mon tH ZA 
&cougevpóc čotv fj BI uei. xoi f, BI tic A ueitov 
6Ovorxat. TH and xfic ZA: f| BP &pa týs A ueiCov 66vorcot x6 
ONO &ouguuécpou &auTfi. 

Avvéodw 67, x&Aw ñ BP täs A ueiGov 16 dnd &douvuuéto- 
ou auti, TH SE TeTHOTH TO dnd ts A toov nap& thy BT 
rapaBeBAnodw &XXeixov elder TetePA~OVH, xol £o TO LUMO 
t&v BA, AT. devxtéov, óu àoOuuexpóc &owv f| BA tH AT 
uýxer. 

Tõv yàp avtiv xataoxevaoðévtwv duotwc ðelčouev, 
óu f, BP tis A ucitov Sbvatm tæ and tc ZA. GAA 
A BP tic A ueiCov Svvata tÆ ånò doUUUETPOU tauti. 
&cOugetpoc koa &oxiv À BT xfj ZA prev ote xoi Aof 
ovvaupotéew tÅ BZ, AT dobuuetedc cotw 7| BI. àAAX ov- 
vaydtepoc BZ, AT tH AT oúuuetpós &oxt uńxer xol f 
BT doa tA AT cobuuetedc £o yýxer Hote xol GuAÓv Å 
BA ty AT àcóuguexpóc &ox ure. 

"E&v dea Got 600 evdeion, xal xà &&fjc. 
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I ———————————À4 


B F E D C 


For, similarly, by the same construction as before, we 
can show that the square on BC is greater than the 
(square on) A by the (square) on FD. [Therefore] it 
must be shown that BC is incommensurable in length 
with DF. For since BD is incommensurable in length 
with DC, BC is thus also incommensurable in length 
with CD [Prop. 10.16]. But, DC is commensurable (in 
length) with the sum of BF and DC [Prop. 10.6]. And, 
thus, BC is incommensurable (in length) with the sum of 
BF and DC [Prop. 10.13]. Hence, BC is also incommen- 
surable in length with the remainder FD [Prop. 10.16]. 
And the square on BC is greater than the (square on) 
A by the (square) on FD. Thus, the square on BC is 
greater than the (square on) A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 

So, again, let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) in- 
commensurable (in length) with (BC). And let a (rect- 
angle) equal to the fourth [part] of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by BD and DC. 
It must be shown that BD is incommensurable in length 
with DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square) on 
A by the (square) on FD. But, the square on BC is 
greater than the (square) on A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 
Thus, BC is incommensurable in length with FD. Hence, 
BC is also incommensurable (in length) with the re- 
maining sum of BF and DC [Prop. 10.16]. But, the 
sum of BF and DC is commensurable in length with 
DC [Prop. 10.6]. Thus, BC is also incommensurable 
in length with DC [Prop. 10.13]. Hence, via separa- 
tion, BD is also incommensurable in length with DC 
[Prop. 10.16]. 

Thus, if there are two . . . straight-lines, and so on .... 


+ This proposition states that if ax — x? = 02/4 (where a = BC, x = DC, and 8 = A) then o and ya? — 8? are incommensurable when 


a — x are x are incommensurable, and vice versa. 
r 
ww. 
To nò ntõv Unxet ovuuétpwv eoUeu5v nepteyóuevov 


ÓpUoYovtov ENTOv &oxty. 
“Trò yàp exixóv urjxet cuugéxpov e0eusv x&v AB, BT 


Proposition 19 


The rectangle contained by rational straight-lines 
(which are) commensurable in length is rational. 
For let the rectangle AC have been enclosed by the 
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opVoyovov repgieyéoUo tò ATI" Aéyo, óu enóv EoTL TO 
AT. 





A 





T 











A B 

Avayeyeapdw yàp and tic AB tetedywvov tò AA: 
enxóv dpa &oxi tò AA. xal Enel ovuuetpóç Eotw H AB tH 
BT up, ton õé Eotw f, AB tÅ BA, obuueteoc &pa Eotiv 
n BA tH BT uhmer. xot Eotw óc f, BA ngóc thy BT, obvoc 
to AA npóc tò AT. obuueteov dea gotl tò AA xi AT. 
entov dé tò AA: pntov &pa éco xoi tò AT. 

Tò doa UNO PNTHY uńxel cuugévpov, Kal xà EFC. 


L 


X. 


"Edy enóv Taped ENTHY TaPaBANDH, rA&xoc xoti eru 
xoi OOUUETEOY TH, TAP” Hy Napdxertou, UAXKEL. 


A 

















T 

"Prxóv yàp tò AT nape env thy AB napaBeBAnodu 

TAdtOg rotoby thy BI" Aéyo, óu en £ouv H BI xoi 
oougecpoc tH BA ure. 

AvoyeYoóqUco yàp and vfjc AB xexpáyovov tò AA: 

erxóv doa oti tò AA. nTtòv dé xoi tò AT" oópgexpov dpa 
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rational straight-lines AB and BC (which are) commen- 
surable in length. I say that AC is rational. 





D 














A B 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is com- 
mensurable in length with BC, and AB is equal to BD, 
BD is thus commensurable in length with BC. And as 
BD is to BC, so DA (is) to AC [Prop. 6.1]. Thus, DA 
is commensurable with AC [Prop. 10.11]. And DA Cis) 
rational. Thus, AC is also rational [Def. 10.4]. Thus, 
the ...by rational straight-lines ...commensurable, and 
soon.... 


Proposition 20 


If a rational (area) is applied to a rational (straight- 
line) then it produces as breadth a (straight-line which is) 
rational, and commensurable in length with the (straight- 
line) to which it is applied. 


D 

















C 


For let the rational (area) AC have been applied to the 
rational (straight-line) AB, producing the (straight-line) 
BC as breadth. I say that BC is rational, and commen- 
surable in length with B A. 

For let the square AD have been described on AB. 
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£cl 16 AA té5 AT. xat ott óc TO AA npóc tò AT, obxoc 
n AB npóc thy BT. oóugexpoc dpa Eotl xoi À AB xfj BT: 
ïon òè 7 AB xfj BA: cóuuexpoc dou xoi f, AB xfj BI. er) 
dé otv f, AB: er] dow &oxi xoi f, BT xoà obuyeteoc tH 
AB urjxet. 

"Edy pa PNTOV xoà ENTHY napopAn0f, xoi xà &&fic. 


L 


Xa. 
To nò ntõv SuUVdUEL uóvov ouuuéxpov eoUeuv ne- 
pieyóuevov dpdoyawoy dAoyéy otv, xol fj óuvogiévr tO 
&AoYóc Eotw, xoAc(o0o dé uéon. 

















T 

“Trò yàp ġntõv SuUvdEL uóvov ouuuéTpwv ELDELBY TOY 
AB, BT ópÜüovoviov nepieyéoto tò AT" Aévo, Sti &Aoyóv 
éott 16 AT, xoi Ñ Guvagévr atò GAoydc otv, xadretoVw 
dé LEON. 

Avayeyeapdw yuo and tic AB tetedywvov tò AA: 
entov &pa gott TO AA. xoi Enel åoúuuetpós Eotw f, AB 
th BT urjxev. 6uváget yàp póvov onxóxetwrot oOugepor ton 
dé f, AB xfj BA, dobuueteoc doa oti xoi À AB tH BP 
ure. xal &oxv óc f, AB nxpóc thy BI, obxoc tò AA 
npóc tò AI" åoúuuetpov dpa [toti] tò AA x& AT. erxóv 
dé tò AA: GXovov doa tot) tò AT" Hote xal f| Duvauévn TO 
AT [toutéotw 1j toov axG tetedywvov Suvauevy] &Xovóc 
toti, xoe(o0o Se uéory Step Eder SeiEau. 


t Thus, a medial straight-line has a length expressible as k1/4. 
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AD is thus rational [Def. 10.4]. And AC (is) also ratio- 
nal. DA is thus commensurable with AC. And as DA 
is to AC, so DB (is) to BC [Prop. 6.1]. Thus, DB is 
also commensurable (in length) with BC [Prop. 10.11]. 
And DB (is) equal to BA. Thus, AB (is) also commen- 
surable (in length) with BC. And AB is rational. Thus, 
BC is also rational, and commensurable in length with 
AB [Def. 10.3]. 

Thus, if a rational (area) is applied to a rational 
(straight-line), and so on .... 


Proposition 21 


The rectangle contained by rational straight-lines 
(which are) commensurable in square only is irrational, 
and its square-root is irrational—let it be called medial.* 


D 

















C 


For let the rectangle AC be contained by the rational 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is irrational, and its square- 
root is irrational—let it be called medial. 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is incom- 
mensurable in length with BC. For they were assumed 
to be commensurable in square only. And AB (is) equal 
to BD. DB is thus also incommensurable in length with 
BC. And as DB is to BC, so AD (is) to AC [Prop. 6.1]. 
Thus, DA [is] incommensurable with AC [Prop. 10.11]. 
And DA (is) rational. Thus, AC is irrational [Def. 10.4]. 
Hence, its square-root [that is to say, the square-root of 
the square equal to it] is also irrational [Def. 10.4]—let 
it be called medial. (Which is) the very thing it was re- 
quired to show. 
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Afiuga. 
‘Edy oi 600 cvVeia, Eotw óc Å TEOT npóc uv 
6cuxépav, OUTWS TO UNO tfj; porc npóc TO UNO TV 600 


cvVELey. 
Z E H 





A 


"Eotwoav 600 evdeta oi ZE, EH. Aéyo, óx &oxlv Wo f| 
ZE ngóc thy EH, oóxoc tò and ts ZE npóc TÒ ONO xGv 
ZE, EH. 

Avayeyeapvw yàp ånò týs ZE tetedywvov tò AZ, xoi 
cuunxenAnpooo tò HA. nel obv &ouv óc f, ZE npóc Thy 
EH, ottwe tò ZA ngóc tò AH, xal &ou 16 uèv ZA TÒ and 
ts ZE, tò 6£ AH tò nò vv AE, EH, xouxéou TÒ ono 
t&v ZE, EH, éotw tea óc f, ZE npóc thy EH, obvoc tÒ 
and ts ZE npgóc 10 Und tæv ZE, EH. òuolws 8& xol óc TO 
òrò t&v HE, EZ npóc tò ånò ts EZ, toutéotw ç tò HA 
npóc TÒ ZA, oŬtos f, HE npóc thy EZ: önep čer Deléon. 


xp’. 
Tò and éon ropà env TapaBarAduEvoy rÀA&xoc roti 
env xoi àoouuerpov xfj, tap’ Hy rapåxertoa, UAXEL. 


B 





























A rT A E Z 
"Eotw éon uèv f, A, nt òè 7| TB, xoi xà and ts 
A (cov xapà tiv BT rapoBeBArodw ywplov ôåpoyoviov tÒ 
BA nAdtog notoOv thy DA: Aévo, óu erf, Eotw f, DA xol 
&oougexgoc tH TB urjxet. 
"Enel yàp uéor &oxiv f, A, GOvarvot ywplov nepieyóuevov 
óxó ENTéY SuvdUEL uóvov cuugétpov. Ouváoüo tò HZ. 
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Lemma 
If there are two straight-lines then as the first is to the 


second, so the (square) on the first (is) to the (rectangle 
contained) by the two straight-lines. 


F E G 

















D 


Let FE and EG be two straight-lines. I say that as 
FE is to EG, so the (square) on FE (is) to the (rectangle 
contained) by FE and EG. 

For let the square DF have been described on FE. 
And let GD have been completed. Therefore, since as 
FE is to EG, so FD (is) to DG [Prop. 6.1], and FD is 
the (square) on FE, and DG the (rectangle contained) 
by DE and EG—that is to say, the (rectangle contained) 
by FE and EG—thus as FE is to EG, so the (square) 
on FE (is) to the (rectangle contained) by FE and EG. 
And also, similarly, as the (rectangle contained) by GE 
and EF is to the (square on) E F—that is to say, as GD 
(is) to F D—so GE (is) to EF. (Which is) the very thing 
it was required to show. 


Proposition 22 


The square on a medial (straight-line), being ap- 
plied to a rational (straight-line), produces as breadth a 
(straight-line which is) rational, and incommensurable in 
length with the (straight-line) to which it is applied. 


B 























A C D E F 
Let A be a medial (straight-line), and CB a rational 
(straight-line), and let the rectangular area BD, equal to 
the (square) on A, have been applied to BC, producing 
C D as breadth. I say that CD is rational, and incommen- 
surable in length with CB. 
For since A is medial, the square on it is equal to a 


303 


STOIXEION v. 


dvvatat 68 xal xó BA: toov dow goti tò BA 165 HZ. got 6€ 
AdTES xal iooyóviov: tv 8€ toov te xol icoyoviov tapad- 
AnAoyveóupov avtiTEerdvVaow ai mAeupol oi regi tàs toas 
Ycv(atz; &våňoyov dpa &oxlv óc f, BI ngóc thy EH, oŬtws 
3, EZ ngóc tiv DA. Eotw doa xal óc 16 and ts BT npóc 
TO àxó ts EH, o¥tw¢ tÒ and ts EZ npóc tò and ts DA. 
oOuuetpov S€ toti TO aNd ts TB x and týs EH: env yao 
EOTW EXATEOA AUTEV? CUUNETEOV Goa &oti xol TO ATÒ TÅG 
EZ v6 dno týs TA. erxóv 86 £o tÒ and týs EZ: ntòv 
&pa oT) xal TO and tis TA: ġnTÀ doa Eotiv H TA. xol nel 
&ooguuecpóc &ouv f| EZ xfj EH uńxev Suvduer yàp uóvov 
ciol ovpuetpor Oc 0& f, EZ npóc thy EH, oóvoc TÒ and 
ts EZ npóc tò bnd xv ZE, EH, åoúvuuetpov doa [Eoi] 
TO ano ts EZ 1G onó tæv ZE, EH. GAG x& uèv ånò ts 
EZ obuyetedv &oxt TÒ àxó ts DA: envoi yáp ciot óuváuec 
1G 5€ Und x&v ZE, EH obuyetedv Eott tò Und xv AT, 
TB: toa Yáp £o 1G and týs A: àoÓuuevpov dea &oxi xoi 
tO and ts TA 16 oxó x&v AT, TB. óc 68 tò àxó ts TA 
npóc 16 onó x&v AT, TB, obüvoc £oxiv f, AT npóc thy DB: 
&ooupecpoc dpa &oxiv f, AT xfj UB urpxet. eric hoa &odivy f 
TA xoi å&oúuuetpos tH TB unxer ónep eer ocitot. 


* Literally, “rational”. 


xy’. 

'H ti uéon oúvupetpos uéon £oxtv. 

"Ecco uéon f A, xoi tH A obuuetooc čëotw f, B: Aéyo, 
ó xal 1 B uéor, Eotiv. 

Exxelioðw yàp exu 5 TA, xoà và pèv and ifc A 
(oov napà thy DA rapapepańoðw ywplov deVoyawov tÒ 
TE mAéxoc nowbdv thy EA: en pa ċotiv f| EA xol 
g&ovuueteos tH TA puxei. 16 ðè àxó ts B toov napà 
thy TA ropoBeBAjodw ywelov ôåpðoyóviov tò TZ táto 
rotoUv tiv AZ. énet obv oúuuetpós Eotw H A TH B, 
OUUNETEOV &ou xoi TO aNd Tic A x dnd ts B. GAA 
TG uèv and ts A icov é&od tò ET, 16 è and týs B 
loov gott tò TZ: oúupetpov doa cotl tò ET v6 TZ. xoí 
got wc tò ET npóc tò TZ, oüxvoc À EA ngóc thy AZ: 
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(rectangular) area contained by rational (straight-lines 
which are) commensurable in square only [Prop. 10.21]. 
Let the square on (A) be equal to GF’. And the square on 
(A) is also equal to BD. Thus, BD is equal to GF. And 
(BD) is also equiangular with (GF). And for equal and 
equiangular parallelograms, the sides about the equal an- 
gles are reciprocally proportional [Prop. 6.14]. Thus, pro- 
portionally, as BC is to EG, so EF (is) to CD. And, also, 
as the (square) on BC is to the (square) on EG, so the 
(square) on EF (is) to the (square) on CD [Prop. 6.22]. 
And the (square) on CB is commensurable with the 
(square) on EG. For they are each rational. Thus, the 
(square) on EF is also commensurable with the (square) 
on CD [Prop. 10.11]. And the (square) on EF is ratio- 
nal. Thus, the (square) on C D is also rational [Def. 10.4]. 
Thus, CD is rational. And since EF is incommensurable 
in length with EG. For they are commensurable in square 
only. And as EF (is) to EG, so the (square) on EF (is) 
to the (rectangle contained) by FE and EG [see previ- 
ous lemma]. The (square) on EF [is] thus incommen- 
surable with the (rectangle contained) by FE and EG 
[Prop. 10.11]. But, the (square) on C'D is commensu- 
rable with the (square) on EF. For they are rational in 
square. And the (rectangle contained) by DC and CB 
is commensurable with the (rectangle contained) by FE 
and EG. For they are (both) equal to the (square) on A. 
Thus, the (square) on CD is also incommensurable with 
the (rectangle contained) by DC and CB [Prop. 10.13]. 
And as the (square) on CD (is) to the (rectangle con- 
tained) by DC and CB, so DC is to CB [see previous 
lemma]. Thus, DC is incommensurable in length with 
CB [Prop. 10.11]. Thus, C'D is rational, and incommen- 
surable in length with CB. (Which is) the very thing it 
was required to show. 


Proposition 23 


A (straight-line) commensurable with a medial (straight- 


line) is medial. 

Let A be a medial (straight-line), and let B be com- 
mensurable with A. I say that B is also a medial (staight- 
line). 

Let the rational (straight-line) CD be set out, and let 
the rectangular area CE, equal to the (square) on A, 
have been applied to CD, producing ED as width. ED 
is thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And let the rectangular area C'F, equal 
to the (square) on B, have been applied to CD, produc- 
ing DF as width. Therefore, since A is commensurable 
with B, the (square) on A is also commensurable with 
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o0ugetpoc doa éotiv 7| EA tH AZ pret. enu sé &ouv 
À EA xoi dobuueteoc tH AT ufjxev. en doa toti xoà f 
AZ xoi åoúuuetpos tH AT uýxer ai TA, AZ doa encoí 
ciot 6uváyet uóvov OUUUETEOL. Å SE TO UNO ONTHY SuVduEL 
uóvov cuugétpov Ouvogévr) UEON EOTlV. f| doa TO UNO xv 
TA, AZ dvuvayevyn uéon cotiv: xoi Sbvata TÒ Und t&v TA, 
AZ ġ B: yéon dpa eotiv f; B. 

















E A Z 


IIóptoua. 
"Ex 67] TOUTOU qatvepóv, STL TO TE uéoo yopíio oouuere- 
ov uécov &oxív. 


ELEMENTS BOOK 10 


the (square) on B. But, EC is equal to the (square) on A, 
and CF is equal to the (square) on B. Thus, EC is com- 
mensurable with CF. And as EC is to CF, so ED (is) to 
DF [Prop. 6.1]. Thus, ED is commensurable in length 
with DF [Prop. 10.11]. And ED is rational, and incom- 
mensurable in length with CD. DF is thus also ratio- 
nal [Def. 10.3], and incommensurable in length with DC 
[Prop. 10.13]. Thus, CD and DF are rational, and com- 
mensurable in square only. And the square-root of a (rect- 
angle contained) by rational (straight-lines which are) 
commensurable in square only is medial [Prop. 10.21]. 
Thus, the square-root of the (rectangle contained) by CD 
and DF is medial. And the square on B is equal to the 
(rectangle contained) by CD and DF. Thus, B is a me- 
dial (straight-line). 




















A 1 Bt 
C 
E D F 
Corollary 


And (it is) clear, from this, that an (area) commensu- 
rable with a medial area! is medial. 


+ A medial area is equal to the square on some medial straight-line. Hence, a medial area is expressible as 1/2. 


xo. 


To nò uécov ufjxec cuuuévpov eoUeu$v nepteyóuevov 
dedoyaviov uécov &oíiv. 

“Trò yàp uécov urjxec cuuuévpov eo0seuv vv AB, BT 
nepieyéoðw ópÜoyoviov tò AI" Aéyo, óu tò AT uécov 
éotly. 

Avayeyeapdw yuo and tic AB tetedywvov tò AA: 
uécov doa oTt) xó AA. xoi Enel obuuetedc Eotw À AB «fi 
BI ufxet, ton è f, AB tý BA, obuyeteoc dou Eotl xoi À 
AB «fj BT urjxev. ote xoi tò AA 16 AT oúuuetpóv otv. 
uécov ðè tò AA: uécov doa xoi tò AT" önep Eder Degon. 


Proposition 24 


A rectangle contained by medial straight-lines (which 
are) commensurable in length is medial. 

For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
length. I say that AC is medial. 

For let the square AD have been described on AB. 
AD is thus medial [see previous footnote]. And since 
AB is commensurable in length with BC, and AB (is) 
equal to BD, DB is thus also commensurable in length 
with BC. Hence, DA is also commensurable with AC 
[Props. 6.1, 10.11]. And DA (is) medial. Thus, AC (is) 
also medial [Prop. 10.23 corr.]. (Which is) the very thing 
it was required to show. 
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A 





, 


XE. 


To nò uécov Ouváuet uóvov cuuuévpov eóUeu5v TE- 
pieyóuevov ópðoyðviov Tixot ENTOV Tj uéoov &oxív. 






































A Z H 
A B e M 
uu E N 

^ 


“Trò yàp uécov 6uváget uóvov ouugétpov ELDELOY TOY 
AB, BT ógüoyowviov nepieyéoðw tò AT: Aéyo, óu tò AT 
HTOL PNTOV T, uécov EoTIV. 

Avayeyeapdw yàp and àv AB, BT vexpgéyova xà AA, 
BE: uéoov doa éotiv &xé&xepov x&v AA, BE. xoi exxetodw 
env À ZH, xoi xà u£v AA ïoov nape thy ZH napa- 
BeBAhoVw dpVoyaviov napoXXnAóyooauuov tò HO nAóéxoc 
novobdy thy ZO, 16 6€ AT loov napa tiv OM napaBeBAnodu 
OpVoYaviov xapoXAnAóvpeouuov TO MK rAdto¢ moody cv 
OK, xoi £u 16 BE toov ouotwc napà thy KN napa- 
BeBAnodw tò NA nA&xoc novotiv thy KA: én’ eóüc(ac dpa 
cio at ZO, OK, KA. &nel obv uécov &oxiv Exdtepov xv 
AA, BE, xaí gotw toov tò yev AA 16 HO, tò dé BE 16 
NA, uécov doa xoi exdtepov tv HO, NA. xol ropà ntv 
thy ZH ropdxertau enti) dea &£oxtv Exatéoa tev ZO, KA xoi 
&cougecpoc t ZH uyxer. xoi Emel oouuexpóv got: TO AA 
16) BE, oóugexpov &pa toti xoi tò HO 165 NA. xal otv we 
tò HO npóc tò NA, ottw¢ f, ZO npd¢ thy KA: oóguguexpoc 
&pa &oxlv 7 ZO tH KA ure. at ZO, KA dow eno ciot 
Unxer obUUETEOL ENTOV dpa tot) TO Und x&v ZO, KA. xoi 
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G 











D 





Proposition 25 


The rectangle contained by medial straight-lines 
(which are) commensurable in square only is either ra- 
tional or medial. 






































A F G 
C 
D B H M 
Gi K N 
L 


For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is either rational or medial. 

For let the squares AD and BE have been described 
on (the straight-lines) AB and BC (respectively). AD 
and BE are thus each medial. And let the rational 
(straight-line) FG be laid out. And let the rectangular 
parallelogram GH, equal to AD, have been applied to 
FG, producing FH as breadth. And let the rectangular 
parallelogram M K, equal to AC, have been applied to 
HM, producing HK as breadth. And, finally let NL, 
equal to BE, have similarly been applied to KN, pro- 
ducing KL as breadth. Thus, FH, HK, and KL are in 
a straight-line. Therefore, since AD and BE are each 
medial, and AD is equal to GH, and BE to NL, GH 
and NL (are) thus each also medial. And they are ap- 
plied to the rational (straight-line) FG. FH and KL are 
thus each rational, and incommensurable in length with 
FG [Prop. 10.22]. And since AD is commensurable with 
BE, GH is thus also commensurable with NL. And as 
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énel ton £oxiv f u£v AB «fj BA, fj 66 EB tH BI, Eotw doa 
óc f, AB ngóc thy BY, o0xoc f, AB npóc thy BE. a’ we 
u&v À AB npóc thy BT, obxvoc tò AA npóc tò AT" óc 6€ ñ 
AB npóc thy BE, ob1oc tò AT npóc tò TE: Zotw dea we 
tÒ AA npóc tò AT, o0voc 16 AT npóc tò TE. toov 66 £o 
tO u&v AA 16 HO, tò 6€ AT 16 MK, tò 6£ T= 16 NA: 
éotw &pa óc tò HO npóc tò MK, obtoc tò MK npóc tò 
NA: Zotw doa xal we f, ZO npóc thy OK, obxoc f, OK npóc 
thy KA: xó dpa nó xv ZO, KA toov £o 16 dnd ts OK. 
erxóv dé tò bro x&v ZO, KA: enxóv doa Eoti xoi TO àmó 
thc OK: erit doa &oxiv f, OK. xal ei uev oóguuetpóc &oxt 
th, ZH urjxet, ġntóv Eott tò ON: et SE àooyuguetpóc &ou TH 
ZH ure, ai KO, OM éenxoí ciot Suvduet uóvov oouguetpotu 
uécov toa TO ON. tò ON dpa tor erixóv Ñ uécov &oxítv. 
loov 6 tò ON xà AT" tò AT ğpa to! erixóv Ñ uécov &oxív. 

Tò dea UNO uécov Ouváuet uóvov cuuuéxpov, xoà TH 
cic. 


L 


XT. 


Méocov uéoou oby Umepeyel ENTE). 
































A Z E 
A T 

B K H 

© 


Ei yàp ðuvatóv, uécov tò AB uécou tod AT oxepeyéxo 
entd và AB, xoi exxetodw en, f; EZ, xoi t& AB tcov nape 
thy EZ xopofepArvjo9«c nopoAAnAóypouguov ópüovovtov TO 
ZO nxAéxoc rotobv tiv EO, té dé AT toov ónofjodo tò 
ZH: Xotxóv goa tò BA Xon 165 KO Eotw toov. ntòv õé 
éott tò AB: enxóv &pa got xoi tò KO. Enel obv uécov Eotiv 
&xáxepov x&v AB, AT, xaí £o TÒ uev AB x& ZO toov, tÒ 
dé AT 16 ZH, uécov toa xoi &xéxepov xiv ZO, ZH. xoi 
Tapà ENTHY THY EZ napdnxertou env dea cotiv exatéoa t&v 
OE, EH xoi àoúuuetpos th EZ xer. xol Enel ontov £o 
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GH isto NL, so FH (is) to KL [Prop. 6.1]. Thus, FH is 
commensurable in length with K L [Prop. 10.11]. Thus, 
FH and KL are rational (straight-lines which are) com- 
mensurable in length. Thus, the (rectangle contained) by 
FH and KL is rational [Prop. 10.19]. And since DB is 
equal to BA, and OB to BC, thus as DB is to BC, so 
AB (is) to BO. But, as DB (is) to BC, so DA (is) to 
AC [Props. 6.1]. And as AB (is) to BO, so AC (is) to 
CO [Prop. 6.1]. Thus, as DA is to AC, so AC (is) to 
CO. And AD is equal to GH, and AC to M K, and CO 
to NL. Thus, as GH is to M K, so MK (is) to NL. Thus, 
also, as FH is to HK, so HK (is) to KL [Props. 6.1, 
5.11]. Thus, the (rectangle contained) by FH and KL 
is equal to the (square) on HK [Prop. 6.17]. And the 
(rectangle contained) by FH and KL (is) rational. Thus, 
the (square) on H K is also rational. Thus, H K is ratio- 
nal. And if it is commensurable in length with FG then 
HN is rational [Prop. 10.19]. And if it is incommensu- 
rable in length with FG then KH and H M are rational 
(straight-lines which are) commensurable in square only: 
thus, HN is medial [Prop. 10.21]. Thus, HN is either ra- 
tional or medial. And HN (is) equal to AC. Thus, AC is 
either rational or medial. 

Thus, the... by medial straight-lines (which are) com- 
mensurable in square only, and so on .... 


Proposition 26 


A medial (area) does not exceed a medial (area) by a 
rational (area).! 
































A F E 
D C 

B K G 

H 


For, if possible, let the medial (area) AB exceed the 
medial (area) AC by the rational (area) DB. And let 
the rational (straight-line) EF be laid down. And let the 
rectangular parallelogram FH, equal to AB, have been 
applied to to EF, producing EH as breadth. And let FG, 
equal to AC, have been cut off (from FH). Thus, the 
remainder BD is equal to the remainder KH. And DB 
is rational. Thus, KH is also rational. Therefore, since 
AB and AC are each medial, and AB is equal to FH, 
and AC to FG, FH and FG are thus each also medial. 
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to AB xat Eotw {oov 16 KO, erióv &pa toti xoi tò KO. 
xol Tape enr thy EZ nopdxertou nth dea &ouv f|, HO 
xoi ooguuetpoc TH EZ xei. GÀ xoi f, EH orth £oxt xoi 
&ooguuecpoc TH EZ urjixev. aobuueteoc doa cotly f, EH tH 
HO ures. xal £oxtv óc f, EH npóc thy HO, obxoc 16 and 
thc EH npóc tò ono t&v EH, HO: àcóuuetpov dea &oxi to 
and tfj; EH tö ono tõv EH, HO. àAAà 165 uev and týs EH 
oouuetp& ċott xà and x&v EH, HO tetpáyova: ntà yàp 
aupdotepa’ và dé Uno vv EH, HO oúvuuetpóv oti tO bic 
bro vv EH, HO: dSitAcovov yåp otv adbtod: &oóuyetpa 
äpa cotl xà and Tv EH, HO x6 dic Ond tov EH, HO: xoi 
ouvaupótepa doa Ta te ano x&v EH, HO xoi tò dic Uno 
t&v EH, HO, ónep oti tò ano ts EO, covuuetoedv toT: 
toic ano t&v EH, HO. onta de xà and tv EH, HO: &Aovov 
&pa TO ano cfjc EO. hoyos doa £oxiv f, E. Aà xol exor 
Ónep &oxlv &ðúvaTov. 

Mécov &pa uécou oby Onepéyet ENTE: önep Eder Seta. 


t In other words, Vk — Vk’ Æ k". 


xc. 


Méouc sópeiv Ouvóuet uóvov 


plexovouc. 
ABT 


OUUUETEOUG PNTOV TE- 


A 








"Exxciodwoay 600 nTa óuváust uóvov obUUETEOL al A, 
B, xoi cidnovde x&v A, B uéor avadoyov 7 D, xoi yeyovéto 
óc f, A ngóc try B, obvoc HT góc thy A. 
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And they are applied to the rational (straight-line) EF. 
Thus, H E and EG are each rational, and incommensu- 
rable in length with EF [Prop. 10.22]. And since DB 
is rational, and is equal to K H, KH is thus also ratio- 
nal. And (KH) is applied to the rational (straight-line) 
EF. GH is thus rational, and commensurable in length 
with EF [Prop. 10.20]. But, EG is also rational, and in- 
commensurable in length with EF. Thus, EG is incom- 
mensurable in length with GH [Prop. 10.13]. And as 
EG is to GH, so the (square) on EG (is) to the (rectan- 
gle contained) by EG and GH [Prop. 10.13 lem.]. Thus, 
the (square) on EG is incommensurable with the (rect- 
angle contained) by EG and GH [Prop. 10.11]. But, the 
(sum of the) squares on EG and GH is commensurable 
with the (square) on EG. For (EG and GH are) both 
rational. And twice the (rectangle contained) by EG and 
GH is commensurable with the (rectangle contained) by 
EG and GH [Prop. 10.6]. For (the former) is double 
the latter. Thus, the (sum of the squares) on EG and 
GH is incommensurable with twice the (rectangle con- 
tained) by EG and GH [Prop. 10.13]. And thus the sum 
of the (squares) on EG and GH plus twice the (rectan- 
gle contained) by EG and GH, that is the (square) on 
EH [Prop. 2.4], is incommensurable with the (sum of 
the squares) on EG and GH [Prop. 10.16]. And the (sum 
of the squares) on EG and GH (is) rational. Thus, the 
(square) on EH is irrational [Def. 10.4]. Thus, EH is 
irrational [Def. 10.4]. But, (it is) also rational. The very 
thing is impossible. 

Thus, a medial (area) does not exceed a medial (area) 
by a rational (area). (Which is) the very thing it was 
required to show. 


Proposition 27 


To find (two) medial (straight-lines), containing a ra- 
tional (area), (which are) commensurable in square only. 


ABCD 








Let the two rational (straight-lines) A and B, (which 
are) commensurable in square only, be laid down. And let 
C—the mean proportional (straight-line) to A and B— 
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Koi nel at A, B pytal siot Suvduer uóvov oúuuETEOL, 
TÒ doa Und x&v A, B, toutéott 16 and tis T, uécov &oxív. 
uon doa nT. xoi &ne( Eotw wo f| A npòs thy B, [obtw<] HT 
npóc thy A, at òè A, B duvduer uóvov [eiol] ooupexpot, xol 
ai T, A doa Suvder uóvov ciol oOugexpot. xal EoTL uéor, À 
T: uéon doa xoà 5| A. a D, A doa uécot iol 6ováyuet uóvov 
oOuuetpot. AEYW, OTL xol ONTOV repiéxouotv. Emel yåp &oxty 
óc Å A xpóc thy B, obxoc HT npóc thy A, &vaAAà& dpa 
éotlv òs À A ngóc thy T, À B ngóc thy A. GAN óc HA 
rpóc THY T, HT npóc thy B: xoi óc doa f, T ngóc thy B, 
oŬtws Å B ngóc thy A: TÒ dpa Und xv T, A toov £o 1G 
ånò tfj; B. 6ntov 6€ tò and tc B: ONtOv dpa [Eoti] xoi tò 
ono x&v T, A. 

EŬŭpnvta doa éca Suvduet uóvov oOuuetpot enoóv 
xepiéyoucat: Step Eder SeiEau. 
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have been taken [Prop. 6.13]. And let it be contrived 
that as A (is) to B, so C (is) to D [Prop. 6.12]. 

And since the rational (straight-lines) A and B 
are commensurable in square only, the (rectangle con- 
tained) by A and B—that is to say, the (square) on C 
[Prop. 6.17]—is thus medial [Prop 10.21]. Thus, C is 
medial [Prop. 10.21]. And since as A is to B, [so] C (is) 
to D, and A and B [are] commensurable in square only, 
C and D are thus also commensurable in square only 
[Prop. 10.11]. And C is medial. Thus, D is also medial 
[Prop. 10.23]. Thus, C and D are medial (straight-lines 
which are) commensurable in square only. I say that they 
also contain a rational (area). For since as A is to D, so 
C (is) to D, thus, alternately, as A is to C, so B (is) to 
D [Prop. 5.16]. But, as A (is) to C, (so) C (is) to B. 
And thus as C (is) to B, so B (is) to D [Prop. 5.11]. 
Thus, the (rectangle contained) by C and D is equal to 
the (square) on B [Prop. 6.17]. And the (square) on B 
(is) rational. Thus, the (rectangle contained) by C and 
D [is] also rational. 

Thus, (two) medial (straight-lines, C and D), con- 
taining a rational (area), (which are) commensurable in 
square only, have been found.’ (Which is) the very thing 
it was required to show. 


t C and D have lengths k!/4 and k?/4 times that of A, respectively, where the length of B is k!/? times that of A. 


rs 














XT. 
Mécac seópelv ðuváuel uóvov cupugétpouc uécov TEL- 
plexovouc. 
— A 
B i E l 
T^ 








Exxeioðwoav [xpeic] nto Suvduer uóvov abuuEtpor oi 
A, B, T, xoi ei jpüc x&v A, B uéor avddoyov 5| A, xoi 
yevovéxo óc 7 B ngóc thy T, fj A ngóc tùy E. 

‘Enel at A, B enixa sior óováuet Udvov oúuuETpOL, TO &pa 
òrò vv A, B, toutéott TÒ dxó ts A, uécov &oxiv. uéon 
doa T] A. xoà eet at B, T duvduer uóvov ciol ovuueTtpoL, xal 
gow Ós f; B ngóc ty T, Ñ A ngóc thy E, xoi at A, E dpa 
6uvóget uóvov ciol oúuuetpor. uéor dé H A: uéor &pa xol À 
E: oi A, E dea yuécot ciol Guváyet uóvov ovupETpOL. Aévo 
dH, OTL xoi u£cov nepiéy ouoctv. Enel Yóp Eotw ç f, B ngóc 
viy D, fj A ngóc thy E, £voAAà& Koa cc f| B npóc thy A, À 
T ngóc thy E. óc dé f| B npóc thy A, f, A npóc thy A: xoi 
ÓS &pa f, A npóc thy A, HT npóc thy E tÒ dpa Ono xGv 
A, T ioov éoti 16 bn6 vv A, E. uécov ðè tò Un vGv A, 
T: uécov doa xoi tò Und t&v A, E. 

"Hvenyta doa péca Ouváuet uóvov obugetpot uéocov 


Proposition 28 


To find (two) medial (straight-lines), containing a me- 
dial (area), (which are) commensurable in square only. 














A- D i 
B i E | 
C 








Let the [three] rational (straight-lines) A, B, and C, 
(which are) commensurable in square only, be laid down. 
And let, D, the mean proportional (straight-line) to A 
and B, have been taken [Prop. 6.13]. And let it be con- 
trived that as B (is) to C, (so) D (is) to E [Prop. 6.12]. 

Since the rational (straight-lines) A and B are com- 
mensurable in square only, the (rectangle contained) by 
A and B—that is to say, the (square) on D [Prop. 6.17]— 
is medial [Prop. 10.21]. Thus, D (is) medial [Prop. 10.21]. 
And since B and C are commensurable in square only, 
and as B is to C, (so) D (is) to E, D and E are thus com- 
mensurable in square only [Prop. 10.11]. And D (is) me- 
dial. E (is) thus also medial [Prop. 10.23]. Thus, D and 
E are medial (straight-lines which are) commensurable 
in square only. So, I say that they also enclose a medial 
(area). For since as B is to C, (so) D (is) to E, thus, 
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alternately, as B (is) to D, (so) C (is) to E [Prop. 5.16]. 
And as B (is) to D, (so) D (is) to A. And thus as D (is) to 
A, (so) C (is) to E. Thus, the (rectangle contained) by A 
and C is equal to the (rectangle contained) by D and E 
[Prop. 6.16]. And the (rectangle contained) by A and C 
is medial [Prop. 10.21]. Thus, the (rectangle contained) 
by D and E (is) also medial. 

Thus, (two) medial (straight-lines, D and E), con- 
taining a medial (area), (which are) commensurable in 
square only, have been found. (Which is) the very thing 
it was required to show. 


+ D and E have lengths k1/4 and k/1/2/k1/4 times that of A, respectively, where the lengths of B and C are k!/? and k"!/? times that of A, 


respectively. 


bU + 
Afiuga o. 
Eópetv 000 tetpaywvoucg àpıðuoúc, dote xoi TOV 
ovuYxe(uevov && autéy civar xexpátyovov. 
T T 


t 1 
A A rT B 

"Exxciodwoay 600 dovduol ot AB, BT, £ovocav 98 tor 
&prtot Tj MEplttol. xoi Enel, &&v te AMO apxiou potios àpo- 
peUf|, £&v TE ATÒ neptoco0 nepuooóc, O Aouxóc üptióc £o, 
ô Aoutóc doa ô AT ápuóc Eottv. xexufiodo ô AT Gra xoxà 
to A. Zotwoav 0€ xoi oi AB, BT ftot ópotot &níne60: ñ 
TeTodywvot, oi xol adtol GuoLot elow entmedor Ò oa x 
tév AB, BT uexà tod and [tot] TA teteayavou tooc Eoti 
1G ano tol BA tetpayóvo. xal Cott vevpétyovoc Ô Ex xGv 
AB, BL, nenep cdetyOn, Ott, àv 600 uoo Exinedor 
TOAAATAUCLAOUVTES GAAYAouc TOLGoL tiva, Ò YevÓuevoc 
TeTedywvdc cot. eVenvta dpa 600 Tetedywvor cordyol 
6 te ex x&v AB, BT xoi 6 àxó tot TA, oi ovvtedévtec 
Towovat tov and tol BA tete&ywvov. 

Kal qavepóv, ott eVenvta nå 060 TeTEd&ywvol O TE 
ano tod BA xol 6 àxó tot TA, oTe thy brepoyhy avtév 
tov Uno AB, BT civa xvevpétyovov, dtav ot AB, BT duotot 
@ow entredor. Otav ÕÈ uù Gow uotot extnedor, eüprvvot 
600 tetp&ywvot 6 te &nd tol BA xa 6 dnd tot AT, dv 
f, óxegoy) ô Und x&v AB, BT ovx £o tetedywvoc ónep 
der dcla. 





Lemma I 


To find two square numbers such that the sum of them 
is also square. 


A D C B 


Let the two numbers AB and BC be laid down. And 
let them be either (both) even or (both) odd. And since, if 
an even (number) is subtracted from an even (number), 
or if an odd (number is subtracted) from an odd (num- 
ber), then the remainder is even [Props. 9.24, 9.26], the 
remainder AC is thus even. Let AC have been cut in 
half at D. And let AB and BC also be either similar 
plane (numbers), or square (numbers)—which are them- 
selves also similar plane (numbers). Thus, the (num- 
ber created) from (multiplying) AB and BC, plus the 
square on CD, is equal to the square on BD [Prop. 2.6]. 
And the (number created) from (multiplying) AB and 
BC is square—inasmuch as it was shown that if two 
similar plane (numbers) make some (number) by mul- 
tiplying one another then the (number so) created is 
square [Prop. 9.1]. Thus, two square numbers have 
been found—(namely,) the (number created) from (mul- 
tiplying) AB and BC, and the (square) on C D—which, 
(when) added (together), make the square on BD. 

And (it is) clear that two square (numbers) have again 
been found—(namely) the (square) on BD, and the 
(square) on C D—such that their difference—(namely,) 
the (rectangle) contained by AB and BC—is square 
whenever AB and BC are similar plane (numbers). But, 
when they are not similar plane numbers, two square 
(numbers) have been found—(namely,) the (square) 
on BD, and the (square) on DC—between which the 
difference—(namely,) the (rectangle) contained by AB 
and BC-—is not square. (Which is) the very thing it was 
required to show. 
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Afiupo p’. 
Eveeiv 800 tetpaymvouc óprüpo0c, oce tov ÈE abxv 
ovYxeliuevov uù elvat xexpdtyovov. 
AH AZ T B 


© E 

"How yàp ô &x x&v AB, BT, óc Égoyev, tetekywvoc, 
xal detiog ô TA, xoi tetufodw ô TA diya x A. qavepóv 
df, Ott ô Ex x&v AB, BT tetekywvoc uecxà tot àxó [tod] 
TA tetoeayavou {ooç cotl tă àxó [tod] BA tetpayóvo. 
&Qnefjo0c uovàc 7 AE’ 6 &pa &x x&v AB, BT uexà tod 
àxó [xot] TE éAdoowv &oxt tot and [tot] BA teteayavou. 
EY ody, StL ô &x x&v AB, BP xexpéyovoc ETA tod and 
[tod] TE obx goto tetekywvoc. 

Ei yàp gota tetekywvoc, toL tooc Eotl té and [tod] 
BE f| £Aáccov x00 ånò [tod] BE, oóxéw è xoi ue(Cov, tva 
uy tun A uovác. Eotw, ei SuVATOV, TEdTEPOV O EX xv 
AB, BT uetà tod and TE (coc 16 and BE, xoi Eotw tS 
AE pová6oc SitAactwy ò HA. nel otv óXoc ô AT 6Aou 
100 TA &ox &uAaotov, àv ô AH tot AE ot dinAaclwy, 
xol Aowróc goa ó HI Aoirod tod EDI ċott ditAaotwv: diya 
doa tétunta. ó HI t& E. 6 dou èx x&v HB, BI yeta tod 
and TE {ooç &ox 16 and BE tetpayava. GA xol ô Ex 
tév AB, BT uex& tot and TE {ooç brdéxerta x6 ånò [tod] 
BE teteayove ò &pa ex x&v HB, BI petà tod and TE 
{ooç ott 16 &x x&v AB, BT uexà tot dnd TE. xoi xowod 
a&papeVEvtog tod and TE ovvéeyeta ô AB tooc tæ HB: 
dnee &tonov. ovx doa 6 ex xiv AB, BT uexà tot &nd [tod] 
TE {ooç £o 16 ano BE. Aéyo 6H, ów OSE £Aácoov TOD 
and BE. et yàp Suvatév, čotw 1G and BZ tooc, xoi tod 
AZ &wmAaotov 6 OA. xol ovvayDhoeta táv SitAdotwv 6 
OT tot TZ Hote xoi tov TO dtya tetufoau xoxà xo Z, 
xal Sia toOto tov éx tév OB, BI uexà tod and ZI toov 
yiveoVou té dnd BZ. bréxerta 68 xoi ô Ex tHv AB, BT 
uexà tod and TE tooc 16 and BZ. Hote xoi ò ex x&v OB, 
BT yexà tot and PZ (coc éotm t &x vv AB, BT uexà 
tov ano TE: ónep &tonov. obx doa 6 éx xv AB, BT uexà 
tov dnd TE tooc &ox [x68] EAdooow tod ånò BE. edetydn 
d€, StL OVSE [aoxG] TE dnd BE. oóx dpa 6 &x xv AB, BT 
yeta tov and TE tetecywvdc otv. Oreo Eder SetEau. 
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Lemma II 


To find two square numbers such that the sum of them 
is not square. 


AG DE (0 B 


H E 

For let the (number created) from (multiplying) AB 
and BC, as we said, be square. And (let) CA (be) even. 
And let CA have been cut in half at D. So it is clear 
that the square (number created) from (multiplying) AB 
and BC, plus the square on CD, is equal to the square 
on BD [see previous lemma]. Let the unit DE have 
been subtracted (from BD). Thus, the (number created) 
from (multiplying) AB and BC, plus the (square) on 
CE, is less than the square on BD. I say, therefore, that 
the square (number created) from (multiplying) AB and 
BC, plus the (square) on CE, is not square. 

For if it is square, it is either equal to the (square) 
on BE, or less than the (square) on BE, but cannot any 
more be greater (than the square on BE), lest the unit be 
divided. First of all, if possible, let the (number created) 
from (multiplying) AB and BC, plus the (square) on CE, 
be equal to the (square) on BE. And let GA be double 
the unit DE. Therefore, since the whole of AC is double 
the whole of C D, of which AG is double DE, the remain- 
der GC is thus double the remainder EC. Thus, GC has 
been cut in half at E. Thus, the (number created) from 
(multiplying) GB and BC, plus the (square) on CE, is 
equal to the square on BE [Prop. 2.6]. But, the (num- 
ber created) from (multiplying) AB and BC, plus the 
(square) on CE, was also assumed (to be) equal to the 
square on B E. Thus, the (number created) from (multi- 
plying) GB and BC, plus the (square) on CE, is equal 
to the (number created) from (multiplying) AB and BC, 
plus the (square) on C E. And subtracting the (square) on 
CE from both, AB is inferred (to be) equal to GB. The 
very thing is absurd. Thus, the (number created) from 
(multiplying) AB and BC, plus the (square) on CE, is 
not equal to the (square) on BE. So I say that (it is) not 
less than the (square) on BE either. For, if possible, let it 
be equal to the (square) on BF. And (let) HA (be) dou- 
ble DF. And it can again be inferred that HC (is) double 
CF. Hence, CH has also been cut in half at F. And, on 
account of this, the (number created) from (multiplying) 
HB and BC, plus the (square) on FC, becomes equal to 
the (square) on BF [Prop. 2.6]. And the (number cre- 
ated) from (multiplying) AB and BC, plus the (square) 
on CE, was also assumed (to be) equal to the (square) 
on BF. Hence, the (number created) from (multiplying) 
HB and BC, plus the (square) on CF, will also be equal 
to the (number created) from (multiplying) AB and BC, 
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xv. 
Eùpeiv 600 prtàs Duvåuet uóvov ouugétpouc, OTE TÙY 
uelCova ts £Àáocovoc UEiTov 80vacot T% åTÒ CUUUETEOU 
taut WXEL. 


Z 


A B 


k— m 
T E A 


"Exxctodw  Yáp tic exu ñ AB xoi 800 tetedywvor 
dpiüuol oi DA, AE, oce tiv onepoyr]v atv tov DE yh 
eivai xevpityevov, xol yeypågðw ent týs AB TfjuxoxAov tò 
AZB, xoi nerorńoðw ðs ô AT npóc tov DE, obvoc TÒ and 
tfic BA tetodywvov ngóc TÒ and ts AZ xexpéyovov, xoi 
&neCeOy o f, ZB. 

‘Enel [ov] Eotw óc tò and tis BA npóc tò àxó ts AZ, 
obxoc 6 AT ned¢ tov TE, tò and týs BA doa npóc TO ånrò 
tic AZ Xóvov Éyet, öv dowd 6 AT npóc åprðuòv tov TE: 
ovUUETeOV doa Eotl TO dnd týs BA 16 and tç AZ. Ontov 
dé TO ånò týs AB: erixóv doa xal tò &nd ts AZ: enu, pa 
xoà n AZ. xoi &nel O AT npóc tov TE Aóyov oOx Eyer, dv 
TETEaYWVOS dpuüuóc npóc vevpityovov dpuüuóv, OSE TO ATÒ 
ts BA dpa npóc tò ånò ts AZ Aóyov Éyet, Ov vexpévovoc 
apd npóc vevpéyovov dpiüuóv: KoUUUETPEOS dpa EoTiv Å 
AB tf AZ uńxev at BA, AZ dea ntal siot óuvóuet uóvov 
oOuuetpot. xoà &ne( [tot] óc ô AT npóc tov TE, obtoc 
TO and ts BA xpóc tÒ àxÓ týs AZ, åvaotpépavti doa we 
ô TA nxpóc tov AE, oŬtws tò and ts AB npóc tÒ and 
ts BZ. 6 6€ TA med¢ tov AE Aóvov Éyet, dv tetekywvoc 
dotüuóc npóc vexpéyovov åptvuóv: xol TO and ts AB &pa 
rpóc TO àmó Thc BZ Aóvov Éyet, Ov vexpévovoc apuüuóc 
xpóc ve1pétyovov dpiüuóv: oouguetpoc &pa &oxiv f, AB cfi 
BZ uie. xoí £o tÒ dnd ts AB (toov toic and tév AZ, 
ZB: f, AB dpa týs AZ uciGov G0vavot tH BZ cuugétpo 
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plus the (square) on C E. The very thing is absurd. Thus, 
the (number created) from (multiplying) AB and BC, 
plus the (square) on CE, is not equal to less than the 
(square) on B E. And it was shown that (is it) not equal 
to the (square) on B E either. Thus, the (number created) 
from (multiplying) AB and BC, plus the square on C E, 
is not square. (Which is) the very thing it was required to 
show. 


Proposition 29 


To find two rational (straight-lines which are) com- 
mensurable in square only, such that the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line which is) commensurable 
in length with the greater. 


F 


A B 


[+A 
C E D 


For let some rational (straight-line) AB be laid down, 
and two square numbers, C D and DE, such that the dif- 
ference between them, CE, is not square [Prop. 10.28 
lem. I]. And let the semi-circle AF B have been drawn on 
AB. And let it be contrived that as DC (is) to CE, so the 
square on BA (is) to the square on AF [Prop. 10.6 corr.]. 
And let FB have been joined. 

[Therefore,] since as the (square) on BA is to the 
(square) on AF, so DC (is) to CE, the (square) on 
BA thus has to the (square) on AF the ratio which 
the number DC (has) to the number CE. Thus, the 
(square) on BA is commensurable with the (square) on 
AF [Prop. 10.6]. And the (square) on AB (is) rational 
[Def. 10.4]. Thus, the (square) on AF (is) also ratio- 
nal. Thus, AF (is) also rational. And since DC does 
not have to CE the ratio which (some) square num- 
ber (has) to (some) square number, the (square) on 
BA thus does not have to the (square) on AF the ra- 
tio which (some) square number has to (some) square 
number either. Thus, AB is incommensurable in length 
with AF [Prop. 10.9]. Thus, the rational (straight-lines) 
BA and AF are commensurable in square only. And 
since as DC [is] to CE, so the (square) on BA (is) to 
the (square) on AF, thus, via conversion, as CD (is) 
to DE, so the (square) on AB (is) to the (square) on 
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tauti. 

EŬpnyta dea 600 erro Duváåuer uóvov oúvuuetpor at BA, 
AZ, ote thy ueiCova thy AB tis £A&ocovoc ts AZ uctov 
dvvaoVa xà aNd Thc BZ ovuuétpou taut urjxev Sree eer 
cita. 
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BF [Props. 5.19 corr., 3.31, 1.47]. And CD has to DE 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on AB also has to the 
(square) on BF the ratio which (some) square number 
has to (some) square number. AB is thus commensu- 
rable in length with BF [Prop. 10.9]. And the (square) 
on AB is equal to the (sum of the squares) on AF and 
FB [Prop. 1.47]. Thus, the square on AB is greater than 
(the square on) AF by (the square on) BF, (which is) 
commensurable (in length) with (AB). 

Thus, two rational (straight-lines), BA and AF, com- 
mensurable in square only, have been found such that the 
square on the greater, AB, is larger than (the square on) 
the lesser, AF, by the (square) on BF, (which is) com- 
mensurable in length with (AB).! (Which is) the very 
thing it was required to show. 


+ BA and AF have lengths 1 and V1 = K? times that of AB, respectively, where k = ,/DE/CD. 


A 
Eügpeiv 600 eritàc Guváget uóvov ouugétpouc, OTE TÙY 
ue(Cova tis &Aáccovoc ueiCov GOvacot T% aNd douupévpou 
tauti urjxet. 


Z 





A B 


T E A 


"ExxeioUüo eru f, AB xoi 600 teted&ywvor pruo oi 
TE, EA, dote tov ouvxe(uevov && adtéiv tov TA uù civar 
Tetedywvoy, xol yeypågðw ent ts AB ñuxóxňov tò AZB, 
xoi reroińoðw óc 6 AT npd¢ tov TE, oŬtws 16 dxó tS 
BA ngóc tò ånò ts AZ, xoi &neCeoy o 7 ZB. 

'Oyotoc 87; Ge(&ouev xà nxpó tovtov, óu oi BA, AZ 
entai siot SuvduEL uóvov oOupetpot. xol Emel £oxtv. WC Ò 
AT npóc tov TE, oŬtws tò and ts BA npóc tò aNd tic 
AZ, àvaoxpédjovu dpa óc 6 TA npóc tov AE, obvoc TÒ 
ano týs AB npd¢ tò and ts BZ. 6 è TA npóc tov AE 
Aóyov oOx Exel, Öv xexpéyovoc dpiüuóc npóc TeTE&ywvov 
dovüuóv: 00d’ Goa tò and tfic AB npóc tò and týs BZ Adyov 
éyel, Ov Teteaywvoc dowWuds npóc tetpåywvov &průuóv' 
déovuuEteos doa éotly f, AB tÅ BZ uńxei. xod. d0vata f 
AB «fic AZ ueiCov 16 and týs ZB &cuuuéxpou tauti. 





Proposition 30 


To find two rational (straight-lines which are) com- 
mensurable in square only, such that the square on the 
greater is larger than the (the square on) lesser by the 
(square) on (some straight-line which is) incommensu- 
rable in length with the greater. 


F 





A B 


C E D 


Let the rational (straight-line) AB be laid out, and the 
two square numbers, CE and ED, such that the sum of 
them, C D, is not square [Prop. 10.28 lem. II]. And let the 
semi-circle AF B have been drawn on AB. And let it be 
contrived that as DC (is) to CE, so the (square) on BA 
(is) to the (square) on AF [Prop. 10.6 corr]. And let FB 
have been joined. 

So, similarly to the (proposition) before this, we can 
show that BA and AF are rational (straight-lines which 
are) commensurable in square only. And since as DC is 
to C E, so the (square) on BA (is) to the (square) on AF, 
thus, via conversion, as CD (is) to DE, so the (square) on 
AB (is) to the (square) on BF [Props. 5.19 corr., 3.31, 
1.47]. And CD does not have to DE the ratio which 
(some) square number (has) to (some) square number. 
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Ai AB, AZ doa erat siot Suvduer uóvov cÓupetpot, xoi 
n AB xfic AZ ueiCov Svvata 16 dnd ts ZB àouupévpou 
tauti uńxer ónep Eder Seigo. 
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Thus, the (square) on AB does not have to the (square) 
on BF the ratio which (some) square number has to 
(some) square number either. Thus, AB is incommensu- 
rable in length with BF [Prop. 10.9]. And the square on 
AB is greater than the (square on) AF by the (square) on 
F B [Prop. 1.47], (which is) incommensurable (in length) 
with (AB). 

Thus, AB and AF are rational (straight-lines which 
are) commensurable in square only, and the square on 
AB is greater than (the square on) AF by the (square) on 
F B, (which is) incommensurable (in length) with (AB). 
(Which is) the very thing it was required to show. 


+ AB and AF have lengths 1 and 1/V1 + k2 times that of AB, respectively, where k = \/DE/CE. 


Aa. 


Eüpciv 600 uéooac Ouváuet uóvov OUUUETEOUC ernoóv 
xepieyo0oac, Bote thy uelCova tc &Aáooovoc ucitov 
60votcoot TE AMO OUUUETOOU &aucf| urjxet. 





A B T A 


"Exxeíoooav 600 Eyntol óuváust uóvov oOuperpot al A, 
B, dote thy A ue(Cova oboay tis £A&ooovoc týs B uciZov 
60votoot TE AMO OUUUETEOL taut UAXEL. xol TES UMO TOV 
A, B tcov čotw tò ànó tis T. uécov ðè tò ono xv A, B: 
uécov doa xal TO ano ts I" uéon tow xoà HT. 165 bE ano 
tis B (oov Eotw tò Und x&v T, A: pytov õè tò and Tic B: 
Entov doa xal tò Und x&v T, A. xoi Enel Eotw óc f| A npóc 
thy B, obxoc tÒ onó xv A, B npóc 16 ånò ts B, HAAG x6 
u&v Uno xv A, B {oov £o 16 and ts T, 16 96 and ts 
B ícov tò òrò x&v T, A, óc doa Å A npóc thy B, obxoc 
TÒ dno ts T npóc tò nd tev T, A. óc BE tò and tis T 
mpd¢ TO Und THVT, A, oŬtws HT góc thy A> xol óc &pa 
n A xpóc thy B, obcxoc HT npóc thy A. obueteos òè f| A 
t B duvéuer uóvov: obuUETeOc doa xoi 7 D tH A Suveuer 
uóvov. xaí ott uéon fj T: uéon doa xoà n A. xoi Enel Eotw 
óc f, A ngóc thy B, HT npóc thy A, f| 6€ A týs B uctov 
O0varxot TE AMO cuugévpou tauti, xoi NT doa tic A ueitov 
60varxat. TE AMO cuugécpou AUTH}. 

EŬŭpnvta dea 600 u£oot 6uváuet uóvov oppeto ot T, 


Proposition 31 


To find two medial (straight-lines), commensurable in 
square only, (and) containing a rational (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com- 
mensurable in length with the greater. 





A B C D 

Let two rational (straight-lines), A and B, commensu- 
rable in square only, be laid out, such that the square on 
the greater A is larger than the (square on the) lesser B 
by the (square) on (some straight-line) commensurable 
in length with (A) [Prop. 10.29]. And let the (square) 
on C be equal to the (rectangle contained) by A and B. 
And the (rectangle contained by) A and P (is) medial 
[Prop. 10.21]. Thus, the (square) on C (is) also medial. 
Thus, C (is) also medial [Prop. 10.21]. And let the (rect- 
angle contained) by C and D be equal to the (square) 
on B. And the (square) on B (is) rational. Thus, the 
(rectangle contained) by C and D (is) also rational. And 
since as A is to B, so the (rectangle contained) by A and 
B (is) to the (square) on B [Prop. 10.21 lem.], but the 
(square) on C is equal to the (rectangle contained) by 
A and B, and the (rectangle contained) by C and D to 
the (square) on B, thus as A (is) to B, so the (square) 
on C (is) to the (rectangle contained) by C and D. And 
as the (square) on C (is) to the (rectangle contained) by 
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A pntov nepiéyouocoat, xo À T ts A ueiCov Suvata xG ad 
OUUUETEOL taut WXEL. 

‘Ouoiws 97) Setydhoetou xol T dnd KoUUUETEOL, OTAV Å 
A täs B uctov S0vnta T and &cuugéxpou tauti. 
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C and D, so C (is) to D [Prop. 10.21 lem.]. And thus 
as A (is) to B, so C (is) to D. And A is commensurable 
in square only with B. Thus, C (is) also commensurable 
in square only with D [Prop. 10.11]. And C is medial. 
Thus, D (is) also medial [Prop. 10.23]. And since as A is 
to B, (so) C (is) to D, and the square on A is greater than 
(the square on) B by the (square) on (some straight-line) 
commensurable (in length) with (A), the square on C is 
thus also greater than (the square on) D by the (square) 
on (some straight-line) commensurable (in length) with 
(C) [Prop. 10.14]. 

Thus, two medial (straight-lines), C and D, commen- 
surable in square only, (and) containing a rational (area), 
have been found. And the square on C is greater than 
(the square on) D by the (square) on (some straight-line) 
commensurable in length with (C).! 

So, similarly (the proposition) can also be demon- 
strated for (some straight-line) incommensurable (in 
length with C), provided that the square on A is greater 
than (the square on B) by the (square) on (some 
straight-line) incommensurable (in length) with (A) 
[Prop. 10.30].* 


t C and D have lengths (1 — k?)1/4 and (1 — k?)3/4 times that of A, respectively, where k is defined in the footnote to Prop. 10.29. 


* C and D would have lengths 1/(1 + k?)!/4 and 1/(1 + k?)?/4 times that of A, respectively, where k is defined in the footnote to Prop. 10.30. 


Ap 
Eüpciv 600 uéooc Ouvóuet uóvov cuuuétpouc uéoov 
repi£eyo0cac, ote thy ue(Cova tc &£Aáooovoc uecitov 
60vacot TE ATÒ cuuuévpou XUT. 








A j 
B | 


| p 











‘Exxetodwoay tpeic prtal Suvduet uóvov ooupetpot oi 
A, B, T, óoxe thy A tic l' ueiGov 60vactot 16 and 
cuugéxpou auti, xol TG u£v UNO TeV A, B {oov Eotw TÒ 
ano thc A. uécov doa TO ånò týs A> xoà fj A dow Leon 
éotiv. xà è Und tév B, T {oov Zotw tò tnd tév A, E. 
xoi énet Eotwv Wc TO UNO xv A, B npóc tò Und x&v B, T, 
obxoc f| A npóc viv D, GAAG 1H ev bn vv A, B toov 
éotl tO and tic A, 16 Se Und tõv B, T (cov tO nó xGv 
A, E, gotw &pa òs f, A npóc THY D, o0voc TÒ and ts A 
npóc TO Und vv A, E. óc Õè tò and tic A npóc TO ono 
t&v A, E, obxoc fj A npóc thy E: xoi wc toa A med¢ Thy 
T, ottwe fj A npóc thy E. obuueteoc 82 H A tH T Suvduer 
[uóvov]. oúuuetpos &po xoà A A tH E Guvápet uóvov. uéor 


Proposition 32 


To find two medial (straight-lines), commensurable in 
square only, (and) containing a medial (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com- 
mensurable (in length) with the greater. 

A —————————— D a | 


E —— 


Cr 

Let three rational (straight-lines), A, B and C, com- 
mensurable in square only, be laid out such that the 
square on A is greater than (the square on C) by the 
(square) on (some straight-line) commensurable (in 
length) with (A) [Prop. 10.29]. And let the (square) 
on D be equal to the (rectangle contained) by A and B. 
Thus, the (square) on D (is) medial. Thus, D is also me- 
dial [Prop. 10.21]. And let the (rectangle contained) by 
D and E be equal to the (rectangle contained) by B and 
C. And since as the (rectangle contained) by A and B 
is to the (rectangle contained) by B and C, so A (is) to 
C [Prop. 10.21 lem.], but the (square) on D is equal to 
the (rectangle contained) by A and B, and the (rectangle 
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dé f, A: uéor, doa xoi f| E. xal &ne( otv óc Å A npóc Thy 
T, fj A npóc thy E, 5j 66 A tic T uciCov Svvata xà and 
cuugéxpou aut, xoi f| A &pa ts E ueiCov duvýoecta x 
ONO ougugéxpou aut. Aéyw OH, StL xol u£cov EoT TO ÙTÒ 
t&v A, E. énet yàp toov &oxi tò nò x&v B, T và nó xGv 
A, E, uécov ðè tò òrò x&v B, T [oi yàp B, T ọntaí cio 
duvéuet uóvov oOuguexpor], uécov doa xoi tò Und x&v A, E. 

EŬŭpnvta dpa 600 péso Oóvuváuet uóvov oúÚuuETpOL oi 
A, E uécov nepiéyoucot, dote tiv ue(Cova cxfjc &Aiáooovoc 
ueiGov SbvacVau 1G ånò cuupéxpou tauti. 

'Ouotoc 07] náv OreyOrjoevot xol TG ATÒ douugétpou, 
óxav f; A tc D ueiCov 6ovryvot T dnd &ouuuérpou EaUTY. 
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contained) by D and E to the (rectangle contained) by 
B and C, thus as A is to C, so the (square) on D (is) 
to the (rectangle contained) by D and E. And as the 
(square) on D (is) to the (rectangle contained) by D and 
E, so D (is) to E [Prop. 10.21 lem.]. And thus as A 
(is) to C, so D (is) to E. And A (is) commensurable in 
square [only] with C. Thus, D (is) also commensurable 
in square only with E [Prop. 10.11]. And D (is) me- 
dial. Thus, E (is) also medial [Prop. 10.23]. And since 
as A is to C, (so) D (is) to E, and the square on A is 
greater than (the square on) C by the (square) on (some 
straight-line) commensurable (in length) with (A), the 
square on D will thus also be greater than (the square 
on) E by the (square) on (some straight-line) commen- 
surable (in length) with (D) [Prop. 10.14]. So, I also 
say that the (rectangle contained) by D and E is medial. 
For since the (rectangle contained) by B and C is equal 
to the (rectangle contained) by D and E, and the (rect- 
angle contained) by B and C (is) medial [for B and C 
are rational (straight-lines which are) commensurable in 
square only] [Prop. 10.21], the (rectangle contained) by 
D and E (is) thus also medial. 

Thus, two medial (straight-lines), D and E, commen- 
surable in square only, (and) containing a medial (area), 
have been found such that the square on the greater is 
larger than the (square on the) lesser by the (square) on 
(some straight-line) commensurable (in length) with the 
greater.!. 

So, similarly (the proposition) can again also be 
demonstrated for (some straight-line) incommensurable 
(in length with the greater), provided that the square on 
A is greater than (the square on) C by the (square) on 
(some straight-line) incommensurable (in length) with 
(A) [Prop. 10.30].* 


+ D and E have lengths k’1/4 and k’!/4,/1 — k? times that of A, respectively, where the length of B is k/!/? times that of A, and k is defined in 


the footnote to Prop. 10.29. 


t D and E would have lengths k’1/4 and k/1/4/4/1 + k? times that of A, respectively, where the length of B is k’1/? times that of A, and k is 


defined in the footnote to Prop. 10.30. 


Afiuga. 
"Eoo toetywvov ópüovovwov tò ABT ópüTiv Éyov thy 
A, xoi Aya xéüexoc 7 AA: Aévo, ÖT TO uèv òrò vv PBA 
{oov &cxi 1G and ts BA, tÒ 68 ónó x&v BTA {oov t and 
tic TA, xoi tò òrò x&v BA, AT tcov t& and ts AA, xoi 
&u tò Und xv BT, AA toov [£o] 16 nò x&v BA, AT. 
Koi npgóxov, óu tò ónó x&v TBA tcov [£od] t &nd 


ts BA. 


Lemma 


Let ABC be a right-angled triangle having the (an- 
gle) A a right-angle. And let the perpendicular AD have 
been drawn. I say that the (rectangle contained) by CBD 
is equal to the (square) on BA, and the (rectangle con- 
tained) by BCD (is) equal to the (square) on CA, and 
the (rectangle contained) by B.D and DC (is) equal to the 
(square) on AD, and, further, the (rectangle contained) 
by BC and AD [is] equal to the (rectangle contained) by 
BA and AC. 
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And, first of all, (let us prove) that the (rectangle con- 
tained) by CBD [is] equal to the (square) on BA. 








‘Enel yàp &v 0püovovio tpuyovo ano Tic ptis Ywvlac 
êm thy Baow xóüexoc Fxta f) AA, xà ABA, AAT doa 
totywva óuot& got T te óc t ABT xoi GAAHAOIC. xol 
&nel ópotóv ċott TO ABT toetywvov 16 ABA xpiyóvo, Eotw 
&pa óc WTB npd¢ thy BA, obvoc 5| BA ngóc thy BA: tò 
&pga ono t&v TBA toov £o 16 and ts AB. 

Aià xà HTH 97) xoi TO UNS t&v BTA (oov Eotl 1G and 
tic AT. 

Koi énet, &kv ev opÜovovlo Teryava ano ts ópüfjc 
yoviag ent thy Báotv xadetoc àx, 7 ayVeton x&v ts 
Bdoews tunudtwv uéor åváňoyóv &£owv, EoTW doa óc f| BA 
mpdc¢ thy AA, obxoc f, AA npóc tiv AT: 16 doa bnd xGv 
BA, AT ioov éoti 16 and ts AA. 

Aéyw, Ó xol tò Und vv BT, AA {oov Eotl t& Und 
t&v BA, AT. ¿nel yàp, Òs Epauev, óuotóv ċott tò ABT t& 
ABA, éotw tea óc f, BT ngóc thy TA, oŬtws f, BA npóc 
thy AA. 16 doa bn6 t&v BT, AA (cov £o 16 nó 1Gv 


BA, AI" énep gder Seton. 


AY. 

Eùpeŭv 600 evdetac SuvduEL douuuérpouc TOLOVOQAÇ TO 
u&v ovyxetuevoy Ex t&v AT’ AUTHY TETPAYOVWV PYTOV, TO 
6. Un’ adtév uécov. 

‘Exxetoduoay 000 ental Suvder uóvov OUUUETEOL oi 
AB, BT, ote thy uetCova thy AB ts EAdhooovoc ts BT 
uciCov 60vacot T dnd douLETEOU aut, xol TetUHOVY Å 
BI diya xoà tò A, xoi 16 dey’ óroxépgoc x&v BA, AT toov 
rapi thy AB napaSeBAjodw napoXXnAÓóypouuov &XXeixov 
eldet vevpaty vo, xal £o TO UNO x&v AEB, xoi vevpóüo 
én týs AB nuxóxňov tò AZB, xoi Hydw tH AB npóc 


For since AD has been drawn from the right-angle in 
a right-angled triangle, perpendicular to the base, ABD 
and ADC are thus triangles (which are) similar to the 
whole, ABC, and to one another [Prop. 6.8]. And since 
triangle ABC is similar to triangle ABD, thus as CB is 
to BA, so BA (is) to BD [Prop. 6.4]. Thus, the (rectan- 
gle contained) by CBD is equal to the (square) on AB 
[Prop. 6.17]. 

So, for the same (reasons), the (rectangle contained) 
by BCD is also equal to the (square) on AC. 

And since if a (straight-line) is drawn from the right- 
angle in a right-angled triangle, perpendicular to the 
base, the (straight-line so) drawn is the mean propor- 
tional to the pieces of the base [Prop. 6.8 corr.], thus as 
BD is to DA, so AD (is) to DC. Thus, the (rectangle 
contained) by BD and DC is equal to the (square) on 
DA [Prop. 6.17]. 

I also say that the (rectangle contained) by BC and 
AD is equal to the (rectangle contained) by BA and AC. 
For since, as we said, ABC is similar to ABD, thus as BC 
is to CA, so BA (is) to AD [Prop. 6.4]. Thus, the (rectan- 
gle contained) by BC and AD is equal to the (rectangle 
contained) by BA and AC [Prop. 6.16]. (Which is) the 
very thing it was required to show. 


Proposition 33 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial. 

Let the two rational (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
such that the square on the greater, AB, is larger than 
(the square on) the lesser, BC, by the (square) on (some 
straight-line which is) incommensurable (in length) with 
(AB) [Prop. 10.30]. And let BC have been cut in half at 
D. And let a parallelogram equal to the (square) on ei- 
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opvac Ñ EZ, xoi exeTevyDwoav oi AZ, ZB. 


A E B A D 

Koi énel [dúo] evdeta &vico( ciow at AB, BI, xoi À 
AB «fic BI uciGov Sbvato 16 &nd douugéxpou tauti, 
16 È xevápto tol and týs BD, toutéott 16 and tic 
Nutostac adtiic, (cov napà thy AB napapéßànto tapad- 
Anàóypauuov edAcinov eldet tetoxyave xol roii TO Ono 
t&v AEB, dovuueteoc pa Eotiv f| AE xfj EB. xot gotw we 
n AE npóc EB, obxoc tò tnd xv BA, AE npóc tò ono 
t&v AB, BE, {oov dé 16 u£v ónó x&v BA, AE 16 ånò ts 
AZ, tò dé onó x&v AB, BE 16 and tc BZ: dovuueteov 
&pa oti tò and týs AZ xG and ts ZB: at AZ, ZB &pa 
Ouvápet ciolv dobuUETeOL. xoi &nel f, AB nth ouv, bntòv 
dea &oxl xoi tO and ts AB: Hote xoi tÒ cuYvxeiuevov &x 
t&v and tv AZ, ZB ntóv &oxtv.. xoà Enel néAw tO Ono 
t&v AE, EB toov &oxi x& and tis EZ, brdxert dé TÒ ono 
t&v AE, EB xa xà and tfc BA toov, ton pa &oxiv 7 ZE 
tfj BA: ou f| ea A BT the ZE: ote xoi tò Und x&v AB, 
BT obyuetedv £o t Und x&v AB, EZ. uécov dé tò nó 
t&v AB, BI" uécov &pa xoi tò ónó x&v AB, EZ. (cov dé 
tÒ Ono Tév AB, EZ 16 nó x&v AZ, ZB: uécov &pa xoà tO 
oro xv AZ, ZB. edetydn 6& xoi erxóv TO cuYxecíuevov Ex 
TOV AT’ AÙTÕV tETQor vov. 

Evenvra. dea dvo evdeion Suvduer dobuUEtpeor at AZ, ZB 
TOLOUGAL TO UEV OUYXEÍEVOV EX TOV AT’ atv TETOXYOVWV 
Ontov, TO dé UN’ abxv uécov: ónep Eder Deléon. 





ELEMENTS BOOK 10 


ther of BD or DC, (and) falling short by a square figure, 
have been applied to AB [Prop. 6.28], and let it be the 
(rectangle contained) by AEB. And let the semi-circle 
AFB have been drawn on AB. And let EF have been 
drawn at right-angles to AB. And let AF and FB have 
been joined. 


F 





A E B D C 

And since AB and BC are [two] unequal straight- 
lines, and the square on AB is greater than (the square 
on) BC by the (square) on (some straight-line which is) 
incommensurable (in length) with (AB). And a paral- 
lelogram, equal to one quarter of the (square) on BC— 
that is to say, (equal) to the (square) on half of it—(and) 
falling short by a square figure, has been applied to AB, 
and makes the (rectangle contained) by AEB. AE is thus 
incommensurable (in length) with EB [Prop. 10.18]. 
And as AE is to EB, so the (rectangle contained) by BA 
and AE (is) to the (rectangle contained) by AB and BE. 
And the (rectangle contained) by BA and AE (is) equal 
to the (square) on AF, and the (rectangle contained) by 
AB and BE to the (square) on BF [Prop. 10.32 lem.]. 
The (square) on AF is thus incommensurable with the 
(square) on FB [Prop. 10.11]. Thus, AF and FB are in- 
commensurable in square. And since AB is rational, the 
(square) on AB is also rational. Hence, the sum of the 
(squares) on AF and FB is also rational [Prop. 1.47]. 
And, again, since the (rectangle contained) by AE and 
EB is equal to the (square) on EF, and the (rectangle 
contained) by AE and EB was assumed (to be) equal to 
the (square) on BD, FE is thus equal to BD. Thus, BC 
is double FE. And hence the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con- 
tained) by AB and EF [Prop. 10.6]. And the (rectan- 
gle contained) by AB and BC (is) medial [Prop. 10.21]. 
Thus, the (rectangle contained) by AB and EF (is) also 
medial [Prop. 10.23 corr.]. And the (rectangle contained) 
by AB and EF (is) equal to the (rectangle contained) by 
AF and F B [Prop. 10.32 lem.]. Thus, the (rectangle con- 
tained) by AF and FB (is) also medial. And the sum of 
the squares on them was also shown (to be) rational. 

Thus, the two straight-lines, AF and FB, (which are) 
incommensurable in square, have been found, making 
the sum of the squares on them rational, and the (rectan- 
gle contained) by them medial. (Which is) the very thing 
it was required to show. 
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+ AF and FB have lengths 
footnote to Prop. 10.30. 


[1 + k/(1 + k2)1/2]/2 and 


dO’. 


Eüpeiv 600 evdetac SuvduEL HOUUUETECOUC TOLODOUC TO 
u&v ouyxeiuevoy Èx x&v am’ AÙTÕYV TETPAYOVWV uéoov, TO 
©’ bn’ abdtév ENtov. 


A 





A Z B E T 

‘Exxetodwoay 600 uéoot Duváuet uóvov oÚppETpOL oi 
AB, BT 6ntov nepiéyoucot tò br’ adtév, Hote thy AB 
tfi; BI ueiCov 60vocot t and &ouuuévpou taut, xol 
yeyedp0e £r týs AB tò AAB jutxdxdtov, xoi xexurjoto 
n BT diya xoxà tò E, xoi napaBeBAfjodw nape thy AB 
16) and týs BE toov napaňànàóypauuov EAAcinov eldet te- 
toeayavy tO bro xv AZB: åoúuuctpos &pa [£oxiv] 7 AZ 
tÑ ZB urjxet. xol xvw and tot Z xfj AB npóc deduce H ZA, 
xoi &neCeOy0ooov at AA, AB. 

Enc) dobuuetedc otv f; AZ xij ZB, àoouguexpov dow 
£o xol TO Und xàv BA, AZ x6 rò t&v AB, BZ. tcov 6€ 
TO uèv UNO vv BA, AZ 16 and ts AA, 16 6€ onó xGv 
AB, BZ x6 and týs AB: åoúuuetpov doa ott xoi TÒ àmó 
tfc AA 16 ånò tic AB. xol Enel uécov Eotl TO and TS 
AB, uécov dea xoi tò cuvxe(uevov Ex THv dnd xv AA, 
AB. xoi Enel Gu f, otw f, BT týs AZ, SitAdcowov goa xoi 
tO Uno t&v AB, BT tod ono xGv AB, ZA. enxóv dé tO ono 
t&v AB, BT: éntov doa xal tò Und vv AB, ZA. tÒ 68 ono 
tõv AB, ZA ïoov 16 nò x&v AA, AB: ote xoi tO nd 
t&v AA, AB $enxóv éotv. 

Evenvra dea 800 cvdeta Suvduer &oouperpot at AA, 
AB notobcat tò |u£v] ouyxeluevov &x tév an’ adtédy TE- 
tpgoyovov uécov, TO ©’ Un’ adtév ONTdv’ ónep Eder Seigau. 
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[1 — k/(1 + k2)1/2]/2 times that of AB, respectively, where k is defined in the 


Proposition 34 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational. 


D 


A F B E C 

Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
having the (rectangle contained) by them rational, (and) 
such that the square on AB is greater than (the square 
on) BC by the (square) on (some straight-line) incom- 
mensurable (in length) with (AB) [Prop. 10.31]. And 
let the semi-circle ADB have been drawn on AB. And 
let BC have been cut in half at E. And let a (rectangu- 
lar) parallelogram equal to the (square) on BE, (and) 
falling short by a square figure, have been applied to 
AB, (and let it be) the (rectangle contained by) AF B 
[Prop. 6.28]. Thus, AF [is] incommensurable in length 
with FB [Prop. 10.18]. And let FD have been drawn 
from F at right-angles to AB. And let AD and DB have 
been joined. 

Since AF is incommensurable (in length) with FB, 
the (rectangle contained) by BA and AF is thus also 
incommensurable with the (rectangle contained) by AB 
and BF [Prop. 10.11]. And the (rectangle contained) by 
BA and AF (is) equal to the (square) on AD, and the 
(rectangle contained) by AB and BF to the (square) on 
DB [Prop. 10.32 lem.]. Thus, the (square) on AD is also 
incommensurable with the (square) on DB. And since 
the (square) on AB is medial, the sum of the (squares) 
on AD and DB (is) thus also medial [Props. 3.31, 1.47]. 
And since BC is double DF [see previous proposition], 
the (rectangle contained) by AB and BC (is) thus also 
double the (rectangle contained) by AB and FD. And 
the (rectangle contained) by AB and BC (is) rational. 
Thus, the (rectangle contained) by AB and FD (is) also 
rational [Prop. 10.6, Def. 10.4]. And the (rectangle con- 
tained) by AB and FD (is) equal to the (rectangle con- 
tained) by AD and DB [Prop. 10.32 lem.]. And hence 
the (rectangle contained) by AD and DB is rational. 

Thus, two straight-lines, AD and DB, (which are) in- 
commensurable in square, have been found, making the 
sum of the squares on them medial, and the (rectangle 
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t AD and DB have lengths 4/[(1 + k2)!/2 + k]/[2 (1 + k2)] and 
defined in the footnote to Prop. 10.29. 


^ 
he’. 
Eügpciv 600 evdetac Duváuet douuuétpouc TOLOVOQAÇ TÓ 
Te ouyxeluevov EX xv àT’ ATHY tetpoY vov uéoov xol 


TO UM qÙTÕV u£cov xol ETL &oOupuexpov TGS ouvxetu£vo EX 
TOV AT’ AÙTÕV teTpotY ovo. 


A 





A Z B E DL 

‘Exxetodwoay 600 uéoot Suvduet uóvov oÚppETpOL oi 
AB, BT uécov nepiéyoucot, ote thy AB ts BP uciZov 
SvvAOVEL TH ATO HOVUUETEOL taut, xol yeyedpde Ent thc 
AB ñuxóxňov tò AAB, xoi xà Aou Yevovéxo xoic &návo 
op olcc. 

Koi é&nei dovuetedc &ov À AZ xfj ZB urjxet, dobuuete- 
óc &ot xal f| AA xf; AB Suvduer. xoi Exel uécov toT} tÒ 
ano ts AB, uécov doa xoi tÒ ouyxeluevov Ex THY amo 
tov AA, AB. xoi Exel tò òrò xv AZ, ZB toov toti t ep’ 
&xoxépac vv BE, AZ, ton &pa &oxiv f, BE xf, AZ: Gu 
&pa 1) BT ts ZA: Hote xoi 16 onó x&v AB, BT 6Aóotóv 
£c tov Und x&v AB, ZA. uécov dé tò Und x&v AB, BT: 
Uécov &pa xoi tò ono xv AB, ZA. xat ott oov t ono 
t&v AA, AB: uécov dpa xal tÒ On6 x&v AA, AB. xoi nel 
&cougepóc &ovv f, AB «xfj BT urpcet, oóuguexpoc dé fj DB 
xfj BE, aobuueteoc doa xoi 7 AB xfj BE uńxer ote xoi tò 
ano ts AB 16 nrò x&v AB, BE åoúvupetpóv gotw. GA 
TG) u£v ano rfj AB (ca cot xà and x&v AA, AB, tw 6€ 
ono t&v AB, BE {oov &ox tò Und xGv AB, ZA, toutéott 
TÒ ónó x&v AA, AB: åoúvuuetpov dea &oxi TÒ cuyxetuevov 
éx tv and 1v AA, AB xà rò x&v AA, AB. 

Etenvra &po 600 cde ot AA, AB duvduer ådÓuuETpOL 
roto0cot TÓ te ouYxe(uevov Ex Tév an’ aAvTESV uéocov xoi 
TO UM aUTGY u£cov xal ETL AOUUMETEOV TES ouvxetu£vo EX 
TOV AN’ KUTGY vevpoty vov: STE Eder Deiko. 
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contained) by them rational.! (Which is) the very thing it 
was required to show. 


[(1 + k2)1/2 — k]/[2 (1 + k2)] times that of AB, respectively, where k is 


Proposition 35 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them medial, 
and, moreover, incommensurable with the sum of the 
squares on them. 


D 


A F B E C 

Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
containing a medial (area), such that the square on AB 
is greater than (the square on) BC by the (square) on 
(some straight-line) incommensurable (in length) with 
(AB) [Prop. 10.32]. And let the semi-circle ADB have 
been drawn on AB. And let the remainder (of the figure) 
be generated similarly to the above (proposition). 

And since AF is incommensurable in length with FB 
[Prop. 10.18], AD is also incommensurable in square 
with DB [Prop. 10.11]. And since the (square) on AB 
is medial, the sum of the (squares) on AD and DB (is) 
thus also medial [Props. 3.31, 1.47]. And since the (rect- 
angle contained) by AF and FB is equal to the (square) 
on each of BE and DF, BE is thus equal to DF. Thus, 
BC (is) double FD. And hence the (rectangle contained) 
by AB and BC is double the (rectangle) contained by 
AB and FD. And the (rectangle contained) by AB and 
BC (is) medial. Thus, the (rectangle contained) by AB 
and FD (is) also medial. And it is equal to the (rectan- 
gle contained) by AD and DB [Prop. 10.32 lem.]. Thus, 
the (rectangle contained) by AD and DB (is) also me- 
dial. And since AB is incommensurable in length with 
BC, and CB (is) commensurable (in length) with BE, 
AB (is) thus also incommensurable in length with BE 
[Prop. 10.13]. And hence the (square) on AB is also 
incommensurable with the (rectangle contained) by AB 
and BE [Prop. 10.11]. But the (sum of the squares) on 
AD and DB is equal to the (square) on AB [Prop. 1.47]. 
And the (rectangle contained) by AB and F D—that is to 
say, the (rectangle contained) by AD and DB—is equal 
to the (rectangle contained) by AB and BE. Thus, the 
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sum of the (squares) on AD and DB is incommensurable 
with the (rectangle contained) by AD and DB. 

Thus, two straight-lines, AD and DB, (which are) in- 
commensurable in square, have been found, making the 
sum of the (squares) on them medial, and the (rectangle 
contained) by them medial, and, moreover, incommensu- 
rable with the sum of the squares on them.’ (Which is) 
the very thing it was required to show. 





t AD and DB have lengths eun p +k/(1 + k2)1/2]/2 and enn — k/(1 + k2)1/2]/2 times that of AB, respectively, where k and k’ are 


defined in the footnote to Prop. 10.32. 
Ae. 


"E&v 600 ntal Suvduet uóvov oougetpot OUVTEdéoW, À 
OAN ğoyóç £oxtv, xaAcioDu be £x 600 OvOUdTWV. 





] ! | 
A B T 

Xuvxs(odooav yàp 600 ryto Õuvåuet uóvov oOuuetpot 
at AB, BT: Aévo, Str öAN H AU &Aoyóc otw. 

‘Emel yàp cobuuetedc &ovv f, AB xfj BP urjxev Gováyet 
yàp uóvov ciol oougetpov óc õè f| AB npóc thy BT, obxoc 
TÒ Und 1&v ABT npóc 16 and ts BT, àoóuuevpov &pa £oxi 
to bn t&v AB, BT té and týs BI. àAAà 16 ev ONO xGv 
AB, BT obyuetedv &ox TÒ dic Und t&v AB, BI, 16 5 and 
ts BT otuyete& &ox xà and vv AB, BI" of yàp AB, BT 
entat siot Suvdet uóvov oóugetpov &obuuerpov doa EoTl TO 
dic Un vóv AB, BT xoic àxó xóv AB, BT. xoi cuvdévt tO 
dic ónó vv AB, BT petà vv dnd tæv AB, BT, toutéott 
TÒ dnd tic AT, åoúuuetpóv &ox TH ouYxewévo Ex xv 
ano t&v AB, BI" enióv 06 tò ouyxe(uevov Ex xGv and 
tév AB, BT: &Aovov &pa [toti] tò dnd ts AT: Bote xoà Å 
AT &Xoyóc Eotw, xareloDu dé Ex 600 dvoudtwv’ STEP Edel 
Seton. 


t Literally, “from two names”. 


Proposition 36 


If two rational (straight-lines which are) commensu- 
rable in square only are added together then the whole 
(straight-line) is irrational—let it be called a binomial 
(straight-line).! 

H ! | 
A B C 

For let the two rational (straight-lines), AB and BC, 
(which are) commensurable in square only, be laid down 
together. I say that the whole (straight-line), AC, is irra- 
tional. For since AB is incommensurable in length with 
BC—for they are commensurable in square only—and as 
AB (is) to BC, so the (rectangle contained) by ABC (is) 
to the (square) on BC, the (rectangle contained) by AB 
and BC is thus incommensurable with the (square) on 
BC [Prop. 10.11]. But, twice the (rectangle contained) 
by AB and BC is commensurable with the (rectangle 
contained) by AB and BC [Prop. 10.6]. And (the sum 
of) the (squares) on AB and BC is commensurable with 
the (square) on BC—for the rational (straight-lines) AB 
and BC are commensurable in square only [Prop. 10.15]. 
Thus, twice the (rectangle contained) by AB and BC is 
incommensurable with (the sum of) the (squares) on AB 
and BC [Prop. 10.13]. And, via composition, twice the 
(rectangle contained) by AB and BC, plus (the sum of) 
the (squares) on AB and BC—that is to say, the (square) 
on AC [Prop. 2.4]—is incommensurable with the sum of 
the (squares) on AB and BC [Prop. 10.16]. And the sum 
of the (squares) on AB and BC (is) rational. Thus, the 
(square) on AC [is] irrational [Def. 10.4]. Hence, AC 
is also irrational [Def. 10.4]—let it be called a binomial 
(straight-line).t (Which is) the very thing it was required 
to show. 





t Thus, a binomial straight-line has a length expressible as 1 + k!/? [or, more generally, p (1 + k!/2), where p is rational—the same proviso 


applies to the definitions in the following propositions]. The binomial and the corresponding apotome, whose length is expressible as 1 — k1/2 
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(see Prop. 10.73), are the positive roots of the quartic x^ — 2 (+k) ve + (1— k)? =0. 


AC 
'Eàv 600 Ugo Ouváuet uóvov OVUUETEOL ouvteüGot 
ENTov neptéyouoot, fj OAN &AovÓc Eotw, xoAe(oto SE Ex 
600 UEOWY TEWTY). 





A B D 


huyxetodwoay yàp 600 u£cot SuVaUEL uóvov oOuuetpot 
oi AB, BT 6xxóv negtéyoucav Aéyo, Sti GAH Å AT &Aoyóc 
£ov. 

‘Emel yàp àoóugevpóc &ovv f, AB cf; BI urpet, xoi xà 
ano tv AB, BT doa åoúuuetpá ċott 1G Sic Und xv AB, 
BT: xoi cuvüévu xà and Gv AB, BT uexà tod dic O16 xGv 
AB, BT, ónep &oxi tò and tis AT, åoúuuetTpóv &ox T ono 
t&v AB, BT. 6nxóv dé tò Und x&v AB, BI" brdxewta yàp 
at AB, BT ọntòv nepiéyouom GAoyvov doa tò àxó týs AT: 
&Aovoc doa Å AT, xaArctodw ðè Ex 600 uécov TOTH: STEP 
der dekoa. 


t Literally, “first from two medials”. 


Proposition 37 


If two medial (straight-lines), commensurable in 
square only, which contain a rational (area), are added 
together then the whole (straight-line) is irrational—let 
it be called a first bimedial (straight-line).t 

—— y 


A B C 


For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a ratio- 
nal (area), be laid down together. I say that the whole 
(straight-line), AC, is irrational. 

For since AB is incommensurable in length with BC, 
(the sum of) the (squares) on AB and BC is thus also in- 
commensurable with twice the (rectangle contained) by 
AB and BC [see previous proposition]. And, via com- 
position, (the sum of) the (squares) on AB and BC, 
plus twice the (rectangle contained) by AB and BC— 
that is, the (square) on AC [Prop. 2.4]—is incommen- 
surable with the (rectangle contained) by AB and BC 
[Prop. 10.16]. And the (rectangle contained) by AB and 
BC (is) rational—for AB and BC were assumed to en- 
close a rational (area). Thus, the (square) on AC (is) 
irrational. Thus, AC (is) irrational [Def. 10.4]—let it be 
called a first bimedial (straight-line).* (Which is) the very 
thing it was required to show. 


t Thus, a first bimedial straight-line has a length expressible as k!/4 + k3/4, The first bimedial and the corresponding first apotome of a medial, 
whose length is expressible as k1/4 — k3/4 (see Prop. 10.74), are the positive roots of the quartic x4 — 2 Vk (1+ k) £? +k (1— k)? =0. 


An 
'Eàv 600 Ugo Ouváuet uóvov oougetpot ouvteüGot 
Uécov nepiéyouoat, GAN &AoYÓc otv, xadciodw bE Ex 
600 UEOWY Ouetépa. 


A B D 





A 

















E Z 


Xuvxs(odoocav yàp 600 yea SuVaUEL uóvov oOuuetpot 
at AB, BT uécov nepiéyouom Aéyo, Sti &Xoyóc &ovv f| 


Proposition 38 


If two medial (straight-lines), commensurable in square 
only, which contain a medial (area), are added together 
then the whole (straight-line) is irrational—let it be 
called a second bimedial (straight-line). 











A B C 
D H G 
E F 


For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a medial 
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AT. 

"E»oxe(o0o yàp ont? f, AE, xoi 16 and tis AT toov nape 
thy AE napgofepAfio0o tò AZ rAc&tog rovOv thy AH. xoi 
&nel tò and vfjc AT toov £o toic te and xv AB, BT xoi t& 
dic ónó vv AB, BT, nopgopeBArjotc 67, oic and xv AB, 
BT nap& thy AE tcov tò EO: Aoindyv dea tò OZ loov tot 
1G Sic Und x&v AB, BT. xoi Enet éon &oxiv Exatéea xGv 
AB, BT, uéca &pa ot) xoi xà and vv AB, BI'. uécov dé 
On Óxettot xoi TO Bic UNS vv AB, BT. xal &ow tos u&v and 
tõv AB, BT icov tò EO, x6 5€ Sic Und tõv AB, BT tcov 
tÒ ZO: uécov dpa Exdtepov x&v HO, OZ. xoi napà entry 
thy AE ropdxertat ont dpa &oxlv Exatéoa vv AO, OH 
xal dobuetooc TÅ AE urjxet. ¿nel obv dobuustedc &ouv f 
AB «fj BT uixet, xat &ov óc f, AB npóc thy BT, owe TÒ 
àxó ts AB npóc tò Und x&v AB, BT, àcóuuetpov &pa tot 
tO and týs AB 16 Ono xàv AB, BT. àÀAA& 16 uèv ånò ts 
AB oógguexpóv &ox TÒ ovyxeluevov &x x&v and xv AB, 
BI xexvgoY vov, 16) 6$ nò xv AB, BT obuuetoedv &ox TÒ 
dic bn x&v AB, BT. dobuueteov koa Eotl tÒ cuyxetuevov 
éx tõv and tv AB, BI t@ bic Ond téHv AB, BT. GAAG 
toic u£v and xv AB, BT toov gott tò EO, xà dé Sic ono 
t&v AB, BT tcov &oxi tò OZ. dovuuEteov dpa tot) tò EO 
1G OZ: ote xoi À AO xfj OH &oxtv cobueteoc urjxet. oi 
AO, OH dpa Qrxoí eot Guváuet uóvov obUMETEOL. ÕOTE Å 
AH &Xoyóc &ouv. ntù è fj AE: tò dé ONO GAdyou xoi 
ntis nepieyóuevov opVoyavoy &AoYvóv &oxtv: GAovov pa 
£o tò AZ xogpíov, xoi  Suvayevn [adtd] GAoydc otw. 
dvvata dé TO AZ f; AT: GAoyos doa &oxiv H AT, xareiodu 
è éx 600 uécov ðecutépa. Önep Eder Oclzot. 


* Literally, “second from two medials”. 
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(area), be laid down together [Prop. 10.28]. I say that 
AC is irrational. 

For let the rational (straight-line) DE be laid down, 
and let (the rectangle) DF, equal to the (square) on 
AC, have been applied to DE, making DG as breadth 
[Prop. 1.44]. And since the (square) on AC is equal to 
(the sum of) the (squares) on AB and BC, plus twice 
the (rectangle contained) by AB and BC [Prop. 2.4], so 
let (the rectangle) EH, equal to (the sum of) the squares 
on AB and BC, have been applied to DE. The remain- 
der HF is thus equal to twice the (rectangle contained) 
by AB and BC. And since AB and BC are each me- 
dial, (the sum of) the squares on AB and BC is thus also 
medial.* And twice the (rectangle contained) by AB and 
BC was also assumed (to be) medial. And EH is equal 
to (the sum of) the squares on AB and BC, and FH (is) 
equal to twice the (rectangle contained) by AB and BC. 
Thus, EH and HF (are) each medial. And they were ap- 
plied to the rational (straight-line) DE. Thus, DH and 
HG are each rational, and incommensurable in length 
with DE [Prop. 10.22]. Therefore, since AB is incom- 
mensurable in length with BC, and as AB is to BC, so 
the (square) on AB (is) to the (rectangle contained) by 
AB and BC [Prop. 10.21 lem.], the (square) on AB is 
thus incommensurable with the (rectangle contained) by 
AB and BC [Prop. 10.11]. But, the sum of the squares 
on AB and BC is commensurable with the (square) on 
AB [Prop. 10.15], and twice the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con- 
tained) by AB and BC [Prop. 10.6]. Thus, the sum of the 
(squares) on AB and BC is incommensurable with twice 
the (rectangle contained) by AB and BC [Prop. 10.13]. 
But, EH is equal to (the sum of) the squares on AB and 
BC, and HF is equal to twice the (rectangle) contained 
by AB and BC. Thus, EH is incommensurable with 
HF. Hence, DH is also incommensurable in length with 
HG [Props. 6.1, 10.11]. Thus, DH and HG are ratio- 
nal (straight-lines which are) commensurable in square 
only. Hence, DG is irrational [Prop. 10.36]. And DE (is) 
rational. And the rectangle contained by irrational and 
rational (straight-lines) is irrational [Prop. 10.20]. The 
area DF is thus irrational, and (so) the square-root [of 
it] is irrational [Def. 10.4]. And AC is the square-root 
of DF. AC is thus irrational—let it be called a second 
bimedial (straight-line).5 (Which is) the very thing it was 
required to show. 


* Since, by hypothesis, the squares on AB and BC are commensurable—see Props. 10.15, 10.23. 


$ Thus, a second bimedial straight-line has a length expressible as k!/4 4- k/1/2 /k1/4. The second bimedial and the corresponding second apotome 
of a medial, whose length is expressible as k!/4 — k/1/2/k1/4 (see Prop. 10.75), are the positive roots of the quartic z4 — 2 [(k + k')/ vk] x? + 
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[(k — k’)?/k] = 0. 
A8 
"E&v 600 evdeta Suvdet dobUUETEOL OVYTEDGOL notobOc- 
ot TO MEV OUYXEÍEVOV EX TOY AT’ AUTEY TETPAYÖVOV ENTOV, 


TÒ 8 br’ aÙTÕV uéoov, f| GAN cosi Gov Óc &ov, xaAcioIu 
d€ ue(Cov. 





H ! | 
A B IB 

Xuyxeio0ocav yàp 600 eudeion Suvduer dobuueETpOL at 
AB, BT xotoboot xà npoxeiueva Aéyw, dtr &Aoyós &owv f| 
AT. 

‘Enel yàp tò Und vv AB, BT uécov Eotiv, xoi tò dic 
[Kou] Und x&v AB, BT uécov &oxtv. tò 6€ ovyxetuevov èx 
t&v and Tv AB, BT erxóv: åoúuuetpov pa Eotl tO Bic 
òrò tév AB, BT 16 ovyxeweva £x tv and téiv AB, BT: 
Hote xoi xà dnd vv AB, BT uexà tod dic óxó x&v AB, BT, 
Ónep &oxi TÒ and tis AD, &oóugexpóv &oxt T ouYxeuévo 
&x t&v and x&v AB, BI [6ntdv 8$ tò cuvus(uevov Ex x&v 
ånò x&v AB, BI]: &Aoyov &pa Eotl tò and tis AT. Hote 
xoi n AT &Aovóc Eotw, xoAc(oU0o öè us(Gov. Smee eet 
citar. 
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Proposition 39 


If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them rational, 
and the (rectangle contained) by them medial, are added 
together then the whole straight-line is irrational—let it 
be called a major (straight-line). 

H ! | 
A B C 

For let the two straight-lines, AB and BC, incommen- 
surable in square, and fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.33]. I say that 
AC is irrational. 

For since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is [thus] also medial [Props. 10.6, 10.23 corr.]. And the 
sum of the (squares) on AB and BC (is) rational. Thus, 
twice the (rectangle contained) by AB and BC is incom- 
mensurable with the sum of the (squares) on AB and 
BC [Def. 10.4]. Hence, (the sum of) the squares on AB 
and BC, plus twice the (rectangle contained) by AB and 
BC—that is, the (square) on AC [Prop. 2.4]—is also in- 
commensurable with the sum of the (squares) on AB and 
BC [Prop. 10.16] [and the sum of the (squares) on AB 
and BC (is) rational]. Thus, the (square) on AC is irra- 
tional. Hence, AC is also irrational [Def. 10.4]—let it be 
called a major (straight-line).! (Which is) the very thing 
it was required to show. 





* Thus, a major straight-line has a length expressible as 4/ [1 + k/(1 + k2)1/2]/2 + 4/[1 — k/(1 + k2)1/2]/2. The major and the corresponding 








minor, whose length is expressible as yo + k/(1 + k2)!/2]/2 — Ju —k/(1 + k2)1/2]/2 (see Prop. 10.76), are the positive roots of the quartic 





z* — 2? +k?/(1 +k?) =0. 
, 

"Eàv 600 evdetan Suvdet doUUUETEOL OVYTEDGOL notoOc- 
ot TO UEV OUYXEÍUEVOV EX TOY dm a'óxGv tevpaty vov uéoov, 
TÒ 8 Un’ adTHY ENTOV, f) CAN EvVEIA dA OY Óc Eat, xaArcioDu 
d€ ENTOV xoi uécov Guvoyévr,. 





H ! | 

A B T 
Xuyxeio0ocav yàp 600 eudeion Suvduer dobuueETpOL at 
AB, BT xotoboot xà npoxeiueva Aéyw, dtt &Aoyós EoTw f| 

AT. 

"Enc yàp TO ovyxeluevoy &x xGv and vv AB, BI 
Uuécov &oív, tÒ dé Gic Und x&v AB, BT erxóv, àcópuguetpov 
&pa Eotl TO ouyxeluevov Ex x&v dnd xv AB, BT 16 Bic 


Proposition 40 


If two straight-lines (which are) incommensurable 
in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them ratio- 
nal, are added together then the whole straight-line is 
irrational—let it be called the square-root of a rational 
plus a medial (area). 

H ! | 
A B C 

For let the two straight-lines, AB and BC, incommen- 
surable in square, (and) fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.34]. I say that 
AC is irrational. 

For since the sum of the (squares) on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
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òrò vv AB, BT: ote xoi 16 and ts AT dovuetedv £o 
16) dic ono tõv AB, BT. Ontov dé tò dic ónó vv AB, BT: 
&AXovov Goa TÒ and tic AT. &Aoyoc dpa f, AT, xoAc(oo dé 
entoyv xol uécov Suvayevy. Sree er SetEau. 
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BC (is) rational, the sum of the (squares) on AB and 
BC is thus incommensurable with twice the (rectangle 
contained) by AB and BC. Hence, the (square) on AC 
is also incommensurable with twice the (rectangle con- 
tained) by AB and BC [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. The 
(square) on AC (is) thus irrational. Thus, AC (is) irra- 
tional [Def. 10.4]—let it be called the square-root of a 
rational plus a medial (area).! (Which is) the very thing 
it was required to show. 


İt Thus, the square-root of a rational plus a medial (area) has a length expressible as 4/ [(1 + k2)1/2 + k]/[2 (1 + k?)]+4/[(1 + k2)1/2 — k]/[2 (1 + k2)]. 








This and the corresponding irrational with a minus sign, whose length is expressible as vla + k2)1/2 4 k|/[2 (1 + &2)] va + k2)1/2 — k]/[2 (1 + k2)] 


(see Prop. 10.77), are the positive roots of the quartic x4 — (2/V14 k2) z2 + k?/(1 + k2)? =0. 


ua’. 

"Eàv 600 evdetan Duváuet dobUUETEOL OVYTEDGOL ToroŬs- 
ot TÓ TE ouYxe(uevov EX TOV AT’ AÙTÕV vevpoyóvov UECOV 
xoi TO ÙT’ ATHY u£ocov xoi ETL AOLUUETEOV TE ouYxeuévo 
&x THY AN’ AUTOV TeTEAyYaVYY, Å CAN eo cla GA oYÓc otw, 
xaActoVw 6£ 600 uéca SUVAEVN. 




















K © 
A1 

H Z 
B Me 
r- A E 


Xuyxeio0ocav yàp 600 evdeton Suvduer dobuuEeTpOL at 
AB, BI nototom tà meoxetueva AEyw, ött 9) AT GAoydc 
EOT. 

"Exxetodo enti f, AE, xoi ragofepAfjo0o napa thy AE 
toic u£v and x&v AB, BT (cov tò AZ, 16 dé dic NO xGv 
AB, BI toov tò HO: óXov &pa tò AO toov Eotl t and 
tis AT tetopayovw. xal Exel uécov ot) TÒ ouvxe(uevov 
&x xGv and vv AB, BT, xai &ov toov 16 AZ, uécov dpa 
éotl xol tò AZ. xoi nap& ntv thy AE napdxertou en 
dea éotiv À AH xoi dovuueteoc tH AE uńxer. dx cà act 
67] xoà n HK onth £o xoà &doúvuuetpos tH HZ, toutéot tH; 
AE, urjxev.. xoi &xel dovueted toti ta dnd x&v AB, BI 
1G dic bnd x&v AB, BT, åoúuuetpóv &ow tò AZ x HO: 


Proposition 41 


If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them me- 
dial, and the (rectangle contained) by them medial, and, 
moreover, incommensurable with the sum of the squares 
on them, are added together then the whole straight-line 
is irrational—let it be called the square-root of (the sum 
of) two medial (areas). 




















K H 
At 

G F 
B+ 
C+- D E 


For let the two straight-lines, AB and BC, incommen- 
surable in square, (and) fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.35]. I say that 
AC is irrational. 

Let the rational (straight-line) DE be laid out, and let 
(the rectangle) DF, equal to (the sum of) the (squares) 
on AB and BC, and (the rectangle) GH, equal to twice 
the (rectangle contained) by AB and BC, have been ap- 
plied to DE. Thus, the whole of DH is equal to the 
square on AC [Prop. 2.4]. And since the sum of the 
(squares) on AB and BC is medial, and is equal to DF, 
DF is thus also medial. And it is applied to the rational 
(straight-line) DE. Thus, DG is rational, and incommen- 
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ote xoi 7 AH xfj HK åoúuuetpós &oxtv. xoà ciot enxat oi 
AH, HK dea erixaí ciot 6uváget uóvov oúuuetpor GAoYvoc 
&pa &oxlv f, AK f) xoXougévr, Ex 600 ôvouátwv. env dE À 
AE: GAovov goa toti tò AO xal f, Guvagévr) abxó GAoydc¢ 
gov. Sbvata 68 tò OA f, AT: &Aovoc pa &oxiv H AT, 
xaAe(o0« dé 500 uéca ðuvauévn. ónep Eder Seta. 
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surable in length with D E [Prop. 10.22]. So, for the same 
(reasons), GK is also rational, and incommensurable in 
length with GF—that is to say, DE. And since (the sum 
of) the (squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BC, 
DF is incommensurable with GH. Hence, DG is also in- 
commensurable (in length) with GK [Props. 6.1, 10.11]. 
And they are rational. Thus, DG and GK are rational 
(straight-lines which are) commensurable in square only. 
Thus, DK is irrational, and that (straight-line which is) 
called binomial [Prop. 10.36]. And DE (is) rational. 
Thus, DH is irrational, and its square-root is irrational 
[Def. 10.4]. And AC (is) the square-root of H D. Thus, 
AC is irrational—let it be called the square-root of (the 
sum of) two medial (areas).! (Which is) the very thing it 
was required to show. 


+ Thus, the square-root of (the sum of) two medial (areas) has a length expressible as /!/4 ( / [1 + k/(1 + k2)1/2/2 + 4/ [1 — k/(1 + ya) ; 


This and the corresponding irrational with a minus sign, whose length is expressible as k’1/4 ( / [L + k/(1 + k2)1/2/2 — 4/ [1 — k/(1 + ea) 
(see Prop. 10.78), are the positive roots of the quartic x4 — 2 k/1/2 x? + k’ k2/(1 + k?) = 0. 


Afiuga. 
"Ox SE ai eipnuévot &Aovot Yovay de OtotpoOvrtot eic TAS 
evvetac, £& Gv oOYxetvvot. Nolovody xà meoxetueva eon, 
óe(&ouev Hon rpoexüéuevot Anp&xtov ToLOUTOV" 


A 


B 


Aue IP 
! H t 

"Exxctodw cocta ñ AB xoi teturodw Å ÓAr eic &vioa 
xal’ exdtepov x&v T, A, troxeiodw 62 us(Cov f, AT tis 
AB: Aéyo, Ott xà dnd x&v AT, TB ue(Cová ċott x&v and 
1v AA, AB. 

Texurodo yoo ñ AB diya xoxà tò E. xoi énel ue(Cov 
éotlv f, AT ts AB, xow) &qnorjodo f, AT: Aou) dpa f| AA 
Aoinfic tic TB ue(Cov &oxtv. ton dé n AE tH EB: eAdttwv 
&pa f| AE ts ET: ta D, A dou onueia oOx toov &néyouor 
tiic Styotoutac. xol Enel tò Und x&v AT, TB uexà tod ano 
thc ET toov éotl 16 and týs EB, &AAà uv xal TO ONO xv 
AA, AB petà tod dnd AE {oov éotl 16 dnd tis EB, tò 
&pga bnd t&v AT, TB petà tod and tfj ET oov £o tæ 
òrò xGv AA, AB uetà tod and týs AE: Gv tò and ts 
AE £Xocoóv £o tot and tfj ED xoi Aowtóv &pa TÒ UNO 
tv AT, TB £Aacoóv Eott tod Und vv AA, AB. óoce xoi 
tO Gic nò x&v AT, TB £Aacoóv éoxt tot Sic Und x&v AA, 
AB. xoi Aottóv dea tò ouyxeluevov Ex x&v and t&v AT, 
TB uei@ov £o tod ovyxetevonu &x x&v and xv AA, AB. 
bree Eder dcia. 





Lemma 


We will now demonstrate that the aforementioned 
irrational (straight-lines) are uniquely divided into the 
straight-lines of which they are the sum, and which pro- 
duce the prescribed types, (after) setting forth the follow- 
ing lemma. 

A DE C B 

Let the straight-line AB be laid out, and let the whole 
(straight-line) have been cut into unequal parts at each 
of the (points) C and D. And let AC be assumed (to be) 
greater than DB. I say that (the sum of) the (squares) on 
AC and CB is greater than (the sum of) the (squares) on 
AD and DB. 

For let AB have been cut in half at E. And since AC is 
greater than DB, let DC have been subtracted from both. 
Thus, the remainder AD is greater than the remainder 
CB. And AE (is) equal to EB. Thus, DE (is) less than 
EC. Thus, points C and D are not equally far from the 
point of bisection. And since the (rectangle contained) 
by AC and CB, plus the (square) on EC, is equal to the 
(square) on EB [Prop. 2.5], but, moreover, the (rectan- 
gle contained) by AD and DB, plus the (square) on DE, 
is also equal to the (square) on E B [Prop. 2.5], the (rect- 
angle contained) by AC and CB, plus the (square) on 
EC, is thus equal to the (rectangle contained) by AD and 
DB, plus the (square) on DE. And, of these, the (square) 
on DE is less than the (square) on EC. And, thus, the 
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remaining (rectangle contained) by AC and CB is less 
than the (rectangle contained) by AD and DB. And, 
hence, twice the (rectangle contained) by AC and CB 
is less than twice the (rectangle contained) by AD and 
DB. And thus the remaining sum of the (squares) on AC 
and CB is greater than the sum of the (squares) on AD 
and DB.! (Which is) the very thing it was required to 
show. 


+ Since, AC? + CB? +2 ACCB = AD? + DB? -2ADDB = AB?. 


IN 
'H &x 500 óvou&tov xatà £v uóvov onueřov Otupeixot 
cic xà OVOUATH. 


A A D B 





"Ecco x 800 dvoudtwv f, AB dinenuévy eic te óvóuaxa 
xatà tò I" oi AT, TB doa ntal siot Ouváget uóvov 
cOugetpot. Aéyw, Sti f, AB xat’ GAAO onuciov oO Ottpeltcot 
eic Dúo ervàc ÕuvåuEL uóvov cuuguétpouc. 

Et yàp Guvaxóv, ðmpýoðw xoi xatà tò A, dote xoi TÈS 
AA, AB $rxàc civar Suvduer uóvov ougpéxpouc. qQovepóv 
of, öt H AT tH AB oOx Eotw fj aótf. ci yàp ðuvatóv, 
čotw. čata 07 xoi n AA xfj DB fj adth xoi Éovot óc n AD 
rpóc thy PB, o0xoc 5; BA npóc thy AA, xoi Zot fj AB 
KATA TO AUTO TH xoxà TO T Gtupéost Srapedeion xol xorcà 
TÒ A: Ónep oby Onóxeuot. 00x koa T, AT tH AB otw f 
otf. Sie 07, toto xol xà T, A onucia oOx tcov &néyouor 
tfc Styotouiac. & doa Siapéoer ta dnd xv AT, TB t&v 
and x&v AA, AB, tovto Siapepet xoi TO dic nd vv AA, 
AB tod dic Ord x&v AT, DB &é& tò xoi xà ånò t&v AT, 
TB uex&à tod dic ónó tev AT, TB xoi xà and Gv AA, AB 
yeta tod dic Und tõv AA, AB toa elvat 16 and tic AB. 
GAAà và and vv AT, TB xv and vv AA, AB Otopépet 
ENTS enà yàp GUPdtepa xal TO Sic doa ono vv AA, AB 
tov dic tnd t&v AT, DB dtapéeper env uéoa Svta ónep 
&tonov’ uécov YUE uécou OLY Onepéyet ONTOS. 

Ovy doa f, Ex 600 övouátwv XAT’ GAO xol AAO onuciov 
Staupeitar xa’ Ev doa uóvov: óxep Eder decion. 


Proposition 42 


A binomial (straight-line) can be divided into its (compo- 
nent) terms at one point only." 
A D Ç B 

Let AB be a binomial (straight-line) which has been 
divided into its (component) terms at C. AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. I say that AB cannot be 
divided at another point into two rational (straight-lines 
which are) commensurable in square only. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also rational (straight-lines which 
are) commensurable in square only. So, (it is) clear that 
AC is not the same as DB. For, if possible, let it be (the 
same). So, AD will also be the same as CB. And as 
AC will be to CB, so BD (will be) to DA. And AB will 
(thus) also be divided at D in the same (manner) as the 
division at C. The very opposite was assumed. Thus, AC 
is not the same as DB. So, on account of this, points 
C and D are not equally far from the point of bisection. 
Thus, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and C B by this (same amount)—on account of both 
(the sum of) the (squares) on AC and C BB, plus twice the 
(rectangle contained) by AC and C B, and (the sum of) 
the (squares) on AD and DB, plus twice the (rectangle 
contained) by AD and DB, being equal to the (square) 
on AB [Prop. 2.4]. But, (the sum of) the (squares) on AC 
and CB differs from (the sum of) the (squares) on AD 
and DB by a rational (area). For (they are) both rational 
(areas). Thus, twice the (rectangle contained) by AD 
and DB also differs from twice the (rectangle contained) 
by AC and CB by a rational (area, despite both) being 
medial (areas) [Prop. 10.21]. The very thing is absurd. 
For a medial (area) cannot exceed a medial (area) by a 
rational (area) [Prop. 10.26]. 
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Thus, a binomial (straight-line) cannot be divided 
(into its component terms) at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 


t In other words, k + k/1/2 = k” + k/"1/? has only one solution: i.e., k” = k and k"' = k'. Likewise, k1/2 + k/1/2 = 41/2 + k/’1/2 has only 
one solution: ie., k” = k and k” = k’ (or, equivalently, k” = k’ and k” = k). 


7 


uY- 


‘H €x 500 uéowv npo, xa’ £v uóvov onueciov dupeta. 


A A D B 





"Ecco &x 900 uécov npo, f; AB Sinenyevn xatà tò T, 
Gore tac AT, PB uécac civar Suvéuer uóvov cuggéxpouc 
ENntov nepteyovouc’ Aévo, tt À AB xat’ &AXo onyuctov où 
Otottpelcou. 

Ei yao Suvatév Sinefodw xoi xatà tò A, ote xoi TAS 
AA, AB péouc civar Suvduet uóvov cuugéxpouc erixóv TE- 
piexobcac. &nel oOv,  Siapgpet TO dic Und vv AA, AB 
tov dic Und vv AT, TB, tovto Stapéoet và and t&v AT, 
IB tév and xv AA, AB, nt è Siapéper tò Sic ono 
t&v AA, AB tod dic ónó x&v AT, DB: ntà yàp Gupdtepa: 
ENTS hoa Srapgoer xol và and vv AT, TB x&v ano xGv 
AA, AB péou évta ónep &xonov. 

Ovx doa f, £x 600 uéocv TEWTH xat’ GAAO xol GAAO 
orjuetov Siapetta eic xà ovógarcoc xo^ Ev doa uóvov: ónep 
£6&t Setcau. 


Proposition 43 


A first bimedial (straight-line) can be divided (into its 
component terms) at one point only! 


A D C B 


+t y 


Let AB be a first bimedial (straight-line) which has 
been divided at C, such that AC and CB are medial 
(straight-lines), commensurable in square only (and) 
containing a rational (area) [Prop. 10.37]. I say that AB 
cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, 
such that AD and DB are also medial (straight-lines), 
commensurable in square only, (and) containing a ratio- 
nal (area). Since, therefore, by whatever (amount) twice 
the (rectangle contained) by AD and DB differs from 
twice the (rectangle contained) by AC and C B, (the sum 
of) the (squares) on AC and CB differs from (the sum 
of) the (squares) on AD and DB by this (same amount) 
[Prop. 10.41 lem.]. And twice the (rectangle contained) 
by AD and DB differs from twice the (rectangle con- 
tained) by AC and CB by a rational (area). For (they 
are) both rational (areas). (The sum of) the (squares) on 
AC and CB thus differs from (the sum of) the (squares) 
on AD and DB by a rational (area, despite both) being 
medial (areas). The very thing is absurd [Prop. 10.26]. 

Thus, a first bimedial (straight-line) cannot be divided 
into its (component) terms at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 


t In other words, k1/4 + k3/4 = k/1/4 + K/3/4 has only one solution: i.e., k’ = k. 


uo. 

'H éx úo uéoov Seutéoa xa’ Ev uóvov onusiov 
Ototeeixot. 

"Ecco x 600 uécov Seutéoa 7 AB dinoenyevn xatà tò 
T, ote tac AT, PB uéoac civar Suvduer uóvov ouuuévpouc 
Mécov nepieyo0oac: qovepóv SF, OTL TÒ T oóx Éoxt Kate 
TÄS Styotoutac, OTL oOx Elol UAxEL ObUUETPEOL. Aéyo, OTL Å 
AB xat’ GAO onusïov où Ottpeicot. 


Proposition 44 


A second bimedial (straight-line) can be divided (into 
its component terms) at one point only. 

Let AB be a second bimedial (straight-line) which 
has been divided at C, so that AC and BC are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area) [Prop. 10.38]. So, (it is) clear 
that C is not (located) at the point of bisection, since (AC 
and BC) are not commensurable in length. I say that AB 
cannot be (so) divided at another point. 
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A A T B 
E M © N 
Z A H K 


Ei yàp Duvatóv, ðmpeńoðw xal xatà tÒ A, Hote TÙY 
AT tÑ AB uù eivot thy adthy, GAG ueciCova xad’ UndVEow 
thy AT: efjXov bY, óxt xoà xà ånò x&v AA, AB, we ênrávw 
edeiZauev, EAdooova x&v and viv AT, TB: xoi tàs AA, AB 
woos civar DUVÁUEL uóvov OUUUETEOUC uécov TEpLEYoVOUC. 
xal Exxetodo enc, À EZ, xoi 1 u£v and týs AB toov nape 
thy EZ xopoXArAÓóvpouuov dpvoyawov napaBeBAnodw tò 
EK, toic òè and vv AT, TB toov apypyodw tò EH: Xowxóv 
&pa tò OK (cov Eotl tă dic nò x&v AT, TB. nó 97) tos 
and vv AA, AB, &nep EAdooova edetydn xv and tæv 
AT, TB, icov àgnerjoüco tò EA: xoi Aowóv doa tò MK 
{oov 16 dic tnd x&v AA, AB. xoi nel uéca Eotl xà and 
tév AT, PB, uécov dpa [xo] tò EH. xoà napà ntv thy 
EZ rapdxertou eric dea &oxv f) EO xoi aovuueteoc TH EZ 
uýxer. Sid xà HUTA OH xoi A ON enr, ox xoi àooguuetpoc 
th EZ uhxer. xol &xei at AD, TB goo ciol Suvduer uóvov 
OUUUETEOL, &oouguevpoc doa &oxiv f, AT tH PB pret. wc 68 
n AT ngóc thy TB, oóxoc 16 àxó týs AT npóc 16 O16 xGv 
AT, TB: åoúupetpov toa £oxi tÒ and ts AD 16 onó xGv 
AT, TB. àÀAà 16 uèv dnd týs AT obuUETEd £oxt xà dnd xGv 
AT, DB: 6uváuet yåp ciot oougexpot ai AT, PB. xà 68 ono 
t&v AT, TB otuyetedv got 16 dic bn6 t&v AT, DB. xoi xà 
ano t&v AT, DB &pa covuyetp& £o 16H dic UNO t&v AT, 
TB. GAA& xoic u£v àxó t&v AT, TB toov £oxi tò EH, xi 6 
dic bn t&v AT, TB tcov tò OK: àcóguguexpov Goa &oxi TÒ 
EH t& OK: dote xoi Ù EO tH ON aobuuetedc cot une. 
xoí ciot erat^ oi. EO, ON doa ntal eot Guvóget uóvov 
OUUUETEOL. ¿àv SE 600 PNTOL SUVdUEL uóvov oÚuuETpOL OUV- 
xeOGovy, Å OAN GAoYÓG tot f] xo ougévr, £x 600 óvouxov: 
7 EN dea &x 600 dvoudtwv £o SinEenuevn xatà TO O. xoxà 
tà HUTA SH SetyDhoovta xol oi EM, MN ontol duvduer 
uóvov ooguetpov xol čota Ù EN ex 900 dvoudtwv xoc 
AAO xol GAO Otmprnuévr TO ve O xoà tò M, xoi oox £ouv 
5, EO «fj MN fj ùth, ott xà and xv AT, TB us(Cová tot 
tov and x&v AA, AB. GAG xà ånò x&v AA, AB uciZoveé 
£c tov dic Und AA, AB: noAAG dpa xoi xà and xv AT, 
TB, toutéott tò EH, ucitóv £o 100 dic ónó x&v AA, AB, 
toutéott vo0 MK: dote xoi À EO týs MN us(Gov eottv. f) 
goa EO tÅ MN ovx gotw f| abf) óxep Eder deté. 
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A D C B 
E M H N 
F L G K 


For, if possible, let it also have been (so) divided at 
D, so that AC is not the same as DB, but AC (is), 
by hypothesis, greater. So, (it is) clear that (the sum 
of) the (squares) on AD and DB is also less than (the 
sum of) the (squares) on AC and CB, as we showed 
above [Prop. 10.41 lem.]. And AD and DB are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area). And let the rational (straight- 
line) EF be laid down. And let the rectangular paral- 
lelogram EK, equal to the (square) on AB, have been 
applied to EF. And let EG, equal to (the sum of) the 
(squares) on AC and CB, have been cut off (from EK). 
Thus, the remainder, H K, is equal to twice the (rectan- 
gle contained) by AC and CB [Prop. 2.4]. So, again, 
let EL, equal to (the sum of) the (squares) on AD and 
DB—which was shown (to be) less than (the sum of) the 
(squares) on AC and C B—have been cut off (from EK). 
And, thus, the remainder, M K, (is) equal to twice the 
(rectangle contained) by AD and DB. And since (the 
sum of) the (squares) on AC and CB is medial, EG 
(is) thus [also] medial. And it is applied to the ratio- 
nal (straight-line) EF. Thus, EH is rational, and incom- 
mensurable in length with EF [Prop. 10.22]. So, for the 
same (reasons), HN is also rational, and incommensu- 
rable in length with EF. And since AC and CB are me- 
dial (straight-lines which are) commensurable in square 
only AC is thus incommensurable in length with CB. 
And as AC (is) to C B, so the (square) on AC (is) to the 
(rectangle contained) by AC and CB [Prop. 10.21 lem.]. 
Thus, the (square) on AC is incommensurable with the 
(rectangle contained) by AC and CB [Prop. 10.11]. But, 
(the sum of) the (squares) on AC and CB is commensu- 
rable with the (square) on AC. For, AC and CB are com- 
mensurable in square [Prop. 10.15]. And twice the (rect- 
angle contained) by AC and CB is commensurable with 
the (rectangle contained) by AC and CB [Prop. 10.6]. 
And thus (the sum of) the squares on AC and CB is in- 
commensurable with twice the (rectangle contained) by 
AC and CB [Prop. 10.13]. But, EG is equal to (the sum 
of) the (squares) on AC and CB, and HK equal to twice 
the (rectangle contained) by AC and CB. Thus, EG is 
incommensurable with Hk. Hence, EH is also incom- 
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mensurable in length with HN [Props. 6.1, 10.11]. And 
(they are) rational (straight-lines). Thus, EH and HN 
are rational (straight-lines which are) commensurable in 
square only. And if two rational (straight-lines which 
are) commensurable in square only are added together 
then the whole (straight-line) is that irrational called bi- 
nomial [Prop. 10.36]. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H. So, according to the same (reasoning), EM and 
MN can be shown (to be) rational (straight-lines which 
are) commensurable in square only. And EN will (thus) 
be a binomial (straight-line) which has been divided (into 
its component terms) at the different (points) H and M 
(which is absurd [Prop. 10.42]). And EH is not the same 
as M N, since (the sum of) the (squares) on AC and CB 
is greater than (the sum of) the (squares) on AD and 
DB. But, (the sum of) the (squares) on AD and DB is 
greater than twice the (rectangle contained) by AD and 
DB [Prop. 10.59 lem.]. Thus, (the sum of) the (squares) 
on AC and C B—that is to say, EG—is also much greater 
than twice the (rectangle contained) by AD and DB— 
that is to say, MK. Hence, EH is also greater than MN 
[Prop. 6.1]. Thus, EH is not the same as MN. (Which 
is) the very thing it was required to show. 


t In other words, k1/4 + /1/2 /k1/4 = k!1/4 + 71/2 /K!1/4 has only one solution: i.e., k” = k and k” = k'. 


, 


We. 


‘H ue(Cov xatà TÒ AUTO uóvov onpeiov Ototpetxon. 


A A D B 


"Ecco uetCov f, AB 6wpngévn xatà tò T, dote tac AT, 
TB 6uváyet &cuuuécpouc civar toto000c TO u£v ovyxe(uevov 
éx 1Gv and tév AT, TB tetpayóovwv enóv, tO © ono 
t&v AD, DB gécov: Méyw, ów À AB xat &AXo onueciov 
ov Ototpelvot. 

Et yàp Guvoxóv, ðmpńoðw xoi xoxà tÒ A, dote xoi 
tac AA, AB Guvópget &cuuuévpouc elvat toto0cac TO uèv 
ouYxe(uevov ¿x xàv and vv AA, AB enxóv, tò © br’ 
aùtõv uÉcov. xoi enet, Q Siapéper và and x&v AT, TB xv 
and t&v AA, AB, tovto dtapépet xol TO dic ono xv AA, 
AB tod dic Und t&v AT, TB, àAAX xà and xv AT, TB 
Tv ano tõv AA, AB Onepéyet Ente ntà yàp dupdtepa’ 
xal tò Gic Und x&v AA, AB ópa tod dic Und vy AT, TB 
UmEepeyel ENTE uéoa Ovta Ónep EoTIy AdbvaTOV. OLX doa Å 
uei Gov xaT dAAO xol GAAO ONLELOV Stout tou xoà TO oro 
&pa uóvov Ototpetvat: dmep Eder Seta. 





Proposition 45 


A major (straight-line) can only be divided (into its 
component terms) at the same point.! 


A D C B 


I a y 

Let AB be a major (straight-line) which has been di- 
vided at C, so that AC and CB are incommensurable in 
square, making the sum of the squares on AC and CB 
rational, and the (rectangle contained) by AC and CD 
medial [Prop. 10.39]. I say that AB cannot be (so) di- 
vided at another point. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB ratio- 
nal, and the (rectangle contained) by them medial. And 
since, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and CB by this (same amount). But, (the sum of) 
the (squares) on AC and CB exceeds (the sum of) the 
(squares) on AD and DB by a rational (area). For (they 
are) both rational (areas). Thus, twice the (rectangle 
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t In other words, 
solution: i.e., k’ = k. 
+ 
us. 


‘H ọntòv xoi uécov Ouvauévr xoÜ' £v uóvov onusiov 
Ototeeixot. 


A A D B 





"Eoco entov xoi uécov 6uvauévr, f| AB Owpenuévr, xoà 
xó I, ote tac AT, TB 6uváget douuuéTtpouç civar roto06oc 
TO u£v cuvyxe(uevov ¿x x&v and vv AT, TB uécov, tò sé 
dic Und tõv AT, TB ntóv: AEyw, óu H AB xov GAAO 
oTnjetov où 8totpeltvou. 

Et yàp Guvoxóv, Sinefodw xoà xoxà tÒ A, dote xoi 
tac AA, AB Guvóyget &cuuuéxpouc elvat molovoac TO uèv 
cuYxeiuevov &x x&v and xv AA, AB yuécov, tò 0€ Bic 
oro x&v AA, AB enxóv. Enel ody, G Stapépet TO Sic ono 
t&v AT, TB tod dic ónó vv AA, AB, tovto ðiagpépe xol 
ta ano vv AA, AB x&v and xGv AT, TB, tò 6€ oic Und 
t&v AT, TB tot dic Und x&v AA, AB brepéyer ero, xoi 
ta dnd tv AA, AB dpa t&v and vv AT, DB brepéyer 
Ente uéca dvta Ónep &oxlv adbvaTOV. ox hoa Å ENTOV 
xal uécov Suvauevn xat’ “AAO xal AAO oNUEtov dorpeitar. 
xatà Ev doa ovjueiov Ototpeivat dmep Eder deléour. 
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contained) by AD and DB also exceeds twice the (rect- 
angle contained) by AC and CB by a rational (area), 
(despite both) being medial (areas). The very thing is 
impossible [Prop. 10.26]. Thus, a major (straight-line) 
cannot be divided (into its component terms) at differ- 
ent points. Thus, it can only be (so) divided at the same 
(point). (Which is) the very thing it was required to show. 


[1 + k/(1 + k2)1/2]/2 + A/ [1 — k/(1 + k2)!/2]/2 = 4/[1 + K'/(1 + &2)172]/2 + A/ [1 — k’/(1 + &/2)1/2]/2 has only one 


Proposition 46 


The square-root of a rational plus a medial (area) can be 
divided (into its component terms) at one point only:! 


A D C B 


I a y 


Let AB be the square-root of a rational plus a medial 
(area) which has been divided at C, so that AC and CB 
are incommensurable in square, making the sum of the 
(squares) on AC and CB medial, and twice the (rectan- 
gle contained) by AC and CB rational [Prop. 10.40]. I 
say that AB cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, so 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB medial, 
and twice the (rectangle contained) by AD and DB ra- 
tional. Therefore, since by whatever (amount) twice the 
(rectangle contained) by AC and CB differs from twice 
the (rectangle contained) by AD and DB, (the sum of) 
the (squares) on AD and DB also differs from (the sum 
of) the (squares) on AC and CB by this (same amount). 
And twice the (rectangle contained) by AC and CB ex- 
ceeds twice the (rectangle contained) by AD and DB by 
a rational (area). (The sum of) the (squares) on AD and 
DB thus also exceeds (the sum of) the (squares) on AC 
and C B by a rational (area), (despite both) being medial 
(areas). The very thing is impossible [Prop. 10.26]. Thus, 
the square-root of a rational plus a medial (area) cannot 
be divided (into its component terms) at different points. 
Thus, it can be (so) divided at one point (only). (Which 
is) the very thing it was required to show. 





* In other words, /[(1 + k2)/2 + k]/[2 (1 + k2)] + /[(. + k2)/2 — k]/[ (1 + &2)] = y [A + &2)1/2 + i]/[2 (1 + 27] 


+4/[(1 + k’2)1/2 — k']/[2 (1 + k’2)] has only one solution: i.e., k’ = k. 


uc. 


‘H 600 péca 8uvapévr xd’ £v uóvov oNUEtov Ototpeixot. 


Proposition 47 


The square-root of (the sum of) two medial (areas) 
can be divided (into its component terms) at one point 
only. 
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A A U B 
E Z 
M A 
© H 
N K 


"Eotw [600 uéca Suvauevy] 5, AB Sinonuevn xoxà tò 
T, ote tac AT, PB Svuvduer &cuuuévpouc civar xoto0ooc 
TÓ Te ovyxetuevoy &x x&v and x&v AT, DB uéoov xol tò 
oro tév AT, B uécov xoi Ett dobuEtpov T ouYxetuévo 
&x Tv dn’ avutéyv. AEyw, óu f) AB xat’ GAAO onuEtov où 
Ototpelxvot roroŬoa Ta npoxelueva. 

Et yàp 6uvoxóv, diyefodw xatà tò A, Bote nóXv ðn- 
Aovóu thy AT xfj AB uù cva thy avtyy, GAAd uc(Cova 
xot0' brdVeow thy AT, xoi exxeiodw enu, f, EZ, xoi tapa- 
BeBrAhodw nape thy EZ xoic u&v and x&v AT, DB toov tò 
EH, 16 dé dic ónó x&v AT, DB toov tò OK: óXov dea xo 
EK toov &od t ånò týs AB tetpayovo. méAw 07) tapa- 
BeBAhodw rapà thy EZ tois àxó xv AA, AB toov tò EA: 
hoinov oa tò dic Und xGv AA, AB doing x MK ícov 
éotty. xoi Emel uécov UMOxELTAL TO OUYXEiUEVOV EX TOY ATO 
t&v AT, DB, uécov čpa oti xoi tò EH. xoi rap Eythy thy 
EZ rapdxertau erit dea &oxiv f, OE xoi &obvuuetpos tH EZ 
uyxer. Sid xà HUTA OH xoi A ON enr, ox xoi àoouuetpoc 
th EZ unmet. xoà &mel doOugetpóv ċott TO ouyxeluevov 
éx t&v and vv AT, TB xà dic Ord xóv AT, DB, xoi tò 
EH dea tă HN &oóuuetpóv &otv: ote xoi f, EO xfj ON 
&oóugetpóc &oxty. xal eiot Ontat ai EO, ON dow rixa ciot 
6uváget uóvov ovUUETEOL 7j EN doa £x 600 óvouéxov toT 
Onengévr xatà tO O. ópotoc 97) Ge(&ouev, Str xol xoxà TO 
M penta. xoi ox Eotw f, EO tH MN 7| abf] 7j doa Ex 600 
OvOUdTwY xaT’ GAAO xol GAAO onuciov Sifenta ónep &oxtv 
&vonov. oOx dea ù 600 uéoa Ouvogévr) xat” GAAO xal GAAO 
onuciov Siapeita xo^ Ev dou uóvov [onustov] Stoupetton. 
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A D C B 
E F 
M L 
H G 
N K 


Let AB be [the square-root of (the sum of) two me- 
dial (areas)] which has been divided at C, such that AC 
and CB are incommensurable in square, making the sum 
of the (squares) on AC and CB medial, and the (rect- 
angle contained) by AC and CB medial, and, moreover, 
incommensurable with the sum of the (squares) on (AC 
and C B) [Prop. 10.41]. I say that AB cannot be divided 
at another point fulfilling the prescribed (conditions). 

For, if possible, let it have been divided at D, such that 
AC is again manifestly not the same as DB, but AC (is), 
by hypothesis, greater. And let the rational (straight-line) 
EF be laid down. And let EG, equal to (the sum of) the 
(squares) on AC and CB, and H K, equal to twice the 
(rectangle contained) by AC and C B, have been applied 
to EF. Thus, the whole of EK is equal to the square on 
AB [Prop. 2.4]. So, again, let EL, equal to (the sum of) 
the (squares) on AD and DB, have been applied to EF. 
Thus, the remainder—twice the (rectangle contained) by 
AD and D B—is equal to the remainder, M K. And since 
the sum of the (squares) on AC and CB was assumed 
(to be) medial, EG is also medial. And it is applied to 
the rational (straight-line) EF. H E is thus rational, and 
incommensurable in length with EF [Prop. 10.22]. So, 
for the same (reasons), HN is also rational, and incom- 
mensurable in length with EF. And since the sum of 
the (squares) on AC and CB is incommensurable with 
twice the (rectangle contained) by AC and CB, EG is 
thus also incommensurable with GN. Hence, EH is also 
incommensurable with HN [Props. 6.1, 10.11]. And 
they are (both) rational (straight-lines). Thus, EH and 
HN are rational (straight-lines which are) commensu- 
rable in square only. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H [Prop. 10.36]. So, similarly, we can show that it has 
also been (so) divided at M. And EH is not the same as 
MN. Thus, a binomial (straight-line) has been divided 
(into its component terms) at different points. The very 
thing is absurd [Prop. 10.42]. Thus, the square-root of 
(the sum of) two medial (areas) cannot be divided (into 
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its component terms) at different points. Thus, it can be 
(so) divided at one [point] only. 


t In other words, k1/44/[1 + k/(1 + k2)1/2]/2 + k't/44/ [1 — k/(1 + k2)1/2]/2 = k'1/*4 JD + k" /(1 + M2) 1/2] /2 


+K1/4, Jn — k” /(1 + k'2)1/2]/2 has only one solution: ie., k” = k and k” = K’. 





“Opor 6e0xepot. 

€. “Ynoxewéevnc onts xol tic ex 000 dvoudtwy 
Oumenuévnc cic tà óvóuata, fic TO gueiov övoua tot 
éAdooovoc uctov ðúvatal T AMO cugpéxpou EAUTH urjxet, 
àv u£v TO ueiCov óvoua oOuyuerpov Å urjxet TH Exxewevn 
bnti, xoAe(oto [f| GAN] Ex 660 óvou&ov npo. 

v. Eàv 6€ tò &Aáocoov övopa oOuuetpov Å ufjxet TH 
&xxeiuévr, bnt, xarcloVw Ex 6600 Ovoudtwv Oeutépa. 

C. Hay 6€ unóéxepov vv óvou&cov oougecpov fi urjxet 
TH &xxeiiévr nt, xaActoVw £x 600 óvouéov TETN. 

1. IHH&Aw 87) £v tò uctov óvoua [tod &A&ooovoc] uciCov 
SUV THL TE UNO dougupéxpou taut uńxer, £v uev TO uettov 
óvoua. oúuuetpov Ñ UNXEL TH Exxelwevy enc, xaArctodw £x 
600 Óvouá&tov TETÁETN. 

D. “Ey 6£ tò Ehacoov, TEUTTH. 

v. Eàv 6€ undétepov, Extn. 


, 
pm 

Kveety thy &x 6600 óvou&xov TEWTHY. 

"E»oe(oüccav 000 dovuot oi AT, TB, Gote tov 
cuYxeiuevov && obxóv tov AB npóc u£v tov BI’ Aóyov 
éyelv, OV vexpáyovoc ópgiüuóc npóc tetpáywvov aptüuóv, 
npóc 08 tov TA Adyov uù Éyew, Ov tetekywvoc åprðuòs 
Ted vexpdyovov åptvuóv, xoi ExxetoVw tic enu, À A, xoi 
tf A oóuguexpoc čotw ufxet fj, EZ. enu dpa ott xol f| 
EZ. xoà yeyovétw óc ô BA åpıðuòs npóc tov AT, obxoc 
TÒ ano tfj; EZ xpóc tò ånò tis ZH. ô è AB mpóc tòv 
AT Aóyov éyet, dv dpiüuóc npóc dprðuóv: xoi TO aNd ts 
EZ dea npóc tò and týs ZH Aóyov Eyet, Ov coud npóc 
&piüuÓv: Bote GUUUETEOY &oxt TO ano ts EZ xG and fic 


Definitions II 


5. Given a rational (straight-line), and a binomial 
(straight-line) which has been divided into its (compo- 
nent) terms, of which the square on the greater term is 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let [the whole] (straight-line) be called a first bino- 
mial (straight-line). 

6. And if the lesser term is commensurable in length 
with the rational (straight-line previously) laid out then 
let (the whole straight-line) be called a second binomial 
(straight-line). 

7. And if neither of the terms is commensurable in 
length with the rational (straight-line previously) laid out 
then let (the whole straight-line) be called a third bino- 
mial (straight-line). 

8. So, again, if the square on the greater term is 
larger than (the square on) [the lesser] by the (square) 
on (some straight-line) incommensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let (the whole straight-line) be called a fourth bino- 
mial (straight-line). 

9. And if the lesser (term is commensurable), a fifth 
(binomial straight-line). 

10. And if neither (term is commensurable), a sixth 
(binomial straight-line). 


Proposition 48 


To find a first binomial (straight-line). 

Let two numbers AC and CB be laid down such that 
their sum AB has to BC the ratio which (some) square 
number (has) to (some) square number, and does not 
have to C'A the ratio which (some) square number (has) 
to (some) square number [Prop. 10.28 lem. I]. And let 
some rational (straight-line) D be laid down. And let EF 
be commensurable in length with D. EF is thus also ra- 
tional [Def. 10.3]. And let it have been contrived that as 
the number BA (is) to AC, so the (square) on EF (is) 
to the (square) on FG [Prop. 10.6 corr.]. And AB has to 
AC the ratio which (some) number (has) to (some) num- 
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ZH. xoi £ow eru f, EZ: ntù doa xoi f, ZH. xoi &nel ò 
BA ngóc tov AT Aóvov oóx Eyet, Ov xexpévovoc ådprðuòs 
TEOS texpétyovov dprðuóv, OVSE TO ànò ts EZ doa npóc 
TO and ts ZH AóYvov Eyet, Ov tetokywvocg dpiüuóc npóc 
TeTedywvoy àpıÛuóv: iooguuevpoc dea cotlv n EZ t ZH 
uyxet. ot EZ, ZH &pa ontat ciot 6uváuet uóvov OUUUETEOL 
&x 500 doa 6voudtwy Eotlv f, EH. Aéyw, Stu xol npo. 





A D B 





‘Enel Yáp &owv óc ô BA ded npóc tov AT, obxoc TÒ 
ano ts EZ npóc tò and ts ZH, use(Cov õè ô BA tod AT, 
ueiCov doa xal TÒ and ts EZ tod and ts ZH. £ovo ov t 
ano ts EZ tow xà &nd xv ZH, O. xoi nei Eotw óc ô BA 
mpdc tov AT, o0toc tO and týs EZ npóc tò and ts ZH, 
a&vaoteebavt doa gotiv wo ô AB npóc tov BT, ottwe¢ TÒ 
ano ts EZ ned¢ tò and ts O. 6 8E AB npóc xóv BT Adyov 
EXEL, OV TETEAYWVOS KOLOLOS npóc teTpåywvov åprůuóv. xa 
TO amo ts EZ dou npóc TO aNd ts O Adyov Exel, Öv 
xevpYovoc Koodo npóc vevpéyovov dpuüuóv. oóugetpoc 
&pa &oxlv f, EZ xfj O uńxerv f| EZ doa ts ZH ueiCov GOvorxot 
tà UNO OUUUETEOU taut. xal ciot Ontal oi EZ, ZH, xoi 
cOugepoc 7| EZ tÑ A urpet. 

'H EH doa £x 600 vouátwv Eotl npórry Stee ser 
citar. 
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ber. Thus, the (square) on EF also has to the (square) 
on FG the ratio which (some) number (has) to (some) 
number. Hence, the (square) on EF is commensurable 
with the (square) on FG [Prop. 10.6]. And EF is ra- 
tional. Thus, FG (is) also rational. And since BA does 
not have to AC the ratio which (some) square number 
(has) to (some) square number, thus the (square) on EF 
does not have to the (square) on FG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with FG 
[Prop 10.9]. EF and FG are thus rational (straight-lines 
which are) commensurable in square only. Thus, EG is 
a binomial (straight-line) [Prop. 10.36]. I say that (it is) 
also a first (binomial straight-line). 
D — — —4 Ht“ 
E F G 





^ Ç B 

For since as the number BA is to AC, so the (square) 
on EF (is) to the (square) on FG, and BA (is) greater 
than AC, the (square) on EF (is) thus also greater than 
the (square) on FG [Prop. 5.14]. Therefore, let (the sum 
of) the (squares) on FG and H be equal to the (square) 
on EF. And since as BA is to AC, so the (square) 
on EF (is) to the (square) on FG, thus, via conver- 
sion, as AB is to BC, so the (square) on EF (is) to the 
(square) on H [Prop. 5.19 corr]. And AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on EF also has to 
the (square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, EF is commensu- 
rable in length with H [Prop. 10.9]. Thus, the square on 
EF is greater than (the square on) FG by the (square) 
on (some straight-line) commensurable (in length) with 
(EF). And EF and FG are rational (straight-lines). And 
EF (is) commensurable in length with D. 

Thus, EG is a first binomial (straight-line) [Def. 10.5].! 
(Which is) the very thing it was required to show. 





tIf the rational straight-line has unit length then the length of a first binomial straight-line is k + kv/1 — k’?. This, and the first apotome, whose 
length is k — k v1 — k/2 [Prop. 10.85], are the roots of x? — 2 k x + k? k'? = 0. 


uv’. 


Eùpeŭv thy &x 600 dvoudtwy ðeutépav. 


Proposition 49 


To find a second binomial (straight-line). 
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A D B 








"E»oe(oüccav 000 dovuot ot AT, TB, Gote tov 
cuyxe(uevov && adtév tov AB npóc uèv tov BI Aóyov 
Éyetvy, OV tetpåywvoç dpiüuóc npóc tetTpáywvov cody, 
npóc 6& tov AT Adyov uù Éyetv, Sv xexpéovoc doewWydc 
Teds xexpávovov dpiüpóv, xoi Exxciodw priu) À A, xo tH A 
OUUUETEOS £oco f EZ urjxev ENth dea cot H EZ. Yevovéxo 
67 xal óc ô TA àpiüpuóc npóc xóv AB, obvoc 16 dnd ts EZ 
TEOS TO ano ts ZH: oóugexpov doa &oxi TO and ts EZ xG 
ano ts ZH. env) &pa toti xoi f, ZH. xoi Exel ô TA dpiüuóc 
xpóc tov AB Aóvov oOx Exel, Öv Tetekywvoc dpiüuóc npóc 
TETEAYWVOYV douüuóv, OLSE TO AO týs EZ npóc TO AMO ts 
ZH doyov čys, Ov tetedywvoc dpuüuóc npóc teTpáywvov 
àdpruóv. àobugetpoc dea Eotly 7) EZ tÅ ZH urjxev ot EZ, 
ZH äpa Grot ciot Suvduet uóvov oúuueTtpor Ex 000 pa 
Ovoudtwy £oxly fj EH. detxtéov 54, OTL xol 6gutépo. 

"Enel yàp åvånaňív got óc ô BA åprðuòs npóc tov AT, 
o’tw> TÒ dnd tfjc HZ npóc tò and tis ZE, ue(Cov 6$ 6 BA 
tov AT, ueiCov doa [xoi] tò dnd týs HZ tot and ts ZE. 
Eotw Té and ts HZ ioa xà and vv EZ, O: åvaotpépþavti 
&pa gotiv óc ô AB npóc tov BT, ottwe TÒ and ts ZH 
xpóc TO NO ts O. HAA’ 6 AB npóc tov BT Adyov Éyet, dv 
TeTeaywvoc piòs Ted xvevpiyovov dpuüuóv: xal TO ATO 
ts ZH toa mpd¢ tò aNd cvfjc O Adyov Eyet, Öv TeTEkywvoc 
devuUoc npóc vexpéyovov àpgiüuóv. oóugetpoc dea EoTly À 
ZH ti O urjxec. ote f, ZH ts ZE ueiCov Sbvata tT and 
cuuuérxpou tauti. xal ciot Ontoal ai ZH, ZE Guváyet uóvov 
oO0uuetpot, xoi TO EZ ÉAaocov óvoga tÅ &xxewévr eri 
cougexpóv &ox TH A Urner. 

'H EH doa ex Dúo dvoudtwv oth Seutépa Önep čðeL 
Scito. 
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H————— D ' 
E F G 
I At 
A C B 


Let the two numbers AC and CB be laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number [Prop. 10.28 lem. I]. And 
let the rational (straight-line) D be laid down. And let 
EF be commensurable in length with D. EF is thus a 
rational (straight-line). So, let it also have been contrived 
that as the number C A (is) to AB, so the (square) on EF 
(is) to the (square) on FG [Prop. 10.6 corr.]. Thus, the 
(square) on EF is commensurable with the (square) on 
FG [Prop. 10.6]. Thus, FG is also a rational (straight- 
line). And since the number C A does not have to AB 
the ratio which (some) square number (has) to (some) 
square number, the (square) on EF does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF is in- 
commensurable in length with FG [Prop. 10.9]. EF and 
FG are thus rational (straight-lines which are) commen- 
surable in square only. Thus, EG is a binomial (straight- 
line) [Prop. 10.36]. So, we must show that (it is) also a 
second (binomial straight-line). 

For since, inversely, as the number BA is to AC, so 
the (square) on GF (is) to the (square) on FE [Prop. 5.7 
corr], and BA (is) greater than AC, the (square) on 
GF (is) thus [also] greater than the (square) on FE 
[Prop. 5.14]. Let (the sum of) the (squares) on EF and 
H be equal to the (square) on GF. Thus, via conver- 
sion, as AB is to BC, so the (square) on FG (is) to the 
(square) on H [Prop. 5.19 corr]. But, AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, FG is commensu- 
rable in length with H [Prop. 10.9]. Hence, the square on 
FG is greater than (the square on) FE by the (square) on 
(some straight-line) commensurable in length with (FG). 
And FG and FE are rational (straight-lines which are) 
commensurable in square only. And the lesser term EF 
is commensurable in length with the rational (straight- 
line) D (previously) laid down. 

Thus, EG is a second binomial (straight-line) [Def. 
10.6].! (Which is) the very thing it was required to show. 





t If the rational straight-line has unit length then the length of a second binomial straight-line is k//1 — k’? + k. This, and the second apotome, 
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whose length is k/V/1 — k’? — k [Prop. 10.86], are the roots of a? — (2 k/V1 = k'2) a + k? [k’?/(1 — k’?)] = 0. 


, 


V. 


Eópeiv thy &x Dúo óvou&xov tity. 


A D B 








E—~ K= A= 


Z H © 








"Exxeioüccav 000 devyuol oi AT, TB, dote tov 
ovyxetuevoy && autév tov AB npóc uèv tov BI’ Aóyov 
Éyetvy, OV tetpåywvoç dpiüuóc npóc tetpáywvov cody, 
npóc 6& tov AT Aóyov uù Éyetvy, Ov xexpévovoc prðuòs 
TEOS tetpåywvov àptuóv. ExxeloDu bE Tic xol dAXoc uÀ 
xexpétyovoc dpuüuóc O A, xol npóc êxåtepov x&v BA, AT 
Aóvov y?) EXETW, OV xexvpétyovoc dpiüuóc npóc xevpéyovov 
dpvüuÓv: xol exxetodu tis env] evdeia n E, xol Yeyovéxo 
Oc 6 A npóc tov AB, oŬtws 16 and tç E npóc tÒ and 
thc ZH: oúuuetpov doa oth TÒ and tis E v6 ano ts ZH. 
xoí &ox eru À E Ont &pa &oxi xoà f, ZH. xoi excl ô A 
xpóc tov AB Aóvov oOx Exel, Öv tetekywvoc ded npóc 
TeTe&ywvoy ópgiüuóv, o00& TO àxó tfj; E npóc tò àxó tç 
ZH Aóvov Eyet, Ov xvexpéyovoc àpgiüuóc npóc TeTE&kywvov 
åpruóv: &oOupexpoc dpa £oxtv H E tÅ ZH uhxer. yeyovetw 
oF x&Atv óc f, BA ápiüuóc npóc tov AT, obxoc TÒ &NO Tc 
ZH npóc tò and týs HO: oúuuetpov doa Eotl TO ANO tS 
ZH x6 and tij¢ HO. env) 68 n ZH: eric doa xoà Y, HO. xoi 
nel ô BA npóc tov AT Aóvov oOx Exel, Ov tetekywvoc 
apo npóc tetpåywvov dolUdy, OVS TO àxó ts ZH 
TEOS TO UNO Tic OH Aóyov Eyer, Öv xexpétyovoc ópiüuoc 
TEOG tetpåywvov dpuuóv: àoóuuetpoc dpa Eotly ñ ZH 
th, HO ufxe. oi ZH, HO doa ontat siot duvduer uóvov 
oúuuetpor f, ZO doa &x 600 Ovoudtwv cotiv. AEyw 9f, OTL 
xol tpit. 

‘Enel yåp otv óc ô A npóc tov AB, otw¢ TÒ and ts 
E npóc tò and tij¢ ZH, wo 6€ ô BA npóc xóv AT, obxoc 
TO ano rfj; ZH. npóc tò and ts HO, àv toou doa &oxlv we 
ô A npóc tov AT, obvoc TÒ and ts E npóc 16 ånò tic 
HO. 6 8& A npóc tov AT Adyov oOx Eye, dv xexpévovoc 
&piüuóc npóc tetTpáywvov àptðuóv: OSE TO aNd tis E how 
rpóc TO ANd týs HO Aóyov Eyer, dv xexpétyovoc ópiüuoc 
TENS tetpåywvov åpiůuóv: KovUUETEOC doa cotiv nH E ty 
HO yup. xoi enet &owv óc ô BA npóc tov AT, obxoc 
TÒ and ts ZH npóc tò ånò týs HO, uciCov dea tÒ and 
thc ZH tot and týs HO. Eotw odv 1G and ts ZH toa xà 
dno t&v HO, K: dvaotpétbavtt how [Eotiv] óc 6 AB npóc 
tov BI’, ottw¢ tò and týs ZH ned¢ tò àmó ts K. ò dé 
AB npóc tov BT Aóyov Eyet, Ov tetecywvoc åpruòs npóc 


Proposition 50 


To find a third binomial (straight-line). 


A C B 














E 1 K 1 D! 
F G H 


Let the two numbers AC and CB be laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number. And let some other non- 
square number D also be laid down, and let it not have 
to each of BA and AC the ratio which (some) square 
number (has) to (some) square number. And let some ra- 
tional straight-line E be laid down, and let it have been 
contrived that as D (is) to AB, so the (square) on E 
(is) to the (square) on FG [Prop. 10.6 corr]. Thus, the 
(square) on E is commensurable with the (square) on 
FG [Prop. 10.6]. And E is a rational (straight-line). 
Thus, FG is also a rational (straight-line). And since 
D does not have to AB the ratio which (some) square 
number has to (some) square number, the (square) on 
E does not have to the (square) on FG the ratio which 
(some) square number (has) to (some) square number 
either. E is thus incommensurable in length with FG 
[Prop. 10.9]. So, again, let it have been contrived that 
as the number BA (is) to AC, so the (square) on FG 
(is) to the (square) on GH [Prop. 10.6 corr.]. Thus, the 
(square) on FG is commensurable with the (square) on 
GH [Prop. 10.6]. And FG (is) a rational (straight-line). 
Thus, GH (is) also a rational (straight-line). And since 
BA does not have to AC the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG does not have to the (square) on HG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, FG is incommensurable in length with GH 
[Prop. 10.9]. FG and GH are thus rational (straight- 
lines which are) commensurable in square only. Thus, 
FH is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a third (binomial straight-line). 

For since as D is to AB, so the (square) on E (is) 
to the (square) on FG, and as BA (is) to AC, so the 
(square) on FG (is) to the (square) on GH, thus, via 
equality, as D (is) to AC, so the (square) on E (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
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teETpåywvov óptüuóv: xal TÒ and ts ZH dea npóc TÒ AMO 
tic K Aóvov Exe, ov tetecywvoc apiüuóc npóc xevpétyovov 
àptüuóv: obuueteos ğpa [£oxiv] À ZH xf; K ure. 7j ZH dpa 
tis HO uctov G0voxot x& dnd cuugévpou auti. xal eiotv 
oi ZH, HO ental Svvduer uóvov oouuetpot, xol obðetÉpA 
avtéy oOugetpóc toti TH E ufixet. 

‘H ZO doa &x 600 dvoudtwv Eotl toeityn’ Step Eder Seta. 
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have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. Thus, E is incommensurable in length with GH 
[Prop. 10.9]. And since as BA is to AC, so the (square) 
on FG (is) to the (square) on GH, the (square) on FG 
(is) thus greater than the (square) on GH [Prop. 5.14]. 
Therefore, let (the sum of) the (squares) on GH and 
K be equal to the (square) on FG. Thus, via conver- 
sion, as AB [is] to BC, so the (square) on FG (is) 
to the (square) on K [Prop. 5.19 corr]. And AB has 
to BC the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on FG also 
has to the (square) on K the ratio which (some) square 
number (has) to (some) square number. Thus, FG [is] 
commensurable in length with K [Prop. 10.9]. Thus, 
the square on FG is greater than (the square on) GH 
by the (square) on (some straight-line) commensurable 
(in length) with (FG). And FG and GH are rational 
(straight-lines which are) commensurable in square only, 
and neither of them is commensurable in length with E. 

Thus, FH is a third binomial (straight-line) [Def. 
10.7].! (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a third binomial straight-line is k!/2 (1 + V1 = k’2). This, and the third apotome, 


whose length is k!/? (1 — V1 = k’”) [Prop. 10.87], are the roots of x? 


L 


va. 


Eùpeŭv thy &x 600 óvou&tov TETÁETNY. 














E | H 
^ Oi 
A T B 


Exxeloðwocav 000 åprðpo ot AT, TB, ote tov AB 
npóc tov BP Adyov uh Éyeww uve uf medc tov AT, 
Ov tetpåywvoç dpuüuóc npóc TeTE&ywvov åprðuóv. xoa 
&xxeíoo en, n A, xoi xfj A obuuetoos Eotw uhxet f, EZ: 
Entry ga &oxi xoi À EZ. xoà yeyovétw óc ó BA ópiüuóc 
npóc tov AT, o0voc TO and týs EZ npgóc tò àxó ts ZH: 
oOuuetpov Goa Cott TO and xfic EZ xG and týs ZH: onth koa 
£c xoi À ZH. xol Exel ò BA npóc tov AT Adyov ovx Éyet, 
Ov TeTEkywvocs aptüuóc npóc TeTEdYWVOV dpiüuóv, OVSE TO 
and tfic EZ npóc tò and týs ZH Adyov £yet, Ov tetokywvoc 
apd npóc tetpåywvov àpiüuóv: KoUUUETEOS dea EoTiv Å 
EZ th ZH ufjxev. at EZ, ZH dea ntaí siot Suvduet uóvov 
oúuuetpor ote f, EH x 600 Ovoudtwv cotiv. AEyw 9, 


2kV? y E kk'? =0. 





Proposition 51 


To find a fourth binomial (straight-line). 














E F G 
D | H! 
A C B 


Let the two numbers AC and CB be laid down 
such that AB does not have to BC, or to AC either, 
the ratio which (some) square number (has) to (some) 
square number [Prop. 10.28 lem. I]. And let the rational 
(straight-line) D be laid down. And let EF be com- 
mensurable in length with D. Thus, EF is also a ratio- 
nal (straight-line). And let it have been contrived that 
as the number BA (is) to AC, so the (square) on EF 
(is) to the (square) on FG [Prop. 10.6 corr.]. Thus, the 
(square) on EF is commensurable with the (square) on 
FG [Prop. 10.6]. Thus, FG is also a rational (straight- 
line). And since BA does not have to AC the ratio which 
(some) square number (has) to (some) square number, 
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OTL Kal TeTHOTN. 

‘Enel yao otv óc ó BA ngóc tov AT, ottw¢ TÒ åTÒ 
tfc EZ npóc tò and ts ZH [us(Cov 5€ 6 BA tod AI], 
ueiCov &pa tò ånò týs EZ tod and ts ZH. Eotw odv t 
ano ts EZ toa xà and t&v ZH, O: avactpshavtt &pa we 
ô AB dpdudc npóc tov BT, oÜvoc tò and týs EZ npóc 
TO &NO tc O. ô òè AB npóc tòv BT Aóyov oOx Eyet, dv 
xevp&Yovoc ópiüuóc xpóc vexpáyovov dpruóv: OLS’ Gea TO 
and ts EZ npóc tO and ts O Adyov Eyet, Öv xevpétyovoc 
&piüuóc npóc TeTEdyWVOV dpuüuóv. aoUUUETeOG Gea &oxiv 
n EZ xfj O uńxer f, EZ &pa ts HZ ueiCov G0vaxot xà and 
&ougupéxpou tauti. xat ciow al EZ, ZH onto Suvduet uóvov 
cOugepot, xoi À EZ xfj A obuuetedc &ox urjxet. 

'H EH doa ex Dúo dvoudtwy &od tetápt Ónep čðeL 
citoar. 
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the (square) on EF does not have to the (square) on FG 
the ratio which (some) square number (has) to (some) 
square number either. Thus, EF is incommensurable 
in length with FG [Prop. 10.9]. Thus, EF and FG 
are rational (straight-lines which are) commensurable 
in square only. Hence, EG is a binomial (straight-line) 
[Prop. 10.36]. So, I say that (it is) also a fourth (binomial 
straight-line). 

For since as BA is to AC, so the (square) on EF (is) to 
the (square) on FG [and BA (is) greater than AC], the 
(square) on EF (is) thus greater than the (square) on FG 
[Prop. 5.14]. Therefore, let (the sum of) the squares on 
FG and H be equal to the (square) on EF. Thus, via con- 
version, as the number AB (is) to BC, so the (square) on 
EF (is) to the (square) on H [Prop. 5.19 corr.]. And AB 
does not have to BC the ratio which (some) square num- 
ber (has) to (some) square number. Thus, the (square) on 
EF does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with H 
[Prop. 10.9]. Thus, the square on EF is greater than (the 
square on) GF by the (square) on (some straight-line) in- 
commensurable (in length) with (EF). And EF and FG 
are rational (straight-lines which are) commensurable in 
square only. And EF is commensurable in length with D. 

Thus, EG is a fourth binomial (straight-line) [Def. 
10.8].! (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a fourth binomial straight-line is k (1 + 1/4 /1 + k’). This, and the fourth apotome, 
whose length is k (1 — 1/4/1 +’) [Prop. 10.88], are the roots of z? — 2 ka + k? k'/(1 + k/) = 0. 


vp. 
Eveeiv thy &x 600 dvoudtwyv néuntrv. 


E Z 











A 


m 
A T B 

Exxeloðwcav 000 àpgiüuot ot AT, TB, ote tov AB 
TEOS &xóvepov aÙtõv Aóyov uù čyew, OV TETE&kywvoc 
ápiÜüuóc npóc tetpáywvov àptuóv, xoi ExxcioVu erf, tic 
cocta f, A, xol xfj A obuuetpoc £ovo [ute] Y, EZ: enu 
goa f, EZ. xoà yeyovétw óc ô DÀ npóc tov AB, obtoc TÒ 
and ts EZ xpóc tò and ts ZH. 6 è TA npóc tov AB 
AóYov oOx Exel, Öv vexpáyovoc àpiüuóc npóc TeTE&ywvoV 
&puüuÓv: 006€ TO àxó ts EZ äpa npóc tò dno ts ZH Adyov 
£y&t, OV vexpáYovoc àpiüuóc npóc tetpåywvov dpuüpóv. oí 


Proposition 52 
To find a fifth binomial straight-line. 














E F G 
D (OH! 
Ac TE B 


Let the two numbers AC and CB be laid down such 
that AB does not have to either of them the ratio which 
(some) square number (has) to (some) square number 
[Prop. 10.38 lem.]. And let some rational straight-line 
D be laid down. And let EF be commensurable [in 
length] with D. Thus, EF (is) a rational (straight- 
line). And let it have been contrived that as CA (is) to 
AB, so the (square) on EF (is) to the (square) on FG 
[Prop. 10.6 corr.]. And CA does not have to AB the ra- 
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EZ, ZH dpa ntal ciot Suvdper uóvov obuUETeoL’ &x 00 
doa Ovoudtwv cotly 7 EH. Aéyo Dh, tt xoi réunit. 

"Enel ydo otv óc ô TA npóc tov AB, ob0tvoc TÒ dnd 
ts EZ npd¢ tò and ts ZH, åváraňwv óc ô BA npóc tov 
AT, obvoc tÒ and týs ZH npóc tò ånò týs ZE: uciZov 
&pa tò and ts HZ tod and týs ZE. čotw odv t ano 
tfic HZ {oa xà and tõv EZ, O- avacteétavtt doa Eotly we 
ô AB ópiüuóc npóc tov BT, oŬtws tò and týs HZ npóc 
TO ånò ts O. 6 6& AB npóc tòv BT Aóyov oùx Eyet, dv 
TETpåYwVOG ópiüuóc npóc tetTpåywvov dpruóv: OLS’ Gea TO 
and ts ZH npòç tò and ts O Aóyov Eyet, Öv TeTEkywvoc 
&piüuóc npóc tetTpáywvov dpuüuóv. aoUUUETEOG dea &oxiv 
À ZH «fj O ufixev. ðote Å ZH xfjc ZE ueiGov ðúvata xà 
dnd douuuérpou aut. xal ciow oi HZ, ZE nto Suvduer 
uóvov oúuueETpOL, xal TO EZ Ehattov óvoua GUUUETEOV EOTL 
xfj Exxewevy enc tH A ure. 

'H EH doa ex 000 dvoudtwy £o néuntyn Once eer 
Seton. 
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tio which (some) square number (has) to (some) square 
number. Thus, the (square) on EF does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF and 
FG are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.9]. Thus, EG is a binomial 
(straight-line) [Prop. 10.36]. So, I say that (it is) also a 
fifth (binomial straight-line). 

For since as CA is to AB, so the (square) on EF 
(is) to the (square) on FG, inversely as BA (is) to 
AC, so the (square) on FG (is) to the (square) on FE 
[Prop. 5.7 corr.]. Thus, the (square) on GF (is) greater 
than the (square) on FE [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on EF and H be equal to 
the (square) on GF. Thus, via conversion, as the number 
AB is to BC, so the (square) on GF (is) to the (square) 
on H [Prop. 5.19 corr]. And AB does not have to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on F'G does not have 
to the (square) on H the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, FG is 
incommensurable in length with H [Prop. 10.9]. Hence, 
the square on FG is greater than (the square on) FE 
by the (square) on (some straight-line) incommensurable 
(in length) with (FG). And GF and FE are rational 
(straight-lines which are) commensurable in square only. 
And the lesser term EF is commensurable in length with 
the rational (straight-line previously) laid down, D. 

Thus, EG is a fifth binomial (straight-line).! (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a fifth binomial straight-line is k (/1 + k’ + 1). This, and the fifth apotome, whose 
length is k (VI + k’ — 1) [Prop. 10.89], are the roots of x? — 2k VI F k’ x 4- k? k' — 0. 
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Eùpeŭv thy &x 600 dvoudtwy čxTNY. 
Em Kr 
Z H © 
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"Exxectodwoav 000 àpgiüuot ot AT, TB, ote tov AB 
TEOS &xóvepov AUTEY AdYOV UH Éyetv, OV TETE&ywvoc 
devuog nxpóc tetpáywvov åpiðuóv: Eotw be xal Évepoc 
dptüuóc Ò A yh tetekywvoc ðv unè nxpóc &xótepov 
t&v BA, AT Aóvov Éyov, Ov tetepkywvoc dpiüuóc npóc 
Tetodywvov &průuóv: xol ExxecioVu tic enu eo0cia ñ E, 
xal yeyovéta óc ô A npóc tov AB, obtoc TÒ and tfc E 
npóc TO aNd týs ZH: obvuuetpov doa TO aNd ts E 16) ano 





Proposition 53 
To find a sixth binomial (straight-line). 
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Let the two numbers AC and CB be laid down such 
that AB does not have to each of them the ratio which 
(some) square number (has) to (some) square number. 
And let D also be another number, which is not square, 
and does not have to each of BA and AC the ratio which 
(some) square number (has) to (some) square number ei- 
ther [Prop. 10.28 lem. I]. And let some rational straight- 
line E be laid down. And let it have been contrived that 


339 


STOIXEION v. 


thc ZH. xal &oxt Entry fj E erc doa xoi 5, ZH. xoi Emel 
00x éyet 6 A npóc tov AB Aóvyov, bv xexpévovoc àpgiüuóc 
rpóc teTpáywvov douüuóv, oó0& TO AMO týs E dpa npóc 
TO and ts ZH Adyov Éyet, Ov tetokywvoc dpuüuóc npóc 
TeTEdywvov průuóv: àoouuexpoc doa f, E tÅ ZH ujxet. 
yeyovetw 97) n&áAty óc ô BA npóc tov AT, obtoc TÒ and 
thc ZH ned¢ tò and tis HO. oúuuetpov dea tò and ts ZH 
16) and ts OH. erxóv dea tò and xfj OH: nth doa f, OH. 
xoi &nei ò BA npóc tov AT Adyov oOx Éyet, Ov vexpévovoc 
apo npóc tetpåywvov průuóv, ObSE TO aNd ts ZH 
rpóc TO ANd týs HO Adyov Eyet, dv xexpévovoc prus 
TEOG tetpáåywvov dpuuóv: aovUUETeO¢ dpa Eotly ñ ZH 
th, HO ufxe. oi ZH, HO doa rytai siot Õuváuet uóvov 
OUUUETEOL Ex 600 doa dvoudtwy ċotiv f, ZO. Seixtéov Of, 
OTL xol. Extr). 

"Enci yap otv óc ô A npóc tov AB, oÜxoc TÒ and 
tfi; E npóc tò and tis ZH, Éou SE xoi óc ô BA npóc 
tov AT, ottws¢ tò and týs ZH npóc tò and týs HO, ðr 
{oou &pa &oxlv óc O A npd¢ tov AT, oŬtws tò ånò tis E 
npóc TO dnd tic HO. 6 6€ A mnpóc tov AT Adyov ovx 
éyel, OV Tetedywvoc dowWudc npóc tetpåywvov &průuóv' 
ovde TO and thc E toa npóc tò and týs HO ddyov 
éyel, Ov Tetedcywvoc dowWudc npóc tetpåywvov apuuóv: 
&oouuetpoc doa cotly H E xfj HO uńxer. edetydn dé xoi 
th ZH aobuyeteoc Exatéea doa x&v ZH, HO aovuuetedc 
tot tH E unxer. xoi &ne( otv óc ô BA ngóc tov AT, 
otw>o TÒ and týs ZH npóc tò ånò týs HO, ucitov &pa 
TÒ àxó tc ZH tod and týs HO. čotw odv t ånò [rfic] 
ZH ion tà and xóv HO, K: àvacxpédavu dpa óc ô AB 
rpóc BT, oŬtws 16 ånò ZH npóc tò and ts K. 6 SE AB 
rpóc tov BI Aóvov oOx £yet, Ov tetekywvoc piòs npóc 
xevp&Yovov pruóv: Bote ovdé TO ano ZH npóc tÒ àmó 
thc K Aóvov Eyet, Ov vevpéovoc apiüuóc npóc xevpétyovov 
&piüuÓv. aobuuetoeos doa cotly f, ZH xfj K urjxev n ZH tow 
tis HO ueiCov Sbvatou T dnd iouupérpou auti. xal eiotv 
oi ZH, HO ental Svvduet uóvov oouuetpot, xol obðetÉpA 
AUTHY oOuguetpóc EOTL UNXEL TH &xxeluévr enr Th E. 

“H ZO dea &x 800 óvou&xov Eotiv Extn: ónep Eder deiga. 
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as D (is) to AB, so the (square) on E (is) to the (square) 
on FG [Prop. 10.6 corr.]. Thus, the (square) on F (is) 
commensurable with the (square) on FG [Prop. 10.6]. 
And E is rational. Thus, FG (is) also rational. And since 
D does not have to AB the ratio which (some) square 
number (has) to (some) square number, the (square) on 
E thus does not have to the (square) on FG the ra- 
tio which (some) square number (has) to (some) square 
number either. Thus, E (is) incommensurable in length 
with FG [Prop. 10.9]. So, again, let it have be contrived 
that as BA (is) to AC, so the (square) on FG (is) to 
the (square) on GH [Prop. 10.6 corr.]. The (square) on 
FG (is) thus commensurable with the (square) on HG 
[Prop. 10.6]. The (square) on HG (is) thus rational. 
Thus, HG (is) rational. And since BA does not have 
to AC the ratio which (some) square number (has) to 
(some) square number, the (square) on F'G does not have 
to the (square) on GH the ratio which (some) square 
number (has) to (some) square number either. Thus, 
FG is incommensurable in length with GH [Prop. 10.9]. 
Thus, FG and GH are rational (straight-lines which are) 
commensurable in square only. Thus, FH is a binomial 
(straight-line) [Prop. 10.36]. So, we must show that (it 
is) also a sixth (binomial straight-line). 

For since as D is to AB, so the (square) on E (is) 
to the (square) on FG, and also as BA is to AC, so 
the (square) on FG (is) to the (square) on GH, thus, 
via equality, as D is to AC, so the (square) on E (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. E is thus incommensurable in length with GH 
[Prop. 10.9]. And (£) was also shown (to be) incom- 
mensurable (in length) with FG. Thus, FG and GH 
are each incommensurable in length with E. And since 
as BA is to AC, so the (square) on FG (is) to the 
(square) on GH, the (square) on FG (is) thus greater 
than the (square) on GH [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on GH and K be equal to 
the (square) on FG. Thus, via conversion, as AB (is) 
to BC, so the (square) on FG (is) to the (square) on K 
[Prop. 5.19 corr.]. And AB does not have to BC the ra- 
tio which (some) square number (has) to (some) square 
number. Hence, the (square) on FG does not have to 
the (square) on K the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, FG is 
incommensurable in length with K [Prop. 10.9]. The 
square on FG is thus greater than (the square on) GH 
by the (square) on (some straight-line which is) incom- 
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mensurable (in length) with (FG). And FG and GH 
are rational (straight-lines which are) commensurable 
in square only, and neither of them is commensurable 
in length with the rational (straight-line) E (previously) 
laid down. 

Thus, FH is a sixth binomial (straight-line) [Def. 
10.10].! (Which is) the very thing it was required to 
show. 


t If the rational straight-line has unit length then the length of a sixth binomial straight-line is Vk + Vk’. This, and the sixth apotome, whose 
length is Vk — Vk’ [Prop. 10.90], are the roots of x2 — 2 ka + (k — k^) — 0. 


Afiuga. 

"Eoo 800 tetokywva tà AB, BT xoi xe(oUooaov Sote 
én’ evVetac civar thy AB xfj BE: én’ edvVetac &pa &oxi xol À 
ZB t BH. xoi ovuunerAnewmodw tò AT xapoAAnAóvpouuov: 
Ayw, StL xexpáyovóv &ow TO AT, xoi óu xóv AB, BT 
uécov åváňoyóv ċott tò AH, xoi Eu x&v AT, TB uécov 
åváňoyóv &ox tò AT. 




















K H FLU 
A B E 
A Z 09 


Erel yàp ton &oxiv fj u&v AB qt BZ, 5; 6£ BE xf; BH, 
oA &pa f, AE OAy tH ZH &owv lon. GAA’ f; u&v AE &xoxépa 
t&v AO, KT éotw ion, n òè ZH &xoxéga àv AK, OT éouv 
ton: xoà Exatéoa dea xv AO, KT exatéow xv AK, OF 
totuv ton. todmAcupoyv dea ot) tò AT naparànàóypauuov: 
Zot ðè xal ópÜoyovtov: tetokywvoyv dea tot) tò AT. 

Kat énet £owv óc f; ZB npóc thy BH, oŬtws f| AB npóc 
thy BE, àAX' óc uèv ñ ZB ngóc thy BH, oŬtws tò AB npóc 
tò AH, óc òè 7 AB ngóc thy BE, oŬtws tò AH npóc tò 
BI, xoi òs doa tò AB ngóc tò AH, o0voc tò AH npóc tò 
BI. x&v AB, BT doa uécov åváňoyóv £ow tò AH. 

Aéyo dh, Ott xoi x&v AT, TB uécov åváňoyóv [£o] tò 
AT. 

‘Enel ydo otw óc f, AA npóc tiv AK, o0oc À KH 
meds thy HI ton ydo [Eotw] êxatépa &xorcépoc xoà ouvdevtt 
óc f, AK med¢ KA, obtw¢ ñ KT npgóc TH, Gd’ óc u&v fj; AK 
xnpóc KA, obxoc tò AT ngóc tò TA, óc òè f, KT ngóc TH, 
obxoc tÒ AT npóc TB, xoi óc ápga tò AT npóc AT, obxoc 
tò AT npóc tò BY. xv AT, TB &pga uécov àvóáXovóv £o 
tO AT" à npoéxetxo oci&on. 


Lemma 


Let AB and BC be two squares, and let them be laid 
down such that DB is straight-on to BE. FB is, thus, 
also straight-on to BG. And let the parallelogram AC 
have been completed. I say that AC is a square, and 
that DG is the mean proportional to AB and BC, and, 
moreover, DC is the mean proportional to AC and C B. 




















K G C 
D B E 
A F H 


For since DB is equal to BF, and BE to BG, the 
whole of DE is thus equal to the whole of FG. But DE 
is equal to each of AH and KC, and FG is equal to each 
of AK and HC [Prop. 1.34]. Thus, AH and KC are also 
equal to AK and HC, respectively. Thus, the parallel- 
ogram AC is equilateral. And (it is) also right-angled. 
Thus, AC is a square. 

And since as FB is to BG, so DB (is) to BE, but 
as FB (is) to BG, so AB (is) to DG, and as DB (is) to 
BE, so DG (is) to BC [Prop. 6.1], thus also as AB (is) 
to DG, so DG (is) to BC [Prop. 5.11]. Thus, DG is the 
mean proportional to AB and BC. 

So I also say that DC [is] the mean proportional to 
AC and CB. 

For since as AD is to DK, so KG (is) to GC. For [they 
are] respectively equal. And, via composition, as AK (is) 
to K D, so KC (is) to CG [Prop. 5.18]. But as AK (is) 
to K D, so AC (is) to CD, and as KC (is) to CG, so DC 
(is) to CB [Prop. 6.1]. Thus, also, as AC (is) to DC, 
so DC (is) to BC [Prop. 5.11]. Thus, DC is the mean 
proportional to AC and C B. Which (is the very thing) it 
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vò’. 
"E&v yopilov nepiéyntoa Und nts “al tis &x 000 
OVOUATWY TPOTNS, f| TÒ ywelov ðuvauévn &Aoyóc &oxty 
7j xoXougévr, x 600 Gvoudtuv. 






































A HE Z A P H 
M nN |€ 
B OK ^ Lr 
£ O 


Xogpíov yàp tò AT nepieyéodw brò nts týs AB xoi 
tfi; £x 600 dvoudtwv npornc týs AA: Aéyw, StL Å TÒ 
AT yopílov ðuvauévy dAoydc Eotw f| xoAouuévr) Ex 600 
ÖVOuáTOV. 

Enel yàp &x 600 óvou&xov toT npo f| AA, dSinefjodw 
tic TH Óvóuaxa xatà TO E, xoi Éovo tO ucitov övoua 
TÒ AE. qavegóv of, ött oi AE, EA Qnvo( ciot Ouváget 
uóvov obuueteot, xoi f, AE týs EA uctov 66varcot t amo 
cuupgéxpou auty, xoi Nn AE obuuEtedc tott TH &xxeuévn 
enc AB puxe. tetuńoðw 97 A EA diya xatà tò Z 
onysiov. xol énet À AE tç EA uctov Sbvata t and 
cuuuérpou AUT, EXV dpa TES TeTHOTW UPEL TOD ANd TÅG 
EAdooovos, TOUTEOTL 16 dnó ts EZ, {oov napd& thy yetTova 
thy AE rapoBandy &AAetrxov elder vevpoty ovo, eic oóupecpa 
AUTHY Ototpet. rapofepAriodo odv nap& thy AE và ånò fic 
EZ toov tò ónó AH, HE: oúuuetpos &pa &odiv f AH «fi 
EH urjxet. xoà fjyüoocov and t&v H, E, Z onotéeg xv AB, 
TA napgáAAnAot oi HO, EK, ZA: xoi 16 u£v AO nopoXn- 
Aoveóupo toov tetpáywvov ouveoxéáto tò UN, x6 6€ HK 
ïoov tò NII, xoà xelodw dote en evdetac civar thy MN 
th NE: én’ evdetac dpa ott xoi f, PN tH NO. xoà oup- 
TerAnowModu tò XII ropaAAnAÓóYoouuov: xevpáyovov dea 
&c xi tò XII. xoi Exet tò Ond x&v AH, HE oov Eotl x6 ano 
ts EZ, Éowv toa óc f|, AH npóc EZ, o0voc f, ZE npóc 
EH: xoi óc doa tò AO nxpóc EA, tò EA npóc KH: xGv 
AO, HK doa uécov åváňoyóv Eott tò EA. GAA TO u£v AO 
loov cotl 1G UN, tò òè HK toov 1G NII t&v UN, NIT dow 
Uuécov dváAoyóv éott TÒ EA. got 6€ xv adtév vàv UN, 
NII uécov åváňoyov xoi tò MP: (cov &pa Eoti tò EA xà 
MP: dote xoi té OZ toov Eotiv. ott be xoi xà AO, HK 
tois UN, NII toa: dAov &pa tò AT toov Eotiv Ow 165 XII, 
TOUTEOTL TH) AMO ts ME tetoaxyove tò AT &pa SOvatau Å 
ME. Eva, Ott f, ME x 500 dvoudtwv &oítv. 

‘Enel yàp obuuetedc &ovv À AH cf; HE, obuueted¢ é&ox 
xoi f, AE &xoxépa x&v AH, HE. onóxetxot dé xoi f, AE ti 
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was prescribed to show. 


Proposition 54 


If an area is contained by a rational (straight-line) 
and a first binomial (straight-line) then the square-root 
of the area is the irrational (straight-line which is) called 
binomial.* 









































A GE F D R Q 
M n O 
B HK L C 
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For let the area AC be contained by the rational 
(straight-line) AB and by the first binomial (straight- 
line) AD. Isay that square-root of area AC is the ir- 
rational (straight-line which is) called binomial. 

For since AD is a first binomial (straight-line), let it 
have been divided into its (component) terms at E, and 
let AE be the greater term. So, (it is) clear that AE and 
ED are rational (straight-lines which are) commensu- 
rable in square only, and that the square on AF is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with (AF), and 
that AF is commensurable (in length) with the rational 
(straight-line) AB (first) laid out [Def. 10.5]. So, let ED 
have been cut in half at point F. And since the square on 
AE is greater than (the square on) ED by the (square) 
on (some straight-line) commensurable (in length) with 
(AE), thus if a (rectangle) equal to the fourth part of the 
(square) on the lesser (term)—that is to say, the (square) 
on E F—falling short by a square figure, is applied to the 
greater (term) AE, then it divides it into (terms which 
are) commensurable (in length) [Prop 10.17]. Therefore, 
let the (rectangle contained) by AG and GE, equal to the 
(square) on EF, have been applied to AE. AG is thus 
commensurable in length with EG. And let GH, EK, 
and FL have been drawn from (points) G, E, and F (re- 
spectively), parallel to either of AB or CD. And let the 
square SN, equal to the parallelogram AH, have been 
constructed, and (the square) NQ, equal to (the parallel- 
ogram) GK [Prop. 2.14]. And let MN be laid down so 
as to be straight-on to NO. RN is thus also straight-on 
to NP. And let the parallelogram SQ have been com- 
pleted. SQ is thus a square [Prop. 10.53 lem.]. And since 
the (rectangle contained) by AG and GE is equal to the 
(square) on EF, thus as AG is to EF, so FE (is) to EG 
[Prop. 6.17]. And thus as AH (is) to EL, (so) EL (is) 
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AB ovuyeteoc: xoi oi AH, HE &pa xf; AB obuuetpoi ciow. 
xai £o OntH Å AB: Onth &po oti xol Exatéea xv AH, HE: 
entov doa &oxiv &xévepov xv AO, HK, xal £o oouuetpov 
tO AO xà HK. àAAà tò uèv AO 165 UN toov Eotiv, tò 6€ 
HK 16 NII: xa xà XN, NIT tow, toutéots xà and x&v MN, 
NE, pnt& cott xol oOuuetpa. xoi Emel &oougetpóc EOTLV f| 
AE ti EA ure, àAX 7 u&v AE xfj AH got ooyguerpoc, 
7 òè AE ti EZ obuueteoc, cobuueteoc doa xoi À AH xfi 
EZ: ote xoi 16 AO xà EA åoúuuetpóv otv. GA TO uev 
AO xà XN otw ïoov, tò 6£ EA 16 MP" xoi tò XN dow 
t& MP covuuetpdy &oxtv. GAM’ óc TO XN npóc MP, f, ON 
rpóc THY NP: àoouuerpoc tea £oxiv 7 ON «fj NP. ton õè ñ 
u&v ON tH MN, 4 dé NP th NE: aobuueteoc dea eotiv 7 
MN ti NE. xal cott to and ts MN obvuuetpov 16 àxó TS 
NE, xol pntov &xáxegov: at MN, NE dpa nTa ciot duveuet 
Udvoy oúuuETpOL. 

‘H ME doa x 660 övouåtwv Eotl xoi Sbvata tO AT" 
Órep Eder Seta. 
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to KG [Prop. 6.1]. Thus, EL is the mean proportional to 
AH and GK. But, AH is equal to SN, and GK (is) equal 
to NQ. EL is thus the mean proportional to SN and NQ. 
And MR is also the mean proportional to the same— 
(namely), SN and NQ [Prop. 10.53 lem.]. EL is thus 
equal to M R. Hence, it is also equal to PO [Prop. 1.43]. 
And AH plus GK is equal to SN plus NQ. Thus, the 
whole of AC is equal to the whole of SQ—that is to say, 
to the square on MO. Thus, MO (is) the square-root of 
(area) AC. I say that MO is a binomial (straight-line). 

For since AG is commensurable (in length) with GE, 
AE is also commensurable (in length) with each of AG 
and GE [Prop. 10.15]. And AE was also assumed (to 
be) commensurable (in length) with AB. Thus, AG 
and GE are also commensurable (in length) with AB 
[Prop. 10.12]. And AB is rational. AG and GE are 
thus each also rational. Thus, AH and GK are each 
rational (areas), and AH is commensurable with GK 
[Prop. 10.19]. But, AH is equal to $N, and GK to NQ. 
SN and NQ—that is to say, the (squares) on MN and 
NO (respectively)—Aare thus also rational and commen- 
surable. And since AE is incommensurable in length 
with ED, but AE is commensurable (in length) with 
AG, and DE (is) commensurable (in length) with EF, 
AG (is) thus also incommensurable (in length) with EF 
[Prop. 10.13]. Hence, AH is also incommensurable with 
EL [Props. 6.1, 10.11]. But, AH is equal to SN, and 
EL to MR. Thus, SN is also incommensurable with 
MR. But, as SN (is) to MR, (so) PN (is) to NR 
[Prop. 6.1]. PN is thus incommensurable (in length) 
with NR [Prop. 10.11]. And PN (is) equal to MN, and 
NR to NO. Thus, MN is incommensurable (in length) 
with NO. And the (square) on MN is commensurable 
with the (square) on NO, and each (is) rational. MN 
and NO are thus rational (straight-lines which are) com- 
mensurable in square only. 

Thus, MO is (both) a binomial (straight-line) [Prop. 
10.36], and the square-root of AC. (Which is) the very 
thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a first binomial straight-line is a binomial straight- 


line: ie., a first binomial straight-line has a length k + k V1 = k”? whose square-root can be written p (1 + Vk’), where p = 


k (1+ k’)/2 and 


k” = (1—k’)/(1 +k’). This is the length of a binomial straight-line (see Prop. 10.36), since p is rational. 


ve’. 
Eàv yooptov nepiéyntoa ono nts xoi ts &x 9600 
óvou&xov SEUTEPAC, f) TÒ YwWElov Guvoapuévr] ğoyós &oty 
7j xoXougévr, £x 600 uécov npo. 


Proposition 55 


If an area is contained by a rational (straight-line) and 
a second binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
first bimedial.* 
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Iepieyéoðw yàp ywetov tò ABTA rò nts tij¢ AB 
xal tc &x 600 Óvou&tov 6uexépac týs AA: Aéyw, Sti Å TÒ 
AT yopiov duvayévn &x 600 uécov METH &oxtv. 

‘Enel yàp éx Dúo vouåtwv deutépa &odv Ù AA, 
dinehjodw sig xà övópata xatà TO E, Hote tO ucitov 
dvoua civar tò AE: at AE, EA doa pntat ciot Suvdyer 
uóvov oOuuepot, xoi f, AE týs EA uciCov Sbvato x& and 
cuugéxpou &aucf, xoi TO EAattov Övoua f, EA oúuuetpóv 
ċott th AB uyxer. vexvurjoto ñ EA dtya xatà tÒ Z, xol 
tà ånò tfj EZ toov nopà thy AE napapepańoðw £AXcirov 
elder xvevpary vo TO UNO àv AHE: oóugexpoc doa A AH 
tf, HE pre. xoi did vv. H, E, Z nopiAXnAot rjyx0ocav 
toic AB, TA oi HO, EK, ZA, xoi 16 u£v AO napadAn- 
Aoveóuuo toov tetpáywvov ouveotátw tò UN, x6 6€ HK 
loov tetpåywvov tò NII, xoà xelodw dote en’ cdVetac civar 
thy MN ti NE: én’ evetac &pa [iot] xoi Y, PN xfj NO. xol 
ouuxenAnpóo0o tò XII tetpåywvov: pavepòv 7) Ex tO 
xpoósóetyuévou, ött TO MP uécov àváňoyóv &ox x&v UN, 
NU, xoi (cov 16 EA, xoi 611 tò AT otov 60vaxot f, ME. 
delxtéov ÕM, Ott Å ME Ex 650 uécov Eotl npo. 

‘Emel doúuuetpós cotw f, AE th EA urjxeu oóuuexpoc 
dé 5j EA «fj AB, cobuueteoc dpa ñ AE t AB. xoi enel 
oOugetpóc &oxty fj, AH xfj EH, oougetpóc &oxt xoi À AE 
&xaxépa x&v AH, HE. àAA3 f, AE &oúuuetpos xfj AB urxec 
xoi oi AH, HE &pa dovuuetpot siot tf AB. oi BA, AH, 
HE dea ntal siot óuváget uóvov OUUUETEOL’ OTE uécov 
éotly exatepov vv AO, HK. dote xoi &xévepov x&v UN, 
NII gécov éottv. xoi a MN, NE tow uéoot ciotv. xol 
émel oOuuerpoc À AH t HE urxer, ooupexpóv oti xol 
tò AO 16 HK, xouiécu tò UN 16 NII, toutéot: TÒ ano 
tc MN xG dnd týs NE [ote Suvéyer ciot oouperpot oi 
MN, NE]. xoà ncù dovuetedcs Eotw ù AE tH EA pyxet, 
GAM’ 5 uèv AE ovuuetedc ċott tÅ AH, 5| 66 EA tH EZ 
oOugetpoc, GoOuuetpoc &pa Å AH tÅ EZ: Bote xoi tÒ 
AO xà EA dovbuuetedv gotw, vouiéou to UN xà MP, 
toutéotw Ò ON «fj NP, toutéotw f, MN ti NE àoóugexpóc 
toti ufjxet. &Oerünoov sé ot MN, NE xoi u£cot ooo xol 
6uváget oúvuuetpor at MN, NE dea uéoa ciol óuváet uóvov 
oO0uuetpot. Aéyw OH, OTL xod ONTOV TepLeyouOW. Eel yàp ñ 
AE broxerta exatéoa tv AB, EZ obuyeteoc, obuueteoc 
doa xoà f, EZ th EK. xoà enti exatéoa obxóv: Entov toa 
tò EA, toutéott tò MP: tò òè MP Eott tò òrò x&v MNE. 
£àv Se 600 uécot 6uváyet uóvov oÚuuETpOL OUVTEDEOL ONTOV 
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For let the area ABCD be contained by the rational 
(straight-line) AB and by the second binomial (straight- 
line) AD. I say that the square-root of area AC is a first 
bimedial (straight-line). 

For since AD is a second binomial (straight-line), let it 
have been divided into its (component) terms at E, such 
that AF is the greater term. Thus, AE and ED are ratio- 
nal (straight-lines which are) commensurable in square 
only, and the square on AE is greater than (the square 
on) ED by the (square) on (some straight-line) commen- 
surable (in length) with (AE), and the lesser term ED 
is commensurable in length with AB [Def. 10.6]. Let 
ED have been cut in half at F. And let the (rectan- 
gle contained) by AGE, equal to the (square) on EF, 
have been applied to AE, falling short by a square fig- 
ure. AG (is) thus commensurable in length with GE 
[Prop. 10.17]. And let GH, EK, and FL have been 
drawn through (points) G, E, and F (respectively), par- 
allel to AB and CD. And let the square SN, equal to 
the parallelogram AH, have been constructed, and the 
square NQ, equal to GK. And let MN be laid down so 
as to be straight-on to NO. Thus, RN [is] also straight-on 
to N P. And let the square $Q have been completed. So, 
(it is) clear from what has been previously demonstrated 
[Prop. 10.53 lem.] that MR is the mean proportional to 
SN and NQ, and (is) equal to EL, and that MO is the 
square-root of the area AC. So, we must show that MO 
is a first bimedial (straight-line). 

Since AE is incommensurable in length with ED, 
and ED (is) commensurable (in length) with AB, 
AE (is) thus incommensurable (in length) with AB 
[Prop. 10.13]. And since AG is commensurable (in 
length) with EG, AE is also commensurable (in length) 
with each of AG and GE [Prop. 10.15]. But, AE is in- 
commensurable in length with AB. Thus, AG and GE 
are also (both) incommensurable (in length) with AB 
[Prop. 10.13]. Thus, BA, AG, and (BA, and) GE are 
(pairs of) rational (straight-lines which are) commensu- 
rable in square only. And, hence, each of AH and GK 
is a medial (area) [Prop. 10.21]. Hence, each of SN 
and NQ is also a medial (area). Thus, MN and NO 
are medial (straight-lines). And since AG (is) commen- 
surable in length with GE, AH is also commensurable 
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x&ptéyouoat,, Ù OAN Gov Óc Eotw, xaAcita 68 Ex 600 uécov 
TOOTH. 
‘H doa ME x 800 uécov Eotl TEM@TH: Step Eder SeiEau. 
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with GA—that is to say, SN with NQ—that is to say, 
the (square) on MN with the (square) on NO [hence, 
MN and NO are commensurable in square] [Props. 6.1, 
10.11]. And since AF is incommensurable in length with 
ED, but AE is commensurable (in length) with AG, and 
ED commensurable (in length) with EF, AG (is) thus 
incommensurable (in length) with EF [Prop. 10.13]. 
Hence, AH is also incommensurable with EL-—that is 
to say, SN with M R—that is to say, PN with N R—that 
is to say MN is incommensurable in length with NO 
[Props. 6.1, 10.11]. But MN and NO have also been 
shown to be medial (straight-lines) which are commensu- 
rable in square. Thus, MN and NO are medial (straight- 
lines which are) commensurable in square only. So, I say 
that they also contain a rational (area). For since DE was 
assumed (to be) commensurable (in length) with each of 
AB and EF, EF (is) thus also commensurable with EK 
[Prop. 10.12]. And they (are) each rational. Thus, EL— 
that is to say, M R—(is) rational [Prop. 10.19]. And MR 
is the (rectangle contained) by M NO. And if two medial 
(straight-lines), commensurable in square only which 
contain a rational (area), are added together, then the 
whole is (that) irrational (straight-line which is) called 
first bimedial [Prop. 10.37]. 

Thus, MO is a first bimedial (straight-line). (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a second binomial straight-line is a first bimedial 
straight-line: i.e., a second binomial straight-line has a length k/V/1— k"? + k whose square-root can be written p (k/1/4 + k/’3/4), where 
p= y (k/2) (1 + &')/(1 — k^) and k” = (1— k')/(1 +k’). This is the length of a first bimedial straight-line (see Prop. 10.37), since p is rational. 





ve". 
‘Edy xopíov mepéynta Ono nts xoi ts &x 9600 
óvou&xov TeiTHC, f| TO ywelov Guvauévr, GAoYÓc EotW ñ 
XAXAOVUEVY &x 600 uéowv SeUTEPA. 
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Xogpíov yàp tò ABTA nepeyéoðw Und nts ts AB 
xai ts £x 600 vouåtwv toits thc AA Sinonuevne eic cà 
óvóuoxa xoà tò E, Gv ueiCóv got. tò AE: éEyw, Óu Å 
to AT ywptov Suvayevn &Aoyóc Eotw Å xoAouuévr, Ex 600 
uécov SeuTeoa. 


Kateoxevdodw yàp và atà toic npótepov. xol Emel 


Proposition 56 


If an area is contained by a rational (straight-line) and 
a third binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
second bimedial.! 
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For let the area ABCD be contained by the rational 
(straight-line) AB and by the third binomial (straight- 
line) AD, which has been divided into its (component) 
terms at E, of which AF is the greater. I say that the 
square-root of area AC is the irrational (straight-line 
which is) called second bimedial. 
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¿x 600 Óvou&ov toT) tpit n AA, ai AE, EA pa Ontat 
ciot Suvduet uóvov ovUUETeOL, xoi f, AE týs EA uciov 
SUvata TG dnd GUUNETEOL taut, xol obOexépa Tov AE, 
EA oúupetpós [£o] tf AB up. ôpolws 97, toic npooe- 
detypvevoic Oe(&ouev, ött f, ME otv f| tò AT ywotov õu- 
vauevn, xoi ai MN, NE uéoot ciol Suvéuer uóvov oóguuevpou 
@ote fj ME éx 600 uéoov Eotty. Seixtéov Of, OTL xol 
deUTEPM. 

[Kol] nci dovuuetedc &owuv A AE ty AB ufxet 
toutéott ti EK, obupeteoc õè f, AE cf; EZ, dovuyeteoc 
&pa &oxiy f, EZ xfj EK ures. xot ciot entat: at ZE, EK doa 
ntal cio. Suvéyer uóvov oUUUETEOL. uécov doa [Eod] tò 
EA, toutéott tò MP: xoi nepiéyeto Und xv MNE: uécov 
äpa Eotl tò Und Tv MNE. 

‘H ME &ga x 600 uécov Eotl Seutépa ónep Eder deiga. 
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For let the same construction be made as previously. 
And since AD is a third binomial (straight-line), AE and 
ED are thus rational (straight-lines which are) commen- 
surable in square only, and the square on AE is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with (AE), and 
neither of AE and ED [is] commensurable in length with 
AB [Def. 10.7]. So, similarly to that which has been 
previously demonstrated, we can show that MO is the 
square-root of area AC, and MN and NO are medial 
(straight-lines which are) commensurable in square only. 
Hence, MO is bimedial. So, we must show that (it is) 
also second (bimedial). 

[And] since DE is incommensurable in length with 
AB-—that is to say, with EK—and DE (is) commensu- 
rable (in length) with EF, EF is thus incommensurable 
in length with EK [Prop. 10.13]. And they are (both) 
rational (straight-lines). Thus, FE and EK are rational 
(straight-lines which are) commensurable in square only. 
E L—that is to say, M R— [is] thus medial [Prop. 10.21]. 
And it is contained by M NO. Thus, the (rectangle con- 
tained) by M NO is medial. 

Thus, MO is a second bimedial (straight-line) [Prop. 
10.38]. (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a third binomial straight-line is a second bimedial 
straight-line: i.e., a third binomial straight-line has a length k!/2 (1 + V1 — k/2) whose square-root can be written p (k1/4 + k1/2 /k1/4), where 


p= 


vC. 
"E&v ywpiov nepiéyrvot Und nts xoi tic ex 000 
OVOUATWY TETÁETIS, Ĥ TO ywelov Guvauévr wAoydc &oty 
fj xaAoupevy UsiZowv. 
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Xwetov yàp tò AT nepieyéoVw nò ntis týs AB xol 
TS £x S00 Óvou&xov tetápTNs tS AA Sinenuévnc eic xà 
òvóuata xoà xó E, Gv ucov Éovo xó AE: Aév0, tt Å TÒ 
AT ywptov Guvogévr &Aovóc Eotw Å xoAXouuévr, uetCov. 

Ernel yàp n AA éx 600 dvoudtwv oT) veváprr, at AE, 
EA doa ontat siot Suvéuer uóvov obuUETeoL, xoi À AE ts 
EA ueiCov S0vata 16 and douyuéteou taut, xoi | AE 
tf AB ovuyetedc [£o] uńxer. tetujoIw f, AE 86r xoà 


(1+k’)/2 and k” =k(1—k’)/(1 +k’). This is the length of a second bimedial straight-line (see Prop. 10.38), since p is rational. 


Proposition 57 


If an area is contained by a rational (straight-line) and 
a fourth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 






































major.! 
A GE F D R Q 
M N O 
B HK L C 
S P 


For let the area AC be contained by the rational 
(straight-line) AB and the fourth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, of which let AE be the greater. I say that the square- 
root of AC is the irrational (straight-line which is) called 
major. 

For since AD is a fourth binomial (straight-line), AE 
and ED are thus rational (straight-lines which are) com- 
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TÒ Z, xoi TẸ and cfi EZ toov napà thy AE napaBeBrAnodw 
xapoAArAóYvpouguov tò UNO AH, HE: &ovuueteoc dpa toti 
5, AH xfj HE ufxer. FyIwouv napddAdnrot t AB oi HO, 
EK, ZA, xoi xà Aotrtà xà HOTA voic MEd TOUTOU Yevovévor 
qavepóv 05, ött f, TO AT ywotov Guvauévr £oxv 7 ME. 
6cocéov BY, óu ý ME GAoydc Eotw f| xoXouuévr uetCov. 

Enel dobuuetpdc cot fj AH xfj EH urpet, &ooóuguexpóv 
£c xoi tò AO xà HK, xouxéou tò XN xà NII oi MN, 
NE dea duvduet eiolv &oOupiexpot. xol Emel oóugetpóc EOTILV 
n AE xfj AB ure, exxóv Eott tò AK: xoí Eotw toov oic 
and tév MN, NE: énxóv dea [toti] xoà tò ovyxetuevov èx 
tv and x&v MN, NE. xoi Enel dovuueted¢ [Eotw] ñ AE 
tf, AB ufixet, toutéott xfj EK, àAA& f, AE obuuetedc £o 
th, EZ, àoúvupetpos dpa 7| EZ xfj, EK une. at EK, EZ 
doa erixat ciot Suvduet uóvov ovupeTpor uécov dea tO AE, 
toutéott TÒ MP. xal nepiéyexot ónó vv MN, NE: péoov 
doa £cl tò Und xv MN, NE. xoi exxóv tò [ovyxetuevoy] 
éx t&v and tév MN, NE, xat ciow covuueteot at MN, NE 
duvduet. &àv è 600 ceia SuvduEr dovUUETEOL OLVTEdEOL 
TOLOUGAL TO UEV OUYXEÍEVOV EX TOV AN’ atv TETOXYOVWV 
erixóv, TO ©’ Um’ aÙTtõv uéoov, f| CAN GAoYdc tot, xacra 
dé ue(Gov. 

‘H ME doa &Aoyóc otv A xoaXougévr, us(Cov, xal 
svvata TO AT ywptov’ ónep Eder dcia. 
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mensurable in square only, and the square on AF is 
greater than (the square on) ED by the (square) on 
(some straight-line) incommensurable (in length) with 
(AE), and AE [is] commensurable in length with AB 
[Def. 10.8]. Let DE have been cut in half at F, and let 
the parallelogram (contained by) AG and GE, equal to 
the (square) on EF, (and falling short by a square figure) 
have been applied to AE. AG is thus incommensurable 
in length with GE [Prop. 10.18]. Let GH, EK, and FL 
have been drawn parallel to AB, and let the rest (of the 
construction) have been made the same as the (proposi- 
tion) before this. So, it is clear that MO is the square-root 
of area AC. So, we must show that MO is the irrational 
(straight-line which is) called major. 

Since AG is incommensurable in length with EG, AH 
is also incommensurable with GK—that is to say, SN 
with NQ [Props. 6.1, 10.11]. Thus, MN and NO are 
incommensurable in square. And since AE is commensu- 
rable in length with AB, AK is rational [Prop. 10.19]. 
And it is equal to the (sum of the squares) on MN 
and NO. Thus, the sum of the (squares) on MN and 
NO [is] also rational. And since DE [is] incommensu- 
rable in length with AB [Prop. 10.13]—that is to say, 
with EK—but DE is commensurable (in length) with 
EF, EF (is) thus incommensurable in length with EK 
[Prop. 10.13]. Thus, EK and EF are rational (straight- 
lines which are) commensurable in square only. LE— 
that is to say, M R—(is) thus medial [Prop. 10.21]. And it 
is contained by M N and NO. The (rectangle contained) 
by MN and NO is thus medial. And the [sum] of the 
(squares) on MN and NO (is) rational, and MN and 
NO are incommensurable in square. And if two straight- 
lines (which are) incommensurable in square, making the 
sum of the squares on them rational, and the (rectangle 
contained) by them medial, are added together, then the 
whole is the irrational (straight-line which is) called ma- 
jor [Prop. 10.39]. 

Thus, MO is the irrational (straight-line which is) 
called major. And (it is) the square-root of area AC. 
(Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a fourth binomial straight-line is a major straight- 


line: ie, a fourth binomial straight-line has a length k (1 + 1/4/1-F k/) whose square-root can be written p4/[1 + k” /(1 + k” 2)!/2]/2 + 
p Vli — k" / (1 + k” 2)1/2]/2, where p = Vk and k"? = k’. This is the length of a major straight-line (see Prop. 10.39), since p is rational. 





vn. 

‘Edy xopíov mepéynta ono nts xoi ts &x 9600 
óvou&xov TEUMTIC, f, TO ywetov Suvaevn dAoYóc &oxty 
7j KAAOVUEVY ENTOV xoi u£oov ðuvayévn. 

Xwptov yàp tò AT nepieyéodw brò nts týs AB xoi 


Proposition 58 


If an area is contained by a rational (straight-line) and 
a fifth binomial (straight-line) then the square-root of the 
area is the irrational (straight-line which is) called the 
square-root of a rational plus a medial (area).? 
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tfc &x 600 Gvoudtwv néuxtnc Tic AA Sinoenuevne eic xà 
óvóuoa xoà tò E, Gote tO uciQov óvoua civar tò AE: 
Aévo [6X], dtr f, tò AT ywotov Suvayevn &Xovóc Eotw f 
XAAOLUEVY ENTOV xal u£cov SLVAEVN. 
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Kateoxevdo0w yàp và oxà tols rpóvegov SedelyUEVOIC 
qavepóv Of, óu f, TO AT ywotov Suvauevn Eotiv f, ME. 
delxtéov Of, OTL Å ME otv Å ENtov xal uécov Ouvayévn. 

"Enci yàp àoOuuevpóc &ovv 5, AH ti HE, àoÓuuetpov 
äpa cot xoi tò AO 165 OE, vouxéou TÒ and týs MN x6 and 
tfic NE: ot MN, NE dow Suvduet eiotv dovuUETeOL. xol Emel 
n AA &x 600 Óóvou&tov £o néuxtn, xot [tot] EAacocov 
aOtfic tuua tò EA, obuueteoc dea f, EA ti AB urjxet. 
d4AAà À AE tH EA otv doOuuetpoc: xoi f, AB dow tñ 
AE otv cobuueteoc ufjxet [at BA, AE pntat ciot Suvduer 
uóvov oougerpoi]: uécov dpa oth tò AK, toutéot tO 
ouyxeiuevov &x 1&v and xàv MN, NE. xoi &nel oouguetpóc 
éotw f| AE ti AB ume, toutéott tH EK, ààAà 5| AE ti 
EZ oúupetpós cot, xo f, EZ doa th EK obuuetedc cot. 
xoi exu À EK: pntov doa xoi tò EA, toutéott tò MP, 
toutéott TÒ UNO MNE: ot MN, NE dow Guváyet dobuUETeol 
ciot ToLlovoa. TO uèv ouYxe(uevov Ex THY AT’ AÙTÕV TE- 
TOEAYOVUY uécov, TO Ò` ÙT’ aUTOY ONTdv. 

‘H ME toa entov xal uécov Suvauevn &oxi xol SUVaTH 
to AT ywptov: óxep der deiga. 
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For let the area AC be contained by the rational 
(straight-line) AB and the fifth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AE is the greater term. [So] I say that 
the square-root of area AC is the irrational (straight-line 
which is) called the square-root of a rational plus a me- 
dial (area). 
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For let the same construction be made as that shown 
previously. So, (it is) clear that MO is the square-root of 
area AC. So, we must show that MO is the square-root 
of a rational plus a medial (area). 

For since AG is incommensurable (in length) with 
GE [Prop. 10.18], AH is thus also incommensurable 
with H E—that is to say, the (square) on MN with the 
(square) on NO [Props. 6.1, 10.11]. Thus, MN and 
NO are incommensurable in square. And since AD is 
a fifth binomial (straight-line), and ED [is] its lesser seg- 
ment, ED (is) thus commensurable in length with AB 
[Def. 10.9]. But, AE is incommensurable (in length) 
with ED. Thus, AB is also incommensurable in length 
with AE [BA and AE are rational (straight-lines which 
are) commensurable in square only] [Prop. 10.13]. Thus, 
AK-—that is to say, the sum of the (squares) on MN 
and NO—is medial [Prop. 10.21]. And since DE is 
commensurable in length with AB—that is to say, with 
EK-—but, DE is commensurable (in length) with EF, 
EF is thus also commensurable (in length) with EK 
[Prop. 10.12]. And EK (is) rational. Thus, EL—that 
is to say, M R—that is to say, the (rectangle contained) 
by M NO— (is) also rational [Prop. 10.19]. MN and NO 
are thus (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them rational. 

Thus, MO is the square-root of a rational plus a me- 
dial (area) [Prop. 10.40]. And (it is) the square-root of 
area AC. (Which is) the very thing it was required to 
show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a fifth binomial straight-line is the square root of 


a rational plus a medial area: i.e., a fifth binomial straight-line has a length k (4/1 + k’ + 1) whose square-root can be written 








p IQ + k2)1/2 + k)/[2 (1 + k” 2)] + p y [0 + k” 2)1/2 — k)/[2 (1 + k” 2)], where p = V/k (1 F 72) and k”? = k’. This is the length of 
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the square root of a rational plus a medial area (see Prop. 10.40), since p is rational. 


v. 


Eàv ywpiov nepiéyntoa Und nts xoà ts &x 000 


OvVOUdTwWY Éxtrnc, TO Ywetov uvauévy &Aoyóc otv ñ 
XAAOUUEVY 600 u£co ðuvauévn. 






































A HE Z A P II 
M N | 
B OK A r 
25 O 


Xogpíov yàp tò ABTA repieyéodw Und Oti¢ ts AB 
xai tc &x 600 Ovoudtwv Exin vfic AA Senuevnc eic tà 
óvóuoxa xatà tò E, Gote tO ucitov Óvoua civar TO AE: 
Aévo, Ott f, TO AT Govopévr Å 900 uéca Guvayévr, &oxív. 

Kaxeoxeuóo0o [yàp] và abt& xoic npoosOetyuévotc. 
qavepóv 85, Ott [A] TO AT Suvayevy &odiv À ME, xoi 
óu &oOuuetpóc Eotty À MN tÅ NE Svvduer. — xoà eme 
&cougerpóc éouv 7H EA th AB urxeu, a EA, AB doa 
entat ciot Suvéuer uóvov ovuuetpor uécov &pa &oxi tò AK, 
TOUTEOTL TO cuYxelyevov Ex x&v and x&v MN, NS. nét, 
&nel doOuuexpóc tot f, EA xfj AB urjxet, àooguexpoc doa 
£ou xoi 5j ZE tH EK: ot ZE, EK doa ntal eot duvduer 
uóvov oúuuetpov uécov hoa &oxi tò EA, toutéott to MP, 
Toutéott TÒ Und xv MNE. xoi &nel dobuueteoc À AE ti 
EZ, xoi tò AK 16 EA dobuuetedv otv. XXX TO piv 
AK éott tò ouYvxe(uevov &x viv &nd vv MN, NE, tò 
dé EA &ou tò Und tév MNE- åoúuuetpov doa £od TÒ 
ouYxe(uevov £x v&v ano x&v MNE xG Und vv MNE. xoí 
EOTL uécov Exdtepov atv, xol at MN, NE dvuvduer eioltv 
&oogpepot. 

‘H ME doa 8660 éca Guvogévr) ott xoi SUvata TO AT" 
bree Eder SetEan. 


Proposition 59 


If an area is contained by a rational (straight-line) and 
a sixth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
the square-root of (the sum of) two medial (areas).! 






































A GE F D RQ 
M NP 
B HK L C 
S P 


For let the area ABCD be contained by the rational 
(straight-line) AB and the sixth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AF is the greater term. So, I say that the 
square-root of AC is the square-root of (the sum of) two 
medial (areas). 

[For] let the same construction be made as that shown 
previously. So, (it is) clear that MO is the square-root of 
AC, and that MN is incommensurable in square with 
NO. And since EA is incommensurable in length with 
AB [Def. 10.10], E A and AB are thus rational (straight- 
lines which are) commensurable in square only. Thus, 
AK-—that is to say, the sum of the (squares) on MN 
and NO—is medial [Prop. 10.21]. Again, since ED 
is incommensurable in length with AB [Def. 10.10], 
FE is thus also incommensurable (in length) with EK 
[Prop. 10.13]. Thus, FE and EK are rational (straight- 
lines which are) commensurable in square only. Thus, 
EL—that is to say, M R—that is to say, the (rectangle 
contained) by M NO—is medial [Prop. 10.21]. And since 
AE is incommensurable (in length) with EF, AK is also 
incommensurable with EL [Props. 6.1, 10.11]. But, AK 
is the sum of the (squares) on MN and NO, and EL is 
the (rectangle contained) by M NO. Thus, the sum of the 
(squares) on M NO is incommensurable with the (rect- 
angle contained) by M NO. And each of them is medial. 
And M N and NO are incommensurable in square. 

Thus, MO is the square-root of (the sum of) two me- 
dial (areas) [Prop. 10.41]. And (it is) the square-root of 
AC. (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a sixth binomial straight-line is the square root of 


the sum of two medial areas: i.e., a sixth binomial straight-line has a length Vk + Vk’ whose square-root can be written 


ki/4 ( / [1L + k" /(1 + k” 2)1/2)/2 + AJ [13 — k"/(1 + ey), where k”? = (k — k')/k'. This is the length of the square-root of the sum of 
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two medial areas (see Prop. 10.41). 


Afiuga. 
"E&v cvveia ypauud tundy eic dvica, xà MO TOV dviowy 
Tetedywva ue(Gov& Eott tol dic bnd xv aviowy TEPLE- 
xyouévou devdoywviov. 


H H 
A A D B 

"Eoro cvveia f, AB xal tetuńoðw eic &vica xoà TO 
T, xoi Gow uciCov HAD: Aévo, óu xà and xv AT, TB 
uetCove &ox tov dic tnd x&v AT, TB. 

Tetuńoðw yàp f, AB diya xatà tò A. nel obv evVeta 
yYeoauyn tétuntat cic u&v toa xatà tò A, eic BE vica xoà 
tO T, tò pa tnd x&v AT, TB petà tot and TA tcov £o 
tQ dnd AA: Sote tÒ Ondo t&v AT, ITB £Aatxóv got x00 
and AA: tò dea dic Und x&v AT, TB ëħattov fj 6t totóv 
£o tov and AA. Aà xà dnd x&v AT, TB ouo [oxi] 
t&v and xtv AA, AI" tà dea dnd tev AT, TB ue(Cová 
£c Tov dic Und x&v AT, B: ónep Eder Seigau. 





E 
Tò ànò rfjg Ex BVO óvouåtwv napà PNTHY napa- 
poXXóuevov rAÀ&xoc no THY £x 600 GVOUATWY TEATHY. 


























A KM N H 
E OA S Z 
A T B 


"Ecco &x 500 óvou&ov 7 AB émenguévn eic Tà óvóuaxa 
xaxà tò T, ote TÒ ueiCov óvoua civar tò AT, xoà &xoretoto 
env f, AE, xoi xà and vfjc AB {oov napà thy AE tapa- 
peparodo tò AEZH nAéoc notoOv tiv AH: AEyw, Str H 
AH &x 600 óvou&xov &oxi npn. 

IIopofeBArjodc yàp nap& thy AE 1G u£v and tij¢ AU 
loov tò AO, 16 dé and týs BI toov tò KA: Aowóv &pa 
tO Sic Und t&v AT, DB ioov goti 14 MZ. tetufotw ñ 
MH diya xatà tò N, xoi raoddAAndroc fjyo f, NE [exatéog 
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Lemma 


If a straight-line is cut unequally then (the sum of) the 
squares on the unequal (parts) is greater than twice the 
rectangle contained by the unequal (parts). 


A D C B 
Let AB be a straight-line, and let it have been cut 
unequally at C, and let AC be greater (than CB). I say 
that (the sum of) the (squares) on AC and CB is greater 
than twice the (rectangle contained) by AC and C B. 
For let AB have been cut in half at D. Therefore, 
since a straight-line has been cut into equal (parts) at D, 
and into unequal (parts) at C, the (rectangle contained) 
by AC and CB, plus the (square) on CD, is thus equal 
to the (square) on AD [Prop. 2.5]. Hence, the (rectangle 
contained) by AC and CB is less than the (square) on 
AD. Thus, twice the (rectangle contained) by AC and 
CB is less than double the (square) on AD. But, (the 
sum of) the (squares) on AC and CB [is] double (the 
sum of) the (squares) on AD and DC [Prop. 2.9]. Thus, 
(the sum of) the (squares) on AC and CB is greater than 
twice the (rectangle contained) by AC and C B. (Which 
is) the very thing it was required to show. 





Proposition 60 


The square on a binomial (straight-line) applied to a 
rational (straight-line) produces as breadth a first bino- 
mial (straight-line).* 


























D KM N G 
E H L O F 
A C B 


Let AB be a binomial (straight-line), having been di- 
vided into its (component) terms at C, such that AC is 
the greater term. And let the rational (straight-line) DE 
be laid down. And let the (rectangle) DEFG, equal to 
the (square) on AB, have been applied to DE, producing 
DG as breadth. I say that DG is a first binomial (straight- 
line). 

For let DH, equal to the (square) on AC, and KL, 
equal to the (square) on BC, have been applied to DE. 
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tév MA, HZ]. &xéxepov pa xv ME, NZ toov &ox t& 
drag oro tév ATB. xoi nel Ex 600 dvoudtwv Eotiv f, AB 
Otnengévr eic xà óvóuaxa xoxà tò T, ai AD, TB doa enoí 
clot 6uváyet uóvov obUUETEOL TÀ doa and THY AT, TB onté 
Eott xol oóugetpa GAANAOIC oce xa TO ovyxelyuevov EX 
t&v and x&v AT, DB. xal &owv (oov tă AA: enxóv &pa 
£c tò AA. xol rapà err] thy AE napdxerto erro &pa 
éotlv n AM xoi obuueteoc tH AE pret. mow, &nel at AT, 
TB ġntaí ciot óuváyuet uóvov OUUUETEOL, uéoov hea toT 
tO dic nò x&v AT, DB, toutéot tÒ MZ. xoi napà ntv 
thy MA napdxertou entry doa xoi 7 MH xoi dovuueteoc 
tf, MA, toutéot ti AE, uyxer. got è xol f, MA en 
xai tH AE urjxet oóugexpoc: &oouuexpoc dpa &oxiy 7 AM 
tfj MH unmet. xot siot ntal: ao AM, MH dow ontat ciot 
6uváge. uóvov OVUUETEOL £x 000 don Ovoudtwyv &oiv f| 
AH. derxtéov fj, óxt xol ngón. 

"Enc tv dnd vv AT, TB uécov åváħoyóv got TÒ 
òrò x&v ATB, xoi xv AO, KA dpa uécov åváňoyóv £o 
tO ME. gotw doa óc tÒ AO npóc tò ME, obxoc tò ME 
xpóc tò KA, toutéotw óc f, AK npóc thy MN, À MN npóc 
thy MK: tò dow òrò xv AK, KM ícov éco xG dnó fic 
MN. xal &ncei oóupexpóv £o TO and ts AT 16 and ts 
TB, oúuuetpóv got xoi tò AO 16 KA: Bote xoi f, AK 
tf; KM. ovuuetpdc &oxtv. xoi Enel ue(Gová &ox xà ANS xv 
AT, TB tod dic nò x&v AT, DB, uciZov doa xoi tò AA 
tov MZ: ote xoi f, AM ts MH us(Cov &oxív. xal &oxv 
foov tò òrò tev AK, KM 1 dno ts MN, tovtéot TẸ 
teté&otw tot and týs MH, xoi obuueteoc f, AK xfj KM. 
àv 6€ Gor 000 evdetar vool, T bE vevápto UEPEL TOD AMO 
tic £A&coovoc {oov napà tùy ue(Cova napoAn0f £AXeirov 
elder xvevpary vo xol eic OUUUETEA oiv. darp, T) uetGCov 
tc £Aácoovoc uctov Sbvata TH dxó cuupuéxpou taut: f| 
AM &ga týs MH ueiCov Sbvata T% dnd ouuguéxpou tauti. 
xaí ciot ental ai AM, MH, xoi 7 AM ueiCov óvoua oca 
oOugetpóc EOTL xfj Exxeievy nt vf; AE uýxer. 

‘H AH dpa éx Dúo óvou&vov &od npo Ónep Edt 
citoar. 
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Thus, the remaining twice the (rectangle contained) by 
AC and CB is equal to MF [Prop. 2.4]. Let MG have 
been cut in half at N, and let NO have been drawn par- 
allel [to each of ML and GF]. MO and NF are thus 
each equal to once the (rectangle contained) by ACB. 
And since AB is a binomial (straight-line), having been 
divided into its (component) terms at C, AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. Thus, the (squares) on AC 
and CB are rational, and commensurable with one an- 
other. And hence the sum of the (squares) on AC and 
C B (is rational) [Prop. 10.15], and is equal to DL. Thus, 
DL is rational. And it is applied to the rational (straight- 
line) DE. DM is thus rational, and commensurable in 
length with DE [Prop. 10.20]. Again, since AC and CB 
are rational (straight-lines which are) commensurable in 
square only, twice the (rectangle contained) by AC and 
C B—that is to say, M F—is thus medial [Prop. 10.21]. 
And it is applied to the rational (straight-line) ML. MG 
is thus also rational, and incommensurable in length 
with M L—that is to say, with DE [Prop. 10.22]. And 
MD is also rational, and commensurable in length with 
DE. Thus, DM is incommensurable in length with MG 
[Prop. 10.13]. And they are rational. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a first 
(binomial straight-line). 

Since the (rectangle contained) by ACB is the 
mean proportional to the squares on AC and CB 
[Prop. 10.53 lem.], MO is thus also the mean propor- 
tional to DH and KL. Thus, as DH is to MO, so 
MO (is) to K L—that is to say, as DK (is) to MN, 
(so) MN (is) to MK [Prop. 6.1]. Thus, the (rectan- 
gle contained) by DK and KM is equal to the (square) 
on MN [Prop. 6.17]. And since the (square) on AC is 
commensurable with the (square) on CB, DH is also 
commensurable with K L. Hence, DK is also commensu- 
rable with KM [Props. 6.1, 10.11]. And since (the sum 
of) the squares on AC and CB is greater than twice the 
(rectangle contained) by AC and CB [Prop. 10.59 lem.], 
DL (is) thus also greater than M F. Hence, DM is also 
greater than MG [Props. 6.1, 5.14]. And the (rectan- 
gle contained) by DK and K M is equal to the (square) 
on M N—that is to say, to one quarter the (square) on 
MG. And DK (is) commensurable (in length) with K M. 
And if there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commensu- 
rable (in length), then the square on the greater is larger 
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than (the square on) the lesser by the (square) on (some 
straight-line) commensurable (in length) with the greater 
[Prop. 10.17]. Thus, the square on DM is greater than 
(the square on) MG by the (square) on (some straight- 
line) commensurable (in length) with (DM). And DM 
and MG are rational. And DM, which is the greater 
term, is commensurable in length with the (previously) 
laid down rational (straight-line) DE. 

Thus, DG is a first binomial (straight-line) [Def. 
10.5]. (Which is) the very thing it was required to show. 


t In other words, the square of a binomial is a first binomial. See Prop. 10.54. 


+ 
Ea’. 
TO and tfj; Ex 600 uÉcov TEATHS nap env Tapa- 
poXXóuevov rAÀ&xoc noti THY £x 600 GVOUdTWY Geutépav. 


























^ EUM ONUS UÉ 
E OU E Z 
A T B 


"Eotw &x 000 uécov TeaTH f, AB õmenyévy cis tàs 
uécac xatà tò D, Gv ue(Gov n AT, xoi Exxetodw en, À 
AE, xoi napaBeBrAnodw rapà thy AE t& and týs AB toov 
TapahAnAdypauov tò AZ nxAéxoc novwodv thy AH: Myo, 
ott 7 AH éx 500 dvoudtwv Eotl Seutépa. 

Kateoxevéo0w yuo xà atà voi; npó ToUTOV. xal 
&nel f, AB &x 000 uécov &od npo Ómpenuévn xoxà TO 
T, oà AT, PB dea uécot eiot Suvéuer Udvov oOuuetpot 
ONtov nepiéyoucar Bote xol xà dnd xv AT, DB uéca 
éotlv. uécov dea oT} TO AA. xoà nap& eror thy AE ta- 
eoPEBAntar EytH dpa Eotiv A MA xoi åoúuuetpos t AE 
uryxet. t&v, Exel ONtdv &ox TÒ dic rò x&v AT, DB, ontdv 
£c xoà tò MZ. xoi map& oythy thy MA ropdxerta ejt) 
&pa. [£o xl] xoà À MH xoi uet obuueteoc vf; MA, toutéott 
tfj AE: &cóugexpoc doa éotiv f, AM tH MH urpcet. xot ciot 
errat oi AM, MH dea ontat ciot 6ováuet uóvov oOugevpot 
éx 600 doa Ovoudtwv &odv f, AH. ócocéov Sh, Str xo 
deUTEPM. 

‘Enel yàp xà and t&v AT, TB ueiCová toti tod dic Und 
t&v AT, PB, uctov dpa xoi tò AA tot MZ: dote xo f| 
AM fic MH. xal &nei oougexpóv £o TÒ dxó ts AT 16 
ano tic TB, ovuyetedv &ox xoi tò AO x KA: dote xoi 
n AK xfj KM oógguexpóc ċotw. xal Eo: tÒ Tò àv AKM 
loov 1G ånò ts MN: fj AM Gow týs MH uctov 60vorxat x 


Proposition 61 


The square on a first bimedial (straight-line) applied 
to a rational (straight-line) produces as breadth a second 
binomial (straight-line).! 


























D KM N G 
E H L O F 
A C B 


Let AB be a first bimedial (straight-line) having been 
divided into its (component) medial (straight-lines) at 
C, of which AC (is) the greater. And let the rational 
(straight-line) DE be laid down. And let the parallelo- 
gram DF, equal to the (square) on AB, have been ap- 
plied to DE, producing DG as breadth. I say that DG is 
a second binomial (straight-line). 

For let the same construction have been made as 
in the (proposition) before this. And since AB is a 
first bimedial (straight-line), having been divided at C, 
AC and CB are thus medial (straight-lines) commen- 
surable in square only, and containing a rational (area) 
[Prop. 10.37]. Hence, the (squares) on AC and CB 
are also medial [Prop. 10.21]. Thus, DL is medial 
[Props. 10.15, 10.23 corr.]. And it has been applied to the 
rational (straight-line) DE. M D is thus rational, and in- 
commensurable in length with DE [Prop. 10.22]. Again, 
since twice the (rectangle contained) by AC and CB is 
rational, MF is also rational. And it is applied to the 
rational (straight-line) M L. Thus, MG [is] also ratio- 
nal, and commensurable in length with M L—that is to 
say, with DE [Prop. 10.20]. DM is thus incommensu- 
rable in length with MG [Prop. 10.13]. And they are 
rational. DM and MG are thus rational, and commensu- 
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&NO cuugérpou taut. xoí Eottv 7 MH ovuueteoc xf; AE 


uýxer. 
‘H AH doa &x 600 dvoudtwv &oxi ðevtépa. 
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rable in square only. DG is thus a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a second 
(binomial straight-line). 

For since (the sum of) the squares on AC and CB is 
greater than twice the (rectangle contained) by AC and 
CB [Prop. 10.59], DL (is) thus also greater than MF. 
Hence, DM (is) also (greater) than MG [Prop. 6.1]. 
And since the (square) on AC is commensurable with 
the (square) on CB, DH is also commensurable with 
KL. Hence, DK is also commensurable (in length) with 
KM [Props. 6.1, 10.11]. And the (rectangle contained) 
by DKM is equal to the (square) on MN. Thus, the 
square on DM is greater than (the square on) MG by 
the (square) on (some straight-line) commensurable (in 
length) with (DM) [Prop. 10.17]. And MG is commen- 
surable in length with DE. 

Thus, DG is a second binomial (straight-line) [Def. 
10.6]. 


tIn other words, the square of a first bimedial is a second binomial. See Prop. 10.55. 


TO ano rfj; Ex BVO uécov BeUTEPAC napà ENTHY Tapa- 
poXXóuevov TAdTOS notet THY £x 600 GvOUdTwWY cpí(xnv. 


























^ KM N H 
E On. E&E Z 
A T B 


"Eoo x 600 uécov dSeutéepa A AB dinenuévy eic tàs 
uécac xatà tò T, Gote TÒ ucitov tuua cva tò AT, err 
d€ tis Eotw À AE, xoi nap& thy AE x6 ånò vfjc AB ïoov 
xapoAArAÓóYvpouuov nopopepArjoüwc tò AZ nAéxoc toioŭv 
thy AH: Xéyo, óu f, AH Ex 600 óvou&xov Eotl tettn. 

Kateoxevdéo0w và oabtà voic npoðeðeryuévoiç. xal Eel 
éx 000 uécov Seutéoa &oxlv 7 AB Sinonuéevy xoxà tò T, 
oi AT, TB doa uécot sioù 6uváyet uóvov oÚuuETpOL uécov 
xepiéyoucat: Hote xol TÒ ouyxeluevov &x x&v and tõv AT, 
TB uécov &oxív. xal otv toov t AA: uécov doa xoi tÒ 
AA. xal napdxerta rop env thy AE: erc doa ċott xoi À 
MA xoi dobuuetpoc cf, AE uýxer. die xà ade OF xod Y, MH. 
erit, ox xoi àcouuexpgoc tÅ MA, toutéot tH AE, urpxec 
ENnth doa &£oxlv Exatéoa téiv AM, MH xol dobuueteos cfi 
AE urjxet.. xol nel åovuuetpós &owv f; AT tH TB urpeu 
óc 8€ f, AT npóc thy PB, oŬtws tO and ts AT npóc tò 


Proposition 62 
The square on a second bimedial (straight-line) ap- 
plied to a rational (straight-line) produces as breadth a 
third binomial (straight-line).* 


























D KM N G 
E H L O F 
A C B 


Let AB be a second bimedial (straight-line) having 
been divided into its (component) medial (straight-lines) 
at C, such that AC is the greater segment. And let DE be 
some rational (straight-line). And let the parallelogram 
DF, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a third 
binomial (straight-line). 

Let the same construction be made as that shown pre- 
viously. And since AB is a second bimedial (straight- 
line), having been divided at C, AC and CB are thus 
medial (straight-lines) commensurable in square only, 
and containing a medial (area) [Prop. 10.38]. Hence, 
the sum of the (squares) on AC and CB is also medial 
[Props. 10.15, 10.23 corr.]. And it is equal to DL. Thus, 
DL (is) also medial. And it is applied to the rational 
(straight-line) DE. MD is thus also rational, and in- 
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òrò x&v ATB, dovuuetoov doa xol tÒ dnd ts AT xà ono 
t&v ATB. ote xoi tÒ ovyxetuevoyv &x x&v and t&v AT, 
TB 16 dic ónó tõv ATB dovwyetedv Eotw, toutéott TÒ 
AA xà MZ: ote xoi 7 AM x$ MH dovuuetedc got. xai 
ciot ntal: &x 600 doa dvoudtwv gotiv ý AH. derxtéov [ðh], 
Ott xol cpícr. 

"Ogoíoc 87) voic mpotépoic EmtAoyiovusVa, StL uciCov 
éotlv f| AM «fic MH, xoi obuuetooc À AK tH KM. xal &ox 
tO Und vv AKM tcov t& àxó týs MN: f, AM doa xfic MH 
ueiCov S0vatot TG AMO ouuuévpou &aufj. xol obðetTÉpA xv 
AM, MH ocógugexpóc &ox t AE urpxet. 

‘H AH dea &x dvo óvou&ov toti tpit: Smee Eder deiga. 


* In other words, the square of a second bimedial is a third binomial. See 


L 


ey’. 
To ånò tic us(Covoc nape env napofoaAXóusvov 
TAATOS notet THY Ex 600 ÖVOUÁTWV TETHOETHY. 


























A KM N H 
E GA & Z 
A T B 


"Ecco ue(Cov À AB óumernuévr xoxà tò T, ote ueiCova 
civa thy AT ts DB, ence] 98 ñ AE, xoi 16 ånò ts AB toov 
rapi thy AE napafeBAfodw tò AZ nopoXAnAÓóYpouuov 
rA&xoc notoOv thy AH: Aévo, Stt f, AH éx 600 óvouóxov 
Eotl TetueTH. 

Kateoxevdo0w và ata voic mpodederyuevoic. xol Eel 
ueiGov &oxiv 7 AB õmpenuévn xatà tò T, oi AD, PB duveuer 
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commensurable in length with DE [Prop. 10.22]. So, 
for the same (reasons), MG is also rational, and incom- 
mensurable in length with M L—that is to say, with DE. 
Thus, DM and MG are each rational, and incommen- 
surable in length with DE. And since AC is incommen- 
surable in length with CB, and as AC (is) to CB, so 
the (square) on AC (is) to the (rectangle contained) by 
AC B [Prop. 10.21 lem.], the (square) on AC (is) also in- 
commensurable with the (rectangle contained) by ACB 
[Prop. 10.11]. And hence the sum of the (squares) on 
AC and CB is incommensurable with twice the (rect- 
angle contained) by AC B—that is to say, DL with MF 
[Props. 10.12, 10.13]. Hence, DM is also incommen- 
surable (in length) with MG [Props. 6.1, 10.11]. And 
they are rational. DG is thus a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a third 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
conclude that DM is greater than MG, and DK (is) com- 
mensurable (in length) with AM. And the (rectangle 
contained) by DK M is equal to the (square) on MN. 
Thus, the square on DM is greater than (the square on) 
MG by the (square) on (some straight-line) commensu- 
rable (in length) with (DM) [Prop. 10.17]. And neither 
of DM and MG is commensurable in length with DE. 

Thus, DG is a third binomial (straight-line) [Def. 
10.7]. (Which is) the very thing it was required to show. 


Prop. 10.56. 


Proposition 63 


The square on a major (straight-line) applied to a ra- 
tional (straight-line) produces as breadth a fourth bino- 
mial (straight-line).! 


























D KM N G 
E H L O F 
A C B 


Let AB be a major (straight-line) having been divided 
at C, such that AC is greater than CB, and (let) DE 
(be) a rational (straight-line). And let the parallelogram 
DF, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a fourth 
binomial (straight-line). 

Let the same construction be made as that shown pre- 
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ciolv HOUUUETEOL noroŬoa TO UEV ovyxeluevov Ex TOY aT” 
AUTEY xevpotY vov ENTOV, TO 08 UT’ ATHY uécov. Emel ODV 
&rióv Eotl TÒ ouyxeiuevoy &x x&v dnd THY AT, DB, erxóv 
&pga £ou TO AA: Oth dpa xoi À AM xoà obuueteoc TH 
AE unmet. x&Atv, &nel uécov &oxi tò dic Und xv AT, TB, 
toutéott TÒ MZ, xoà napà ntv ċott thy MA, enc &pa 
éotl xoi 7 MH xoà dovuuetpoc tÅ AE uńxev dobuueteoc 
dea cott xoi f, AM tÅ MH ure. ai AM, MH doa nta 
ciot 6uváyet uóvov OLUUETEOL Ex 000 dea óvou&tov EoTiv 
ñ AH. Serxtéov [òh], ów xoi xexáprn. 

'Ouoíoc 57 6e(&ouev toic npótepov, Óxt ue(Cov &oviv 
n AM ts MH, xoi öt tò Und AKM toov &od t ano 
tiic MN. ne) obv åoúuuetpóv ott TO and týs AT 16 
and tic TB, åoúuuetpov dea goth xoi tò AO x KA: 
Gore doOuuexpoc xoi À AK tÅ KM otw. àv õè Got 
600 eOUclot &vicot, TÆ ÖÈ teváüpto uéget ToD amo fic 
&Aéccovoc toov napahànàóypauuov nap THY uetCova tapa- 
BANDA £AXeixov elder vevpoty vo xal eic &oouuetpa. WUTHY 
õpi, A ue(Gov týs EAchooovoc useiCov Guvfjoevot tT amo 
&cOugécpou &aucfj urjxev 7 AM doa týs MH peiGov Sbvatan 
tQ &NO douuuévpou aut. xai ciow ai AM, MH nrto 
Ouváuet uóvov obuUETeOL, xoi f, AM. cóggevpóc ċott t 
&xxeuéwvr enc xf, AE. 

‘H AH dpa éx dúo dvoudtwv &od tetdotyn’ Step Edet 
citar. 


ELEMENTS BOOK 10 


viously. And since AB is a major (straight-line), hav- 
ing been divided at C, AC and CB are incommensu- 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial 
[Prop. 10.39]. Therefore, since the sum of the (squares) 
on AC and CB is rational, DL is thus rational. Thus, 
DM (is) also rational, and commensurable in length with 
DE [Prop. 10.20]. Again, since twice the (rectangle con- 
tained) by AC and C B—that is to say, M F—is medial, 
and is (applied to) the rational (straight-line) ML, MG 
is thus also rational, and incommensurable in length with 
DE [Prop. 10.22]. DM is thus also incommensurable 
in length with MG [Prop. 10.13]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a fourth 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
show that DM is greater than MG, and that the (rectan- 
gle contained) by DK M is equal to the (square) on M N. 
Therefore, since the (square) on AC is incommensurable 
with the (square) on CB, DH is also incommensurable 
with KL. Hence, DK is also incommensurable with 
KM [Props. 6.1, 10.11]. And if there are two unequal 
straight-lines, and a parallelogram equal to the fourth 
part of the (square) on the lesser, falling short by a square 
figure, is applied to the greater, and divides it into (parts 
which are) incommensurable (in length), then the square 
on the greater will be larger than (the square on) the 
lesser by the (square) on (some straight-line) incommen- 
surable in length with the greater [Prop. 10.18]. Thus, 
the square on DM is greater than (the square on) MG 
by the (square) on (some straight-line) incommensurable 
(in length) with (DM). And DM and MG are rational 
(straight-lines which are) commensurable in square only. 
And DM is commensurable (in length) with the (previ- 
ously) laid down rational (straight-line) DE. 

Thus, DG is a fourth binomial (straight-line) [Def. 
10.8]. (Which is) the very thing it was required to show. 


t In other words, the square of a major is a fourth binomial. See Prop. 10.57. 


EO’. 

TO ano tic ENTOV xoi uécov BUVANEYNS napà ENTHY Ta- 
PaBArArADUEVOY TAGTOS norci THY Ex 600 GVOUATWY NEUNTHY. 

"Eoo pntov xoi uécov 8uvauévr 7 AB Sinenuevn cic 
tag evvdetac xoxà tò T, dote uc(Cova cewa thy AT, xoi 
éxxctoVw ont 7 AE, xoi 16 and týs AB toov napa thy 
AE ropoPeBaAjodw tò AZ nAáxoc novOv thy AH: Méyo, 
óu f, AH &x 600 dévoudtwv &od TÉUTTN. 


Proposition 64 


The square on the square-root of a rational plus a me- 
dial (area) applied to a rational (straight-line) produces 
as breadth a fifth binomial (straight-line).! 

Let AB be the square-root of a rational plus a medial 
(area) having been divided into its (component) straight- 
lines at C, such that AC is greater. And let the rational 
(straight-line) DE be laid down. And let the (parallelo- 
gram) DF, equal to the (square) on AB, have been ap- 
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A KM N H 
E on = Z 
A T B 


Kateoxevéo0w và abra toic Med tToUTOV. Enel oov 
eróv xoi uécov Suvayevy &cxlv 7 AB Sinonuevy xatà tò 
T, oi AT, TB dou duvduer cioty dovuUEteot xotoboot TO LEV 
GUYxe(uevov EX TOV AT’ atv TEeTEAYOVOV uéoov, TO 6 UT" 
avtéY ENTOv. Enel ObV uécov oT} TO ouvyxelyuevov EX xv 
ano tõv AT, TB, uécov &ga &oxi tò AA: Hote erf, otv 
Å AM xoi urxer dovuetooc th AE. méAw, enel Ontdv ċott 
tO dic Und t&v ATB, toutéott tÒ MZ, onth &pa ñ MH xoi 
ovuueteoc tH AE. dobuueteoc doa f, AM ti MH: at AM, 
MH dea ontat ciot Suvduet uóvov oúuuetpov Ex 600 dea 
ovoudtwv &oxiy n AH. éy OH, ów xoi néuxtn. 

‘Ouoiws yàp Oteyürjoevot, ött TO Und viv AKM ícov 
éotl tH dxó ts MN, xoi dobuuetooc À AK «fj KM uxer f 
AM ga ts MH uctov Sbvata xG dnd &euugéxpou tauti. 
nat siow ot AM, MH [6ntal] Suvéuer uóvov ovyyeteot, xoi 
f; &Àácoov f| MH ovuueteoc cf; AE urpxet. 

‘H AH dpa éx 600 óvoué&vov toti néuruy Ónep Edet 
Seton. 
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plied to DE, producing DG as breadth. I say that DG is 
a fifth binomial straight-line. 


























D KM N G 
E H L O F 
A C B 


Let the same construction be made as in the (proposi- 
tions) before this. Therefore, since AB is the square-root 
of a rational plus a medial (area), having been divided 
at C, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them rational [Prop. 10.40]. 
Therefore, since the sum of the (squares) on AC and 
CB is medial, DL is thus medial. Hence, DM is rational 
and incommensurable in length with DE [Prop. 10.22]. 
Again, since twice the (rectangle contained) by ACB— 
that is to say, M F—is rational, MG (is) thus rational 
and commensurable (in length) with DE [Prop. 10.20]. 
DM (is) thus incommensurable (in length) with MG 
[Prop. 10.13]. Thus, DM and MG are rational (straight- 
lines which are) commensurable in square only. Thus, 
DG is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a fifth (binomial straight-line). 

For, similarly (to the previous propositions), it can 
be shown that the (rectangle contained) by DKM is 
equal to the (square) on M N, and DK (is) incommen- 
surable in length with K M. Thus, the square on DM 
is greater than (the square on) MG by the (square) on 
(some straight-line) incommensurable (in length) with 
CDM) [Prop. 10.18]. And DM and MG are [rational] 
(straight-lines which are) commensurable in square only, 
and the lesser MG is commensurable in length with DE. 

Thus, DG is a fifth binomial (straight-line) [Def. 10.9]. 
(Which is) the very thing it was required to show. 


t In other words, the square of the square-root of a rational plus medial is a fifth binomial. See Prop. 10.58. 


Ee’. 
Tò and ts 600 uéca Ouvogévrnc noapà erui napa- 
Bo óuevov nA&xoc note Thy Ex 600 Óóvou&tov Extr. 
"Eoo 900 uéca 9uvauévr, 7 AB ómpenuévn xatà tò T, 
eric òè Eotw f, AE, xoi rapà thy AE 1G àxó ts AB toov 
rapopepArjoto tò AZ nAéxoc novOv thy AH: Xéyo, Ott Å 
AH &x 600 óvou&xov &oxlv Extn. 


Proposition 65 


The square on the square-root of (the sum of) two me- 
dial (areas) applied to a rational (straight-line) produces 
as breadth a sixth binomial (straight-line).* 

Let AB be the square-root of (the sum of) two me- 
dial (areas), having been divided at C. And let DE bea 
rational (straight-line). And let the (parallelogram) DF, 
equal to the (square) on AB, have been applied to DE, 


356 


STOIXEION v. 


























A KM N H 
E OA a Z2 
A T B 


Katcoxeuváoðw yàp và aÙTà Toic npótepov. xo Emel f| 
AB 6060 uéca Suvayevn &oxi Sujonuevy xatà tò D, at AT, TB 
doa Suvduet cioly wobuUETeoL noroŬoa TÓ Te ovyxeluevov 
£x TOV aN AÙTÕV TETPAYÖVWV guécov xoi TO UM QAÙTÕV 
UEGOV xoi ETL COUUUETOOV TO EX TOV AN atv TETORY OVO 
ouyxeiuevov xà Un’ adtév ote “atk TÀ npoócOetyu£voa 
Uécov Eotly exatepov vv AA, MZ. xoà nape pythy thy 
AE napóxevxat: erc &pa Eotiv Exatéoa àv AM, MH xoi 
&cougerpoc th AE uYpet. xol nel &ooupexpóv EoTL TO 
ouyxetuevov ¿x Hv and x&v AT, TB xà dic nrò xov AT, 
TB, dobuueteov doa toti tò AA xà MZ. dobuetpoc dpa 
xai 1 AM ti MH: ai AM, MH dou ontat ciot Suvduer uóvov 
ovuuEteor ¿x 600 doa dvoudtwv éotiv f| AH. AEyw OH, Str 
xol Extn. 

‘Ouoiws 87] méAw SeiEouev, óu TO ONO x&v AKM ioov 
éotl 16) dnd ts MN, xoi dtu f, AK tH KM urpxet Eotiv 
&cougerpoc: xoi Sia xà aUT& Ò) fj AM qts MH uciov 
SUVOTOL TE ATÒ GOVWUETEOL EQUTH UAKEL. xal OVSETEPA vOv 
AM, MH oógypuetpóc &ox t exxewevy erii t AE uet. 

'H AH doa &x 800 óvoudåtwv gotlv Éxvr OnE Eder 
Seicou. 


ELEMENTS BOOK 10 


producing DG as breadth. I say that DG is a sixth bino- 
mial (straight-line). 
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For let the same construction be made as in the pre- 
vious (propositions). And since AB is the square-root 
of (the sum of) two medial (areas), having been divided 
at C, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them medial, and, moreover, 
the sum of the squares on them incommensurable with 
the (rectangle contained) by them [Prop. 10.41]. Hence, 
according to what has been previously demonstrated, DL 
and MF are each medial. And they are applied to the 
rational (straight-line) DE. Thus, DM and MG are 
each rational, and incommensurable in length with DE 
[Prop. 10.22]. And since the sum of the (squares) on 
AC and CB is incommensurable with twice the (rectan- 
gle contained) by AC and CB, DL is thus incommensu- 
rable with M F. Thus, DM (is) also incommensurable (in 
length) with MG [Props. 6.1, 10.11]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, I say that (it is) also a sixth (binomial 
straight-line). 

So, similarly (to the previous propositions), we can 
again show that the (rectangle contained) by DK M is 
equal to the (square) on MN, and that DK is incom- 
mensurable in length with K M. And so, for the same 
(reasons), the square on DM is greater than (the square 
on) MG by the (square) on (some straight-line) incom- 
mensurable in length with (DM) [Prop. 10.18]. And nei- 
ther of DM and MG is commensurable in length with the 
(previously) laid down rational (straight-line) DE. 

Thus, DG is a sixth binomial (straight-line) [Def. 
10.10]. (Which is) the very thing it was required to show. 


t In other words, the square of the square-root of two medials is a sixth binomial. See Prop. 10.59. 


$ 
ec. 
H tf £x 900 ovoudtwy ufjxec obuuEteoc xol aor) £x 
600 Ovoudtwv £o xoi TH vá&et Å abcr. 
"Eoo x 600 dvoudtwy 7 AB, xoi t AB pýxe 


e 


Proposition 66 


A (straight-line) commensurable in length with a bi- 
nomial (straight-line) is itself also binomial, and the same 
in order. 
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ovuuEeteog Éoxo T, DA: AEyw, óu f) DA Ex S00 dvoudtov 
£cl xol tH vá&et 7| avtr xfj AB. 


A 





D Z A 








"Enci yàp &x 600 6voudtwv &odiv fj AB, ómprjoo cic xà 
òvóuata xatà TÒ E, xoi Eotw ueiCov óvoua tò AE: oi AE, 
EB doa entat ciot Suvduet uóvov OUUUETEOL. YEYOVETW WC 
7 AB npóc thy DA, obxoc f, AE ngóc thy TZ: xoà Aou) 
pa ñ EB npóc Aotnhy thy ZA otw, óc f, AB ngóc thy 
TA. oúuuetpos 88 f, AB tH TA uńxer oóupexpoc dea toti 
xai ù u£v AE xfj TZ, 5; 6€ EB «fj ZA. xa ciot byrol at AE, 
EB: nto doa cioù xoà ai TZ, ZA. xoi &oxv óc f, AE npóc 
TZ, 5; EB ngóc ZA. &vaAAà& hoa &oxiv óc f| AE npóc EB, f| 
TZ npóc ZA. oi òè AE, EB 8uvópet uóvov [eioi] ovuuetpor 
xai ot TZ, ZA &pa Suvdyet uóvov ciol obuETeoL. xal siot 
ental: &x 660 dpa dvoudtwv &odiv f, TA. Aévo OH, óu TH 
xá&et Eotiv f, abc?) tH AB. 

‘H yàp AE tis EB geitov ðúvata tot 1H and 
ouugétpou aut TE AMO GoVUNETPOV. Ei u£v oOv ñ 
AE tijc EB uctov dbvato 1G amd cuugévpou aut, xoi 
ATZ ts ZA yeiCov 6uvfjoevot 16 dnd cuuuéxpou EAUTY}. 
xoi el u&v cOugetpóc otv A AE xfj exxewevy envi, xoi 
ù TZ ocóupexpoc abTfj čata, xal OuX todto exatéoa tGv 
AB, TA &x 800 óvou&ov £o METH, vouxéou TH THEEL 
f| atf. et è 5j EB oóuuetpóc ċott TH &xxeuuévr erri 
xoi fj ZA oóuuevpóc Eotw avty, xoi Già voOto náv TH 
xá&et f| avUTH Eota tÅ AB: exatépa yàp aùtõv čata &x 600 
Ovoudtwy Seutéoa. et 6& ovdetéea vv AE, EB obuuetedc¢ 
£c TY} &xxewévn nt, ovdetéepa xv TZ, ZA obuueteoc 
AUTH Éovot, xal Eottv Exatéoa toity. et 08 7 AE týs EB 
ueiGov Svvatat T dnd douguuéxpou taut, xol f| LZ tho ZA 
ueiGov Sbvatau TH and douguuévpou taut. xol ei uv f| AE 
oüuuetpóc ċott TH Exxewevy ex, xoi 5j TZ oóugetpóc 
EOTW AUTH, xol Coty &xoaxépa tethoTH. el de f| ED, xoi 
Å ZA, xoi ota Exatéoa néUNTH. ei SE obðetépa v&v AE, 
EB, xoi x&v TZ, ZA ovdetéoa cóuuevpóc &ox TH Exxeevy 
ENTH, xol £oxot Exatéoea Extn. 

"Note f, xfj Ex 600 dvoudtwy UAxEL oouguetpoc &x 000 
óvou&ov oT} xol TH vá&et f| avtY Onep Eder deiou. 
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Let AB be a binomial (straight-line), and let CD be 
commensurable in length with AB. I say that CD is a bi- 
nomial (straight-line), and (is) the same in order as AB. 


A E B 


C F D 


For since AB is a binomial (straight-line), let it have 
been divided into its (component) terms at E, and let 
AE be the greater term. AE and EB are thus rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.36]. Let it have been contrived that as AB (is) 
to CD, so AE (is) to CF [Prop. 6.12]. Thus, the remain- 
der EB is also to the remainder FD, as AB (is) to CD 
[Props. 6.16, 5.19 corr]. And AB (is) commensurable 
in length with CD. Thus, AE is also commensurable 
(in length) with CF, and EB with FD [Prop. 10.11]. 
And AE and EB are rational. Thus, CF and FD are 
also rational. And as AE is to CF, (so) EB (is) to FD 
[Prop. 5.11]. Thus, alternately as AE is to EB, (so) 
CF (is) to FD [Prop. 5.16]. And AE and EB [are] 
commensurable in square only. Thus, CF and FD are 
also commensurable in square only [Prop. 10.11]. And 
they are rational. CD is thus a binomial (straight-line) 
[Prop. 10.36]. So, I say that it is the same in order as 
AB. 

For the square on AE is greater than (the square on) 
EB by the (square) on (some straight-line) either com- 
mensurable or incommensurable (in length) with (AF). 
Therefore, if the square on AE is greater than (the square 
on) EB by the (square) on (some straight-line) com- 
mensurable (in length) with (AE) then the square on 
CF will also be greater than (the square on) FD by 
the (square) on (some straight-line) commensurable (in 
length) with (CF) [Prop. 10.14]. And if AE is com- 
mensurable (in length) with (some previously) laid down 
rational (straight-line) then CF will also be commensu- 
rable (in length) with it [Prop. 10.12]. And, on account 
of this, AB and CD are each first binomial (straight- 
lines) [Def. 10.5]—that is to say, the same in order. And if 
EB is commensurable (in length) with the (previously) 
laid down rational (straight-line) then FD is also com- 
mensurable (in length) with it [Prop. 10.12], and, again, 
on account of this, (CD) will be the same in order as 
AB. For each of them will be second binomial (straight- 
lines) [Def. 10.6]. And if neither of AE and EB is com- 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then neither of CF and FD will 
be commensurable (in length) with it [Prop. 10.13], and 
each (of AB and CD) is a third (binomial straight-line) 
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SC 
‘H fj £x Dúo uéowv xet ObUUETEOS xol aor Ex 600 
ugowy £o xol TH vá&et Å aot. 


A E B 





D Z A 








"Ecco x 800 uécov f| AB, xoi xfj AB oóogyguevpoc Éoxo 
ure 9| DA: Aévo, Sti f; TA Ex 800 uécov toT xoi TH xá&et 
n ao, xfj AB. 

Ernel yàp &x 600 uécov &oxiv f, AB, dinefodw cic tàs 
uécac xatà TO E at AE, EB dea uéoot eioi Suvduer uóvov 
cOuguetpot. xol yeyovétw óc f, AB npóc TA, f, AE npóc 
TZ: xoi Aou?) &pa f, EB xpóc Aouujv thy ZA Eotw, wo f| 
AB ngóc TA. oóygevpoc 88 7| AB tH TA uýxer ooupexpoc 
doa xol exatéoa xv AE, EB exatéeg xv TZ, ZA. uéoot 
dé ot AE, EB: uécot dea xoi oi TZ, ZA. xoi enet otw 
óc 7 AE ngóc EB, f, TZ npóc ZA, oi òè AE, EB Guváget 
uóvov oúuueTtpoÍ ciow, xol oi TZ, ZA [&po] Suvdyer uóvov 
ovuueteot eioty, edety0noav sé xoi uécar f, DA doa Ex 600 
Uuécov &oxtv. AEyw OH, Ott xo TH THEEr Å avTH £ow tH AB. 

"Enel Yáp otw óc f| AE npóc EB, f; PZ med¢ ZA, xoi 
óc doa tÒ and týs AE npóc tò ónó x&v AEB, obxoc TÒ 
ano fic TZ npóc tò ono x&v TZA: EvorAdE óc 16 &NO fic 
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[Def. 10.7]. And if the square on AE is greater than 
(the square on) EB by the (square) on (some straight- 
line) incommensurable (in length) with (AE) then the 
square on CF is also greater than (the square on) FD 
by the (square) on (some straight-line) incommensurable 
(in length) with (CF) [Prop. 10.14]. And if AE is com- 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then CF is also commensurable 
(in length) with it [Prop. 10.12], and each (of AB and 
C D) is a fourth (binomial straight-line) [Def. 10.8]. And 
if EB (is commensurable in length with the previously 
laid down rational straight-line) then FD (is) also (com- 
mensurable in length with it), and each (of AB and CD) 
will be a fifth (binomial straight-line) [Def. 10.9]. And 
if neither of AE and EB (is commensurable in length 
with the previously laid down rational straight-line) then 
also neither of CF and FD is commensurable (in length) 
with the laid down rational (straight-line), and each (of 
AB and CD) will be a sixth (binomial straight-line) 
[Def. 10.10]. 

Hence, a (straight-line) commensurable in length 
with a binomial (straight-line) is a binomial (straight- 
line), and the same in order. (Which is) the very thing it 
was required to show. 


Proposition 67 


A (straight-line) commensurable in length with a bi- 
medial (straight-line) is itself also bimedial, and the same 
in order. 


A E B 





C F D 


Let AB be a bimedial (straight-line), and let CD be 
commensurable in length with AB. I say that CD is bi- 
medial, and the same in order as AB. 

For since AB is a bimedial (straight-line), let it have 
been divided into its (component) medial (straight-lines) 
at E. Thus, AE and EB are medial (straight-lines 
which are) commensurable in square only [Props. 10.37, 
10.38]. And let it have been contrived that as AB (is) to 
C D, (so) AE (is) to CF [Prop. 6.12]. And thus as the 
remainder EB is to the remainder F D, so AB (is) to CD 
[Props. 5.19 corr, 6.16]. And AB (is) commensurable 
in length with CD. Thus, AE and EB are also com- 
mensurable (in length) with CF and FD, respectively 
[Prop. 10.11]. And AE and EB (are) medial. Thus, CF 
and FD (are) also medial [Prop. 10.23]. And since as 
AE is to EB, (so) CF (is) to FD, and AE and EB are 
commensurable in square only, CF and FD are [thus] 
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AE nxpóc tò ånò tis TZ, obvoc 16 ono xv AEB npóc tò 
òrò x&v TZA. obuuetoov 88 tò and týs AE 16 and ts 
TZ: ovupetpov &pa xoi tò Und vy AEB 16 ono t&v TZA. 
ete obv ONtdv £o tò Und x&v AEB, xoi tò bn x&v TZA 
entdy Eotw [xoà Già toUt6 Eotw Ex 600 uécov npor]. exe 
uécov, Uu£oov, xal Cot ExaTtéea Oeuxépa.. 

Kat dia totto gota À DA tH AB xfj vá&et fj adtH See 
del dca. 


en. 


‘H «fj uetCow obuueteoc xoi aor uetGov &oítv. 


A E B 


D Z A 











"Ecco ue(Gov f, AB, xoi xfj AB oúuuetpos Eotw f, PA: 
Aévo, ó f; TA uetCov &oxtv. 

Awprjo0o 7 AB xatà tò E ai AE, EB dpa duvduer cioty 
&oóugecpot TOLODOM TO u£v OLYXEÍLEVOV ÈX TOY AT’ atv 
xevpaY vov ENTOY, TO © ÒT’ atv uécov: xol Yeyovétxo 
tà KUT toic npótepov. xoà Enel otw óc f| AB npóc tijv 
TA, obxoc 4 te AE npóc thy TZ xoi f, EB npóc thy ZA, 
xal Òs doa Å AE npóc thy TZ, o0xoc f, EB npóc thy ZA. 
ovuueteoc 68 f, AB xfj TA: oougexpoc dow xol &xoxépa xv 
AE, EB xatépa t&v TZ, ZA. xa ¿nel Eotw óc f, AE npóc 
thy TZ, ottwe f, EB npóc thy ZA, xoi £vaAAà& óc f, AE 
xpóc EB, ottw¢ f| TZ npóc ZA, xoi ouvüévu &pa &oxiv we 
n AB ngóc thy BE, oŬtws f, PA npóc thy AZ: xoi óc &pa 
TO and ts AB npóc tò and ts BE, ob0voc 16 and ts TA 
TEÒG TO aNO tc AZ. OYoiws SF 6c(&ouev, Stu xol óc TO AMO 
tfic AB npóc tò and týs AE, oŬtws tò dnd tij¢ DA npóc 
TÒ &NO ts TZ. xoi wo doa tò and tis AB npóc xà and xv 
AE, EB, oŬtws tò and ts TA npóc xà and x&v TZ, ZA: 
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also commensurable in square only [Prop. 10.11]. And 
they were also shown (to be) medial. Thus, C'D is a bi- 
medial (straight-line). So, I say that it is also the same in 
order as AB. 

For since as AE is to EB, (so) CF (is) to FD, thus 
also as the (square) on AE (is) to the (rectangle con- 
tained) by AEB, so the (square) on CF (is) to the (rect- 
angle contained) by CF D [Prop. 10.21 lem.]. Alter- 
nately as the (square) on AE (is) to the (square) on 
CF, so the (rectangle contained) by AEB (is) to the 
(rectangle contained) by CFD [Prop. 5.16]. And the 
(square) on AE (is) commensurable with the (square) 
on CF. Thus, the (rectangle contained) by AEB (is) 
also commensurable with the (rectangle contained) by 
CFD [Prop. 10.11]. Therefore, either the (rectangle 
contained) by AEB is rational, and the (rectangle con- 
tained) by CFD is rational [and, on account of this, 
(AE and CD) are first bimedial (straight-lines)], or (the 
rectangle contained by AEB is) medial, and (the rect- 
angle contained by CFD is) medial, and (AB and CD) 
are each second (bimedial straight-lines) [Props. 10.23, 
10.37, 10.38]. 

And, on account of this, C D will be the same in order 
as AB. (Which is) the very thing it was required to show. 


Proposition 68 


A (straight-line) commensurable (in length) with a 
major (straight-line) is itself also major. 


A E B 


C F D 











Let AB be a major (straight-line), and let CD be com- 
mensurable (in length) with AB. I say that CD is a major 
(straight-line). 

Let AB have been divided (into its component terms) 
at E. AE and EB are thus incommensurable in square, 
making the sum of the squares on them rational, and the 
(rectangle contained) by them medial [Prop. 10.39]. And 
let (the) same (things) have been contrived as in the pre- 
vious (propositions). And since as AB is to CD, so AE 
(is) to CF and EB to FD, thus also as AE (is) to CF, 
so EB (is) to FD [Prop. 5.11]. And AB (is) commen- 
surable (in length) with CD. Thus, AE and EB (are) 
also commensurable (in length) with CF and FD, re- 
spectively [Prop. 10.11]. And since as AE is to CF, so 
EB (is) to FD, also, alternately, as AE (is) to EB, so 
CF (is) to FD [Prop. 5.16], and thus, via composition, 
as AB is to BE, so CD (is) to DF [Prop. 5.18]. And thus 
as the (square) on AB (is) to the (square) on BE, so the 
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xal EVOAAGE doa £oxlv ðs TO ånò týs AB npóc tò aNO ts 
TA, obxoc xà dnd vv AE, EB npóc xà àxó x&v TZ, ZA. 
cOuuetpov õè tò dnd ts AB xG ånò ts DA: oougexpa 
doa xol xà dnd vv AE, EB toic and t&v TZ, ZA. xat ou 
tà dnd x&v AE, EB Gua pntdv, xoi xà and t&v TZ, ZA 
gua eróv &owv. Ogoíoc 88 xol TO dic UN vv AE, EB 
OUUUNETEOYV EOTL TG) Sic ono xv TZ, ZA. xal £ow uécov TÒ 
dic Und x&v AE, EB: uécov doa xoi tò dic ónó t&v TZ, 
ZA. oi TZ, ZA dea Svvduer &oogguerpot ciot roto0oot TO 
UEV cuYxe(uevov EX TOV AT’ AVTEY vevpory vov Gua ENTOV, 
TO 6& dic Un’ abxGv uécov: An doa f, TA GXovóc otv f| 
xarouyevn uetCov. 

‘H doa fj ue(Cow obuueteoc use(Cov gotiv: ónep Eder 
citou. 


gv. 
‘H ti ONntOv xal uécov Suvagévn ObUUETPEOS [xai AUTH] 


&nxóv xal uécov Ouvoyévr, £oxtv. 


A E B 





D Z A 





"Eotw entov xoi uécov Ouvauévr f|, AB, xoi xfj AB 
cougexpoc Eotw f, DA: Geocéov, óu xoi fj, TA erxóv xoi 
uécov Ouvapévr &oxtv. 

Awprjo0o 7 AB eic tac eóUs(oac xatà tò E: ot AE, EB 
doa Suvduet cioty doUUUETEOL noroŬoa TO u&v ouyxeluevov 
£x TOV dx AUTHV vevpoyYOvov uécov, TO O° UT auTéSV 
nTóv: xol Tà HUTA xaTEcxEUdoVW toic npótepov. OLOIWC 
67, 6c(&ouev, óu xoà at TZ, ZA ðuváper ciotv àoOuuetpot, 
xal oóugexpov TO LEV ouvxe(uevov èx TOV dnd vv AE, EB 
1G cuYxetuévo Ex THY dnd t&v TZ, ZA, tò 6$ ónó AE, EB 
1G nò TZ, ZA: ote xoi tò |u£v] ovyxetuevov ex x&v dnd 
t&v TZ, ZA tetpayavwv £o uécov, tò © Und x&v TZ, 
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(square) on CD (is) to the (square) on DF [Prop. 6.20]. 
So, similarly, we can also show that as the (square) on 
AB (is) to the (square) on AF, so the (square) on CD 
(is) to the (square) on CF. And thus as the (square) on 
AB (is) to (the sum of) the (squares) on AE and EB, so 
the (square) on CD (is) to (the sum of) the (squares) on 
CF and FD. And thus, alternately, as the (square) on AB 
is to the (square) on C D, so (the sum of) the (squares) on 
AE and EB (is) to (the sum of) the (squares) on CF and 
FD [Prop. 5.16]. And the (square) on AB (is) commen- 
surable with the (square) on CD. Thus, (the sum of) the 
(squares) on AE and EB (is) also commensurable with 
(the sum of) the (squares) on CF and FD [Prop. 10.11]. 
And the (squares) on AE and EB (added) together are 
rational. The (squares) on CF and FD (added) together 
(are) thus also rational. So, similarly, twice the (rect- 
angle contained) by AE and EB is also commensurable 
with twice the (rectangle contained) by CF and FD. And 
twice the (rectangle contained) by AE and EB is me- 
dial. Therefore, twice the (rectangle contained) by CF 
and FD (is) also medial [Prop. 10.23 corr.]. CF and FD 
are thus (straight-lines which are) incommensurable in 
square [Prop 10.13], simultaneously making the sum of 
the squares on them rational, and twice the (rectangle 
contained) by them medial. The whole, C D, is thus that 
irrational (straight-line) called major [Prop. 10.39]. 

Thus, a (straight-line) commensurable (in length) 
with a major (straight-line) is major. (Which is) the very 
thing it was required to show. 


Proposition 69 


A (straight-line) commensurable (in length) with the 
square-root of a rational plus a medial (area) is [itself 
also] the square-root of a rational plus a medial (area). 


A E B 


C F D 


Let AB be the square-root of a rational plus a medial 
(area), and let CD be commensurable (in length) with 
AB. We must show that CD is also the square-root of a 
rational plus a medial (area). 

Let AB have been divided into its (component) 
straight-lines at E. AE and EB are thus incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational 
[Prop. 10.40]. And let the same construction have been 
made as in the previous (propositions). So, similarly, we 
can show that CF and FD are also incommensurable 
in square, and that the sum of the (squares) on AF and 
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ZA erixóv. 
“‘Pytov dea xoi uécov Suvayevyn &oxiv f, TA: ónep Eder 
citar. 


L 


O. 


‘H qti 600 uéoa ðuvauévy oóuuexpoc 900 uéoa duvapévn 
éotly. 


A 





D 


"Ecco 900 uéca 8uvoyévr À AB, xoi tÅ AB cóguuexpoc 
7, TA: derxtéov, óxt xoi WTA 600 uéca Guvopévr Eotiv. 

‘Enel yàp 800 uéca ðuvauévn &£oxiv f, AB, dinefodw 
tic tac evdetuc xoxà tò E oi AE, EB dpa 6uváge 
ciolv GOUUUETEOL TOLOUOM tÓ Te ouyxeluevov &x TOV dm 
autéy [tetpayavey] uécov xoi TO Un’ abxGv uécov xol 
Ett do0uuetpov TO OVYxXElUEVOY Ex xv dnd Tév AE, EB 
TETOAYOVOY TH UNO x&v AE, EB: xoi xateoxevdodw tà 
aOtà xoic npóxepov. OUOtwc BY SetEouev, Str xoi oi TZ, ZA 
6uvápget Eloly &oÚuuETpOL xol OULUETEOV TO UEV ovyxe(yuevov 
&x TOV ano 1v AE, EB 16 ouvxewuévo &x x&v and tov TZ, 
ZA, tò dé ono x&v AE, EB xà nò t&v TZ, ZA: Gote xoi 
TO cuyxe(uevov Ex THY and t&v PZ, ZA teteayovwv uécov 
£c xoi to Ono tév TZ, ZA uécov xoi Ett dobuUETeov TÒ 
ouyxetuevov &x tõv dnd t&v TZ, ZA tetpayóvwv x ono 
t&v IZ, ZA. 

‘H dea TA 600 uéca Suvayevy &oxtv: ónep Eder Seigau. 








x 
OQ. 
“Pytot xoi uécou ouvtiðeuévou xécoopec GAOYOL yiyvov- 
xat Htot £x 000 Gvoudtwv 1j £x 600 uéccov TETH Ñ ueiCov 
Tj ENTOV xoi uécov ðuvapévn. 
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EB (is) commensurable with the sum of the (squares) 
on CF and FD, and the (rectangle contained) by AE 
and EB with the (rectangle contained) by CF and FD. 
And hence the sum of the squares on CF and FD is me- 
dial, and the (rectangle contained) by CF and FD (is) 
rational. 

Thus, C'D is the square-root of a rational plus a medial 
(area) [Prop. 10.40]. (Which is) the very thing it was 
required to show. 


Proposition 70 


A (straight-line) commensurable (in length) with the 
square-root of (the sum of) two medial (areas) is (itself 
also) the square-root of (the sum of) two medial (areas). 


A E B 


C F D 


Let AB be the square-root of (the sum of) two medial 
(areas), and (let) CD (be) commensurable (in length) 
with AB. We must show that CD is also the square-root 
of (the sum of) two medial (areas). 

For since AB is the square-root of (the sum of) two 
medial (areas), let it have been divided into its (compo- 
nent) straight-lines at E. Thus, AE and EB are incom- 
mensurable in square, making the sum of the [squares] 
on them medial, and the (rectangle contained) by them 
medial, and, moreover, the sum of the (squares) on AE 
and EB incommensurable with the (rectangle) contained 
by AE and EB [Prop. 10.41]. And let the same construc- 
tion have been made as in the previous (propositions). 
So, similarly we can show that CF and FD are also 
incommensurable in square, and (that) the sum of the 
(squares) on AE and EB (is) commensurable with the 
sum of the (squares) on CF and FD, and the (rectangle 
contained) by AE and EB with the (rectangle contained) 
by CF and FD. Hence, the sum of the squares on CF 
and FD is also medial, and the (rectangle contained) by 
CF and FD (is) medial, and, moreover, the sum of the 
squares on CF and FD (is) incommensurable with the 
(rectangle contained) by CF and FD. 

Thus, C'D is the square-root of (the sum of) two me- 
dial (areas) [Prop. 10.41]. (Which is) the very thing it 
was required to show. 











Proposition 71 


When a rational and a medial (area) are added to- 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
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"How pntov uèv tò AB, uécov òè tò TA: Aévo, Óu f| 
TÒ AA ywpiov duvayevn fjvot &x 660 dvoudtwv Eotlv f| &x 
600 uécov nxpozr Ñ ueGov Ñ ENTOV xoi uécov 6uvagévr. 


K 




















Z H I 














B A 

To yàp AB tod DA fov ucitóv &owv H ÉAacoov. 
čotw npótepov ueiGov: xoi &oxe(oto nt À EZ, xol rapa- 
BeBAnodw napà thy EZ xà AB (cov tò EH xAéxoc xotobv 
thy EO: 16 dé AT ícov napa thy EZ rapaBeBAhodw tò 
OI xAéxoc novotyv thy OK. xoi &nel pytdv Eott xó AB xaí 
éotw toov t& EH, pntov &pa xoi tò EH. xoi xoap& [erra] 
thy EZ napoBéBantoa rA&xoc noioŭv thy EO: 5 EO tow 
nT £o xoi obvuuetpos TH EZ une. ndAww, Enel uécov 
£c tò TA xai otv (cov té OI, uécov &pa tot) xoi TO 
OL. xoi ropà env thy EZ nxopóxetxot xAóvoc nov Thy 
OK: eth doa £c xiv fj OK xoi àoúuuetpos tÅ EZ uńxer. xol 
¿nel uécov £o tò TA, 6rxóv dé tò AB, å&obuuetpov &pa 
£c tò AB 16 TA: ote xoi tò EH åovuuetpóv oti 1G 
OI. óc 6€ tò EH npóc tò OI, obvoc Eotlv f, EO npóc thy 
OK: àobuyetpoc doa &oxi xoi À EO xfj OK urjxet. xo eiotv 
duyótepa ntal: ai EO, OK doa pytal ciot óuvóget uóvov 
oúuuetpor £x 000 &pa Óvou&tov £odv Ù EK Ompernuévrn 
xaxà TO O. xoi Enel ueiCóv &ow tò AB tod TA, {oov dé tò 
uèv AB xà EH, tò dé TA xà OI, uciCov doa xoi tò EH 
tot OL xoi, EO &pa us(Cov &ox ts OK. ftot oov n EO 
tfi; OK uctov GÓvaot T dnd cUUUETEOU taut urixet | 
TG) ATÒ douguuétpou. BUVO npótepov TES AMO cuuuétpou 
tauti xal otv A ue(Cov f, OE ovuuetpoc tH Exxewevy 
en, th EZ: ġ dea EK ex d00 dvoudtwv toT) TEaTH. ENT? 
dé fj EZ: &àv de ywpiov nepiéynta UNO nts xol ts Ex 600 
OVOULTWY TEWTIC, Å TO YwElov ðuvayévy Ex SVO OVOUdTWV 
gottv. dea tò EI duvauévy Ex 600 dvoudtwv &oxív: oce 
xoi J| TÒ AA Suvayevyn Ex 600 dvoudtwv Eotiv. AX. 67) 
duvdo0w f, EO tis OK yeiCov 16 dnd àougugéxpou tauti: 
xaí cotw Å ue(Cov f, EO obuueteoc tH &xeuévn eni TH 
EZ uńxev fj doa EK &x 600 d6voudtwv oT} vexáprr. ENT? 
dé fj EZ: àv 6€ ywpiov nepiéynta UNO nts xol tis Ex 600 
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medial, or a major, or the square-root of a rational plus a 
medial (area). 

Let AB be a rational (area), and CD a medial (area). 
I say that the square-root of area AD is either binomial, 
or first bimedial, or major, or the square-root of a rational 
plus a medial (area). 


A C E H K 
































B D 

For AB is either greater or less than C'D. Let it, first 
of all, be greater. And let the rational (straight-line) EF 
be laid down. And let (the rectangle) EG, equal to AB, 
have been applied to EF, producing EH as breadth. And 
let (the recatangle) HI, equal to DC, have been ap- 
plied to EF, producing H K as breadth. And since AB 
is rational, and is equal to EG, EG is thus also rational. 
And it has been applied to the [rational] (straight-line) 
EF, producing EH as breadth. EH is thus rational, and 
commensurable in length with EF [Prop. 10.20]. Again, 
since CD is medial, and is equal to HI, HT is thus also 
medial. And it is applied to the rational (straight-line) 
EF, producing HK as breadth. HK is thus rational, 
and incommensurable in length with EF [Prop. 10.22]. 
And since CD is medial, and AB rational, AB is thus 
incommensurable with CD. Hence, EG is also incom- 
mensurable with H7. And as EG (is) to HI, so EH is 
to HK [Prop. 6.1]. Thus, EH is also incommensurable 
in length with HK [Prop. 10.11]. And they are both ra- 
tional. Thus, EH and HK are rational (straight-lines 
which are) commensurable in square only. EK is thus 
a binomial (straight-line), having been divided (into its 
component terms) at H [Prop. 10.36]. And since AB 
is greater than CD, and AB (is) equal to EG, and CD 
to HI, EG (is) thus also greater than HI. Thus, EH is 
also greater than H K [Prop. 5.14]. Therefore, the square 
on EH is greater than (the square on) HK either by 
the (square) on (some straight-line) commensurable in 
length with (EH), or by the (square) on (some straight- 
line) incommensurable (in length with EH). Let it, first 
of all, be greater by the (square) on (some straight-line) 
commensurable (in length with EH). And the greater 
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óvou&xov TETHOTIS, Y) TO ywplov SUVaNEVN GAoYÓc otv rj 
xoXouuévr ue(Gov. A doa tò EI ywetov suvayevn uetGov 
éotiv: Hote xoi f| TO AA Guvoyévr ueiCov &oxtv. 

AAG 95 Eotw ÉAaccov tò AB tot DA: xoi tò EH 
doa £AaooÓv ċott toO OL Hote xoi fj, EO &A&ocoov tot 
tfi; OK. Fro. 0€ 5 OK ts EO yueiCov 60vorot xà and 
OUUUETEOL EQUTH Ñ xà ATO douuuétpou. Duvåoðw npótepov 
TG) àró cuugérpou tauti urjxev xal &oxty f| EAdoowy f, EO 
OUUNETEOS TY £xxeiiévr nt TH EZ yhxer f, doa EK ex 
600 Ovoudtwy Eotl Seutépa. ENT Se f| EZ: &àv 6€ ywetov 
x&ptéymot ono ENTH¢ xal Tic Ex 600 óvou&xov Sevtépac, Å 
TÒ xoplov Guvoapévr £x 600 UEOWY EoTL npo). Å doa TO EI 
Xoptov Suvayevyn £x 660 u£cov EoTL npóry Bote xol f| TÒ 
AA ðuvauévy £x 600 uécov toti METH. GAA BH fj, OK fic 
OE ueiCov ðuváoðw 16 dnd dcuugéxpou aut. xoí Eotw 
3|, £Aácoov f, EO obuuetpoc TH &xxeiuévr enc tů EZ: ñ 
doa EK £x 6060 óvouávov tot) néuntrn. enu 5é f| EZ: àv 
öè xycplov TEpleyNta UNO nts xol vfjc Ex 600 óvoudxov 
TÉUTTNS, f| TO yoplov Guvogévr, ENTOV xal u£cov Ouvayévr 
éotty. f| dea tò EI ywotov Suvayevn erxov xoi u£cov ðu- 
vapévy &ox(v: Bote xol 7 TO AA ywptov duvayevn enxoóv 
xal u£cov Suvaevy £oxtv. 

‘Pytot dpa xoi uécou cuvuÜcuévou xéooopec GAoYot 
ylyvovta ToL &x 600 óvou&ov T, £x 600 uécov TEaTH rj 
ueiCov Ñ 6rixóv xal uécov Guvoyévry ónep Eder Seta. 
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(of the two components of EK) H E is commensurable 
(in length) with the (previously) laid down (straight- 
line) EF. EK is thus a first binomial (straight-line) 
[Def. 10.5]. And EF (is) rational. And if an area is con- 
tained by a rational (straight-line) and a first binomial 
(straight-line) then the square-root of the area is a bino- 
mial (straight-line) [Prop. 10.54]. Thus, the square-root 
of EI is a binomial (straight-line). Hence the square- 
root of AD is also a binomial (straight-line). And, so, let 
the square on EH be greater than (the square on) HK 
by the (square) on (some straight-line) incommensurable 
(in length) with (EH). And the greater (of the two com- 
ponents of EK) EH is commensurable in length with the 
(previously) laid down rational (straight-line) EF. Thus, 
EK is a fourth binomial (straight-line) [Def. 10.8]. And 
EF (is) rational. And if an area is contained by a rational 
(straight-line) and a fourth binomial (straight-line) then 
the square-root of the area is the irrational (straight-line) 
called major [Prop. 10.57]. Thus, the square-root of area 
EI is a major (straight-line). Hence, the square-root of 
AD is also major. 

And so, let AB be less than CD. Thus, EG is also less 
than HI. Hence, EH is also less than HK [Props. 6.1, 
5.14]. And the square on HK is greater than (the 
square on) EH either by the (square) on (some straight- 
line) commensurable (in length) with (HK), or by the 
(square) on (some straight-line) incommensurable (in 
length) with (H K). Let it, first of all, be greater by the 
square on (some straight-line) commensurable in length 
with (HK). And the lesser (of the two components of 
EK) EH is commensurable in length with the (previ- 
ously) laid down rational (straight-line) EF. Thus, EK 
is a second binomial (straight-line) [Def. 10.6]. And EF 
(is) rational. And if an area is contained by a rational 
(straight-line) and a second binomial (straight-line) then 
the square-root of the area is a first bimedial (straight- 
line) [Prop. 10.55]. Thus, the square-root of area ET is 
a first bimedial (straight-line). Hence, the square-root of 
AD is also a first bimedial (straight-line). And so, let 
the square on H K be greater than (the square on) HE 
by the (square) on (some straight-line) incommensurable 
(in length) with (H K). And the lesser (of the two compo- 
nents of EK) EH is commensurable (in length) with the 
(previously) laid down rational (straight-line) EF. Thus, 
EK is a fifth binomial (straight-line) [Def. 10.9]. And 
EF (is) rational. And if an area is contained by a ratio- 
nal (straight-line) and a fifth binomial (straight-line) then 
the square-root of the area is the square-root of a rational 
plus a medial (area) [Prop. 10.58]. Thus, the square-root 
of area EI is the square-root of a rational plus a medial 
(area). Hence, the square-root of area AD is also the 
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Muoyxeioto yàp 600 uéca dobuUETeA GAAMAOIc tà AB, 
TA: Aév0, ów f| TÒ AA yopiov Suvayevn tot &x 600 uéoov 
Eotl Ogutépa 7j 600 uéoa Ouvogiévr. 

To yàp AB tot TA f(xot ueiCóv Eotw f, £Aaccov. Eotw, 
el TUYOV, npóxepov ucitov tò AB tod TA: xoà exxetodw 
ent? 7 EZ, xoi 1 u&v AB (oov napa thy EZ napoBeBrAnodu 
tÒ EH xAéxoc nowoby thy EO, x6 6€ DA (oov tò OI nAóxoc 
rotoOv thy OK. xoi &xel uécov &oxlv &xéxepgov xv AB, TA, 
uécov dpa xal &xávepgov tæv EH, OL xa rapà entry vv 
ZE rapaxerta tA&xoc xoto0v tac EO, OK: &xoxépo dpa xGv 
EO, OK bntý cw xoi àoóugexpoc tH EZ uńxer. xot enel 
&oouguexpóv Eott TO AB xà TA, xal &owv {oov tò uev AB 
xà EH, tò 66 TA 16 OI, dobuueteov ğpa Eott xoi tò EH t& 
OI. óc 6£ tò EH ngóc tò OI, ottwe¢ Eotiv f, EO npóc OK: 
&ooupetpoc oa &oxly f, EO tÅ OK urjxei. ot EO, OK dpa 
erat elo. Suvduet uóvov oOuuexpov. Ex 600 hoa óvoudxov 
éotlv f| EK. ftot òè f, EO týs OK uctov Sbvato v& ano 
OUUUETEOU EQUTH Ñ TES ATO GoUWNETEOV. Suvdo)W TEdTEPOV 
TG) GMO CUUUETOOU aut UKE Kal OVdeTEpA xàv EO, OK 
OUUUETEOS EOTL TH £xxeuévr enc; tH EZ uńxev Y, EK ä&pa 
éx 500 6voudtwv £o teity. Entry o8 yj EZ: &à&v 68 ywotov 
TEOLEYNTAL UNO nts xal vfjc Ex SVO Óvou&xov TEÍTNS, Å 
TO ywplov 6uvogévr, éx 600 UEOWY toT) SevTepa f| oa TO 
EI, toutéott to AA, 6uvayévr, ex 600 uéccov £o 6euxépa. 
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square-root of a rational plus a medial (area). 

Thus, when a rational and a medial area are added to- 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
medial, or a major, or the square-root of a rational plus a 
medial (area). (Which is) the very thing it was required 
to show. 


Proposition 72 


When two medial (areas which are) incommensu- 
rable with one another are added together, the remaining 
two irrational (straight-lines) arise (as the square-roots of 
the total area)—either a second bimedial, or the square- 
root of (the sum of) two medial (areas). 


A C E H K 
































B D 

For let the two medial (areas) AB and CD, (which 
are) incommensurable with one another, have been 
added together. I say that the square-root of area AD 
is either a second bimedial, or the square-root of (the 
sum of) two medial (areas). 

For AB is either greater than or less than CD. By 
chance, let AB, first of all, be greater than CD. And 
let the rational (straight-line) EF be laid down. And let 
EG, equal to AB, have been applied to EF, producing 
EH as breadth, and HI, equal to CD, producing HK 
as breadth. And since AB and CD are each medial, EG 
and HI (are) thus also each medial. And they are ap- 
plied to the rational straight-line FE, producing EH and 
HK (respectively) as breadth. Thus, EH and HK are 
each rational (straight-lines which are) incommensurable 
in length with EF [Prop. 10.22]. And since AB is incom- 
mensurable with C D, and AB is equal to EG, and CD 
to HI, EG is thus also incommensurable with HJ. And 
as EG (is) to HI, so EH is to H K [Prop. 6.1]. EH is 
thus incommensurable in length with H K [Prop. 10.11]. 
Thus, E H and HK are rational (straight-lines which are) 
commensurable in square only. EK is thus a binomial 
(straight-line) [Prop. 10.36]. And the square on FA is 
greater than (the square on) H K either by the (square) 
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on (some straight-line) commensurable (in length) with 
(EH), or by the (square) on (some straight-line) incom- 
mensurable (in length with FA). Let it, first of all, be 
greater by the square on (some straight-line) commensu- 
rable in length with (EH). And neither of EH or H K is 
commensurable in length with the (previously) laid down 
rational (straight-line) EF. Thus, EK is a third binomial 
(straight-line) [Def. 10.7]. And EF (is) rational. And if 
an area is contained by a rational (straight-line) and a 
third binomial (straight-line) then the square-root of the 
area is a second bimedial (straight-line) [Prop. 10.56]. 
Thus, the square-root of EI—that is to say, of AD— 
is a second bimedial. And so, let the square on EH 
be greater than (the square) on HK by the (square) 
on (some straight-line) incommensurable in length with 
(EH). And EH and HK are each incommensurable in 
length with EF. Thus, EK is a sixth binomial (straight- 
line) [Def. 10.10]. And if an area is contained by a ra- 
tional (straight-line) and a sixth binomial (straight-line) 
then the square-root of the area is the square-root of (the 
sum of) two medial (areas) [Prop. 10.59]. Hence, the 
square-root of area AD is also the square-root of (the 
sum of) two medial (areas). 

[So, similarly we can show that, even if AB is less 
than CD, the square-root of area AD is either a second 
bimedial or the square-root of (the sum of) two medial 
(areas).] 

Thus, when two medial (areas which are) incommen- 
surable with one another are added together, the remain- 
ing two irrational (straight-lines) arise (as the square- 
roots of the total area)—either a second bimedial, or the 
square-root of (the sum of) two medial (areas). 


A binomial (straight-line), and the (other) irrational 
(straight-lines) after it, are neither the same as a medial 
(straight-line) nor (the same) as one another. For the 
(square) on a medial (straight-line), applied to a rational 
(straight-line), produces as breadth a rational (straight- 
line which is) also incommensurable in length with (the 
straight-line) to which it is applied [Prop. 10.22]. And 
the (square) on a binomial (straight-line), applied to a 
rational (straight-line), produces as breadth a first bino- 
mial [Prop. 10.60]. And the (square) on a first bimedial 
(straight-line), applied to a rational (straight-line), pro- 
duces as breadth a second binomial [Prop. 10.61]. And 
the (square) on a second bimedial (straight-line), applied 
to a rational (straight-line), produces as breadth a third 
binomial [Prop. 10.62]. And the (square) on a major 
(straight-line), applied to a rational (straight-line), pro- 
duces as breadth a fourth binomial [Prop. 10.63]. And 
the (square) on the square-root of a rational plus a medial 
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oy’. 
"E&v ànó Otis ONT Kporoedf Duváuet uóvov oOuuetpoc 
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Ano yàp nts tic AB enc àqnerjodo 7, BI duvduer 
uóvov oóuguetpoc oðoa TY GAN Aéyw, öte f| Aou) À AT 
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‘Emel yàp dobuuetedc got f, AB xfj BT ufixet, xot otv 
óc f, AB ngóc thy BD, obxoc 16 ånò týs AB npóc tò nó 
t&v AB, BT, åońuuetpov dpa toti tò and tis AB xà ono 
t&v AB, BT. AGTH uèv and týs AB oúuuetpá toti xà imo 
t&v AB, BT «expéy ova, 16 ðè oro vv AB, BT oóguguetpóv 
£c TÒ dic bn0 t&v AB, BT. xoi éxeiórjnep xà dnd vv AB, 
BI ica &ox 16 dic Und x&v AB, BT petà tod and DA, xoi 
AotnG doa t6 dnd týs AT dobueted& &ox xà and vv AB, 
BI. ntà dé xà dnd vv AB, BT: &Aoyoc dpa £oxiv n AT: 
xaAe(o0« é &notouy. ónep Eder dcia. 


t See footnote to Prop. 10.36. 
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(area), applied to a rational (straight-line), produces as 
breadth a fifth binomial [Prop. 10.64]. And the (square) 
on the square-root of (the sum of) two medial (areas), 
applied to a rational (straight-line), produces as breadth 
a sixth binomial [Prop. 10.65]. And the aforementioned 
breadths differ from the first (breadth), and from one 
another—from the first, because it is rational—and from 
one another, because they are not the same in order. 
Hence, the (previously mentioned) irrational (straight- 
lines) themselves also differ from one another. 


Proposition 73 


If a rational (straight-line), which is commensu- 
rable in square only with the whole, is subtracted from 
a(nother) rational (straight-line) then the remainder is 
an irrational (straight-line). Let it be called an apotome. 

A Ç B 

For let the rational (straight-line) BC, which com- 
mensurable in square only with the whole, have been 
subtracted from the rational (straight-line) AB. I say that 
the remainder AC is that irrational (straight-line) called 
an apotome. 

For since AB is incommensurable in length with BC, 
and as AB is to BC, so the (square) on AB (is) to the 
(rectangle contained) by AB and BC [Prop. 10.21 lem.], 
the (square) on AB is thus incommensurable with the 
(rectangle contained) by AB and BC [Prop. 10.11]. But, 
the (sum of the) squares on AB and BC is commen- 
surable with the (square) on AB [Prop. 10.15], and 
twice the (rectangle contained) by AB and BC is com- 
mensurable with the (rectangle contained) by AB and 
BC [Prop. 10.6]. And, inasmuch as the (sum of the 
squares) on AB and BC is equal to twice the (rectan- 
gle contained) by AB and BC plus the (square) on CA 
[Prop. 2.7], the (sum of the squares) on AB and BC is 
thus also incommensurable with the remaining (square) 
on AC [Props. 10.13, 10.16]. And the (sum of the 
squares) on AB and BC is rational. AC is thus an ir- 
rational (straight-line) [Def. 10.4]. And let it be called 
an apotome.! (Which is) the very thing it was required to 
show. 





Proposition 74 


If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a ratio- 
nal (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
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t See footnote to Prop. 10.37. 
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(straight-line). Let it be called a first apotome of a medial 
(straight-line). 
A ¢ B 

For let the medial (straight-line) BC, which is com- 
mensurable in square only with AB, and which makes 
with AB the rational (rectangle contained) by AB and 
BC, have been subtracted from the medial (straight-line) 
AB [Prop. 10.27]. I say that the remainder AC is an ir- 
rational (straight-line). Let it be called the first apotome 
of a medial (straight-line). 

For since AB and BC are medial (straight-lines), the 
(sum of the squares) on AB and BC is also medial. And 
twice the (rectangle contained) by AB and BC (is) ratio- 
nal. The (sum of the squares) on AB and BC (is) thus in- 
commensurable with twice the (rectangle contained) by 
AB and BC. Thus, twice the (rectangle contained) by 
AB and BC is also incommensurable with the remain- 
ing (square) on AC [Prop. 2.7], since if the whole is in- 
commensurable with one of the (constituent magnitudes) 
then the original magnitudes will also be incommensu- 
rable (with one another) [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. Thus, 
the (square) on AC is irrational. Thus, AC is an irra- 
tional (straight-line) [Def. 10.4]. Let it be called a first 
apotome of a medial (straight-line).* 





Proposition 75 


If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a me- 
dial (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
(straight-line). Let it be called a second apotome of a 
medial (straight-line). 

For let the medial (straight-line) CB, which is com- 
mensurable in square only with the whole, AB, and 
which contains with the whole, AB, the medial (rect- 
angle contained) by AB and BC, have been subtracted 
from the medial (straight-line) AB [Prop. 10.28]. I say 
that the remainder AC is an irrational (straight-line). Let 
it be called a second apotome of a medial (straight-line). 
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Exxelioðw yàp erc) f, AL, xoi tois u£v and tõv AB, 
BT tcov napà thy AI napoBeBAnodw tò AE rAévoc roroŭv 
thy AH, 16 dé dic Und vv AB, BT toov nogà thy AI 
rapopepArjoo tò AO TA&to¢ rotobv thy AZ: Xomóv &pa 
TÒ ZE (cov &cxi 16 and ts AT. xoi &xel uéca xot oOuuexoó 
£c xà and x&v AB, BT, uécov doa xoi tò AE. xol nape 
ntv thy AT ropdxerta TAdto¢ xotobv thy AH: eru &pa 
éotlv fj AH xoi dobuueteoc tH AI urpxet. mtv, nel uécov 
éotl to Und xGv AB, BL, xoi tò dic doa Und tõv AB, 
BT uécov &oxív. xal &owv (cov tă AO: xoi tò AO dow 
Uuécov Eotlv. xol napà Eythy thy AI napaBEBAnta rAéxoc 
xotoUv thy AZ: exer) &pa Eotiv f| AZ xoà dobuueteos tH AI 
urjxet. xoi &nel ot AB, BT 6uváuet uóvov obuueteoi ciot, 
KovUUETeOS Goa &oxiv 7 AB xfj BD uhxer dobueteov doa 
xal tÒ &nd ts AB tetpkywvov 16 ónó àv AB, BT. dAG 
TH uev ånò ts AB ovuEte& ċott xà and THY AB, BI, t& 
dé ónó x&v AB, BT oúuuetpóv oti TÒ dic nò x&v AB, 
BI" dovuueteov dea toT} TO dic ónó vv AB, BT xoic and 
t&v AB, BT. {oov 8& voic u&v àxó x&v AB, BT tò AE, 
1G 5 dic Und x&v AB, BT tò AO: åoúuuetpov &pa [tot] 
tO AE xà AO. óc è tò AE npóc tò AO, otttwc f, HA 
xpóc thy AZ: àoouguexpoc &pa &oxiv f| HA xfj AZ. xai ciow 
óupóxepot ntal: at doa HA, AZ rrai siot Õuváuet uóvov 
ovuuetoor f; ZH doa ånotouń £owv. ont 98 5| AT: tò òè 
ONO nts xol dAÓYou xepteyÓóuevov GAoYvóv otv, xol ñ 
6uvotévr, avVTO GAoYÓc otv. xoà SOvata TO ZE f) AT" f 
AT dpa Gov óc &oxv: xoXc(oo ðè UEONS ånotouÀ Geuxépa. 
önep Eder deiga. 
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For let the rational (straight-line) DI be laid down. 
And let DE, equal to the (sum of the squares) on AB 
and BC, have been applied to DI, producing DG as 
breadth. And let DH, equal to twice the (rectangle con- 
tained) by AB and BC, have been applied to DI, produc- 
ing DF as breadth. The remainder FE is thus equal to 
the (square) on AC [Prop. 2.7]. And since the (squares) 
on AB and BC are medial and commensurable (with 
one another), DE (is) thus also medial [Props. 10.15, 
10.23 corr]. And it is applied to the rational (straight- 
line) DI, producing DG as breadth. Thus, DG is rational, 
and incommensurable in length with DI [Prop. 10.22]. 
Again, since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is thus also medial [Prop. 10.23 corr]. And it is equal 
to DH. Thus, DH is also medial. And it has been ap- 
plied to the rational (straight-line) DI, producing DF as 
breadth. DF is thus rational, and incommensurable in 
length with DI [Prop. 10.22]. And since AB and BC are 
commensurable in square only, AB is thus incommensu- 
rable in length with BC. Thus, the square on AB (is) 
also incommensurable with the (rectangle contained) by 
AB and BC [Props. 10.21 lem., 10.11]. But, the (sum 
of the squares) on AB and BC is commensurable with 
the (square) on AB [Prop. 10.15], and twice the (rectan- 
gle contained) by AB and BC is commensurable with the 
(rectangle contained) by AB and BC [Prop. 10.6]. Thus, 
twice the (rectangle contained) by AB and BC is incom- 
mensurable with the (sum of the squares) on AB and 
BC [Prop. 10.13]. And DE is equal to the (sum of the 
squares) on AB and BC, and DH to twice the (rectangle 
contained) by AB and BC. Thus, DE [is] incommensu- 
rable with DH. And as DE (is) to DH, so GD (is) to 
DF [Prop. 6.1]. Thus, GD is incommensurable with DF 
[Prop. 10.11]. And they are both rational (straight-lines). 
Thus, GD and DF are rational (straight-lines which are) 
commensurable in square only. Thus, FG is an apotome 
[Prop. 10.73]. And DI (is) rational. And the (area) con- 
tained by a rational and an irrational (straight-line) is 
irrational [Prop. 10.20], and its square-root is irrational. 
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oF". 

"E&v and cdveiac eudeta aporoedY Suvduer dovUUETeOC 
o0ca TY CAN, ETA OE vfjc GANS roto0ca. xà uèv an” atv 
dua erixóv, TÒ © Om adtév uécov, f| Aou) GAoYdc &oxtv: 
xoAe(oo 6€ EAdoowy. 


A D B 





And yàp evvetac vfjc AB evdeta apnejodw n BI 
6uváget HOUUUETEOS oboa TH GAN nroroŬoa xà npoxelueva. 
Evo, ó H Aou) | AT &Xoyóc tot f| xaAouyEevN EAcoowv. 

"Enel yàp tò u£v ovyxetuevov &x tõv and tév AB, BT 
xe xpary vov PNTOV &ouv, TO è dic Un x&v AB, BT yéoov, 
åoúuuETpA oa toT) ta and vv AB, BI xà dic UNO xGv 
AB, BT: xoi åvaotpépavti Aoine x6 and týs AT dovueted& 
¿oti xà and vv AB, BT. ntà 88 tà and tév AB, BT: 
&AXovov &pa TÒ ano vfjc AT: &Aoyoc &pa f, AT: xoAc(odo dé 
éhdoowy. Sree &óet deiga. 


+ See footnote to Prop. 10.39. 


oC. 

"E&v and cddeiac eudeta apooedf Suvduer &oouuetpoc 
oVou TH OAN, uev SE tc GANc noroŬoa TO u£v ovyxe(yuevov 
EX TOV dm KUTHY TETEAYMVWV uécov, TO OE Sic ÙT’ aUTHV 
eróv, f| Aou, &AoYóc &oxtv: xaAcioVw SE Å uexà ONTO 
uécov TO ÓAov ToLoton. 


A D B 





And yàp evvetac tic AB evdeta apnefjodw À BI 
Ouváuet àcouuexvoc ovoa tÅ AB nototoa tà neoxetueva 
EY, Ott H Aon À AU &Xovóc Eotw f) TEcELONLEVN. 

"Enel yàp TO u£v ovyxetuevov &x xGv and vv AB, BT 
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And AC is the square-root of FE. Thus, AC is an irra- 
tional (straight-line) [Def. 10.4]. And let it be called the 
second apotome of a medial (straight-line).! (Which is) 
the very thing it was required to show. 


Proposition 76 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the (squares) 
on them (added) together rational, and the (rectangle 
contained) by them medial, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called a minor (straight-line). 


A C B 


For let the straight-line BC, which is incommensu- 
rable in square with the whole, and fulfils the (other) 
prescribed (conditions), have been subtracted from the 
straight-line AB [Prop. 10.33]. I say that the remainder 
AC is that irrational (straight-line) called minor. 

For since the sum of the squares on AP and BC is 
rational, and twice the (rectangle contained) by AB and 
BC (is) medial, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con- 
tained) by AB and BC. And, via conversion, the (sum 
of the squares) on AB and BC is incommensurable with 
the remaining (square) on AC [Props. 2.7, 10.16]. And 
the (sum of the squares) on AB and BC (is) rational. 
The (square) on AC (is) thus irrational. Thus, AC (is) 
an irrational (straight-line) [Def. 10.4]. Let it be called 
a minor (straight-line).! (Which is) the very thing it was 
required to show. 





Proposition 77 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con- 
tained) by them rational, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a rational 
(area) a medial whole. 


A C B 


-/_- 

For let the straight-line BC, which is incommensu- 
rable in square with AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the straight-line 
AB [Prop. 10.34]. I say that the remainder AC is the 
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xexpary vov uéoov &oxív, TO 66 Sic Un x&v AB, BT exxóv, 
do0uguecpa oa £o ta and vv AB, BI xà dic Und xGv 
AB, BI: xoà Aoindv dpa TO and ts AD àoóugexpóv £o 
16 Sic Und 1v AB, BT. xal &oxt tò dic Und xàv AB, BI 
enxóv: TÒ &pa and ts AT &AAoyóv otv: ğhoyos hoa Eotiv 
f, AT: xaretodw sé Å petà ONTO uécov TO ÓAov rotoboca. 
bree Eder Seta. 


+ See footnote to Prop. 10.40. 


on. 

"E&v and cvdeiac eudeta dqotpetf, Suvder àoouuetpoc 
ovo TY CAN, petà OE ts GANc notobOoa TO te ovyxe(yuevov 
Èx THY dm AÙTÕV TETPAYÖVWV uécov TO TE dic UM’ QAÙTÕV 
UEGOV xoi ETL TA AN’ MUTHV TETERYWVA HOUUUETOA TES Õis UT" 
aÙtõv, f, Aoux| GAovÓc otv: xaAclodw Se Å uevà uéoou 
uécov TO ÓAov nxotoboca. 




















^ Z H 
I O E 
A T B 


Ano yàp evvetac tic AB evdeta apnejodw n BI 
duvduet dobuUeteoc oboe tÅ AB noto0ca xà npoxe(uevor 
Aéyc, Ott H Aoh f, AT &Xoyóc Eotw f) xarovpyevy f uexà 
uécou uécov TO ÓAov rotoboca. 

"Exxctodw yàp enty f, AL, xoi tois u£v and x&v AB, 
BI tcov napà thy AI rapoBeBAjodw tò AE nAc&tocg toioŭv 
thy AH, xà òè dic Und x&v AB, BT toov &pnpfhodw tò 
AO [rAéxoc xotobv thy AZ]. Xotxóv Goa tò ZE tcov Eott 
tH dnd tfjg AI" Gote f, AT Sbvata tÒ ZE. xoà Enel tÒ 
cuvxe(uevov &x x&v ano tv AB, BT teteayavay uécov 
toti xal ott toov 16) AE, uécov dea [toti] tò AE. xol xoà 
ntv thy AI ropdxerta oc xotobv thy AH: enu pa 
éotlv fj, AH xoi dovuetooc tÅ AT rer. médw, Emel tò õis 
òrò x&v AB, BT uécov ot xal &owv toov 14 AO, 16 &pa 


aforementioned irrational (straight-line). 

For since the sum of the squares on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
BC rational, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con- 
tained) by AB and BC. Thus, the remaining (square) 
on AC is also incommensurable with twice the (rectan- 
gle contained) by AB and BC [Props. 2.7, 10.16]. And 
twice the (rectangle contained) by AB and BC is ratio- 
nal. Thus, the (square) on AC is irrational. Thus, AC 
is an irrational (straight-line) [Def. 10.4]. And let it be 
called that which makes with a rational (area) a medial 
whole.’ (Which is) the very thing it was required to show. 


Proposition 78 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con- 
tained) by them medial, and, moreover, the (sum of the) 
squares on them incommensurable with twice the (rect- 
angle contained) by them, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a medial 
(area) a medial whole. 




















D F G 
I H E 
A C B 


For let the straight-line BC, which is incommensu- 
rable in square AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the (straight- 
line) AB [Prop. 10.35]. I say that the remainder AC is 
the irrational (straight-line) called that which makes with 
a medial (area) a medial whole. 

For let the rational (straight-line) DI be laid down. 
And let DE, equal to the (sum of the squares) on AB and 
BC, have been applied to DI, producing DG as breadth. 
And let DH, equal to twice the (rectangle contained) by 
AB and BC, have been subtracted (from DE) [produc- 
ing DF as breadth]. Thus, the remainder FE is equal 
to the (square) on AC [Prop. 2.7]. Hence, AC is the 
square-root of FE. And since the sum of the squares on 
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AO uécov Eotiv. xoi raed Ontiy thy AT napdxertoun rA éxoc 
rotoUv thy AZ: enti dpa toti xoà f, AZ xoi dovwueteoc 
th AI ufjxet.. xol Enel dobuuetod& ċott xà dnd xv AB, BI 
tG dic Und t&v AB, BT, dobuueteov pa xoi tò AE x 
AO. óc 6€ tò AE npóc tò AO, ow Eotl xoi f, AH npóc 
Uv AZ: dobuueteoc doa T, AH ti AZ. xal ciow åupótepa 
errat ai HA, AZ &pa erat ciot Suvduet uóvov oOuperpot. 
&nocogu?| goa &oxtv n ZH: entry be ñ ZO. tò 6& ONO ntis 
xal ånotouñc nepieyóuevov [dodoyauov] &Xovóv otv, xol 
7, Guvagiévr) aùtÒ GAoYÓc &otv: xoi SOvata tO ZE H AT" À 
AT ğpa &AoYÓc ċotv: xaActoDw 0€ Å uexà uécou uécov TO 
ÓXov noroŬoa. Step Eder Ocitot. 


t See footnote to Prop. 10.41. 
ov’. 


TH dnotouf, ula [uóvov| npocapuótet evdein Synth 
6uváget uóvov OUUUETEOS OVO TH CAN. 


A B 


T A 

"Eo &notouy f; AB, npooapydTovoe dé abt f| BI oi 
AT, DB &ga ortat siot Õuváuet uóvov ovUUETeOL’ Aéyvo, OTL 
tf AB tépa ob npocopuótCet ENT? óuváuet uóvov OUUMETEOG 
ob0oca TH ÓAfj. 

Ei yàp ðuvatóv, npocapuočétw ń BA: xoi oi AA, 
AB dpa ntal ciot Suvduet uóvov obUUETEOL. xal Exel, @ 
bmepeyet và dnd tév AA, AB tod dic nò xv AA, AB, 
tout Onepéyet xol và dnd tõv AT, TB x00 dic nò tév 
AT, TB: t@ yàp avté 1G ånò týs AB åupótepa ónepéysev 
EVAAAGE doa, & Unepeyet và dnd vv AA, AB 1Gv and xGv 
AT, PB, tovto brepeyet [xoi] tò dic Und vv AA, AB tod 
dic Und vv AT, TB. xà 66 and tev AA, AB x&v ànó t&v 
AT, DB brepéyer eni er yàp Gupdtepa. xol TO dic doa 
òrò tév AA, AB tod dic óxó xv AT, TB onxepéyet ero» 
Ónep £oxlv &dúvatov: uéca yàp GUPdTEEA, uécov dE uécou 
ovy Onepéyet NT. TH dea AB tépa où npocapuóCet OTH 
6uváget uóvov oogguetpoc oboa TH CAN. 

Mia dea uóvr tH &xovoufj rpocopuóCet eric) 6uváuet 
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AB and BC is medial, and is equal to DE, DE [is] thus 
medial. And it is applied to the rational (straight-line) 
DI, producing DG as breadth. Thus, DG is rational, and 
incommensurable in length with DI [Prop 10.22]. Again, 
since twice the (rectangle contained) by AB and BC is 
medial, and is equal to DH, DH is thus medial. And it is 
applied to the rational (straight-line) DI, producing DF 
as breadth. Thus, DF is also rational, and incommen- 
surable in length with DI [Prop. 10.22]. And since the 
(sum of the squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BC, DE 
(is) also incommensurable with DH. And as DE (is) to 
DH, so DG also is to DF [Prop. 6.1]. Thus, DG (is) in- 
commensurable (in length) with DF [Prop. 10.11]. And 
they are both rational. Thus, GD and DF are ratio- 
nal (straight-lines which are) commensurable in square 
only Thus, FG is an apotome [Prop. 10.73]. And FH 
(is) rational. And the [rectangle] contained by a rational 
(straight-line) and an apotome is irrational [Prop. 10.20], 
and its square-root is irrational. And AC is the square- 
root of FE. Thus, AC is irrational. Let it be called 
that which makes with a medial (area) a medial whole.! 
(Which is) the very thing it was required to show. 


Proposition 79 


[Only] one rational straight-line, which is commensu- 
rable in square only with the whole, can be attached to 
an apotome.! 


A B 


: | c D 

Let AB be an apotome, with BC (so) attached to it. 
AC and CB are thus rational (straight-lines which are) 
commensurable in square only [Prop. 10.73]. I say that 
another rational (straight-line), which is commensurable 
in square only with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
since by whatever (area) the (sum of the squares) on AD 
and DB exceeds twice the (rectangle contained) by AD 
and DB, the (sum of the squares) on AC and CB also ex- 
ceeds twice the (rectangle contained) by AC and C B by 
this (same area). For both exceed by the same (area)— 
(namely), the (square) on AB [Prop. 2.7]. Thus, alter- 
nately by whatever (area) the (sum of the squares) on 
AD and DB exceeds the (sum of the squares) on AC 
and C B, twice the (rectangle contained) by AD and DB 
[also] exceeds twice the (rectangle contained) by AC and 
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C B by this (same area). And the (sum of the squares) on 
AD and DB exceeds the (sum of the squares) on AC 
and C B by a rational (area). For both (are) rational (ar- 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and CB by a rational (area). The very thing is impos- 
sible. For both are medial (areas) [Prop. 10.21], and a 
medial (area) cannot exceed a(nother) medial (area) by 
a rational (area) [Prop. 10.26]. Thus, another rational 
(straight-line), which is commensurable in square only 
with the whole, cannot be attached to AB. 

Thus, only one rational (straight-line), which is com- 
mensurable in square only with the whole, can be at- 
tached to an apotome. (Which is) the very thing it was 
required to show. 


t This proposition is equivalent to Prop. 10.42, with minus signs instead of plus signs. 


x. 
Tfj eons &xocopyf| neo ula uóvov npocoapuóCet evVEta 
uéor 6uváuet uóvov oougetpoc OVO tfj CAN, petà SE tS 
OANS erxóv nepiéyouoa. 


A B 


TA 

"Eotw yàp uéonc notou Teatyn f, AB, xoi t AB 
npocopuoCéxo f, BI" of AT, TB dou uéoot eiot óuvóget 
uóvov OUUMETEOL ENTOV nepgiéyoucot TO Und t&v AT, TB: 
Aévo, Ott tH AB tépa ov npocapuótet uéor Ouváuet 
uóvov o0uuexpoc oboa tfj GAN, petà SE Tic SCANS ENTOV 
xeptéyouoa. 

Ei yàp Suvatév, npgocaguoCévo xoi f, AB: oi dow AA, 
AB péca ciol Suvéuer uóvov GUUUETPEOL PNTOV xepiéyouocot 
tO Und x&v AA, AB. xol Enet, 6 Onepeyet và dnd tõv AA, 
AB x00 dic Und x&v AA, AB, tovto brepéyet xoi xà åTÒ 
tév AT, TB tod dic óxó x&v AT, TB: x6 yàp wdté [náv] 
onxepéyouot t and týs AB: &vaAAà& dpa, à bnepeyer xà 
and tév AA, AB x&v and vv AT, DB, tovto onepéyet 
xoi tO dic Und xv AA, AB tod dic Und tõv AT, TB. tò 
dé dic Und tõv AA, AB x00 dic óxó x&v AT, TB brepéyer 
Ente Ente yàp dupdtepa. xol xà and x&v AA, AB doa 
tõv and tv AT, TB [tetpayovwv] dnepéyer enia: Sree 
&oxlv dvvatov’ uéca yåp EOTIY diqócepga, uécov SE uécou 
ovy brepeyet Ents). 

Tfj &pa uéons &xovoufj ngon Ula uóvov npooopuótCet 
evveta uéon óuváuet uóvov obUUETEOS ODOM TH GAN, uexà 
dé Tic GANS ENTOV nepiéyovoa: Óxep Eder SetEau. 





Proposition 80 


Only one medial straight-line, which is commensu- 
rable in square only with the whole, and contains a ra- 
tional (area) with the whole, can be attached to a first 
apotome of a medial (straight-line).* 


A B 


| | c D 

For let AB be a first apotome of a medial (straight- 
line), and let BC be (so) attached to AB. Thus, AC 
and CB are medial (straight-lines which are) commen- 
surable in square only, containing a rational (area)— 
(namely, that contained) by AC and CB [Prop. 10.74]. 
I say that a(nother) medial (straight-line), which is com- 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, cannot be attached to 
AB. 

For, if possible, let DB also be (so) attached to 
AB. Thus, AD and DB are medial (straight-lines which 
are) commensurable in square only, containing a ratio- 
nal (area)—(namely, that) contained by AD and DB 
[Prop. 10.74]. And since by whatever (area) the (sum of 
the squares) on AD and DB exceeds twice the (rectangle 
contained) by AD and DB, the (sum of the squares) on 
AC and CB also exceeds twice the (rectangle contained) 
by AC and C B by this (same area). For [again] both ex- 
ceed by the same (area)—(namely), the (square) on AB 
[Prop. 2.7]. Thus, alternately by whatever (area) the 
(sum of the squares) on AD and DB exceeds the (sum 
of the squares) on AC and C B, twice the (rectangle con- 
tained) by AD and DB also exceeds twice the (rectangle 
contained) by AC and C B by this (same area). And twice 
the (rectangle contained) by AD and DB exceeds twice 
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the (rectangle contained) by AC and CB by a rational 
(area). For both (are) rational (areas). Thus, the (sum 
of the squares) on AD and DB also exceeds the (sum 
of the) [squares] on AC and CB by a rational (area). 
The very thing is impossible. For both are medial (areas) 
[Props. 10.15, 10.23 corr.], and a medial (area) can- 
not exceed a(nother) medial (area) by a rational (area) 
[Prop. 10.26]. 

Thus, only one medial (straight-line), which is com- 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, can be attached to a first 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 


İt This proposition is equivalent to Prop. 10.43, with minus signs instead of plus signs. 


TO’. 
TY, uéons &xovouij Seutéepa ula uóvov npooopuótet 
evteta uéon óuváuet uóvov GUUNETEOS TH OAN, METH OE Tic 
ANS uécov neptéyouoa. 























A B ra 
E © M N 
Z A H I 


"Eotw uéornc a&notoun 6euxépa f, AB xoi t AB npo- 
capuóGouoa 7, BT: oi doa AT, PB uécot sioù Suvduer uóvov 
OUUNETEOL uécov TEpleyovoa TO Und xv AT, TB: Méyo, 
óu th AB tépa ob npocapuóosi evVeia Yeon Suvduer 
uóvov OUUUETEOC oðoa TH GAN, uexà O& tfc ÓÀmc uécov 
xeptéyouoa. 

Ei yàp Guvaxóv, npoocopuoCéxo 7 BA: xoi oi AA, AB 
äpa péca ciol Suvdet uóvov OUUMETEOL u£cov TEpLÉXOLOQL 
tO Und xv AA, AB. xoi exxetodw eru n EZ, xoi xoic 
u&v ano t&v AT, PB tcov rapà thy EZ napaBeBAjodw tò 
EH nA&oc xotobv thy EM: 16) è Gic Und t&v AT, DB toov 
&enerjo0o tò OH nA&xoc noto0v thy OM: Aoindv Goa tò EA 
{oov £o 16 and týs AB: ote f| AB õúvato tò EA. név 
Sù xoic and Gv AA, AB tcov rapà thy EZ rapoepArjoto 
TÒ EI rAóxoc rotobv thy EN: gott 88 xoi tò EA toov x6 ano 
ts AB vevpoyó vo: Aotndv &pa tò Ol tcov Eotl 16 dic ono 
t&v AA, AB. xoi nel uécot eiolv at AT, TB, uéca dpa £o 
xoi xà ad xiv AT, TB. xal &owv toa tă EH: uécov dow xoi 
tò EH. xa ropà enthy vi EZ nopóxewot mAd&to¢ nowÜ0v 


Proposition 81 


Only one medial straight-line, which is commensu- 
rable in square only with the whole, and contains a me- 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line).* 























A B Ç D 
E H M N 
F L G I 


Let AB be a second apotome of a medial (straight- 
line), with BC (so) attached to AB. Thus, AC and CB 
are medial (straight-lines which are) commensurable in 
square only, containing a medial (area)—(namely, that 
contained) by AC and CB [Prop. 10.75]. I say that 
a(nother) medial straight-line, which is commensurable 
in square only with the whole, and contains a medial 
(area) with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached. Thus, AD 
and DB are also medial (straight-lines which are) com- 
mensurable in square only, containing a medial (area)— 
(namely, that contained) by AD and DB [Prop. 10.75]. 
And let the rational (straight-line) EF be laid down. And 
let EG, equal to the (sum of the squares) on AC and 
C B, have been applied to EF, producing EM as breadth. 
And let HG, equal to twice the (rectangle contained) by 
AC and CB, have been subtracted (from EG), produc- 
ing HM as breadth. The remainder EL is thus equal 
to the (square) on AB [Prop. 2.7]. Hence, AB is the 
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viv EM: nth dea £oxiy 7 EM xoi cobuueteoc tH EZ ure. 
náv, Enel uécov Eoti tò UNO t&v AT, TB, xoi tò dic ono 
t&v AT, TB uécov &oxtv. xal &owv toov tă OH: xoi tò OH 
doa uécov &oxív. xol rapà ENTHY thy EZ napdxerto MATOS 
rotobOv thy OM: enti &pa £o xoi 7 OM xoi aobuueteoc 
th EZ ufjxet.. xoi énel at AD, TB 6uváget uóvov obuueteot 
ciow, dobuueteoc dpa éotiv f, AT tH PB urjxev. óc 68 5| AP 
xpóc thy TB, obxoc Eotl 16 and tis AT npóc TÒ UNO xGv 
AT, TB: åoúupetpov toa £oxi tÒ and týs AD xG ONO xGv 
AT, TB. àÀA& xG uèv ånò ts AT obuueted Eott ta and 
t&v AT, PB, 16 dé tnd xv AT, TB otuuetedv got TÒ 
dic bn t&v AT, DB: àcóugexpa dow &oxi xà and xv AT, 
TB 16 ðs óxó x&v AT, TB. xat £o xoic u£v dnd x&v AT, 
TB icov tò EH, xà è dic óxó t&v AT, TB tcov tò HO: 
&oóugetpov dpa tot) tò EH 165 OH. we 6£ tò EH npóc tò 
OH, obtw¢ &oxiv f, EM npóc thy OM: àcoupetpoc how &oxiv 
7 EM th MO une. xat clow aupdteoa rytai: of EM, MO 
doa ntal ciot ÕuvåuEL uóvov OUUNETEOL’ AMOTOUN dea Eotly 
f, EO, npocapuóCouca dé abt À OM. duotuc 97 6c(£ouev, 
ó xoi f, ON aoxfj npocapuóCev. xfj doa ånotouğ &AAn xoi 
BAAN npocapuótCe: evVEta SUVdUEL uóvov cÓuuexpoc oboa 
TH ČA: Órep &oxiv GSvvaTOV. 

TY doa uéonc a&notouf 6euxépa ula uóvov npooopuótet 
evveta uéon Suvdust uóvov obUUETEOS ODOM TH GAN, uexà 
d€ vfjc ANC uécov nepiéyoucor Önep Eder Deléon. 
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square-root of EL. So, again, let EJ, equal to the (sum 
of the squares) on AD and DB have been applied to EF, 
producing ÆN as breadth. And EL is also equal to the 
square on AB. Thus, the remainder H is equal to twice 
the (rectangle contained) by AD and DB [Prop. 2.7]. 
And since AC and CB are (both) medial (straight-lines), 
the (sum of the squares) on AC and CB is also me- 
dial. And it is equal to EG. Thus, EG is also medial 
[Props. 10.15, 10.23 corr.]. And it is applied to the ratio- 
nal (straight-line) EF, producing EM as breadth. Thus, 
EM is rational, and incommensurable in length with EF 
[Prop. 10.22]. Again, since the (rectangle contained) by 
AC and CB is medial, twice the (rectangle contained) 
by AC and CB is also medial [Prop. 10.23 corr.]. And it 
is equal to HG. Thus, HG is also medial. And it is ap- 
plied to the rational (straight-line) EF, producing HM 
as breadth. Thus, H M is also rational, and incommen- 
surable in length with EF [Prop. 10.22]. And since AC 
and CB are commensurable in square only, AC is thus 
incommensurable in length with CB. And as AC (is) 
to CB, so the (square) on AC is to the (rectangle con- 
tained) by AC and CB [Prop. 10.21 corr]. Thus, the 
(square) on AC is incommensurable with the (rectan- 
gle contained) by AC and CB [Prop. 10.11]. But, the 
(sum of the squares) on AC and CB is commensurable 
with the (square) on AC, and twice the (rectangle con- 
tained) by AC and CB is commensurable with the (rect- 
angle contained) by AC and CB [Prop. 10.6]. Thus, 
the (sum of the squares) on AC and CB is incommen- 
surable with twice the (rectangle contained) by AC and 
CB [Prop. 10.13]. And EG is equal to the (sum of the 
squares) on AC and CB. And GH is equal to twice the 
(rectangle contained) by AC and CB. Thus, EG is in- 
commensurable with H G. And as EG (is) to HG,so EM 
is to HM [Prop. 6.1]. Thus, EM is incommensurable 
in length with MH [Prop. 10.11]. And they are both 
rational (straight-lines). Thus, £M and MH are ratio- 
nal (straight-lines which are) commensurable in square 
only Thus, EH is an apotome [Prop. 10.73], and HM 
(is) attached to it. So, similarly, we can show that HN 
(is) also (commensurable in square only with EN and is) 
attached to (EH). Thus, different straight-lines, which 
are commensurable in square only with the whole, are 
attached to an apotome. The very thing is impossible 
[Prop. 10.79]. 

Thus, only one medial straight-line, which is commen- 
surable in square only with the whole, and contains a me- 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 
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+ This proposition is equivalent to Prop. 10.44, with minus signs instead of plus signs. 


np. 

Tfj eAdooow ula uóvov npocopuóte: evdeta Ouváuet 
&ocóugetpoc OVO TH SAN rovo00a uexà Tic CANS TO uev 
EX TOV AN” AVTEY TETOAYOVWY ENTOV, TO SE dic OT’ aUTESV 
uécov. 


A B 


DU A 

"Eoo f, £Aácocov f, AB, xoi t AB xpgocapuóCouca 
éow f| BI" oi doa AD, TB Suvduer ciolv àoOuguexpot 
xotoboat TO u£v cuYxeluevov EX TOY AT’ AÙTÕV vetpotY vov 
Entdv, TO dé dic bn’ aoxGv uécov: Aévo, óu TH AB tépa 
cca OV npocoapuóost xà AUTH TOLOŬOA. 

Ei yàp Guvaxóv, npgooopuoCéxo 7 BA: xoi oi AA, AB 
äpa Suvduet cioty GOUUUETEOL TOLUCA xà npostprjiévot xol 
nel, & onepéyet xà dnd vv AA, AB x&v àxó vv AT, DB, 
toOto Oncpéyet xol TO dic Und x&v AA, AB tod dic ono 
t&v AT, TB, tà 8$ and xv AA, AB tetodywva x&v and 
t&v AT, TB xexgoyovov Onepéyet Ente ntà yåp otv 
&updtepa xoi TO dic UO t&v AA, AB doa tod dic nó 
t&v AT, TB brepéyer Qr: Ónep &odiv åðúvatov: uéoca 
yup &oxtv aUpdtepa. 

TH äpa £A&ccovt uia uóvov npocapuótet cveca 6uváuet 
&ocóuguetrpoc OOM TY CAN xol rowo0ca tà uèv an’ aov 
TETONYWVa Gua ONTdv, TÒ SE Sic Un’ aUTEY uécov: Önep Bet 
citar. 





Proposition 82 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the (sum of the) squares on them rational, and 
twice the (rectangle contained) by them medial, can be 
attached to a minor (straight-line). 


A B Ç D 

Let AB be a minor (straight-line), and let BC be (so) 
attached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them rational, and twice the (rectan- 
gle contained) by them medial [Prop. 10.76]. I say that 
another another straight-line fulfilling the same (condi- 
tions) cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also (straight-lines which are) 
incommensurable in square, fulfilling the (other) afore- 
mentioned (conditions) [Prop. 10.76]. And since by 
whatever (area) the (sum of the squares) on AD and DB 
exceeds the (sum of the squares) on AC and CB, twice 
the (rectangle contained) by AD and DB also exceeds 
twice the (rectangle contained) by AC and CB by this 
(same area) [Prop. 2.7]. And the (sum of the) squares 
on AD and DB exceeds the (sum of the) squares on AC 
and CB by a rational (area). For both are rational (ar- 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and C B by a rational (area). The very thing is impossible. 
For both are medial (areas) [Prop. 10.26]. 

Thus, only one straight-line, which is incommensu- 
rable in square with the whole, and (with the whole) 
makes the squares on them (added) together rational, 
and twice the (rectangle contained) by them medial, can 
be attached to a minor (straight-line). (Which is) the very 
thing it was required to show. 





t This proposition is equivalent to Prop. 10.45, with minus signs instead of plus signs. 


TY’. 

T uex& pntod uécov tò dAov noiovoy Uta uóvov npo- 
coppóCet euveta Suvduer doouuevpoc ooa xfj AN, uexà 5E 
Thc OAns xotobca TO uèv cuYxs(uevov Ex THY AT’ aOtGv 
xevpoY vov UEGOY, TO SE Sic ÖT’ MUTHSY ONTOV. 


A B rA 





Proposition 83 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational, can be at- 
tached to that (straight-line) which with a rational (area) 
makes a medial whole.! 


A B 


e p 
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"Ecc f| uex& ervoo uécov tò óXov roioŭoa f, AB, xoi 
tf, AB ngocopuoCévo f, BT: oi Gow AD, TB 6uváguet ciotv 
&ovUUETEOL toroŬoa xà npoxe(uevor AEYW, tt TH AB Etépa 
OÙ TPOOAPUÓOEL TA HUTA TOLOŬĞOQ. 

Ei yàp ðuvatóv, npocapuočétw f|, BA: xa oi AA, 
AB doa cv0eion Suvduer eiolv åoúuuetpot noLlotom TÀ 
npoxt(ueva. nel obv, @ Umepéyet và and xv AA, AB 
t&v and vv AT, TB, tobtw brepéyer xoi tO dic ónó xv 
AA, AB tod dic tnd t&v AT, TB axorovduc¢ toic med 
avtot, TÒ È dic Und x&v AA, AB tod bic Und xv AT, TB 
bnepéyet ENTE ENTR Yóp EOTIV GUPdTEOA xoà xà ATÒ THY 
AA, AB dpa x&v and t&v AT, TB ónegéyet Ente ónep 
éotly ddvvatov’ uéca Yap &oxtv duqócepa. 

Ovx doa t AB tépa npocopuóoet eddeia Ouvduet 
&ocóuguetpoc OVOM TY OAN, WETA BE Tic GANS notwo0ca TH 
npoeteruévor Ula hoa uóvov Teccapudcer Ónep det dego. 
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Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and let BC be (so) at- 
tached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, fulfilling the 
(other) proscribed (conditions) [Prop. 10.77]. I say that 
another (straight-line) fulfilling the same (conditions) 
cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also straight-lines (which are) 
incommensurable in square, fulfilling the (other) pre- 
scribed (conditions) [Prop. 10.77]. Therefore, analo- 
gously to the (propositions) before this, since by what- 
ever (area) the (sum of the squares) on AD and DB ex- 
ceeds the (sum of the squares) on AC and C B, twice the 
(rectangle contained) by AD and DB also exceeds twice 
the (rectangle contained) by AC and CB by this (same 
area). And twice the (rectangle contained) by AD and 
DB exceeds twice the (rectangle contained) by AC and 
C B by a rational (area). For they are (both) rational (ar- 
eas). Thus, the (sum of the squares) on AD and DB also 
exceeds the (sum of the squares) on AC and CB by a ra- 
tional (area). The very thing is impossible. For both are 
medial (areas) [Prop. 10.26]. 

Thus, another straight-line cannot be attached to AB, 
which is incommensurable in square with the whole, and 
fulfills the (other) aforementioned (conditions) with the 
whole. Thus, only one (such straight-line) can be (so) 
attached. (Which is) the very thing it was required to 
show. 


İt This proposition is equivalent to Prop. 10.46, with minus signs instead of plus signs. 


T’. 


TÅ uex& uécou uécov TO ÓAov notooor, Ula uóvr tgo- 
copuóCet eudeta Suvduetr &oouuevpoc ooa xfj OAN, uexà 68 
Thc OAnc noto0ca tÓ te ouyxeluevov Ex tv an” aov 
TETOXYOVWY uécov TO Te dic UM atv uécov xoà ETL 
&oougetpov Th) GUY XEIUEVW EX TOV AT’ HUTOY. 

"How f, uex& uécou uéocov TO ÓXov ToLovoa f, AB, npo- 
copuóCouca 0& at f, BT: at dou AT, PB Sduvduer ciolv 
KoUUUETEOL noroŬoa TÀ xpoctpnuéva. Aéyo, óu tÅ AB 
&xépa. OV npoocopuóoet TOLOUOM TEOELONUEVE. 


Proposition 84 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them medial, and, more- 
over, incommensurable with the sum of the (squares) on 
them, can be attached to that (straight-line) which with 
a medial (area) makes a medial whole.* 

Let AB be a (straight-line) which with a medial 
(area) makes a medial whole, BC being (so) attached 
to it. Thus, AC and CB are incommensurable in 
square, fulfilling the (other) aforementioned (conditions) 
[Prop. 10.78]. I say that a(nother) (straight-line) fulfill- 
ing the aforementioned (conditions) cannot be attached 
to AB. 
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A B TA 
e M N 
Z A H I 


Ei yàp Suvatév, npocapuočétw f|, BA, ote xoi tke 
AA, AB $6uváyet àcuguuéxpouc elvat xoio0ooc xà Te TÒ 
t&v AA, AB xexpávova gua uécov xoi TO dic ónó t&v 
AA, AB yécov xoi Ett xà dnd x&v AA, AB åoúuuetpa t& 
dic UNO x&v AA, AB: xoi exxetodw enu À EZ, xoi xoic 
u&v and t&v AT, TB tcov napà thy EZ napaBeBAjodw tò 
EH mAéxoc not0v thy EM, 6 dé dic ónó vv AT, TB 
oov nape thy EZ napopeBAfjio0o tò OH nAóxoc noioŭv 
thy OM: Xotxóv doa tò àxó xfj AB toov £o 16 EA f 
&pa AB d0vata tò EA. nó xoic dxó vy AA, AB {oov 
Taek thy EZ napgopepArYjo0o tò EI nAéxoc xoto0v thy EN. 
£c 6& xol tO dnd ts AB toov 16) EA: Aoutóv dpa tò Bic 
ond tév AA, AB tcov [tot] 16 OI. xoi Exel uécov Eoti 
TO ovyxetuevov éx Tv and t&v AT, DB xai otw toov 
16) EH, uécov doa oti xoi tò EH. xoi napà eru thy EZ 
xapóxetxot TAATOS ToLOy Thy EM: eric dea &oxiv n EM xoi 
&oouuexpoc TH EZ uńxer. x&Atv, ¿nel uécov Eotl TO dic UNO 
t&v AT, TB xaí cotw toov xà OH, uécov dpa xoi tò OH. 
xol ropà ENTHY thy EZ nop&xetta roc nov Thy OM: 
Entry doa cotiv À OM xoi aobuetoos tH EZ uyxer. xod enel 
doouuexp& &ox Ta dnd x&v AT, TB 16 dic ónó xv AT, 
IB, dovuuetedv &ox xoi tò EH 165 OH: dobuueteoc doa 
éotl xoi 7 EM tH MO urxer. xai cio aupdtepou orto ott 
doa EM, MO penta ciot 6vváyuet uóvov OUUUETEOL’ moxcoyr| 
&pa &oxiv f, EO, npocapguóCouca dé af f, OM. Opotoc 51 
6c(£ouev, óu 5|, EO nd årotouń ouv, npooapuótCouca 
dé aùt HON. tH doa notou HAAN xoi QAAN ngocopuóCet 
entry Suvduet uóvov obUUETEOS oboa TH CAN’ Ónep EdeiyIn 
åðúvatov. ox goa t AB tépa neooapudoet cocta. 

TH doa AB ula uóvov noooapydZer edvdeia Suvduer 
&cóuguetpoc OVOM TY CAN, ETA BE Tic GANS noto0ca tå 
Te àT’ avdTéY TeTEdywva gua uécov xal TO dic ÙT’ auTodv 
Mécov xol ETL TH AN’ AVTEY vetpáyova KOUUUETEA TE Bic 
bn’ adtév Ónep Eder Seia. 
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A B CD 
E H M N 
F L G I 


For, if possible, let BD be (so) attached. Hence, 
AD and DB are also (straight-lines which are) incom- 
mensurable in square, making the squares on AD and 
DB (added) together medial, and twice the (rectangle 
contained) by AD and DB medial, and, moreover, the 
(sum of the squares) on AD and DB incommensurable 
with twice the (rectangle contained) by AD and DB 
[Prop. 10.78]. And let the rational (straight-line) EF be 
laid down. And let EG, equal to the (sum of the squares) 
on AC and C B, have been applied to EF, producing EM 
as breadth. And let HG, equal to twice the (rectangle 
contained) by AC and CB, have been applied to EF, 
producing H M as breadth. Thus, the remaining (square) 
on AB is equal to EL [Prop. 2.7]. Thus, AB is the square- 
root of EL. Again, let ET, equal to the (sum of the 
squares) on AD and DB, have been applied to EF, pro- 
ducing EN as breadth. And the (square) on AB is also 
equal to EL. Thus, the remaining twice the (rectangle 
contained) by AD and DB [is] equal to HJ [Prop. 2.7]. 
And since the sum of the (squares) on AC and CB is me- 
dial, and is equal to EG, EG is thus also medial. And 
it is applied to the rational (straight-line) EF, producing 
EM as breadth. EM is thus rational, and incommen- 
surable in length with EF [Prop. 10.22]. Again, since 
twice the (rectangle contained) by AC and CB is me- 
dial, and is equal to HG, HG is thus also medial. And 
it is applied to the rational (straight-line) EF, produc- 
ing HM as breadth. HM is thus rational, and incom- 
mensurable in length with EF [Prop. 10.22]. And since 
the (sum of the squares) on AC and CB is incommen- 
surable with twice the (rectangle contained) by AC and 
CB, EG is also incommensurable with HG. Thus, EM 
is also incommensurable in length with M H [Props. 6.1, 
10.11]. And they are both rational (straight-lines). Thus, 
EM and M H are rational (straight-lines which are) com- 
mensurable in square only. Thus, EH is an apotome 
[Prop. 10.73], with HM attached to it. So, similarly, 
we can show that EH is again an apotome, with HN 
attached to it. Thus, different rational (straight-lines), 
which are commensurable in square only with the whole, 
are attached to an apotome. The very thing was shown 
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(to be) impossible [Prop. 10.79]. Thus, another straight- 
line cannot be (so) attached to AB. 

Thus, only one straight-line, which is incommensu- 
rable in square with the whole, and (together) with the 
whole makes the squares on them (added) together me- 
dial, and twice the (rectangle contained) by them medial, 
and, moreover, the (sum of the) squares on them incom- 
mensurable with the (rectangle contained) by them, can 
be attached to AB. (Which is) the very thing it was re- 
quired to show. 


t This proposition is equivalent to Prop. 10.47, with minus signs instead of plus signs. 


“Opor 1píxot. 

tac. "Y'xoxewuévnge enfjc xoi dmotoufic, iv uèv f| OAN Tic 
npocopuoGo0orc ueiG;ov SUvHTH T dnd cuupéxpou aut 
unxer, xoi 5j ČAN oóuuetpoc H TH &oxewuévn ENTH urjxet, 
xadrctodw ANOTOUN npo. 

ip. "Eàv òè f| npocoguóCouca ovuuetpos fj TH Exxewevy 
ONTH Urner, xoi YN CAN TÄS npgocapuoCooonc ueiCov SUVA TH 
xà àxó ouggétpou tauti, xarAcioVu ànocoyur SeuTeoa. 

w^. Hay 9€ unóexépa oouuexpoc fj TH &oxeuiévr eni 
uryxet, fj, SE GAN vfjc npocapuotovons uciCov ðúvnta t 
UNO cuugéxpou EAUTH, xoAe(oo AMoTOUN TetTH. 

(. Ilóv, éàv fj, GAN ts npocopuoCobonc UEiTov 
60vnxot tT and åouuuétpou taut [Urner], &xv pev À OAH 
OUUNETEOS 7| TH Exxewevy ENTH urjxeu xarctodw dnotouy 
TETHOTH. 

te’. Ev 6€ f| xpocapuóCouoca, NEUTTN. 

is’. "Eàv 6€ undetéoa, Extn. 


, 


TE. 


Eópeiv thy Teatny ånotouńv. 


Definitions III 


11. Given a rational (straight-line) and an apotome, if 
the square on the whole is greater than the (square on a 
straight-line) attached (to the apotome) by the (square) 
on (some straight-line) commensurable in length with 
(the whole), and the whole is commensurable in length 
with the (previously) laid down rational (straight-line), 
then let the (apotome) be called a first apotome. 

12. And if the attached (straight-line) is commen- 
surable in length with the (previously) laid down ra- 
tional (straight-line), and the square on the whole is 
greater than (the square on) the attached (straight-line) 
by the (square) on (some straight-line) commensurable 
(in length) with (the whole), then let the (apotome) be 
called a second apotome. 

13. And if neither of (the whole or the attached 
straight-line) is commensurable in length with the (previ- 
ously) laid down rational (straight-line), and the square 
on the whole is greater than (the square on) the attached 
(straight-line) by the (square) on (some straight-line) 
commensurable (in length) with (the whole), then let the 
(apotome) be called a third apotome. 

14. Again, if the square on the whole is greater 
than (the square on) the attached (straight-line) by the 
(square) on (some straight-line) incommensurable [in 
length] with (the whole), and the whole is commensu- 
rable in length with the (previously) laid down rational 
(straight-line), then let the (apotome) be called a fourth 
apotome. 

15. And if the attached (straight-line is commensu- 
rable), a fifth (apotome). 

16. And if neither (the whole nor the attached 
straight-line is commensurable), a sixth (apotome). 


Proposition 85 


To find a first apotome. 


379 


STOIXEION v. 


B T H 


A | i 


E Z A 
(@) 1 1 

"Exxeiode ent) n A, xoi xfj A ufjxet obuueteoc Eotw 
7 BH: en doa oti xoi 5, BH. xoà exxetodwouv 600 
xexpétyovor åprðuo ot AE, EZ, Gv f, brepoyh ô ZA yr) 
£o vevpiyovoc: oð’ dpa 6 EA npóc tov AZ Xóvov Éyet, 
Ov xevp&yovoc àpiüpuóc npóc TeTEcywvov dprðuóv. xoi TE- 
Tojovw óc ô EA npóc tov AZ, oŬtws tO àxó týs BH 
TeTedywvov xpóc TO and Thc HI tetpáywvov: oóugetpov 
äpa £o. TO and týs BH 16 and ts HI. oytov 98 tò ano 
týs BH: entov doa xoi tò and týs HI enc doa cotl xoi 
n HI. xoi nel ó EA npóc tov AZ Adyov ovx Eyet, dv 
TeTedywvoc colds npóc vexpáyovov deLOUdV, 00S’ dpa TO 
and ts BH ngóc tò and týs HI Adyov Eye, Öv tetokywvoc 
devo npóc tetpáywvov douuóv: dooguuetpoc dea &oxlv 
7 BH tH HI ures. xot ciow aupdtepa erat oi BH, HD 
äpa ntal siot duvduet uóvov obuUETeOL f| doa BT anotouy 
got. Aéyw Of, OTL xol npo. 

"Ou yàp ueiCóv Eott tÒ ånò ts BH tod and tfjc HI, 
čotw TO ånò ts O. xoà &ne( Eottv wo ô EA mnpóc tov 
ZA, obxoc TÒ ånò týs BH npd¢ tò and ts HD, xoi ava- 
otpebavtt dpa £oxlv óc 6 AE npóc tov EZ, obxoc TÒ and 
tfic HB npóc tò and ts O. ô è AE npóc xóv EZ Adyov 
éyxel, Öv tetTpáywvoçs åpiðuòc npóc tetpåywvov colWUdv: 
&xóxepoc yàp tetTpáywvós ċotiv: xoi TO and týs HB tow 
TEOS TO ànò tis O Adyoyv Eyel, Öv xexpéyovoc apuüuóc 
TEOS teETpåywvov dprðuóv: oúuueTtpoç doa &oxiv f, BH ty; 
O uie. xoi SOvata f, BH tijc HI ueiCov 16 ano tis O- 
7 BH doa tis HI" ueiGov Svvata 16 and cuugérxpou tauti 
uyxer. xat otv À OAH f; BH ovupetpos Th exxetwevny eni 
uyxet tH A. 7 BT dow &notouy Eott npo. 

Eŭpnta doa f, mewty anotoun ñ BI: émep £oet eopetv. 

















t See footnote to Prop. 10.48. 
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A =~~ 


E E D 
H | l 

Let the rational (straight-line) A be laid down. And 
let BG be commensurable in length with A. BG is thus 
also a rational (straight-line). And let two square num- 
bers DE and EF be laid down, and let their difference 
FD be not square [Prop. 10.28 lem. I]. Thus, ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. And let it have been 
contrived that as ED (is) to DF, so the square on BG 
(is) to the square on GC [Prop. 10.6. corr]. Thus, the 
(square) on BG is commensurable with the (square) on 
GC [Prop. 10.6]. And the (square) on BG (is) ratio- 
nal. Thus, the (square) on GC (is) also rational. Thus, 
GC is also rational. And since ED does not have to DF 
the ratio which (some) square number (has) to (some) 
square number, the (square) on BG thus does not have to 
the (square) on GC the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, BG is 
incommensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, BG and GC 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that (it is) also a first (apotome). 

Let the (square) on H be that (area) by which the 
(square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. And since as ED is to FD, so the 
(square) on BG (is) to the (square) on GC, thus, via con- 
version, as DE is to EF, so the (square) on GB (is) to 
the (square) on H [Prop. 5.19 corr.]. And DE has to EF 
the ratio which (some) square-number (has) to (some) 
square-number. For each is a square (number). Thus, the 
(square) on GB also has to the (square) on H the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, BG is commensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square on) GC by the (square) 
on (some straight-line) commensurable in length with 
(BG). And the whole, BG, is commensurable in length 
with the (previously) laid down rational (straight-line) A. 
Thus, BC is a first apotome [Def. 10.11]. 

Thus, the first apotome BC has been found. (Which 
is) the very thing it was required to find. 




















Proposition 86 


To find a second apotome. 
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"Exxciodw env 5, A xoi tH A ovupetpos ure y, HT. 
entry, doa ċotiv f, HI. xoi éxxeloðwoav 000 tetecywvor 


&prüuol ot AE, EZ, &v 7 ónepoyr ô AZ uh Eotw xexpéovoc. 


xoi renowjoUo Gc ô ZA npóc tov AE, obtoc TÒ and 
thc TH vexvgéyovov npóc tò and týs HB tetedywvov. 
oúuuetpov &pa Eotl TO and týs TH tetedkywvov 16 ano 
thc HB tetpayove. entov sé tò and ts DH. entov toa 
[£o] xoi tO and týs HB: nth &pa Eotiv BH. xoà Enel tò 
and týs HI tetpáywvov ngóc tò ano týs HB Aóvov ovx 
éyel, Ov Tetekywvocg ópiÜuóc npóc tetpåywvov dprůuóv, 
&cóugexpóc cotw f, TH th HB uhxer. xot ciow aupdteoa 
ntal: ot DH, HB dea pntat ciot Suvduer uóvov ooguguetpot 
n BT dpa anotoun cot. Aéyw SH, Sti xol Seuteo. 


B T H 


A i 


E Z A 


Oc l 

















"Qu yàp uciCóv Eott tÒ &nd ts BH tod and ts HT, 
EOTW TO AMO tis O. Enel obv otw óc TO ano ts BH 
npóc TO and tis HT, ottwo ô EA ápiüuóc npóc tov AZ 
åpruóv, avaoteépavtt doa £oxlv óc TO aNO týs BH npóc 
TÒ AO Ttc O, obvoc 6 AE npóc tov EZ. xal otv &xáxepoc 
t&v AE, EZ vevo&yovoc: 16 dea and týs BH npóc 16 and 
ts O Aóvov Exe, Ov Tetedywvoc apiüuóc npóc xevpéyovov 
&puüuÓv: oóupevpoc Goa &oxiv f, BH xfj O uńxer. xol 60vorvot. 
ù BH tic HI ueiCov 16 and tic O: f, BH doa týs HP 
ueiCov Sbvatou TH ano cuggévpou auti urjxet. xot otw f| 
npocapuóčovoa f, TH xfj &xewévr nt oougevpoc t A. 
7 BT &pga àxoxour, toti SevtEta. 

Evento dea Seutépa dnotouy Y, BI ónep £óet Seta. 


t See footnote to Prop. 10.49. 
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Let the rational (straight-line) A, and GC (which is) 
commensurable in length with A, be laid down. Thus, 
GC is a rational (straight-line). And let the two square 
numbers DE and EF be laid down, and let their differ- 
ence DF be not square [Prop. 10.28 lem. I]. And let it 
have been contrived that as FD (is) to DE, so the square 
on CG (is) to the square on GB [Prop. 10.6 corr.]. Thus, 
the square on CG is commensurable with the square on 
GB [Prop. 10.6]. And the (square) on CG (is) rational. 
Thus, the (square) on GB [is] also rational. Thus, BG isa 
rational (straight-line). And since the square on GC does 
not have to the (square) on GB the ratio which (some) 
square number (has) to (some) square number, CG is 
incommensurable in length with GB [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, CG and GB 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that it is also a second (apotome). 


B. € G 


A + 
E E D 
H +e 1 

For let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG is to the (square) on GC, so the number ED (is) 
to the number DF, thus, also, via conversion, as the 
(square) on BG is to the (square) on H, so DE (is) 
to EF [Prop. 5.19 corr]. And DE and EF are each 
square (numbers). Thus, the (square) on BG has to the 
(square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, BG is commen- 
surable in length with H [Prop. 10.9]. And the square on 
BG is greater than (the square on) GC by the (square) 
on H. Thus, the square on BG is greater than (the square 
on) GC by the (square) on (some straight-line) commen- 
surable in length with (BG). And the attachment CG 
is commensurable (in length) with the (prevously) laid 
down rational (straight-line) A. Thus, BC is a second 
apotome [Def. 10.12].! 

Thus, the second apotome BC has been found. 
(Which is) the very thing it was required to show. 

















Proposition 87 
To find a third apotome. 
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E ——— 








Kk + 

"Exxctodw enth À A, xoi exxetoNwoav tesic d&evuol 
oi E, BT, TA Adyov uh Eyovtec med¢ dAMfAouc, Sv 
Tetedywvoc ópgiüuóc npóc tetpáywvov àptðuóv, ó 62 TB 
npóc tov BA àóyov &£yéxo, Ov vevpéyovoc dod npóc 
TeTedywvov ópiüuóv, xoi renoińoðw óc u&v ò E npóc tov 
BE, oótoc tò ånò tfjg A tetedywvov npóc TO ånò ts 
ZH «xexpé&vovov, óc ðè ó BP npd¢ tov TA, oóxoc TÒ and 
ts ZH tetecywvov npóc tò ano tùs HO. &nel oov &oxty 
óc 0 E npóc tov BD, ottwe tò and tis A tetekywvov 
rpóc TO ano ts ZH tetpáywvov, obuguetpov dea &od 
TÒ and tic A xexpéyovov 16 ånò týs ZH tetpayove. 
Ontov dé tÒ and ts A vevpétyovov. eróv dpa xoi TO åTÒ 
thc ZH: er] sea £oxiv n ZH. xoi &nrel ô E ngóc tov BI 
Aóyov oOx Exel, OV xexpéyovoc dpiüuóc npóc TeTE&ywvov 
dotÜuÓv, 005’ doa TÒ and Tic A vevpétyovov npóc TÒ ano 
tfc ZH [tetedywvov] Aóyov Exel, Sv tetekywvoc ápiüuóc 
TMpO¢ TeTe&kywvoyv åprůuóv: &oOuguetpoc dpa Eotiv f| A TH 
ZH uńxer. náňw, énet Eotw wc ô BT npóc tov TA, otvtw¢ TÒ 
and ts ZH tetecywvov npóc tò ano týs HO, oóugetpov 
äpa £o. TÒ ano ts ZH 16) ano tis HO. ontov be tò and 
tic ZH: erxóv dea xoà tò and týs HO: ety dea Eotly n HO. 
xoi &rei ó BT npóc tov TA Aóyov oOx Eyer, Ov vexpéovoc 
apd npóc tetpåywvov àpiüuóv, 00S’ dea TO and týs ZH 
rpóc TO ANd týs HO Adyov Eyet, dv tetedywvoc aevydc 
rpóc tetpåywvov ópgiüuóv: GovUUETEOC doa Eotly f, ZH tÅ 
HO ufxer. xal cow aupdtepan ontot ai ZH, HO doa nta 
ciot Õuváuel uóvov oóugetpov notou dpa &oxv À ZO. 
AEYO On, OTL xoà Totty. 

‘Emel yåp tot óc uèv ò E npóc tov BT, obtoc TÒ ànó 
tiic A tetpåywvov npóc 16 àxó ts ZH, óc ðè O BT npóc 
tov TA, ottw¢ TÒ àxó ts ZH npóc tò dno týs OH, bv’ oou 
&pa Eotlv co ó E ngóc tov TA, oŬtws TÒ and ts A npóc 
tÒ ånò tfjc OH. ô òè E npóc tov TA Aóyov oùx Eyet, dv 
TETpåYwVOG óptüuóc xpóc teETpåywvov dprůuóv: OLS’ Gea TO 
ano tfjc A npóc tò and ts HO Adyov yet, Öv tetekywvoc 
dotüuóc npóc TeTE&ywvoy dptrüuóv: dobUUETEOS doa T, A TH 
HO urxet. ovdetéon doa xv ZH, HO obuuetoedc ċott tH 
&xxeuéwvr en, tH A ure. G ov ueiCóv £o TO aNO tS 
ZH tod and týs HO, £oxo tò ano tic K. Exel oov Eotw 
óc ô BT npóc tov TA, ottw¢ TÒ and týs ZH npóc tò and 
tfic HO, avaotpébavtt pa Eotlv wo 6 BT ngóc tov BA, 
oUtw> TO and ts ZH tetedywvov npóc tò aNd Tic K. 6 dé 
BI npóc tov BA Xóv0v Éyet, Ov xvevpétyovoc åprðuòs npóc 
TeTedywvoy pruóv. xoi TO and tij¢ ZH doa npóc tO AMO 
thc K Aóvov Exet, Ov tetedywvoc dolWwds npóc xevpityovov 
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B D C 








F H G 





E ——À 





K —— — — 

Let the rational (straight-line) A be laid down. And 
let the three numbers, E, BC, and CD, not having to one 
another the ratio which (some) square number (has) to 
(some) square number, be laid down. And let CB have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as E (is) to BC, so the square on A (is) to the 
square on FG, and as BC (is) to CD, so the square on 
FG (is) to the (square) on GH [Prop. 10.6 corr.]. There- 
fore, since as E is to BC, so the square on A (is) to the 
square on FG, the square on A is thus commensurable 
with the square on FG [Prop. 10.6]. And the square on 
A (is) rational. Thus, the (square) on FG (is) also ra- 
tional. Thus, FG is a rational (straight-line). And since 
E does not have to BC the ratio which (some) square 
number (has) to (some) square number, the square on A 
thus does not have to the [square] on FG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, A is incommensurable in length with FG 
[Prop. 10.9]. Again, since as BC is to CD, so the square 
on FG is to the (square) on GH, the square on FG is thus 
commensurable with the (square) on GH [Prop. 10.6]. 
And the (square) on FG (is) rational. Thus, the (square) 
on GH (is) also rational. Thus, GH is a rational (straight- 
line). And since BC does not have to CD the ratio which 
(some) square number (has) to (some) square number, 
the (square) on FG thus does not have to the (square) 
on GH the ratio which (some) square number (has) to 
(some) square number either. Thus, FG is incommen- 
surable in length with GH [Prop. 10.9]. And both are 
rational (straight-lines). FG and GH are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, FH is an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since as E is to BC, so the square on A (is) to the 
(square) on FG, and as BC (is) to CD, so the (square) 
on FG (is) to the (square) on HG, thus, via equality, as 
E is to CD, so the (square) on A (is) to the (square) on 
HG [Prop. 5.22]. And E does not have to CD the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on A does not have to the 
(square) on GH the ratio which (some) square number 
(has) to (some) square number either. A (is) thus incom- 
mensurable in length with GH [Prop. 10.9]. Thus, nei- 
ther of FG and GH is commensurable in length with the 
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dewudyv. oúuuetTpóç dpa £oxiv A ZH th K uhxer, xal Sovatou 
1 ZH ts HO veiCov 16 àrxó ouuuétpou taut. xal obSetépa 
t&v ZH, HO obuuetpdc Cott tH Exxewevy eni xfj A urpxec 
7 ZO doa anotouy ott teltn. 

Evento dea Å teit ånrotou 7 ZO: ónep eer deiga. 


* See footnote to Prop. 10.50. 


, 

















TN. 
Eópeiv thy vexáprrv åTtotouńv. 
B T H 
A = | 
A Z E 
(e = | 


Exxeiocðw env 7 A xol tH A urjxev obuueteoc 7, BH: 
eri] wea oti xoi 7 BH. xoà &oxetooocav S00 apriüpol oi 
AZ, ZE, ote tov AE ÓXov npóc &xévepov x&v AZ, EZ 
Aóyov uù Éyetv, Ov xevpiYovoc ópiüuóc npóc xevpéyovov 
åpiðuóv. xoi rexotjo0o óc ó AE npóc tov EZ, obtoc TÒ 
and ts BH tetpáywvov npóc tò and týs HI" oóugetpov 
äpa £o. tÒ ano týs BH và and týs HI. ontov be to ano 
thc BH: entov doa xoà tò and ts HL: erc dpa £oxiv f| HI. 
xoi &nei ò AE npóc tov EZ Aóyov oOx Éyet, Ov vexpévovoc 
apd npóc xevpé&yovov åprðuóv, OVS’ doa TO ANd týs BH 
rpóc TO ano tis HI Adyov Eyer, dv vexpéyovoc apiüuóc 
TEOS TETpåywvov åpruóv: aobUUETEOS dea Eotlv n BH tÅ 
HI uhxer. xot eiotv aupdtepau nta: at BH, HT doa pntat 
ciot Õuváuet uóvov OUUUNETEOL’ àrotou dea otv f| BI’. 
[Aéyo 4, Ott xod tetéoTH,] 

“Qu odv uciGóv ċott TO àxó týs BH tod &nd ts HI, 
čotw TO and tis O. Enel oÓv Eotw óc 6 AE npóc tov 
EZ, obtw¢ tò ano týs BH ngóc tò ano ts HT, xoà àva- 
otpebavtt &pa ċotiv óc ô EA npóc tòv AZ, ottw¢ TÒ 
ano tc HB xpóc tò ånò tfjg O. 6 6$ EA mpóc tov AZ 
Aóyov oOx Exel, Öv xexpéyovoc dpiüuóc npóc TeTE&ywvov 


(previously) laid down rational (straight-line) A. There- 
fore, let the (square) on K be that (area) by which the 
(square) on FG is greater than the (square) on GH 
[Prop. 10.13 lem.]. Therefore, since as BC is to CD, so 
the (square) on FG (is) to the (square) on GH, thus, via 
conversion, as BC is to BD, so the square on FG (is) to 
the square on K [Prop. 5.19 corr.]. And BC has to BD 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on K the ratio which (some) square number 
(has) to (some) square number. FG is thus commen- 
surable in length with K [Prop. 10.9]. And the square 
on FG is (thus) greater than (the square on) GH by 
the (square) on (some straight-line) commensurable (in 
length) with (FG). And neither of FG and GH is com- 
mensurable in length with the (previously) laid down ra- 
tional (straight-line) A. Thus, FH is a third apotome 
[Def. 10.13]. 

Thus, the third apotome FH has been found. (Which 
is) very thing it was required to show. 


Proposition 88 


To find a fourth apotome. 


B C G 


A + 
E F D 
H +e 1 

Let the rational (straight-line) A, and BG (which is) 
commensurable in length with A, be laid down. Thus, 
BG is also a rational (straight-line). And let the two 
numbers DF and FE be laid down such that the whole, 
DE, does not have to each of DF and EF the ratio 
which (some) square number (has) to (some) square 
number. And let it have been contrived that as DE (is) to 
EF, so the square on BG (is) to the (square) on GC 
[Prop. 10.6 corr]. The (square) on BG is thus com- 
mensurable with the (square) on GC [Prop. 10.6]. And 
the (square) on BG (is) rational. Thus, the (square) on 
GC (is) also rational. Thus, GC (is) a rational (straight- 
line). And since DE does not have to EF the ratio which 
(some) square number (has) to (some) square number, 
the (square) on BG thus does not have to the (square) 
on GC the ratio which (some) square number (has) to 
(some) square number either. Thus, BG is incommensu- 
rable in length with GC [Prop. 10.9]. And they are both 
rational (straight-lines). Thus, BG and GC are rational 
(straight-lines which are) commensurable in square only. 
Thus, BC is an apotome [Prop. 10.73]. [So, I say that (it 
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dewudy: 005’ dpa tò ano vfjc HB npóc tò ano týs O Aóyov 
Éyet, Ov tetTpáywvoçs doiWudc npóc tetpåywvov ópuuóv: 
&cóugetpoc dpa cotly f, BH tfj O unmet. xoi Dúvata Å 
BH «fic HI uciCov 16 ano ts O: f, $pa BH ts HI uciZov 
Svvator TE AN douuguétrpou aut. xoà Eotw An A BH 
oOugetpoc TH &oxeuiévr enc, urjxec tH A. 9j doa BD àxo- 
TOU EOTL TETHOTH. 
Evento dea Å tetéety ånotouń: Onep Eder Seigaun. 


t See footnote to Prop. 10.51. 





ny’. 
Eópeiv thy néuntnv ànocouf|v. 
B r H 
A j I ————————À 
A Z E 
@nr— 











"Exxeiode ont f, A, xoi tH A nner oóguevpoc EoTH 7 
TH: er dea [£oxtv] 7 TH. xoi exxetodwoav 500 àpibuot ot 
AZ, ZE, ote tov AE npóc &xáxegov xv AZ, ZE Aóyov 
TUAW UN) EXEL, OV vexpáyovoc KoIWUds npóc TEeTE&ywvoV 
dptÜuóÓv: xoi reroińoðw óc ò ZE npóc tov EA, oütoc TÒ 
and tis TH ngóc tò and týs HB. enxóv doa xoi tÒ and fic 
HB: en, &pa oti xoi À BH. xoi &ne( Eotw óc ô AE npóc 
tov EZ, oŬtws TO and týs BH xpóc tò ano tic HI, ó òè 
AE npóc tov EZ Aóvov obx Eyet, Ov tetekywvoc dprðuòs 
TEOS TeTE&ywvov dprðuóv, où’ doa TO and týs BH npóc 
tO and ts HI Adyov Éyet, Öv tetodkywvoc dpiüuóc npóc 
TeTe&ywvoyv pruóv: àoouuetpoc dow cotiv f, BH th HI 
uyxet. xot eiotv aupdteoa pntat ot BH, HT soa ontat sior 
duvdyEl uóvov ovUUETeOL T, BI" dea notou otw. AÉyo 
Oy, OTL xoà TÉUTTN. 

"Ou yàp uciCóv Eott TO dnd ts BH tod and ts HI, 
EOTW TO ANO Tic O. Enel oov toti Wc TO aNd Ths BH ngóc 
tÒ ano tfj; HD, obtwc 6 AE npóc tov EZ, avacteépavtt 
&pa &o xlv óc ô EA npóc tov AZ, ottw¢ TÒ and týs BH npóc 
TO &NO ts O, 6 68 EA npóc tov AZ ddyov oOx Éyet, Ov 


is) also a fourth (apotome).] 

Now, let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as DE is to EF, 
so the (square) on BG (is) to the (square) on GC, thus, 
also, via conversion, as ED is to DF, so the (square) on 
GB (is) to the (square) on H [Prop. 5.19 corr.]. And ED 
does not have to DF the ratio which (some) square num- 
ber (has) to (some) square number. Thus, the (square) on 
GB does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, BG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square) on GC by the (square) on 
(some straight-line) incommensurable (in length) with 
(BG). And the whole, BG, is commensurable in length 
with the the (previously) laid down rational (straight- 
line) A. Thus, BC is a fourth apotome [Def. 10.14].! 

Thus, a fourth apotome has been found. (Which is) 
the very thing it was required to show. 


Proposition 89 
To find a fifth apotome. 





B Cc G 

A | — 
D F E 
H — — 











Let the rational (straight-line) A be laid down, and let 
CG be commensurable in length with A. Thus, CG [is] 
a rational (straight-line). And let the two numbers DF 
and FE be laid down such that DE again does not have 
to each of DF and FE the ratio which (some) square 
number (has) to (some) square number. And let it have 
been contrived that as FE (is) to ED, so the (square) on 
CG (is) to the (square) on GB. Thus, the (square) on GB 
(is) also rational [Prop. 10.6]. Thus, BG is also rational. 
And since as DE is to EF, so the (square) on BG (is) to 
the (square) on GC. And DE does not have to EF the ra- 
tio which (some) square number (has) to (some) square 
number. The (square) on BG thus does not have to the 
(square) on GC the ratio which (some) square number 
(has) to (some) square number either. Thus, BG is in- 
commensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). BG and GC are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, BC is an apotome [Prop. 10.73]. 
So, I say that (it is) also a fifth (apotome). 
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xevpáYovoc Golds npóc vexpáyovov dpruóv: OLS’ Gea TO 
and ts BH npóc tò and ts O Adyov Eyel, Ov TeTEkywvoc 
apd npóc vevpéyovov dpiüuóv: KoUUUETPEOS dea &oiv Å 
BH «fj O urjxet.. xoi SUvatH f, BH týs HI ueiGov xà ånò 
tis O° f, HB da týs HT ueiGov 60vorxot T and douupévpou 
taut ufjxet.. xal Cot À ngocopuóCouca f, TH obuueteoc 
tfj exxewevyn nt tH A uńxev 7 koa BD ånrotouń ox 
TEUNTY}. 

Evento dea À néuntyn anotouy Y; BI ónep £óet Seta. 


t See footnote to Prop. 10.52. 


y 

Kveety thy Extny &notouny. 

"Exxetodw env f, A xoi teeic dowWyoi ot E, BD, TA 
Aóyov UN EXOVTES npóc GAANAOUG, OV vexpéyovoc àpgiüuoc 
TMpd¢ vevpétyovov dpiüuóv: Ett 68 xoi ó DB npgóc tov BA 
AóYov uÙ EXETH, OV xvevpiyovoc dpiüuóc npóc xevpétyovov 
&piüuÓv: xoà neroińoðw óc èv ò E ngóc tov BI, obxoc 
TÒ &NO ts A npóc tò and týs ZH, wo SE O BIT npóc tov 
TA, ottw¢ TÒ àxó týs ZH npóc tò and ts HO. 








E 3 H | 








K— —4À 

‘Enel obv otv óc ò E ngóc tov BI’, oŬtws TÒ ànó ts 
A npóc tÒ ånò tis ZH, obueteov doa tÒ ånò ts A t 
ano ts ZH. orntov ðè tò and ts A’ ENTOV Goa xoi TO aNd 
tfjc ZH: env) doa cot xol ñ) ZH. xoi nel ò E npóc tov BI 
AóYov oOx Exel, OV vexpáyovoc dprðuòs npóc xevpéyovov 
doptÜuóv, 005’ doa TÒ dnd tfjc A npóc TO aNd ts ZH Adyov 
éyel, Ov Tetokywvoc dod npóc tetpåywvov colWUdv: 
KovUUETOS Gow &oxiv À A tH ZH uńxer. náv, enet &oty oc 
ô BT ngóc tov TA, ow. TÒ àxó týs ZH ngóc tò &NO ts 
HO, oúvuuetpov doa tò and týs ZH 16 ano ts HO. erytov 
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For, let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG (is) to the (square) on GC, so DE (is) to EF, thus, 
via conversion, as ED is to DF, so the (square) on BG 
(is) to the (square) on H [Prop. 5.19 corr.]. And ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. Thus, the (square) on 
BG does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, BG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
GB is greater than (the square on) GC by the (square) 
on (some straight-line) incommensurable in length with 
(GB). And the attachment CG is commensurable in 
length with the (previously) laid down rational (straight- 
line) A. Thus, BC is a fifth apotome [Def. 10.15].! 

Thus, the fifth apotome BC has been found. (Which 
is) the very thing it was required to show. 


Proposition 90 

To find a sixth apotome. 

Let the rational (straight-line) A, and the three num- 
bers E, BC, and CD, not having to one another the ra- 
tio which (some) square number (has) to (some) square 
number, be laid down. Furthermore, let C B also not have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as E (is) to BC, so the (square) on A (is) to the 
(square) on FG, and as BC (is) to CD, so the (square) 
on FG (is) to the (square) on GH [Prop. 10.6 corr]. 

B D C 


A = 


F H G 


E ——À | | 








K — ——4 

Therefore, since as E is to BC, so the (square) on A 
(is) to the (square) on FG, the (square) on A (is) thus 
commensurable with the (square) on FG [Prop. 10.6]. 
And the (square) on A (is) rational. Thus, the (square) 
on FG (is) also rational. Thus, FG is also a rational 
(straight-line). And since E does not have to BC the ra- 
tio which (some) square number (has) to (some) square 
number the (square) on A thus does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, A is in- 
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d€ TO and ts ZH: pntov doa xoi TO and týs HO: Eth toa 
xoi f, HO. xoi &nei ò BT ngóc xóv TA Adyov oOx Eyer, dv 
xevp&Yovoc pròs npóc vexpáyovov àpiüuóv, OLS’ dpa TO 
and tis ZH npóc tò and tic HO Adyov Eyet, Öv xevpétyovoc 
dpiüuóOc npóc TeTEkywvov ópuiüuóv: dobuuetpoc hoa &oxiv 
7 ZH th HO ures. xot eiotv dupótepa erat ot ZH, HO 
doa ntal siot 6uváet uóvov OVUUETEOL f| àpo ZO amoxoyur 
cot. Aéyw Of, OTL xol ExTy. 

‘Emel yuo &oxtv óc uèv ò E npòs tov BT, obtoc TÒ ano 
tiic A mpd¢ tò and ts ZH, we òè 6 BP npd¢ xóv TA, obxoc 
TO and thc ZH npóc tò and ts HO, àv oou doa Eotly óc ò 
E npóc tov TA, obxoc TÒ dnd ts A ngóc tò and ts HO. 6 
dé E npóc tov TA Adyov ovx Exel, Ov tetedywvos àpgiüuóc 
xpóc texpdycovov ópuuóv: ovd’ dpa TO aNd ts A npóc 
TO and týs HO Adyov Eye, Ov tetedywvoc dpuüuóc npóc 
Tetodywvoyv åprůuóv: covuetpog dpa &oxlv Hn A xfj HO 
unxer ovdetéoa doa xv ZH, HO obuyetedc &ox xfj A nti 
uyxet. @ obv uciCóv Eott TO and týs ZH tod and ts HO, 
čotw TO and tis K. Enet obv otw óc ô BI npóc tov TA, 
obxoc TÒ and tfc ZH npóc tò and týs HO, avacteépavtt 
&pa &o xlv óc 6 TB ngóc tov BA, obxoxc TÒ ånò ts ZH npóc 
tO dno ts K. 6 66 TB ngóc tov BA Adyov ovx Éyet, dv 
TeTE&ywvoc ópiüuóc npóc vexpáyovov pruóv: 00d’ Gea TO 
and ts ZH npóc tò and týs K Adyov Eyet, Ov tetTEkywvoc 
&puüuOc npóc tetpåywvov dpiüuóv: KOUUUETEOS dpa &olv Å 
ZH «f, K urjxet.. xoi d0vatoa f, ZH. ts HO ueitov xà and 
tis K: f, ZH doa tis HO ueiCov 60vorxot T dnd douupévpou 
tauti ufjxet. xoi oùðetépa xv ZH, HO obuyetpóc £o TH 
&xxeiuévr ONTY Une xfj A. H doa ZO ånotouń tot Extn. 

Evento dea Å extn dnotouyn ñ ZO: Smee Eder dcou. 


* See footnote to Prop. 10.53. 
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commensurable in length with FG [Prop. 10.9]. Again, 
since as BC is to CD, so the (square) on FG (is) to the 
(square) on GH, the (square) on FG (is) thus commen- 
surable with the (square) on GH [Prop. 10.6]. And the 
(square) on FG (is) rational. Thus, the (square) on GH 
(is) also rational. Thus, GH (is) also rational. And since 
BC does not have to CD the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG thus does not have to the (square) on GH the ra- 
tio which (some) square (number) has to (some) square 
(number) either. Thus, FG is incommensurable in length 
with GH [Prop. 10.9]. And both are rational (straight- 
lines). Thus, FG and GH are rational (straight-lines 
which are) commensurable in square only. Thus, FH is 
an apotome [Prop. 10.73]. So, I say that (it is) also a 
sixth (apotome). 

For since as E is to BC, so the (square) on A (is) 
to the (square) on FG, and as BC (is) to CD, so the 
(square) on FG (is) to the (square) on GH, thus, via 
equality, as E is to CD, so the (square) on A (is) to 
the (square) on GH [Prop. 5.22]. And E does not have 
to CD the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on A does not 
have to the (square) GH the ratio which (some) square 
number (has) to (some) square number either. A is thus 
incommensurable in length with GH [Prop. 10.9]. Thus, 
neither of FG and GH is commensurable in length with 
the rational (straight-line) A. Therefore, let the (square) 
on K be that (area) by which the (square) on FG is 
greater than the (square) on GH [Prop. 10.13 lem.]. 
Therefore, since as BC is to CD, so the (square) on FG 
(is) to the (square) on GH, thus, via conversion, as C B is 
to BD, so the (square) on FG (is) to the (square) on K 
[Prop. 5.19 corr.]. And CB does not have to BD the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on F'G does not have to the 
(square) on K the ratio which (some) square number 
(has) to (some) square number either. FG is thus in- 
commensurable in length with K [Prop. 10.9]. And the 
square on F'G is greater than (the square on) GH by the 
(square) on K. Thus, the square on FG is greater than 
(the square on) GH by the (square) on (some straight- 
line) incommensurable in length with (FG). And neither 
of FG and GH is commensurable in length with the (pre- 
viously) laid down rational (straight-line) A. Thus, FH 
is a sixth apotome [Def. 10.16]. 

Thus, the sixth apotome F'H has been found. (Which 
is) the very thing it was required to show. 
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Lo’. 
‘Edy yoplov nepléy nto UNO erjvijc Kal AMOTOUAS TOTS, 
3| TÒ ywelov Guvagévr ånropouń otw. 
Ilepieyéo0w yàp yweiov tò AB nò ntis tic AT xoi 
d&notoufis toot týs AA: AEyw, ów f, TO AB ywotov ðv- 
votuévr) AMOTOUN &oxty. 


A A E ZH 


A 











x 




















© IK 








P 











‘Enel yàp ånotouń £o ngon HN AA, Zotw abt npo- 
copuóGouca f, AH: at AH, HA doa Ontat ciot Suvduer uóvov 
cOugepot. xoi CAH fj AH cóugexpóc &ox TH Exxewuevy ENTH 
xfj AT, xoi f, AH ts HA uciZov 60vorot 16 dnd couuuévpou 
taut uńxer ¿àv doa 1G tethetw uéper voO dnd ts AH 
{oov napà tiv AH mopopAmnÜ0f £AAeinov cider xexpoY vo, 
eic oúuuetpa AUTHY Olotpel. tetuńoðw T, AH diya xatà tò 
E, xoi 16 àxó tfj; EH (cov nap& thy AH nopopepArjoto 
&AAeinov elder vevpoy vo, xol Eotw TO Und vv AZ, ZH: 
oO0uuetpoc dpa &oxlv n AZ xfj ZH. xoi dia àv E, Z, H 
onusiov th AT xapgdAXnAot hydIwoav oi EO, ZI, HK. 

Koi &nei oouyuexpóc &ov f| AZ xfj ZH uńxet, xoi n AH 
doa &xoépa tæv AZ, ZH oúuuetpóç Sot unmet. GAAG f 
AH oóguuetpóc &ox tÅ AD: xoà &xoxépa doa xv AZ, ZH 
oOugetpóc ċott t AT uyxer. xot £o err, À AT: enc 
dou xal exatéea xv. AZ, ZH: ote xol Exdtepov x&v AI, 
ZK pytov éotw. xoi Emel oÓuuet1póc Eotw f, AE ti EH 
une, xoi n AH &pa exatéeg v. AE, EH obuuetedc £o 
unxer. enti 68 n AH xoà cobuueteoc tH AT uńxer ont 
äpa xa Exatéoa vv AE, EH xot dovuuetoos tH AT urpcv 
&xáxepov goa téiv AO, EK yéoov éotiv. 

Ketodw 67, «i$ uèv AI tcov vevoétyovov tò AM, xà òè 
ZK tcov tetpáywvov apnejotu xov ywviav Eyov aot 
thy ónó AOM tò NE: negl tiv avtiy dpa Stiduetedv oT xà 
AM, NE tetedywva. Eotw adtév Siduetoeos f, OP, xol xa- 
tayeypapdw tò oxfjuo. Enel oŬv toov ot tò Und t&v AZ, 
ZH nepieyóuevov dptoyavioy 16 ano tis EH tetoaxyave, 
zou dea wo f; AZ npdc¢ thy EH, obvoc f, EH ngóc thy ZH. 
GAM’ Òs u£v f) AZ npóc thy EH, ottwe tò AI mpd¢ tò EK, 
óc 6€ fj EH ngóc thy ZH, ottw¢ ot tò EK npóc tò KZ: 
t&v gpa AI, KZ uécov àváXovóv oti tò EK. £o ðè xoi 
t&v AM, NE yuécov avédoyov tò MN, óc v xoic £unpo- 
ovev edety0n, xal Eott tò [UEv] AI tă AM tetowyove toov, 
tò òè KZ 165 NE: xoi tò MN doa 165 EK toov &oxtv. GhAc 
tO uev EK xà AO éotw (cov, tò 66 MN xà AE: 16 &pa 
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Proposition 91 


If an area is contained by a rational (straight-line) and 
a first apotome then the square-root of the area is an apo- 
tome. 

For let the area AB have been contained by the ratio- 
nal (straight-line) AC and the first apotome AD. I say 
that the square-root of area AB is an apotome. 





























A D E F G L P 
S O 
C B H IK 
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For since AD is a first apotome, let DG be its at- 
tachment. Thus, AG and DG are rational (straight-lines 
which are) commensurable in square only [Prop. 10.73]. 
And the whole, AG, is commensurable (in length) with 
the (previously) laid down rational (straight-line) AC, 
and the square on AG is greater than (the square on) 
GD by the (square) on (some straight-line) commensu- 
rable in length with (AG) [Def. 10.11]. Thus, if (an area) 
equal to the fourth part of the (square) on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Let DG have been cut in half at E. And 
let (an area) equal to the (square) on EG have been ap- 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and FG. AF is thus 
commensurable (in length) with FG. And let EH, FT, 
and GK have been drawn through points E, F, and G 
(respectively), parallel to AC. 

And since AF is commensurable in length with FG, 
AG is thus also commensurable in length with each of 
AF and FG [Prop. 10.15]. But AG is commensurable 
(in length) with AC. Thus, each of AF and FG is also 
commensurable in length with AC [Prop. 10.12]. And 
AC is a rational (straight-line). Thus, AF and FG (are) 
each also rational (straight-lines). Hence, AJ and FK 
are also each rational (areas) [Prop. 10.19]. And since 
DE is commensurable in length with EG, DG is thus 
also commensurable in length with each of DE and EG 
[Prop. 10.15]. And DG (is) rational, and incommen- 
surable in length with AC. DE and EG (are) thus 
each rational, and incommensurable in length with AC 
[Prop. 10.13]. Thus, DH and EK are each medial (ar- 
eas) [Prop. 10.21]. 

So let the square LM, equal to AJ, be laid down. 
And let the square NO, equal to FK, have been sub- 
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AK toov £c x TPX yvóuovi xoi và NE. got SE xoi TÒ 
AK ícov toic AM, NE vevpoyóvotc: Aownov dea tò AB toov 
£c 16) UT. tò 8 UT tò and týs AN Eott tetepkywvov: TÒ 
&pa &nd týs AN tetokywvov toov éoti tă AB: f, AN &pa 
60voxot TO AB. Aéyo OH, ów f, AN ånotouń otw. 

"Enc yàp ntóv otv &xáxepgov t&v AI, ZK, xat otv 
(oov toic AM, NE, xoi &x&vepgov doa xv AM, NE ntóv 
ÈOTLV, TOUTEOTL TO AMO Exatépac x&v AO, ON: xoi &xoaxépa 
&pa x&v AO, ON eni, got. náňw, Exel uécov Eotl tò AO 
xal &oxtv toov 165 AE, uécov doa toT) xol tO AE. &nel ody tò 
u&v AE uécov &oxív, tò òè NE erxóv, àoOuuevpov dow goth 
tO AE xà NE: óc 66 tò AE npóc tò NE, obxoc Eotlv f| AO 
npóc thy ON: åoúuuectpos dpa &oxiv f, AO xfj ON ure. 
xat ciow duqócepot pytat? ai AO, ON doa erixaí siot Guvóget 
uóvov oOugexpov. dmoxour| sea Eotiv f, AN. xoi S0vato TO 
AB ywptov: 7 doa tò AB ywotov Guvagévr notou Eottv. 

"Eàv &pa ywotov nepléyntar UNO nts xoi xà EENS. 


up. 


‘Edy ywolov meoréynta ono ENTY\¢ xoi àxoxoufjc Geutépac, 

















7j TO yoplov óuvayévr) UEONS ANOTOUY EOTL npo. 
A A E ZH A 
x 
DL B © IK 
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tracted (from LM), having with it the common angle 
LPM. Thus, the squares LM and NO are about the 
same diagonal [Prop. 6.26]. Let PR be their (com- 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since the rectangle contained by AF 
and FG is equal to the square EG, thus as AF is to 
EG, so EG (is) to FG [Prop. 6.17]. But, as AF (is) 
to EG, so AI (is) to EK, and as EG (is) to FG, so 
EK is to KF [Prop. 6.1]. Thus, EK is the mean pro- 
portional to AJ and KF [Prop. 5.11]. And MN is also 
the mean proportional to LM and NO, as shown before 
[Prop. 10.53 lem.]. And AI is equal to the square LM, 
and K F to NO. Thus, M N is also equal to EK. But, EK 
is equal to DH, and MN to LO [Prop. 1.43]. Thus, DK 
is equal to the gnomon UVW and NO. And AK is also 
equal to (the sum of) the squares LM and NO. Thus, the 
remainder AB is equal to ST. And ST is the square on 
LN. Thus, the square on LN is equal to AB. Thus, LN is 
the square-root of AB. So, I say that LN is an apotome. 

For since AJ and FK are each rational (areas), and 
are equal to LM and NO (respectively), thus LM and 
N O—that is to say, the (squares) on each of LP and PN 
(respectively)—are also each rational (areas). Thus, LP 
and PN are also each rational (straight-lines). Again, 
since DH is a medial (area), and is equal to LO, LO 
is thus also a medial (area). Therefore, since LO is 
medial, and NO rational, LO is thus incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. LP is thus incommensurable in length with 
PN [Prop. 10.11]. And they are both rational (straight- 
lines). Thus, LP and PN are rational (straight-lines 
which are) commensurable in square only. Thus, LN is 
an apotome [Prop. 10.73]. And it is the square-root of 
area AB. Thus, the square-root of area AB is an apo- 
tome. 

Thus, if an area is contained by a rational (straight- 
line), and so on .... 


Proposition 92 


If an area is contained by a rational (straight-line) and 

a second apotome then the square-root of the area is a 
first apotome of a medial (straight-line). 

A D E FG 
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Xwptov yàp tò AB nepieyéodw Und ntis tic AT xoi 
dxotoufic Seutépac ts AA: Aéyw, ött fj TO AB ywotov 
SLVOEVY EONS ANOTOUY EOTL TOOTH. 

"Eow yàp tH AA mnpoooguótouca f) AH: of dpa 
AH, HA pntat ciot Suvéyer uóvov obuUETeOL, xoà f, Teo- 
ocapudCovoa f, AH ovuuetedc ċott xfj Exxewevy ONT TH 
AT, fj òè 6An f, AH tic npgocopuoCoOonc týs HA uciZov 
dvvaTo T and cugugérpou aut Unxer. nei obv fj AH 
ts HA uctov Sbvata 16 and cuugéxpou taut, Ev dpa 
TG) vevápto uépget Tob and týs HA {oov nap& thy AH ro 
eoBrAndh edAcinov eldSet vevpayo vo, eic CVUMETOA ATHY 
dopet. tetuńoðw odv 7 AH diya xatà tò E» xoi xà and 
tfi; EH (cov nap& thy AH napofeQAQo0o eAAcinov elder 
TETOAYOVY, xol Zotw TO UNO t&v AZ, ZH: oóuuetxpoc &pa 
éotlv f| AZ xfj, ZH. uńxer. xoi f, AH dpa Exatéog vv. AZ, 
ZH oóggexpóc &ox unmet. envy, 68 7 AH xoi dobuueteoc 
tfj AT uńxer xoi êxatépa doa téiv AZ, ZH eror, oti xol 
&cougecpoc cf; AT urpxec &xé&xepov dea xv AI, ZK uécov 
éotlv. rdv, Emel oouuexpóc &ovv f, AE xfj EH, xoi ñ AH 
&pa Exatéea vv AE, EH oúupetpós otv. ùX 5 AH 
oOugetpóc ċott tH AT uet [bnt doa xal Exatéoa xGv 
AE, EH xoi obuyeteoc t AT uýxei]. exdtepov toa x&v 
AO, EK bntóv &ovv. 

Muveotóxo odv 16 u£v AI {oov vevpévovov tò AM, xà 
6€ ZK tcov apnejodw tò NE reel thy otv yoviav dv xG 
AM ti rò xiv AOM: negl thy adtiy dpa &oxi Sidueteov 
ta AM, NE xexoávova. gotw avtéy Outuexpoc f, OP, xoi 
xatayeypápðw tò oyfjua. nel odv tà AI, ZK uéoa &od 
xal Eotw toa toic and tév AO, ON, xoà xà and tõv AO, 
ON [ea] uéca &oxtv: xoi at AO, ON &pa uéoo ciot Suvéper 
uóvov ovUUETEOL. xoi Enel TO UNO vv AZ, ZH toov &odi x6 
ano ts EH, gotw tea óc f, AZ npóc thy EH, ottw> 5, EH 
xpóc thy ZH: aA’ óc uèv f| AZ ngóc thy EH, oŬtws tò AI 
npóc TO EK: óc òè 5 EH ngóc thy ZH, o0toc [£o] tò EK 
npóc tò ZK: x&v doa AI, ZK uécov àváXovóv £o tò EK. 
got sé xol xv AM, NE tetopayavwv uécov óvéXovov TÒ 
MN: xaí gotw {oov tò u&v AI xà AM, 10 dé ZK 165 NE: xoi 
tò MN Gea toov &oxi x EK. àXAX 16 u£v EK toov [&oxi] 
tò AO, xà 6€ MN (cov tò AE: óAov ğpa tò AK {oov £o 
:G TX vvoguovw xoi xà NE. nel ov dkov tò AK ícov 
éotl xoic AM, NE, Gv tò AK (oov £o tă TPX yvauov 
xoi tă NE, Aoxóv doa tò AB (cov toti xà TX. tò è TX 
£c TÒ and ts AN: tò ånò xfjc AN dpa toov toti 165 AB 
yooto 7 AN doa d0vatu tò AB ywptov. Aéyo [SH], óu Å 
AN uéons ånotouń £o npo. 

"Enel yàp pntov £o xó EK xat &owv (oov 16 AE, 6ntov 
&pa Eotl tO AZ, xvouxéo TÒ Und xv AO, ON. uécov dé 
éOc(yür tO NE: dobuuetpov dpa éotl tò AE 16 NE we 
dé tò AE npóc tò NE, ottw<¢ &odv f, AO ngóc ON: oi 
AO, ON dea cobuueteot ciot uńxer. at doa AO, ON uéocot 
ciol Suvduet uóvov cOugexpot ENTOV nepiéyoucat: À AN doa 
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For let the area AB have been contained by the ratio- 
nal (straight-line) AC and the second apotome AD. I say 
that the square-root of area AB is the first apotome of a 
medial (straight-line). 

For let DG be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and the attachment 
DG is commensurable (in length) with the (previously) 
laid down rational (straight-line) AC, and the square on 
the whole, AG, is greater than (the square on) the at- 
tachment, GD, by the (square) on (some straight-line) 
commensurable in length with (AG) [Def. 10.12]. There- 
fore, since the square on AG is greater than (the square 
on) GD by the (square) on (some straight-line) commen- 
surable (in length) with (AG), thus if (an area) equal 
to the fourth part of the (square) on GD is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half at 
E. And let (an area) equal to the (square) on EG have 
been applied to AG, falling short by a square figure. And 
let it be the (rectangle contained) by AF and FG. Thus, 
AF is commensurable in length with FG. AG is thus 
also commensurable in length with each of AF and FG 
[Prop. 10.15]. And AG (is) a rational (straight-line), and 
incommensurable in length with AC. AF and FG are 
thus also each rational (straight-lines), and incommen- 
surable in length with AC [Prop. 10.13]. Thus, AJ and 
FK are each medial (areas) [Prop. 10.21]. Again, since 
DE is commensurable (in length) with EG, thus DG is 
also commensurable (in length) with each of DE and EG 
[Prop. 10.15]. But, DG is commensurable in length with 
AC [thus, DE and EG are also each rational, and com- 
mensurable in length with AC]. Thus, DH and EK are 
each rational (areas) [Prop. 10.19]. 

Therefore, let the square LM, equal to AJ, have 
been constructed. And let NO, equal to FK, which is 
about the same angle LPM as LM, have been subtracted 
(from LM). Thus, the squares LM and NO are about 
the same diagonal [Prop. 6.26]. Let PR be their (com- 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since AJ and FK are medial (areas), 
and are equal to the (squares) on LP and PN (respec- 
tively), [thus] the (squares) on LP and PN are also me- 
dial. Thus, LP and PN are also medial (straight-lines 
which are) commensurable in square only! And since 
the (rectangle contained) by AF and FG is equal to 
the (square) on EG, thus as AF is to EG, so EG (is) 
to FG [Prop. 10.17]. But, as AF (is) to EG, so AT 
(is) to EK. And as EG (is) to FG, so EK [is] to FK 
[Prop. 6.1]. Thus, EK is the mean proportional to AI 
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uéorc &nocour, Cott TEWTY xoi SOvata TO AB ywptov. 
‘H doa tò AB yopíov dSuvayevn uéorc amotour £o 
TEWTY Ónxep Eder Deion. 
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and FK [Prop. 5.11]. And MN is also the mean pro- 
portional to the squares LM and NO [Prop. 10.53 lem.]. 
And AI is equal to LM, and FK to NO. Thus, MN is 
also equal to EK. But, DH [is] equal to EK, and LO 
equal to MN [Prop. 1.43]. Thus, the whole (of) DK is 
equal to the gnomon UVW and NO. Therefore, since the 
whole (of) AK is equal to LM and NO, of which DK is 
equal to the gnomon UVW and NO, the remainder AB 
is thus equal to T'S. And T'S is the (square) on LN. Thus, 
the (square) on LN is equal to the area AB. LN is thus 
the square-root of area AB. [So], I say that LN is the 
first apotome of a medial (straight-line). 

For since EK is a rational (area), and is equal to 
LO, LO—that is to say, the (rectangle contained) by LP 
and PN—is thus a rational (area). And NO was shown 
(to be) a medial (area). Thus, LO is incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. Thus, LP and PN are incommensurable 
in length [Prop. 10.11]. LP and PN are thus medial 
(straight-lines which are) commensurable in square only, 
and which contain a rational (area). Thus, LN is the first 
apotome of a medial (straight-line) [Prop. 10.74]. And it 
is the square-root of area AB. 

Thus, the square root of area AB is the first apotome 
of a medial (straight-line). (Which is) the very thing it 
was required to show. 


t There is an error in the argument here. It should just say that LP and PN are commensurable in square, rather than in square only, since LP 


and PN are only shown to be incommensurable in length later on. 


£z 


hy’. 


‘Edy ywotov mepiéynto nó NTS xoi AnOoTOLAs vett, 





























7 TO Ywptov SuvavEeVN UEONS &rxocour, £oxt SeuTeoa. 
A A E ZH A N O 
-+D 
x Yin! E 
Xt- 
T B © IK 
P T M 


Xwptov yàp tò AB nepieyéodw Und ntis tic AT xoi 
ånotouñs tettns týs AA: Aéyw, ött À TO AB yopíov ðv- 
votiévr) ugonc &rocour, cot. Geuxépa. 

"Eoo yàp t AA npocaguóCouca f, AH: oi AH, HA 
doa ntal ciot óuváuet uóvov OUUUETEOL, xol ODdETEEa xv 
AH, HA oogugexpóc ott xer tH &oxewévn erii tH AT, f 
dé óÀn f| AH tùs npocapuotovons týs AH ueiCov Sbvata 
1G dno cuupgérpou taut. Exel obv f| AH ts HA ueitov 


Proposition 93 


If an area is contained by a rational (straight-line) and 
a third apotome then the square-root of the area is a sec- 
ond apotome of a medial (straight-line). 
A D E FG N 
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For let the area AB have been contained by the ratio- 
nal (straight-line) AC and the third apotome AD. I say 
that the square-root of area AB is the second apotome of 
a medial (straight-line). 

For let DG be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and neither of AG 
and GD is commensurable in length with the (previ- 
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SUVATOL TES ATÒ GUUUETEOL EAUTH, £&v Hoa TG TeTHOTW LEPEL 
tov and ts AH (cov nap& thy AH napoAnÜ0f £AXeinov 
elder TETEAYOVE, eic OOUUETOA UTI dieci. tetuoDw odv 
n AH dtya xoxà tò E, xoi 16 dnd týs EH toov napà tiv 
AH rapaBeBanodw edrcinov elder vevpoty ovo, xoi OTW TO 
uno v&v AZ, ZH. xoi Tix9ocav did àv E, Z, H onuetov 
tfj AT napáňňnņio at EO, ZI, HK: obuyeteor dea etotv ati 
AZ, ZH: obuueteov dea xoi tò AI t& ZK. xoi &nel at AZ, 
ZH ovuyeteot ciot unxet, xoi f| AH doa exatépg x&v. AZ, 
ZH oóugexpóc &ox unmet. enr, 68 ñ AH xoi dobuueteoc 
tfj AT urjxev. Bote xoi at AZ, ZH. exctepov dea x&v AT, 
ZK yécov éottv. nda, Enel obuNEted¢ &ovv f) AE tH EH 
urjxet, xoi n AH doa exatéeg Gv. AE, EH obuuetedc £oxt 
unxer. enti 68 7 HA xoi dobuueteoc xfj AD uńxer enc 
äpa xa &xorcépat vv AE, EH xal dovuuetooc vf, AU urpcv 
&xáxepov doa xv AO, EK uécov &oxív. xol &xel oi AH, 
HA $uováyet uóvov obueteot iow, cobuueteoc dpa toT 
unxet | AH xf; HA. odd’ f; ev AH cf; AZ oóogguexpóc toti 
ure 7 6£ AH xf; EH: àoÓuuetpoc pa &odiv f| AZ tH EH 
uryxet. ac dé f| AZ ngóc thy EH, oŬtws &od tò AI npóc tò 
EK: dobuueteov &pa gotl tò AI xà EK. 

Muveoxóxo odv 16 u£v AI {oov vevpévovov tò AM, xà 
6£ ZK toov apfejodw tò NE reel thy ocv yoviav dv xG 
AM: negl thy avthy dea diduetedv &ox ta AM, NE. Eotw 
avtéy Sidueteoc 7 OP, xoà xatayeyeapdw tò oyua. Enel 
obdv TÒ ono xv AZ, ZH (cov &ox 165 &nd ts EH, Eotw &pa 
óc i AZ npóc thy EH, ottwc À EH npóc thy ZH. GAN’ we 
u&v f, AZ ngóc thy EH, owe £o tò AI npóc tò EK: we 
6£ f, EH npóc thy ZH, obvoc &oxi tò EK npóc tò ZK: xoi 
óc pa tò AI npóc tò EK, ottw¢ tò EK xpóc tò ZK- xGv 
&pga AI, ZK uécov åváňoyóv oti tò EK. £o 6& xol xv 
AM, NE sexpaYóvov uécov àváAoyov tò MN: xoí otw 
loov tò u£v AI xà AM, tò òè ZK x NE xoi tò EK &pa 
toov &c tă MN. àAA&à tò u&v MN tcov &oxi xi AZ, tÒ 
6£ EK tcov [£cxi] tă AO: xoi óXov doa tò AK tcov tot 
1G TPX yvauow xoi 16 NE. got dé xoi tò AK {oov toç 
AM, NE: Xotxóv dea tò AB toov £oxi 16 UT, toutéot xà 
ano týs AN xexpoy vor Y, AN &pa 66voxot tò AB ywotov. 
Aévo, O11 fj, AN uéonc ånotouń &ox Seutépa. 

Erel yàp uéca detyOy xà AI, ZK xat Eotw toa tos dnd 
tæv AO, ON, uécov dea xoà exdtepov x&v and x&v AO, 
ON: uéon toa &xoxépga vv AO, ON. xoi &nei obuueTtpóv 
éott tÒ AI 16 ZK, ovuuetpov &pa xoi tò and týs AO xG 
ano tic ON. náv, &nel åoúvuuetpov &6c(yün tò AI x EK, 
&oOupuetpov &pa toti xoi TO AM xà MN, tovtéott TÒ ano 
ts AO 16 nò vv AO, ON: ote xoi f, AO àcougetpóc 
£c unxet tH ON: ai AO, ON dpa uécat eiot 6uvápet uóvov 
oO0uuetpot. AEYw Dh, OTL xol uécov neptéyouot. 

‘Emel yàp uécov edety0n tò EK xal £ouv toov 16 onó 
t&v AO, ON, yéoov dpa ot} xoi tò òrò xv AO, ON: 
ote at AO, ON uéoot ciol Suvduer uóvov oÚuuETpOL uécov 
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ously) laid down rational (straight-line) AC, and the 
square on the whole, AG, is greater than (the square on) 
the attachment, DG, by the (square) on (some straight- 
line) commensurable (in length) with (AG) [Def. 10.13]. 
Therefore, since the square on AG is greater than (the 
square on) GD by the (square) on (some straight-line) 
commensurable (in length) with (AG), thus if (an area) 
equal to the fourth part of the square on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half 
at E. And let (an area) equal to the (square) on EG 
have been applied to AG, falling short by a square fig- 
ure. And let it be the (rectangle contained) by AF and 
FG. And let EH, FT, and GK have been drawn through 
points E, F, and G (respectively), parallel to AC. Thus, 
AF and FG are commensurable (in length). AJ (is) thus 
also commensurable with FK [Props. 6.1, 10.11]. And 
since AF and FG are commensurable in length, AG is 
thus also commensurable in length with each of AF and 
FG [Prop. 10.15]. And AG (is) rational, and incommen- 
surable in length with AC. Hence, AF and FG (are) 
also (rational, and incommensurable in length with AC) 
[Prop. 10.13]. Thus, AJ and FK are each medial (ar- 
eas) [Prop. 10.21]. Again, since DE is commensurable 
in length with EG, DG is also commensurable in length 
with each of DE and EG [Prop. 10.15]. And GD (is) 
rational, and incommensurable in length with AC. Thus, 
DE and EG (are) each also rational, and incommensu- 
rable in length with AC [Prop. 10.13]. DH and EK are 
thus each medial (areas) [Prop. 10.21]. And since AG 
and GD are commensurable in square only, AG is thus 
incommensurable in length with GD. But, AG is com- 
mensurable in length with AF, and DG with EG. Thus, 
AF is incommensurable in length with EG [Prop. 10.13]. 
And as AF (is) to EG, so AI is to EK [Prop. 6.1]. Thus, 
AI is incommensurable with EK [Prop. 10.11]. 
Therefore, let the square LM, equal to AJ, have 
been constructed. And let NO, equal to FK, which is 
about the same angle as LM, have been subtracted (from 
LM). Thus, LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let the (rest of the) figure have been drawn. Therefore, 
since the (rectangle contained) by AF and FG is equal 
to the (square) on EG, thus as AF is to EG, so EG (is) 
to FG [Prop. 6.17]. But, as AF (is) to EG, so AI is to 
EK [Prop. 6.1]. And as EG (is) to FG, so EK isto FK 
[Prop. 6.1]. And thus as AI (is) to EK, so EK (is) to 
FK [Prop. 5.11]. Thus, EK is the mean proportional to 
AI and FK. And MN is also the mean proportional to 
the squares LM and NO [Prop. 10.53 lem.]. And AJ is 
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xepiéyoucot. À AN &pa uéornc anotouy oti Õeutépa: xoi equal to LM, and FK to NO. Thus, EK is also equal to 


60vaxot TO AB ywptov. MN. But, MN is equal to LO, and EK [is] equal to DH 
‘H dpa tò AB ywotov Suvayévyn uéonc ånotoyń écw [Prop. 1.43]. And thus the whole of DK is equal to the 
devtépa’ Ónep Eder Oci&on. gnomon UVW and NO. And AK (is) also equal to LM 


and NO. Thus, the remainder AB is equal to S'T —that is 
to say, to the square on LN. Thus, LN is the square-root 
of area AB. I say that LN is the second apotome of a 
medial (straight-line). 

For since AJ and FK were shown (to be) medial (ar- 
eas), and are equal to the (squares) on LP and PN (re- 
spectively), the (squares) on each of LP and PN (are) 
thus also medial. Thus, LP and PN (are) each medial 
(straight-lines). And since AJ is commensurable with 
FK [Props. 6.1, 10.11], the (square) on LP (is) thus 
also commensurable with the (square) on PN. Again, 
since AI was shown (to be) incommensurable with EK, 
LM is thus also incommensurable with M N—that is to 
say, the (square) on LP with the (rectangle contained) 
by LP and PN. Hence, LP is also incommensurable in 
length with PN [Props. 6.1, 10.11]. Thus, LP and PN 
are medial (straight-lines which are) commensurable in 
square only. So, I say that they also contain a medial 
(area). 

For since EK was shown (to be) a medial (area), and 
is equal to the (rectangle contained) by LP and PN, the 
(rectangle contained) by LP and PN is thus also medial. 
Hence, LP and PN are medial (straight-lines which are) 
commensurable in square only, and which contain a me- 
dial (area). Thus, LN is the second apotome of a medial 
(straight-line) [Prop. 10.75]. And it is the square-root of 
area AB. 

Thus, the square-root of area AB is the second apo- 
tome of a medial (straight-line). (Which is) the very thing 
it was required to show. 



















































































Lo’. Proposition 94 
"E&v ywptov repiéyntat ÙTÒ enfic xoi ÅTOTOUÑS TeTHETNG, If an area is contained by a rational (straight-line) and 
$ TÒ ywptov Guvauévn &Aácocv &oxtv. a fourth apotome then the square-root of the area is a 
minor (straight-line). 
A A E ZH A A D E FG L N o 
Ly 
x rcu | 
Wt- 
T B © IK C B H IK 

P R T M 
Xwetov yàp tò AB nepieyéoðw nò nts týs AT xol For let the area AB have been contained by the ra- 
ånotouñs tethetys vfjc AA: Aéyo, Ów fj, tò AB ywotov tional (straight-line) AC and the fourth apotome AD. I 
õuvauévn EAcoowv Eotiv. say that the square-root of area AB is a minor (straight- 
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"Eom yàp tH AA mpoooguótouca f, AH: at &pa 
AH, HA Qnxoí ciot Suvduer uóvov oOugexpot, xoi 7 AH 
OUUNETEOS &ox TH Goxeuiévn ont tH AT rer, f, 66 SA 
n AH tic npocapuočovons týs AH ueitov Sbvata t 
åTÒ douupuévpou avt UAxet. nel oÓv À AH týs HA 
ueiGov Sbvata TG ånò &ouugévpou taut uYjxet, ¿àv dpa 
1G vevápto uépet voO and týs AH (oov nap& thy AH ro 
eoBAndh EAAcinov elder vetpoY vo, cic HoUUMETEA ATHY 
dteAet. tetufodw otv ý AH Stya xoxà tò E, xoi 16 and 
tfi; EH (cov nap& thy AH rapoBeBAjodw eAAcinov elder 
TETOEAYOVY, xol Eotw TO UNS 1v AZ, ZH: åoúuuetpos 
&pa &oxi unxet f, AZ tH ZH. HyVwouy ody oid xv E, Z, H 
xapáAArAo tas AT, BA oi EO, ZI, HK. &nei odv nth otw 
ñ AH xoi ovuuetpos xfj AT uýxer, Ontov doa &oxiv ÓAov TO 
AK. nédw, énel dobupetedc &ovv 7 AH xfj AT urjxet, xot 
ciow aupdteoa ntal, uécov dpa &oxl tò AK. nó, nel 
&cougetpóc &oxiv f, AZ xfj ZH uet, &oOugevpov doa xol 
tò AI xà ZK. 

Luveotatw odv 16 u£v AI {oov vevpévovov tò AM, xà 
6£ ZK toov apnenodw negl thy avothy ywviav Thy oro xGv 
AOM tò NE. nepl thy avtiy dpa Sidetdv £o xà AM, NE 
TETENYWVa. £oxo o Gv Sidustoc f| OP, xol xatayeypáoðw 
TO oyfjua. nel odv tò Und x&v AZ, ZH toov tot 16 and 
tfic EH, åváňoyov dou &oxiv ðs Å AZ ngóc thy EH, obxoc 
1 EH npóc thy ZH. àXX' óc u&v f; AZ ngóc thy EH, obxoc 
éotl tò AI npóc tò EK, óc 8€ Å EH ngóc thy ZH, obxoc 
éotl tò EK npóc tò ZK: xv dpa AI, ZK uécov åváňoyóv 
éott tò EK. £cu dé xoi xóv AM, NE xexgayovov uéoov 
åváňoyov tò MN, xat &oxv (cov tò u£v AI v AM, 10 6€ 
ZK 16) NE: xoi tò EK dea toov oti 16 MN. Aà 1G uèv 
EK icov &cx tò AO, xà 6& MN tcov Eotl tò AE: ÓAov 
pa tò AK cov éoti tă TX vvouow xoi 16 NE. enet 
oùv ÓAov tò AK ícov &cxi voic AM, NE xexgayovotc, Gv 
tÒ AK tcov &oxi tă Y X yvouow xoi t% NE xexpgov ovo, 
Aotxóv &pa tò AB toov éotl tă UT, toutéott 1G and tS 
AN teteayove 7 AN doa Sbvata tò AB ywptov. Aéyo, 
óu f, AN &Xoyóc Eotw f| xoXouuévr £Aácoov. 

"Enel yàp pntdov £o tò AK xat ot toov toç &nd vv 
AO, ON tetekywvoic, 16 &pa ovyxeiuevov èx THY and TV 
AO, ON Qnxóv éotw. nó, ¿nel tò AK uéoov £&oxív, xal 
otv {oov 10 AK c6 dic Und x&v AO, ON, tò &pa dic ono 
tév AO, ON yécov Eotiv. xol Enel dobuUetoov edetyIn TO 
AI xà ZK, dobuyeteov doa xoi tò and tic AO tetekywvov 
1G dno ts ON teteayave. at AO, ON &pa duvduet eiolv 
KOUUUETEOL TOLOUOM TO u£v ouyxe(uevov EX TOY dm atv 
TETONYWVOV PNTOV, TO ðè Sic bn’ adTHY uécov. f, AN &pa 
&AoYóc EoTW f xoAouuévr, £Aácoov: xoà SUVaTA tò AB 
y otov. 

‘H dea tò AB ywoiov 6uvauévr, £Aácoov &oxív: Sree 
del dca. 
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line). For let DG be an attachment to AD. Thus, AG 
and DG are rational (straight-lines which are) commen- 
surable in square only [Prop. 10.73], and AG is com- 
mensurable in length with the (previously) laid down ra- 
tional (straight-line) AC, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the square on (some straight-line) incommensurable 
in length with (AG) [Def. 10.14]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of the (square) on DG, is applied to AG, falling short 
by a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There- 
fore, let DG have been cut in half at E, and let (some 
area), equal to the (square) on EG, have been applied 
to AG, falling short by a square figure, and let it be the 
(rectangle contained) by AF and FG. Thus, AF is in- 
commensurable in length with FG. Therefore, let EH, 
FI, and GK have been drawn through E, F, and G (re- 
spectively), parallel to AC and BD. Therefore, since AG 
is rational, and commensurable in length with AC, the 
whole (area) AK is thus rational [Prop. 10.19]. Again, 
since DG is incommensurable in length with AC, and 
both are rational (straight-lines), DK is thus a medial 
(area) [Prop. 10.21]. Again, since AF is incommensu- 
rable in length with FG, AI (is) thus also incommensu- 
rable with FK [Props. 6.1, 10.11]. 

Therefore, let the square LM, equal to AJ, have been 
constructed. And let NO, equal to FK, (and) about the 
same angle, LPM, have been subtracted (from LM). 
Thus, the squares LM and NO are about the same diag- 
onal [Prop. 6.26]. Let PR be their (common) diagonal, 
and let the (rest of the) figure have been drawn. There- 
fore, since the (rectangle contained) by AF and FG is 
equal to the (square) on EG, thus, proportionally, as AF 
is to EG, so EG (is) to FG [Prop. 6.17]. But, as AF (is) 
to EG, so AI is to EK, and as EG (is) to FG, so EK is 
to FK [Prop. 6.1]. Thus, EK is the mean proportional to 
AI and FK [Prop. 5.11]. And MN is also the mean pro- 
portional to the squares LM and NO [Prop. 10.13 lem.], 
and AI is equal to LM, and FK to NO. EK is thus 
also equal to MN. But, DH is equal to EK, and LO is 
equal to MN [Prop. 1.43]. Thus, the whole of DK is 
equal to the gnomon UVW and NO. Therefore, since 
the whole of AK is equal to the (sum of the) squares LM 
and NO, of which DK is equal to the gnomon UVW 
and the square NO, the remainder AB is thus equal to 
ST—that is to say, to the square on LN. Thus, LN is the 
square-root of area AB. I say that LN is the irrational 
(straight-line which is) called minor. 
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ue’. 
"E&v Ywptov Teple nto UNO ericfjc xoi amoxoufic NEUTTNC, 
Å tO ywetov Suvayevy [f] uex& ONTO uécov TO óXov rovoboá 
£o. 
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Xwptov yàp tò AB zepieyéodw Und ntis ts AT xoi 
ånotouñs nÉuntrc ts AA’ Aévo, StL f, tò AB ywotov ðv- 
vogévn [f] uex& Ontot uécov tò dAov rotobo& otw. 

"Eo yàp ti AA mnpoooguótouca f) AH: oi dpa 
AH, HA pntat ciot 6ovóget uóvov obuUETeOL, xoà f, Teo- 
copuóCouca 7 HA ovuuetpd¢ ċott ufpet Tfj Exxewevy 
end tH AD, f, òè GAn f, AH tic npocapuotovons tS 
AH upeiZov 60voxot T àxÓ douuuévpou aut. àv doa 
1G vevápto uépet TOU and týs AH (oov nap& thy AH nta- 
eoBAndh EAAcinov elder vetpoY vo, cic KoUUMETEA ATHY 
dteAet. tetunoVw odv f, AH diya xatà tò E onueiov, xoi 
16) ånò ts EH {oov napà thy AH xapopepArjodo £XXcixov 
eldet tvevpotY vo xol Eotw TO UNO xv AZ, ZH: áoouuexpoc 
dea &oxlv f, AZ ti ZH ures. xoi Enel dobuuetedc &oxiv f| 
AH «fj DÀ ufpcet, xat ciow åuoótepa ntal, uécov dea &oxi 
tO AK. nóAt, nel Oyty Eotw n AH xoi obuueteos tH AT 
ure, enxóv ċott tò AK. 

Muveoxóo odv 16) uèv AI toov vevpéyovov tò AM, 1G 
6€ ZK toov tetedywvov apnejodw tò NE nepi thy oabtilv 
yoviay thy òrò AOM: negl thy adtiy dow Guiiexpóv £o 
ta AM, NE tetpkywva. gotw avtésv Sidueteo¢ T, OP, xoi 
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For since AK is rational, and is equal to the (sum of 
the) squares LP and PN, the sum of the (squares) on 
LP and PN is thus rational. Again, since DK is me- 
dial, and DK is equal to twice the (rectangle contained) 
by LP and PN, thus twice the (rectangle contained) by 
LP and PN is medial. And since AI was shown (to be) 
incommensurable with FK, the square on LP (is) thus 
also incommensurable with the square on PN. Thus, LP 
and PN are (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ra- 
tional, and twice the (rectangle contained) by them me- 
dial. LN is thus the irrational (straight-line) called minor 
[Prop. 10.76]. And it is the square-root of area AB. 

Thus, the square-root of area AB is a minor (straight- 
line). (Which is) the very thing it was required to show. 


Proposition 95 


If an area is contained by a rational (straight-line) and 
a fifth apotome then the square-root of the area is that 
(straight-line) which with a rational (area) makes a me- 
dial whole. 
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For let the area AB have been contained by the ra- 
tional (straight-line) AC and the fifth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a rational (area) makes a medial whole. 

For let DG be an attachment to AD. Thus, AG and 
DG are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and the attachment 
GD is commensurable in length the the (previously) laid 
down rational (straight-line) AC, and the square on the 
whole, AG, is greater than (the square on) the attach- 
ment, DG, by the (square) on (some straight-line) incom- 
mensurable (in length) with (AG) [Def. 10.15]. Thus, if 
(some area), equal to the fourth part of the (square) on 
DG, is applied to AG, falling short by a square figure, 
then it divides (AG) into (parts which are) incommensu- 
rable (in length) [Prop. 10.18]. Therefore, let DG have 
been divided in half at point E, and let (some area), equal 
to the (square) on EG, have been applied to AG, falling 
short by a square figure, and let it be the (rectangle con- 
tained) by AF and FG. Thus, AF is incommensurable 
in length with FG. And since AG is incommensurable 
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nxatayeyeag~dw tò oyua. Ouolwe 97 Seiouev, óu Y, AN 
dvvata TO AB ywptov. Aéyw, óv f) AN Å uexà Ontod uécov 
TÒ ÓAov TOLOŬOĠ &ov. 

"Enel yàp uécov edetyDn tò AK xal tot toov tols &nd 
t&v AO, ON, tò doa ovyxeiuevov &x x&v and àv AO, ON 
Uuécov Eottv. nóAtv, &nel EntOv oti TO AK xaí £owv toov 
TG dic ónó vv AO, ON, xol axo ertóv otw. xol Emel 
åoúuuETpÓV &ox TÒ AI xà ZK, &àoouuetpov &pa &oxi xol TÒ 
ano ts AO 16 ànxó týs ON: oi AO, ON &pa Suvduer cioty 
&ocóugecpot TOLODOM TO u£v OLYXEÍLEVOV ÈX TOY AT’ atv 
xevpatY vov u£cov, TO BE dle UT’ atv ENTOV. T) Aou] hoa 
1 AN &Aovóc &oty fj xaXougévr uexà ENTOD uécov TO ÓAov 
xotoUcar xoà Sbvata tò AB ywotov. 

‘H tò AB dpa xopíov Õuvauévy) età OYTOD uécov TO 
ÓXov ToLlotod &oxtv: ónep Eder deiga. 


L 


he. 

‘Edy yopiov nepiéyrvot UNO ericiic xoi AMOTOUAS &£xcrc, 

7 TO ywotov Guvauévr, UETA uécou uéoov TO ÓAov rotoboá 
£o. 


A A E ZH 
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Xogpíov yàp tò AB nepeyéoðw Und ntis ts AT xol 
d&notoufic Éxvnc vfjc AA: AEyw, StL Å tÒ AB ywotov ðv- 
vauévn [f] uetà uécou uécov tò óXov rovoboé &ovv. 

"Eo yàp tfj AA npgocopuóCouca 7 AH: oi &pa AH, 
HA $raí siot Guváyet uóvov obuUETeOL, xoi ob0ecépa 
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in length with C A, and both are rational (straight-lines), 
AK is thus a medial (area) [Prop. 10.21]. Again, since 
DG is rational, and commensurable in length with AC, 
DK is a rational (area) [Prop. 10.19]. 

Therefore, let the square LM, equal to AJ, have been 
constructed. And let the square NO, equal to FK, (and) 
about the same angle, L PM, have been subtracted (from 
NO). Thus, the squares LM and NO are about the same 
diagonal [Prop. 6.26]. Let PR be their (common) diag- 
onal, and let (the rest of) the figure have been drawn. 
So, similarly (to the previous propositions), we can show 
that LN is the square-root of area AB. I say that LN is 
that (straight-line) which with a rational (area) makes a 
medial whole. 

For since AK was shown (to be) a medial (area), and 
is equal to (the sum of) the squares on LP and PN, 
the sum of the (squares) on LP and PN is thus medial. 
Again, since DK is rational, and is equal to twice the 
(rectangle contained) by LP and PN, (the latter) is also 
rational. And since AJ is incommensurable with FK, the 
(square) on LP is thus also incommensurable with the 
(square) on PN. Thus, LP and PN are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them medial, and twice the (rectangle 
contained) by them rational. Thus, the remainder LN is 
the irrational (straight-line) called that which with a ra- 
tional (area) makes a medial whole [Prop. 10.77]. And it 
is the square-root of area AB. 

Thus, the square-root of area AB is that (straight- 
line) which with a rational (area) makes a medial whole. 
(Which is) the very thing it was required to show. 


Proposition 96 


If an area is contained by a rational (straight-line) and 
a sixth apotome then the square-root of the area is that 
(straight-line) which with a medial (area) makes a medial 
whole. 
A D E FG N 
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For let the area AB have been contained by the ra- 
tional (straight-line) AC and the sixth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a medial (area) makes a medial whole. 

For let DG be an attachment to AD. Thus, AG and 
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avtév oOugetpóc EOTL TH Exxeiwevyn env, tH AT uhxer, 7 
dé An f| AH ts npocapuotovons týs AH uciCov Sbvata 
1G &NO dcuuuéxpou taut ufjxev.. Exel obv f| AH týs HA 
ueiGov Sbvata TG dxó àouugévpou taut uYjxet, àv dpa 
TG) vevápto uépget Tob and fic AH {oov nap& thy AH ro 
eoBAndh EAAcinov elder teteayave, cic HoUUMETEA ATHY 
dteAgt. tetuhodw otv f, AH dtya xatà tò E [onueiov], xoi 
16) ånò ts EH toov napà thy AH xapopepArjoto £XXcixov 
eldet vevpocy veo, xal Eotw TÒ ONO vv AZ, ZH: dovwUEteo¢ 
&pa &oxiv f| AZ ti ZH uńxet. óc 6& f| AZ npgóc thy ZH, 
obtc Eotl TÒ AI npóc tò ZK: åoúuuetpov dpa Eotl TÒ 
AI xà ZK. xoi &nel of AH, AT ontat ciot Suveyer uóvov 
OUUUETEOL, uécov éoxi TO AK. néAw, &xel at AD, AH Ontat 
ciot xoi åoúuuETpOL ufixet, uécov &oxi xoi TO AK. &nel odv 
oi AH, HA duvduet uóvov oOupepo( ciow, &oOugexpoc dpa 
éotlv f| AH xfj HA pret. oc 68 7| AH npóc thy HA, obxoc 
éotl tò AK npóc tò KA: åoúuuetpov &pa Eoti tò AK 165 
KA. 

huveotétw obv 16) uèv AI (cov vevpáyovov tò AM, 
16) 6£ ZK toov &nefjo0o nepi Thy avthy Yoviav tò NE: 
Teel tiv adthy doa Siduetedv &ox xà AM, NE tetpåywva. 
čotw a1Gv Sidusteoc f, OP, xoi xatayeypágðw tò oY Uc. 
òuolws $1) voic &n&vo SetEouev, ött f, AN S0vata tò AB 
yootov. Aéyw, öt Å AN [f] uex& uécou uécov tò ddov 
TOLOŬOÁ EOTIY. 

‘Enel yàp uécov edety0n tò AK xat Eotw toov xoic and 
t&v AO, ON, tò doa ovyxetuevov &x t&v and vv AO, ON 
uécov éoxív. mdéAw, Emel uécov edety)n tò AK xai &ouv 
{oov tæ die Und tõv AO, ON, xoi tò dic Und xv AO, ON 
uécov &oxív. xoi Exel doOugexpov edelydn tò AK xà AK, 
åoúuuctpa [koa] cotl xoà xà dnd x&v AO, ON tetpåywva 
1G dic Und vv AO, ON. xoi Exel doOuuexpóv Eott tò AT x 
ZK, àoóugexpov dea xoà tò and ts AO xà and týs ON: 
at AO, ON doa Suvduet eiolv àoOuuexpor rotobcot TÓ TE 
ovYxeluevov EX TOY ÀT’ AÙTÕV vevpoty vov uécov xoi TO Bic 
ÙT’ AÙTÕV uécov ETL TE TA dm AUTO TeTEdYWVA doougetpa 
TG) Sic On’ adTHV. Å doa AN doydc Eotw f| xahovuéun ETH 
uécou uécov TO OAov xotoboar xol SUvata TO AB ywetov. 

‘H dea tò ywplov óuvogévr, uexà uécou uéoov TO ÓAov 
roto0o& otv: Sree Eder SetEau. 
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GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and neither of them is 
commensurable in length with the (previously) laid down 
rational (straight-line) AC, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the (square) on (some straight-line) incommensurable 
in length with (AG) [Def. 10.16]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of square on DG, is applied to AG, falling short by 
a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There- 
fore, let DG have been cut in half at [point] E. And let 
(some area), equal to the (square) on EG, have been ap- 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and FG. AF is thus 
incommensurable in length with F'G. And as AF (is) to 
FG, so AI is to FK [Prop. 6.1]. Thus, AJ is incommen- 
surable with FK [Prop. 10.11]. And since AG and AC 
are rational (straight-lines which are) commensurable in 
square only, AK is a medial (area) [Prop. 10.21]. Again, 
since AC and DG are rational (straight-lines which are) 
incommensurable in length, DK is also a medial (area) 
[Prop. 10.21]. Therefore, since AG and GD are com- 
mensurable in square only, AG is thus incommensurable 
in length with GD. And as AG (is) to GD, so AK is to 
KD [Prop. 6.1]. Thus, AK is incommensurable with K D 
[Prop. 10.11]. 

Therefore, let the square LM, equal to AI, have been 
constructed. And let NO, equal to FK, (and) about the 
same angle, have been subtracted (from LM). Thus, 
the squares LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let (the rest of) the figure have been drawn. So, similarly 
to the above, we can show that LN is the square-root of 
area AB. I say that LN is that (straight-line) which with 
a medial (area) makes a medial whole. 

For since AK was shown (to be) a medial (area), and 
is equal to the (sum of the) squares on LP and PN, the 
sum of the (squares) on LP and PN is medial. Again, 
since DK was shown (to be) a medial (area), and is 
equal to twice the (rectangle contained) by LP and PN, 
twice the (rectangle contained) by LP and PN is also 
medial. And since AK was shown (to be) incommensu- 
rable with DK, [thus] the (sum of the) squares on LP 
and PN is also incommensurable with twice the (rect- 
angle contained) by LP and PN. And since AI is in- 
commensurable with FK, the (square) on LP (is) thus 
also incommensurable with the (square) on PN. Thus, 
LP and PN are (straight-lines which are) incommensu- 
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hes 
TO ano ànoroufjc ropà ENTHY ropopoAXÓuevov rA&oc 
rxotet àümoxour]v TEWTHY. 


























B H 
T Z N K M 
A E E A 
"Eoo anotoun 7, AB, enr 68 f, TA, xoi tă nó tic 


AB toov nap& thy TA napapeßàńoðw tò TE rA&tog xotobv 
thy TZ: Aéyw, öt H TZ anotoyyh £oxt TE@tn. 

"Eoxo yàp t AB npoooguóCouoca f, BH: oi &épa AH, 
HB nta ciot 6uváuet uóvov ooguetpor. xol TH u£v GTO 
tfic AH {oov napà thy DA napaSeBAjodw tò rO, 16 dé 
ano týs BH tò KA. ddov &pa tò TA tcov tot tos and 
t&v AH, HB: Gv tò TE tcov £o té and týs AB: Aowxóv 
dpa tò ZA (cov &ox 1G dic bn x&v AH, HB. tetufodw 
Å ZM diya xatà tò N onusiov, xoi Tic dia tod N tH TA 
xapáAArAoc f, NE: &xévepov toa téiv ZE, AN (oov Eotl 1G 
òrò t&v AH, HB. xoi éne và dnd xóv AH, HB 6nté cow, 
xai Eott totic and tév AH, HB {oov tò AM, entxóv dpa 
£c tò AM. xol napa erra thy TA napaBeBAnto nA&tO¢ 
novobdy thy TM: enc, doa &oxiv ñ TM xoi obuetpoc cf, TA 
unxer. náňwv, Enel uécov &odi TO Sic Und x&v AH, HB, xoi 
1G dic bn6 x&v AH, HB icov tò ZA, uécov doa tò ZA. xoi 
Tape eric thy TA napdxerto noc xotoOv thy ZM: er) 
doa cotly À ZM xoi åoúupetpos tH DA purer. xoi Emel xà 
u&v and àv AH, HB pnté éotw, tò dé dic Und xv AH, 
HB yécov, cobuetoa doa &oxi xà dnd x&v AH, HB 16 dic 
òrò x&v AH, HB. xoi toic u£v and Gv AH, HB {oov £o 
tò TA, 16 dé Sic nò Gv AH, HB tò ZA: àoougexpov &pa 
éotl tò AM TẸ ZA. we 66 tò AM npóc 16 ZA, ottw¢ Eotiv 
ù TM npóc thy ZM. aobvuueteoc dea cotlv f, I'M t ZM 
uryxer. xal ciow aupdteoa eryvot at doa TM, MZ errat sior 
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rable in square, making the sum of the squares on them 
medial, and twice the (rectangle contained) by medial, 
and, furthermore, the (sum of the) squares on them in- 
commensurable with twice the (rectangle contained) by 
them. Thus, LN is the irrational (straight-line) called 
that which with a medial (area) makes a medial whole 
[Prop. 10.78]. And it is the square-root of area AB. 
Thus, the square-root of area (AB) is that (straight- 
line) which with a medial (area) makes a medial whole. 
(Which is) the very thing it was required to show. 


Proposition 97 


The (square) on an apotome, applied to a rational 
(straight-line), produces a first apotome as breadth. 


n B G 





C F N K M 























D E OH L 

Let AB be an apotome, and CD a rational (straight- 
line). And let CE, equal to the (square) on AB, have 
been applied to C D, producing CF as breadth. I say that 
CF is a first apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73]. And let CH, equal 
to the (square) on AG, and KL, (equal) to the (square) 
on BG, have been applied to CD. Thus, the whole of 
CL is equal to the (sum of the squares) on AG and GB, 
of which CE is equal to the (square) on AB. The re- 
mainder FL is thus equal to twice the (rectangle con- 
tained) by AG and GB [Prop. 2.7]. Let FM have been 
cut in half at point N. And let NO have been drawn 
through N, parallel to CD. Thus, FO and LN are each 
equal to the (rectangle contained) by AG and GB. And 
since the (sum of the squares) on AG and GB is rational, 
and DM is equal to the (sum of the squares) on AG and 
GB, DM is thus rational. And it has been applied to the 
rational (straight-line) CD, producing CM as breadth. 
Thus, C M is rational, and commensurable in length with 
C D [Prop. 10.20]. Again, since twice the (rectangle con- 
tained) by AG and GB is medial, and FL (is) equal to 
twice the (rectangle contained) by AG and GB, FL (is) 
thus a medial (area). And it is applied to the rational 
(straight-line) CD, producing FM as breadth. FM is 
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6uváget uóvov ovUUETteol 7 TZ doa anotouy cotw. AÉyo 
dH, Ott xod. npo. 

‘Enel yàp vv and t&v AH, HB yéoov avédoydv £o 
tO Und tõv AH, HB, xai got 16 u£v dnd týs AH toov tò 
TO, xà 6& and týs BH toov tò KA, xà dé ónó x&v AH, 
HB tò NA, xoi tv TO, KA doa uécov àváňoyóv Eott TO 
NA: Zotw doa óc tò TO npóc tò NA, oŬtws tò NA npóc 
tO KA. dV’ óc uèv tò TO ngóc tò NA, obxoc Eotiv f| 
TK npd¢ thy NM: óc 6€ tò NA ngóc tò KA, obxoc Eotiv 
A NM npóc thy KM: tò doa oxó t&v TK, KM toov £od 
1G and rfjg NM, toutéott T tetdoetw uépet voO ano TÄS 
ZM. xol exei obuuetedv ott TÒ ånò ts AH 16 ånò ts 
HB, oúupetpóv [éott] xoi tò rO 165 KA. óc òè tò TO npóc 
tò KA, oŬŭtas 7 DK ngóc thy KM: oúvuuetpos dow Eotly f| 
TK th KM. nel odv 060 evdeia &viool ciow at TM, MZ, 
xol TE vevápro uépet TOD ano týs ZM toov xopà thy TM 
TapoBEBAntar &AXeinov elder TetepAyOvH TO UNO xv TK, 
KM, xaí &ox oóugexgoc Ù TK th KM, ġ Goa TM týs MZ 
ueiGov Sbvatoau TH aNd GUUNETEOL auti urjxet. xal &oxty f| 
I'M. ovuueteos «fj &xeuévn exci tH TA urpev 9| dea PZ 
ANOTOUH EOTL nor. 

TO doa aNd dnoroufjc Tape Qr mopopoAAXÓuevov 
TAOS notet ANOTOUAY TEWTHY’ ónep EDEL Seitar. 


hn 
TO &xó uéornc &xotoufjc TEATHS napà ENTYY Tapa- 
poXAXóuevov rAÀ&xoc notet irocour|v Geutépav. 
"Ecco uéongc arotouy ngo, f, AB, enti òè 79) L'A, xol xà 
ano ts AB (cov nape thy TA rapofepAriodo tò TE rA&to¢ 
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thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the (sum of the squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is thus incommensurable with twice the (rectan- 
gle contained) by AG and GB. And CL is equal to the 
(sum of the squares) on AG and GB, and FL to twice the 
(rectangle contained) by AG and GB. DM is thus incom- 
mensurable with FL. And as DM (is) to FL, so C M is to 
FM [Prop. 6.1]. CM is thus incommensurable in length 
with FM [Prop. 10.11]. And both are rational (straight- 
lines). Thus, CM and MF are rational (straight-lines 
which are) commensurable in square only. CF is thus an 
apotome [Prop. 10.73]. So, I say that (it is) also a first 
(apotome). 

For since the (rectangle contained) by AG and GB is 
the mean proportional to the (squares) on AG and GB 
[Prop. 10.21 lem.], and CH is equal to the (square) on 
AG, and KL equal to the (square) on BG, and NL to 
the (rectangle contained) by AG and GB, NL is thus 
also the mean proportional to CH and KL. Thus, as 
CH is to NL, so NL (is) to KL. But, as CH (is) to 
NL, so CK is to NM, and as NL (is) to KL, so NM 
is to KM [Prop. 6.1]. Thus, the (rectangle contained) 
by CK and KM is equal to the (square) on NM— 
that is to say, to the fourth part of the (square) on FM 
[Prop. 6.17]. And since the (square) on AG is commen- 
surable with the (square) on GB, CH [is] also commen- 
surable with K L. And as CH (is) to K L, so CK (is) to 
KM [Prop. 6.1]. CK is thus commensurable (in length) 
with KM [Prop. 10.11]. Therefore, since CM and MF 
are two unequal straight-lines, and the (rectangle con- 
tained) by CK and K M, equal to the fourth part of the 
(square) on FM, has been applied to CM, falling short 
by a square figure, and CK is commensurable (in length) 
with K M, the square on CM is thus greater than (the 
square on) MF by the (square) on (some straight-line) 
commensurable in length with (CM) [Prop. 10.17]. And 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) C D. Thus, CF is a first 
apotome [Def. 10.15]. 

Thus, the (square) on an apotome, applied to a ratio- 
nal (straight-line), produces a first apotome as breadth. 
(Which is) the very thing it was required to show. 


Proposition 98 


The (square) on a first apotome of a medial (straight- 
line), applied to a rational (straight-line), produces a sec- 
ond apotome as breadth. 

Let AB be a first apotome of a medial (straight-line), 
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rotoOv thy TZ: Aévo, ött ù TZ anotouyh ċott sevtéoa. 

"Eoo yàp ti AB npoooguóCouoca f, BH: oi &pa AH, 
HB péca eiot Suvduet uóvov OUUUETEOL PNTOV TEPLEYOVOUL. 
xoà 16 u£v ano týs AH (cov napa thy TA xapopegArjo0o 
tò TO nAóéxoc novobv thy TK, 16 è and týs HB toov tò 
KA nA&xoc novotv thy KM: óXov &pa tò TA toov &oxi xoic 
ano t&v AH, HB: uécov &pa xoi tò TA. xoi ropà eru 
thy TA ropdxerta tA&to¢ nowOv thy TM: ero &pa Eotiv 
7 TM xoi dobuueteoc tH PA ujxer. xoi Exel tò DA toov 
éotl toic dnd tév AH, HB, Gv tò ånò ts AB toov £o 
1G TE, Aoindv dea tò dic bn6 xàv AH, HB ioov tot) 1G 
ZA. ġntòv dé [toti] tò Bic Und x&v AH, HB: ntòv dpa tò 
ZA. xol rapà enthy thy ZE napdxerta n &xoc nov thy 
ZM: ont) dea £ox xoà f, ZM xoà ovuuetpos tH TA ure. 
&nel ovv tà u&v dxó xv AH, HB, xouxécu tò TA, uécov 
éotlv, TÒ dé dic nò x&v AH, HB, toutéot tÒ ZA, nTóv 
déovuuEtoov doa &oxi tò TA t& ZA. we dé tò TA npóc 16 
ZA, ottw¢ &oxiv f, DM npóc thy ZM: åoúuuetpos doa À 
I'M th ZM urjxet.. xot ciow oupóxepot entat ot dea TM, 
MZ ortat siot Suvdet uóvov oúvuuetpor 7; TZ doa àmoxoyur 
got. A€yw Of, OTL xol SeuTeoa. 


























A B H 
Dr Z N K M 
A E E A 
Texurjo9o yàp f, ZM diya xoà tò N, xoi HyDw dà to 


N tH TA napáňňnios f, NE: exctepov dow téiv ZE, NA toov 
£c t6) Und vv AH, HB. xoi Enel tv àxó tv AH, HB 
xexpary vov uécov åváňoyóv ott TO UNO xv AH, HB, xoí 
éouv {oov tO pèv ano ts AH t& TO, tò dé ónó tõv AH, 
HB xà NA, tò dé ånò týs BH xà KA, xoi tv DO, KA 
&pa  uécov avddoydv &ox TO NA: Éowv dpa óc tò TO npóc 
tò NA, o01oc tò NA npóc tò KA. àXX óc uèv tò TO npóc 
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and CD a rational (straight-line). And let CE, equal to 
the (square) on AB, have been applied to C D, producing 
CF as breadth. I say that CF is a second apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a rational (area) [Prop. 10.74]. 
And let CH, equal to the (square) on AG, have been ap- 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on GB, producing K M as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) 
on AG and GB. Thus, CL (is) also a medial (area) 
[Props. 10.15, 10.23 corr.]. And it is applied to the ratio- 
nal (straight-line) CD, producing CM as breadth. CM 
is thus rational, and incommensurable in length with C.D 
[Prop. 10.22]. And since CL is equal to the (sum of the 
squares) on AG and GB, of which the (square) on AB 
is equal to CE, the remainder, twice the (rectangle con- 
tained) by AG and GB, is thus equal to FL [Prop. 2.7]. 
And twice the (rectangle contained) by AG and GB [is] 
rational. Thus, FL (is) rational. And it is applied to the 
rational (straight-line) FE, producing FM as breadth. 
FM is thus also rational, and commensurable in length 
with CD [Prop. 10.20]. Therefore, since the (sum of the 
squares) on AG and GB—that is to say, C L—is medial, 
and twice the (rectangle contained) by AG and GB— 
that is to say, FL—(is) rational, CL is thus incommen- 
surable with FL. And as CL (is) to FL, so CM is to 
FM [Prop. 6.1]. Thus, CM (is) incommensurable in 
length with FM [Prop. 10.11]. And they are both ra- 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a second (apotome). 


2: n G 
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For let FM have been cut in half at N. And let 
NO have been drawn through (point) N, parallel to 
CD. Thus, FO and NL are each equal to the (rectan- 
gle contained) by AG and GB. And since the (rectan- 
gle contained) by AG and GB is the mean proportional 
to the squares on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (rectangle 
contained) by AG and GB to NL, and the (square) on 
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tò NA, obxoc &oxiv f, TK npóc thy NM, óc òè tò NA npóc 
tò KA, obxoc Eotiv ñ NM npóc thy MK: óc doa f, TK 
rpgóc t NM, obxoc &odv f, NM npóc thy KM: tò dow 
bro x&v TK, KM tcov oti 1G and týs NM, vouxéou T 
texópxo uépger TOD &ró tc ZM [xoi Emel oouuexpóv OTL TO 
ano tfjc AH 16 dnd ts BH, obupetedv £o xoi tò TO x6 
KA, toutéotw f, TK tý KM]. éxet odv 600 cdVeia dvioot 
clow at I'M, MZ, xoi té tet&tew ućpet to} ano týs MZ 
{oov napa thy ue(Cova thy TM napapépanta EdAcinov etder 
xevpoY vo. TO UNO tæv TK, KM xoi eic obuuetpa abtr|v 
Statpet, À dow TM ts MZ uciCov 66vorxot 16 dnd cuuuévpou 
taut uýxer. xal Eotw f| ngocapuóCouoca ñ ZM obuUEteoc 
Unxe xfj Exxewevy enc, tH TA: 7 doa TZ ånotouń got 
OgUÉpat. 

TO doa ano uéonc &xotoufj; TEMTNS nap ENTHY Ta- 
popaAXóuevov TAdTOS Nolet ANOTOUHY Geuxépav: Ónep del 
Seicou. 


U0’. 


TO ano uéonc &xotoufjc ðecutépas nopà enu Tapa- 
poXAXóuevov rA&xoc notet irocour|v TolTHy. 





i b H 


Dr Z N K M 




















A E = © A 

"Eotw uéorc &notoun dSeutéea f, AB, pty òè 7 TA, xoi 
1G dnd ts AB ícov napd thy TA napaBeBrAnodw tò DE 
rA&xoc ToLoby Thy TZ: Aévo, Ott Ù TZ ànotouń corr teity. 

*Eotw yàp t AB npocapuóCouca f, BH: oi dou AH, HB 
uécot ciol óuváget uóvov oouuerpot uécov repiéyoucot. xol 
TG) uèv and ts AH toov napà thy TA napoBeBAnodw tò TO 
rÀ&xoc ToLoby thy TK, x6 68 and týs BH toov napà thy KO 
rapopepArfjoo tò KA xA&oc roioŭv thy KM: ddov pa tò 
TA tcov &oxi xoic and x&v AH, HB [xoí &ox uéca xà ànó 
tév AH, HB]: uécov &pa xoi tò DA. xoà ropà envy viv 
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BG to KL, NL is thus also the mean proportional to 
CH and KL. Thus, as CH is to NL, so NL (is) to KL 
[Prop. 5.11]. But, as CH (is) to NL, so CK is to NM, 
and as NL (is) to KL, so NM is to MK [Prop. 6.1]. 
Thus, as CK (is) to NM,so NM is to KM [Prop. 5.11]. 
The (rectangle contained) by CK and K M is thus equal 
to the (square) on NM [Prop. 6.17]—that is to say, to 
the fourth part of the (square) on FM [and since the 
(square) on AG is commensurable with the (square) on 
BG, CH is also commensurable with K L—that is to say, 
CK with KM]. Therefore, since CM and MF are two 
unequal straight-lines, and the (rectangle contained) by 
CK and K M, equal to the fourth part of the (square) 
on MF, has been applied to the greater CM, falling 
short by a square figure, and divides it into commensu- 
rable (parts), the square on C M is thus greater than (the 
square on) MF by the (square) on (some straight-line) 
commensurable in length with (CM) [Prop. 10.17]. The 
attachment F M is also commensurable in length with the 
(previously) laid down rational (straight-line) CD. CF is 
thus a second apotome [Def. 10.16]. 

Thus, the (square) on a first apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a second apotome as breadth. (Which is) the very 
thing it was required to show. 


Proposition 99 


The (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a third apotome as breadth. 


2 b G 





C F N K M 
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Let AB be the second apotome of a medial (straight- 
line), and CD a rational (straight-line). And let CE, 
equal to the (square) on AB, have been applied to CD, 
producing CF as breadth. I say that CF is a third apo- 
tome. 

For let BG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a medial (area) [Prop. 10.75]. 
And let CH, equal to the (square) on AG, have been 
applied to CD, producing CK as breadth. And let KL, 
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TA xapaBeBAntoa nAóxoc novotv thy TM: enti dea toti 
A DM xoi dovuueteos tH DA urpxet. xoi &rel dAov tò TA 
{oov goth toic and vv AH, HB, Gv tò TE toov ot) 16 
ano tfjc AB, Aowtóv doa tò AZ ïoov Eotl 16 dic On t&v 
AH, HB. tetuńoðw obv f, ZM dtya xatà tò N onueiov, 
xoi tH DA napáAAnAoc Hydw 9, NE: &xévepov toa xv ZE, 
NA tcov éoti 16 nó x&v AH, HB. uécov ðè tò ónó xGv 
AH, HB: uécov toa ott xoi to ZA. xoà rapà ONT thy 
EZ nopóxevot xAéxoc noioŭv thy ZM: enc dea xoi f, ZM 
xoà &cOuuexpoc t TA urixev. xoi &xei ot AH, HB duvéuer 
uóvov ciol obuUETeOL, dooguguexpoc how [£o] urjxet Y, AH 
tf, HB: dovuueteov dpa £oxl xoi tÒ dnd ts AH xà ono 
t&v AH, HB. àAA& x& uev and týs AH oúuuetpá ¿oTt xà 
ano 1v AH, HB, t& 5€ Ord xàv AH, HB 16 Sic ónó x&v 
AH, HB: àoóupexpa dow tot) tà dnd àv AH, HB x6 Bic 
òrò vv AH, HB. àAAà xoi; u&v àxó vv AH, HB ioov 
£c tò TA, xà òè dic Und xv AH, HB {oov éox tò ZA: 
åoúuuETpOV dpa &oxi tò TA x& ZA. we dé tò TA npóc 16 
ZA, oboc ċotiv ATM ngóc thy ZM: &ooggexpoc dpa Eotiv 
ATM «fj ZM ufjxev.. xot eiotv aupdteoa nta: at &pa TM, 
MZ entat ciot Suvduet uóvov obUUETEOL AMOTOU dea Eotly 
n UZ. Aévo Òh, Stu xo xpi. 

"Enel yàp oOuuexpóv £o TO and týs AH 16 and ts 
HB, ovwueteov dea xoi tò TO 16 KA: ote xoi 5; 'K tH 
KM. xoi énel tv and xv AH, HB uécov åváňoyóv £o 
tO Und tév AH, HB, xal ċott 16 yev and týs AH ioov 
tò DO, té 5é and týs HB icov tò KA, xi 68 ónó xGv 
AH, HB tcov tò NA, xoi t&v TO, KA doa uécov åváňoyóv 
éott TÒ NA: £owv doa wo tò TO ngóc tò NA, oüxoc TÒ 
NA npóc tò KA. àXAX óc uèv tò TO ngóc tò NA, obxoc 
éotlv ATK ngóc thy NM, óc 68 tò NA ngóc tò KA, obxoc 
éotlv f, NM ngóc thy KM: óc doa f, DK npóc thy MN, 
otw> £oxlv f, MN npóc thy KM: tò dea Uno xv PK, KM 
toov &ox x6 [and týs MN, toutéott 163] TETT uépet tou 
and ts ZM. Enel oov 600 evVeia &vicol ciow at I'M, MZ, 
xal TẸ TETÁPTY uépet TOD ano ts ZM toov napà thy TM 
rapojéBAnvot EAAcinov elder tetpayóov xal eic oúuueTtpa 
avtiy dope, A TM doa týs MZ uciCov Svvata x& ano 
ouugétpou taut. xa oòðetépa t&v TM, MZ ovuuetedc 
toti xer TH &xxeuiévr exci tH TA: À dea TZ ànxoxour, £oxt 
tpítn. 

Tò dpa and uéonc AMOTOUT SC Geuxépac rap ENTHY tapa- 
BodAduevov rAéxoc notet ATOTOUHY Teithy’ ónep Edet SetEau. 
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equal to the (square) on BG, have been applied to KH, 
producing KM as breadth. Thus, the whole of CL is 
equal to the (sum of the squares) on AG and GB [and 
the (sum of the squares) on AG and GB is medial]. CL 
(is) thus also medial [Props. 10.15, 10.23 corr.]. And it 
has been applied to the rational (straight-line) CD, pro- 
ducing C M as breadth. Thus, CM is rational, and incom- 
mensurable in length with CD [Prop. 10.22]. And since 
the whole of CL is equal to the (sum of the squares) on 
AG and GB, of which CE is equal to the (square) on 
AB, the remainder LF is thus equal to twice the (rect- 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at point N. And let NO 
have been drawn parallel to CD. Thus, FO and NL are 
each equal to the (rectangle contained) by AG and GB. 
And the (rectangle contained) by AG and GB (is) me- 
dial. Thus, FL is also medial. And it is applied to the 
rational (straight-line) EF, producing FM as breadth. 
FM is thus rational, and incommensurable in length with 
CD [Prop. 10.22]. And since AG and GB are commen- 
surable in square only, AG [is] thus incommensurable in 
length with GB. Thus, the (square) on AG is also incom- 
mensurable with the (rectangle contained) by AG and 
GB [Props. 6.1, 10.11]. But, the (sum of the squares) 
on AG and GB is commensurable with the (square) on 
AG, and twice the (rectangle contained) by AG and GB 
with the (rectangle contained) by AG and GB. The 
(sum of the squares) on AG and GB is thus incommen- 
surable with twice the (rectangle contained) by AG and 
GB [Prop. 10.13]. But, CL is equal to the (sum of the 
squares) on AG and GB, and FL is equal to twice the 
(rectangle contained) by AG and GB. Thus, CL is in- 
commensurable with FL. And as CL (is) to FL, so CM 
is to FM [Prop. 6.1]. CM is thus incommensurable in 
length with FM [Prop. 10.11]. And they are both ra- 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since the (square) on AG is commensurable with 
the (square) on GB, CH (is) thus also commensu- 
rable with KL. Hence, CK (is) also (commensurable 
in length) with KM [Props. 6.1, 10.11]. And since the 
(rectangle contained) by AG and GB is the mean propor- 
tional to the (squares) on AG and GB [Prop. 10.21 lem.], 
and CH is equal to the (square) on AG, and K L equal 
to the (square) on GB, and NL equal to the (rectangle 
contained) by AG and GB, NL is thus also the mean 
proportional to CH and K L. Thus, as CH is to NL, so 
NL (is) to KL. But, as CH (is) to NL, so CK isto NM, 
and as NL (is) to KL, so NM (is) to KM [Prop. 6.1]. 
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; 
Tò and EAdooovos napà ENTHY xopop oA Xóuevov TAdTOG 
TOLE AMOTOUNY veváptrnv. 


A p Hn 


























A^ E = © A 

"Eo &Aécoov f, AB, eru òè 7, DA, xoi x6 and fic 
AB {oov napà ntv thy TA xopopeBAroto tò TE tàátos 
rotoOv thy TZ: Aévo, ött f; TZ ànocouf, £o vexóprn. 

"Eoo yàp ti AB npoooguótCouoca f, BH: oi &pa. AH, 
HB Svvduet eiotv &oouuetpot rouo0ocot TÒ u£v ouYxeiuevov 
&x x&v and vv AH, HB tetpayóovwv pyntdy, tò dé dic ono 
t&v AH, HB uécov. xoa xG uèv and tic AH toov nape 
thy DA rapaBeBAjodw tò TO nAóéoc rotobv thy TK, có 
dé dnd tis BH {oov tò KA xAéxoc nov thy KM: óXov 
&pa tò TA (cov éoti toic and x&v AH, HB. xal got TÒ 
ouyxe(uevov &x x&v ånò xv AH, HB enxóv: enxóv dea 
éotl xoà tò TA. xoà rapà eryajv thy TA ropd&xerta TATO 
xotoUv thy TM: en, dea xoi 7 TM xoi obupetpos xf, TA 
uyxet. xoi Emel dAov tò TA toov &oxi xoic dnd xv AH, HB, 
Gv tò DE tcov éotl 16 and ts AB, hoindv &pa tò ZA {oov 
éotl té dic ónó vv AH, HB. tetufodw otv n ZM dtya 
xatà tÒ N onuciov, xoi Tic dia tod N onotépg tõv TA, 
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Thus, as CK (is) to MN, so MN is to KM [Prop. 5.11]. 
Thus, the (rectangle contained) by CK and KM is equal 
to the [(square) on M N—that is to say, to the] fourth 
part of the (square) on FM [Prop. 6.17]. Therefore, 
since CM and MF are two unequal straight-lines, and 
(some area), equal to the fourth part of the (square) on 
FM, has been applied to C M, falling short by a square 
figure, and divides it into commensurable (parts), the 
square on CM is thus greater than (the square on) MF 
by the (square) on (some straight-line) commensurable 
(in length) with (CM) [Prop. 10.17]. And neither of 
C M and MF is commensurable in length with the (pre- 
viously) laid down rational (straight-line) CD. CF is 
thus a third apotome [Def. 10.13]. 

Thus, the (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a third apotome as breadth. (Which is) the very 
thing it was required to show. 


Proposition 100 


The (square) on a minor (straight-line), applied to 
a rational (straight-line), produces a fourth apotome as 
breadth. 


i i G 
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Let AB be a minor (straight-line), and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to the rational (straight-line) C D, pro- 
ducing CF as breadth. I say that CF is a fourth apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are incommensurable in square, making the sum of 
the squares on AG and GB rational, and twice the (rect- 
angle contained) by AG and GB medial [Prop. 10.76]. 
And let CH, equal to the (square) on AG, have been ap- 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on BG, producing K M as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB is rational. CL is thus also rational. And it is ap- 
plied to the rational (straight-line) CD, producing CM 
as breadth. Thus, ŒM (is) also rational, and commen- 
surable in length with CD [Prop. 10.20]. And since the 
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MA nxapáAArXoc 9, NE: exctepov toa x&v ZZ, NA {oov £o 
16) bn t&v AH, HB. xoi Enel tò dic O26 vv AH, HB yéoov 
éotl xal &owv toov 16 ZA, xoi tÒ ZA doa uécov Eotty. xol 
Taek eric thy ZE napdxetta nÀ&xoc ToLoby thy ZM: en) 
dea gotiv fj ZM xoi dovuueteoc xf, TA uńxer. xoi &nel tò 
u&v cuvxe(uevov &x x&v and x&v AH, HB nTtóv otv, tò 
d€ Bic Und vv AH, HB uécov, d0vuyetoaw [Koa] £oxi xà and 
tév AH, HB 16 dic Und x&v AH, HB. tcov 6¢ [£o] tò TA 
toic and tõv AH, HB, x6 dé dic Ord xàv AH, HB icov tò 
ZA: dobuueteoy ow [eoti] tò TA 16 ZA. wc 6€ tò TA npóc 
tÒ ZA, obxoc &oxiv f; M. npóc thy MZ: d&ovuuEteo¢ &pa 
éotly f; I'M th MZ urxes. xat eiotv aupdteoa orto: at pot 
I'M, MZ rrai siot Suvdwer uóvov obUUETEOL’ &xoxour| dem 
éotlv WZ. Aéyo [By], Str xoà tetápTn. 

‘Enel yàp at AH, HB duvduet cioty do0vuUeTeOL, ÅOÚLUET- 
pov &pa xol tò dnd ts AH té and týs HB. xoí &ow 1G 
u&v ano týs AH {oov tò TO, xà õè and týs HB toov tò 
KA: àcóuguexpov čpa toti tò TO 16 KA. óc 66 tò TO npóc 
tò KA, o¥tw¢ &odv f, PK ngóc thy KM: åoúuuetpos dpa 
éotlv f, PK xfj KM ures. xoi nel vv dnd tv AH, HB 
uécov åváňoyóv £o TÒ UNO xv AH, HB, xal £owv tcov 
TO uèv ano týs AH 16 TO, tò dé and tis HB xà KA, 
tò 66 Und xv AH, HB 16 NA, x&v doa TO, KA uécov 
åváňoyóv oti TO NA: gotw doa oc tò TO xpóc tò NA, 
otwo tÒ NA nxpóc tò KA. àAX oc uèv tò TO npóc tò 
NA, ottw¢ &oxív À TK npóc thy NM, óc 66$ tò NA npóc 
tò KA, obxoc &odv f, NM npóc tiv KM: óc doa f, TK 
npgóc THY MN, obxoc &odv f, MN ngóc thy KM: tò tow 
ono x&v TK, KM tcov &od 1G and týs MN, toutéott 1G 
xexópto u£pet TOU ano ts ZM. &nel oov 600 eo0&iot &vioot 
ciow ot I'M, MZ, xoà x& xevpópto uépger voO ano ts MZ 
toov napa thy TM napoBéBanto cddcinov elder xevpory evo 
tO ono t&v DK, KM xa cic aobuyetoa avtiyy Ototpel, T) pa 
I'M tic MZ ueiCov Sbvatan 16 dnd &ouuuécvpou &aucfj. xot 
éotw ÓÀn f, TM ovuyetooc urjxet tH Exxewevy nt vf, TA: 
7, dea TZ àrxoxoyr, &oxt xexáptr. 

To &pa and &A&ooovoc xoi xà &&fic. 
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whole of CL is equal to the (sum of the squares) on AG 
and GB, of which C'E is equal to the (square) on AB, 
the remainder FL is thus equal to twice the (rectangle 
contained) by AG and GB [Prop. 2.7]. Therefore, let 
FM have been cut in half at point N. And let NO have 
been drawn through N, parallel to either of CD or ML. 
Thus, FO and NL are each equal to the (rectangle con- 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is medial, and is equal to FL, 
FL is thus also medial. And it is applied to the ratio- 
nal (straight-line) FE, producing FM as breadth. Thus, 
FM is rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the sum of the (squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is [thus] incommensurable with twice the (rect- 
angle contained) by AG and GB. And CL (is) equal to 
the (sum of the squares) on AG and GB, and FL equal 
to twice the (rectangle contained) by AG and GB. CL 
[is] thus incommensurable with FL. And as CL (is) to 
FL,so CM isto MF [Prop. 6.1]. CM is thus incommen- 
surable in length with M F [Prop. 10.11]. And both are 
rational (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. [So], I say that (it 
is) also a fourth (apotome). 

For since AG and GB are incommensurable in square, 
the (square) on AG (is) thus also incommensurable with 
the (square) on GB. And CH is equal to the (square) on 
AG, and KL equal to the (square) on GB. Thus, CH is 
incommensurable with KL. And as CH (is) to KL, so 
CK is to KM [Prop. 6.1]. CK is thus incommensurable 
in length with KM [Prop. 10.11]. And since the (rectan- 
gle contained) by AG and GB is the mean proportional 
to the (squares) on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (square) 
on GB to KL, and the (rectangle contained) by AG and 
GB to NL, NL is thus the mean proportional to CH and 
KL. Thus, as CH is to NL, so NL (is) to KL. But, 
as CH (is) to NL, so CK is to NM, and as NL (is) to 
KL,so NM is to KM [Prop. 6.1]. Thus, as CK (is) to 
MN,so MN is to KM [Prop. 5.11]. The (rectangle con- 
tained) by CK and K M is thus equal to the (square) on 
M N—that is to say, to the fourth part of the (square) on 
FM [Prop. 6.17]. Therefore, since CM and M F are two 
unequal straight-lines, and the (rectangle contained) by 
CK and K M, equal to the fourth part of the (square) on 
MF, has been applied to C M, falling short by a square 
figure, and divides it into incommensurable (parts), the 
square on CM is thus greater than (the square on) MF 
by the (square) on (some straight-line) incommensurable 
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ea x 
TO ano TÄS uex& ENTOU uécov TO ÓXov rotoborc TAPA 
ENTHY napopoXAXóuevov TAdTOS noti AMOTOUNY TÉUTTNY. 


i p Hn 





T Z N K M 























A E = O A 

"Eoo f| uex& pyjtot uécov tò óXov noroŬoa f, AB, ont} 
dé f| DA, xoi x dnd tic AB (cov napà thy DA napa- 
BeBAfoVw tò TE xAóxoc noioŭv thy TZ: Aévo, ott fj LZ 
ANOTOUY £oxt NEUNTY. 

"Eo yàp tÅ AB npocapuóCouca 7 BH: of &oa AH, 
HB cbddeion Ouvóuet ciolv &oouuetpor moto0cot TÒ pèv 
ovYxe(uevov Èx t&v AT’ AÙTÕV vevpaYOvov uéoov, TO dé 
dic Un’ avTHV EyTtdv, xoi x u£v årò tcs AH (cov nape 
thy TA napaBeBAjodw tò DO, xà dé and týs HB toov 
tO KA: óXov &pga tò TA toov ot) xoic and àv AH, HB. 
TÒ 8& cuyxe(uevov Ex TOV dnd xv AH, HB gua uécov 
éotiv: yécov doa &od tò TA. xoi napà er tày DA 
TUEAKELTAL TAATOS xotoOv tv TM: eric dea cotiv 7 TM xoi 
d&ovuueteos tH DA. xoi ¿nel óXov tò TA toov Eotl xoic and 
t&v AH, HB, Gv tò TE tcov £o 1G and ts AB, Aomòv 
&pa tò ZA {oov Eotl 16 dic Und vv AH, HB. tetufodw 
ovv f, ZM dtya xatà tò N, xa HyIw did tod N ónotéoa 
t&v TA, MA xapáAXnXoc 9, NE: &xé&tepov toa vv ZZ, NA 
{oov Eotl t& Und x&v AH, HB, xoi Enel tò dic Und vv AH, 
HB ntóv got xat [tot] toov x& ZA, Ontov &pa Eotl tò 
ZA. xoi rape Enthy thy EZ napdnertoa mAdto¢ nov tiv 
ZM: orth dea &oxiv f| ZM xoi ovuuetpos tH TA uńxer. xoi 
&nel tò uèv TA uécov Eotiv, 16 68 ZA erixóv, cobuuEteov 
&pa gotl tò TA 16 ZA. óc dé tò TA npóc tò ZA, obxoc 
?, TM npóc thy MZ: aobvuueteoc dpa cotlv f, I'M xfj MZ 
uryxer. xaí cio aupdteoat erjvot od doo TM, MZ errat sior 
6uváget uóvov OUUUETEOL’ àmoxour, dea &oxiv H TZ. A&yo 
On, OTL xoà TÉUTTN. 

‘Ouoiws yàp SetEouev, StL TO UNO vv TKM toov £o 
16) and rfjg NM, xouxéou T tetdetw uépet TOU AMO fic 
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(in length) with (CM) [Prop. 10.18]. And the whole of 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) CD. Thus, CF is a 
fourth apotome [Def. 10.14]. 

Thus, the (square) on a minor, and so on ... 


Proposition 101 


The (square) on that (straight-line) which with a ra- 
tional (area) makes a medial whole, applied to a rational 
(straight-line), produces a fifth apotome as breadth. 

A B G 





C F N K M 























D E OH L 

Let AB be that (straight-line) which with a ratio- 
nal (area) makes a medial whole, and CD a rational 
(straight-line). And let C E, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that CF is a fifth apotome. 

Let BG be an attachment to AB. Thus, the straight- 
lines AG and GB are incommensurable in square, mak- 
ing the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational [Prop. 10.77]. 
And let CH, equal to the (square) on AG, have been ap- 
plied to CD, and KL, equal to the (square) on GB. The 
whole of CL is thus equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB together is medial. Thus, CL is medial. And it has 
been applied to the rational (straight-line) CD, produc- 
ing CM as breadth. CM is thus rational, and incommen- 
surable (in length) with CD [Prop. 10.22]. And since 
the whole of CL is equal to the (sum of the squares) on 
AG and GB, of which CE is equal to the (square) on 
AB, the remainder FL is thus equal to twice the (rect- 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at N. And let NO have 
been drawn through N, parallel to either of CD or ML. 
Thus, FO and NL are each equal to the (rectangle con- 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is rational, and [is] equal to 
FL, FL is thus rational. And it is applied to the ratio- 
nal (straight-line) EF, producing FM as breadth. Thus, 
FM is rational, and commensurable in length with CD 
[Prop. 10.20]. And since C'L is medial, and FL rational, 
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ZM. xoi &rel dobuNEtedv &ox TO aNd ts AH xà and ts 
HB, (cov 8& tò u£v and týs AH x DO, tò 6& and ts 
HB 16 KA, dobueteov doa tò DO x KA. óc 66 tò TO 
npóc tò KA, ottwo f, UK npgóc thy KM: d&ovuueteo¢ &pa 
ATK th KM urjxet.. Emel oov 600 evdeion vool Elow ail 
I'M, MZ, xoi 16 vexópvo ygper tod and ts ZM toov rapà 
thv TM napoSeBAnto eddcinov elder tetpayóvy xol cic 
&ooupuecpa ov Guoupet, doa TM tic MZ uciZov ðúvata 
TG) &nó doOuuévpou taut. xal Cot Ñ xpocapuótCouoa f| 
ZM ovbuueteoc tH &xxeiiévn ont TÅ PA: | dea TZ àxoxour 
EOL MEUTTN Ónep Eder SetEau. 


p 
TO and Thc uevà uécou uécov TO ÓXov TOLOvONs rapà 
ENTHY napopoXAóuevov rA&oc noti inovourv &xcrv. 


A p Hn 





D Z N K M 























A E sr A 

"Eoo f, uex& uécou uécov TO óAov notoboa À AB, ent} 
dé f| DA, xoi x and tic AB (cov napà thy TA napa- 
BeBAfoVw tò TE xAóxoc nowoty thy TZ: Aévo, dtr f; TZ 
ANOTOUNY £oxty EXTH. 

"Eo yàp tÅ AB npgocopuóCouca ñ BH: ot dea AH, 
HB oduvduer eiotv dobuueteot xotobcot TÓ xe ouYxeiuevov 
EX TOV AN AUTHY TETOAYOVUY guécov xoà TO Sic UNO tGv 
AH, HB yéoov xoi àoOupexpov xà and vv AH, HB tH 
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CL is thus incommensurable with FL. And as CL (is) to 
FL, so CM (is) to MF [Prop. 6.1]. CM is thus incom- 
mensurable in length with M F [Prop. 10.11]. And both 
are rational. Thus, CM and MF are rational (straight- 
lines which are) commensurable in square only. CF is 
thus an apotome [Prop. 10.73]. So, I say that (it is) also 
a fifth (apotome). 

For, similarly (to the previous propositions), we can 
show that the (rectangle contained) by C K M is equal to 
the (square) on NM—that is to say, to the fourth part 
of the (square) on FM. And since the (square) on AG 
is incommensurable with the (square) on GB, and the 
(square) on AG (is) equal to CH, and the (square) on 
GB to KL, CH (is) thus incommensurable with KL. 
And as CH (is) to KL, so CK (is) to KM [Prop. 6.1]. 
Thus, CK (is) incommensurable in length with KM 
[Prop. 10.11]. Therefore, since CM and M F are two un- 
equal straight-lines, and (some area), equal to the fourth 
part of the (square) on FM, has been applied to CM, 
falling short by a square figure, and divides it into incom- 
mensurable (parts), the square on CM is thus greater 
than (the square on) MF by the (square) on (some 
straight-line) incommensurable (in length) with (CM) 
[Prop. 10.18]. And the attachment FM is commensu- 
rable with the (previously) laid down rational (straight- 
line) CD. Thus, CF is a fifth apotome [Def. 10.15]. 
(Which is) the very thing it was required to show. 


Proposition 102 


The (square) on that (straight-line) which with a me- 
dial (area) makes a medial whole, applied to a rational 
(straight-line), produces a sixth apotome as breadth. 


2 B G 





C F N K M 























D E OH L 

Let AB be that (straight-line) which with a me- 
dial (area) makes a medial whole, and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that CF is a sixth apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are incommensurable in square, making the sum of 
the squares on them medial, and twice the (rectangle 
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dic Und tõv AH, HB. napaßepańoðw odv nap& thy DA 65 
u&v ano týs AH {oov tò TO nAéxoc novotv thy TK, v6 
dé ano týs BH tò KA: óXov dea tò TA (cov toti xoic ano 
tév AH, HB: uécov sox [Eoi] xoi tò TA. xoi rapà ero 
thy TA nopóxevxot nAóxoc now0v thy TM: ero &pa Eotiv 
1 DM xoi &oúvuuetpos tH PA ure. &xel oov tò TA toov 
£c voic and xv AH, HB, &v tò TE toov 16 and ts AB, 
Aoindv goa tò ZA (cov &oxi t& dic Ond xv AH, HB. xai 
£c TÒ dic Und àv AH, HB yéoov: xoi tÒ ZA doa uécov 
&olv. xol raed enthy thy ZE nopóoxevcot TAÁTOG rot0v tiv 
ZM: enti) dea &oxlv f, ZM xoi åovuuetpos tH DA uper. xol 
nel tà dnd xv AH, HB dovuyete& ċott 16 dic ónó xGv 
AH, HB, xaí £o xoic u£v àxó xv AH, HB (cov tò TA, 
tà 8$ Sic Und vv AH, HB icov tò ZA, àcóugexpoc &pa 
[èo] tò DA xà ZA. óc 6€ tò TA ngóc tò ZA, obxoc &oxlv 
ù TM npóc thy MZ: aobvuueteoc dea &oxty f, I'M. xfj MZ 
uryxet. xat ciow ådupótepa ntal. of M, MZ &pa erat sior 
6uváget uóvov ońuuEeTpO Troto dea &oxiv H TZ. Aéyo 
öh, OTL xol Exc. 

"Enc yàp tO ZA icov £o t1 dic Und àv AH, HB, 
xexurjodo diya f, ZM xaxà tò N, xoà xw oie tod N tH 
TA rapéáAAroc f, NE: exctepov dpa x&v ZE, NA toov £o 
t& Ono xv AH, HB. xoi nei ot AH, HB duveuer cioiv 
KovUUETEOL, doOuuetpov doa &oxi TÒ and ts AH 16 ano 
tfic HB. àAA& 16 uèv and týs AH toov Eotl tò TO, 16 6€ 
&no ts HB tcov gott tò KA: åoúuuetpov dpa toti tò TO 
t& KA. óc 68 tò TO npóc tò KA, obxoc &odv H DK npóc 
thy KM: &oóugexpoc dow &oxlv f, TK xfj KM. xol nel tõv 
ano tév AH, HB uécov àváAoyóv Eott tò nó vv AH, 
HB, xol £o 16 uèv àxó týs AH tcov tò TO, xà Se and 
ifjc HB tcov tò KA, xà 6€ oxó xàv AH, HB tcov tò NA, 
xoi x&v doa TO, KA uécov åváħoyóv £o to NA: Eotw diga 
óc tÒ TO ngóc tò NA, obxoc tò NA npóc tò KA. xoi 6i 
xà HOTA f, I'M tij¢ MZ ueiGov Svvata 16 dnd douupévpou 
aut. xol OVSeTEpA AUTHY oO0uuerpóc EOTL TY £xxetuévr 
eni tH TA: 9j TZ dea notou &oxv Extn’ Sree Een dego. 
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contained) by AG and GB medial, and the (sum of the 
squares) on AG and GB incommensurable with twice 
the (rectangle contained) by AG and GB [Prop. 10.78]. 
Therefore, let CH, equal to the (square) on AG, have 
been applied to CD, producing CK as breadth, and KL, 
equal to the (square) on BG. Thus, the whole of CL 
is equal to the (sum of the squares) on AG and GB. 
CL [is] thus also medial. And it is applied to the ratio- 
nal (straight-line) CD, producing CM as breadth. Thus, 
CM is rational, and incommensurable in length with 
CD [Prop. 10.22]. Therefore, since CL is equal to the 
(sum of the squares) on AG and GB, of which C'E (is) 
equal to the (square) on AB, the remainder FL is thus 
equal to twice the (rectangle contained) by AG and GB 
[Prop. 2.7]. And twice the (rectangle contained) by AG 
and GB (is) medial. Thus, FL is also medial. And it is 
applied to the rational (straight-line) FE, producing FM 
as breadth. FM is thus rational, and incommensurable 
in length with CD [Prop. 10.22]. And since the (sum 
of the squares) on AG and GB is incommensurable with 
twice the (rectangle contained) by AG and GB, and CL 
equal to the (sum of the squares) on AG and GB, and 
FL equal to twice the (rectangle contained) by AG and 
GB, CL [is] thus incommensurable with FL. And as CL 
(is) to FL, so CM is to MF [Prop. 6.1]. Thus, CM is 
incommensurable in length with M F [Prop. 10.11]. And 
they are both rational. Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a sixth (apotome). 

For since FL is equal to twice the (rectangle con- 
tained) by AG and GB, let FM have been cut in half 
at N, and let NO have been drawn through N, parallel 
to CD. Thus, FO and NL are each equal to the (rect- 
angle contained) by AG and GB. And since AG and GB 
are incommensurable in square, the (square) on AG is 
thus incommensurable with the (square) on GB. But, 
CH is equal to the (square) on AG, and KL is equal 
to the (square) on GB. Thus, CH is incommensurable 
with KL. And as CH (is) to KL, so CK is to KM 
[Prop. 6.1]. Thus, CK is incommensurable (in length) 
with KM [Prop. 10.11]. And since the (rectangle con- 
tained) by AG and GB is the mean proportional to the 
(squares) on AG and GB [Prop. 10.21 lem.], and CH 
is equal to the (square) on AG, and KL equal to the 
(square) on GB, and NL equal to the (rectangle con- 
tained) by AG and GB, NL is thus also the mean pro- 
portional to CH and K L. Thus, as CH is to NL, so NL 
(is) to KL. And for the same (reasons as the preced- 
ing propositions), the square on C'M is greater than (the 
square on) MF by the (square) on (some straight-line) 
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py: 
'H «fj ànoxoufj unxet ooóuuevpoc ànotouń EoTL xoà TH 
xá&et f) abt. 


A B E 
r A 





"Ecco dnotouy f, AB, xoi xfj AB xer oóugexpoc Éovo 
ATA: Aévo, T xoi f, TA ånrotouń £ox xol tH vá&et H abcr) 
tf AB. 

"Enc yàp ånotouń éouv f, AB, čotw aùt npo- 
capuóGouoca 7 BE: at AE, EB dea ntaí eiot duvduet uóvov 
cOguguetpot. xoà x ts AB mgóc thy TA óy ó adTd¢ 
yeyovétw ô týs BE npóc thy AZ: xoi óc Ev &pa npóc Ev, 
navta [Ec] med¢ návxo: Éoxtv doa xoi óc SAn f, AE npóc 
ÓAny thy TZ, obxoc À AB ngóc thy TA. ovuuetpos òè 5| AB 
tfj DA uýxer obuueteoc doa xoi f, AE uev xfj TZ, 7 de BE 
tfj AZ. xoi ot AE, EB ortat siot Suvduer uóvov oOugevpot 
xoi oi TZ, ZA doa Ontat ciot Suvduer uóvov ovpuetpor [åro- 
TOU? Goa cotiv f, DA. Aéyo SH, Gtr xoi tH vá&st H acr) TH 
AB]. 

Enel obv gotw wo f, AE npóc thy TZ, o0voc f, BE npòs 
thy AZ, evorrde toa Eotiv óc f| AE npóc thy EB, obxoc 
n UZ ngóc thy ZA. fixot 87 Å AE ts EB uciZov d0vata 
TG) ATÒ CUUUETEOL EQUTH Tj TG ATÒ HOUUUETEOL. e u£v oov 
7 AE ts EB uctov d0vatat T &nd cuupiéxpou taut, xol 
ATZ tic ZA peiCov 6uvfjoevot T dnd ovUUETEOU &aucfi. 
xoi el èv oOuguexpóc EotW f, AE ti Exxewevyn erii ure, 
xai n TZ, ei 68 ñ BE, xoi f, AZ, ei 68 ovdetéea vv AE, 
EB, xo oddetéea xv PZ, ZA. ci dé f, AE [cfic EB] ueitov 
SvvaTo TE åTÒ duugévpou taut, xoi 7| TZ ts ZA ueitov 
SLVYACETOL TH AMO HOUUUETEOL ÈAUT. xol El u£v oouguetpóc 
tot n AE t exxewevy nti uńxer, xoà n TZ, ci òè f, BE, 
xoi n AZ, ci 6€ ovdetépa x&v AE, EB, oddetépa x&v TZ, 
ZA. 

‘Anotouy doa cotiv f| DA xol tÑ ther 3| oo) tH AB: 
Órep Eder dcia. 
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incommensurable (in length) with (CM) [Prop. 10.18]. 
And neither of them is commensurable with the (previ- 
ously) laid down rational (straight-line) CD. Thus, CF 
is a sixth apotome [Def. 10.16]. (Which is) the very thing 
it was required to show. 


Proposition 103 


A (straight-line) commensurable in length with an 
apotome is an apotome, and (is) the same in order. 


A B E 


| } | 
C D F 
——— 

Let AB be an apotome, and let CD be commensu- 
rable in length with AB. I say that CD is also an apo- 
tome, and (is) the same in order as AB. 

For since AB is an apotome, let BE be an attachment 
to it. Thus, AE and EB are rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
let it have been contrived that the (ratio) of BE to DF 
is the same as the ratio of AB to CD [Prop. 6.12]. Thus, 
also, as one is to one, (so) all [are] to all [Prop. 5.12]. 
And thus as the whole AE is to the whole CF, so AB 
(is) to CD. And AB (is) commensurable in length with 
CD. AE (is) thus also commensurable (in length) with 
CF, and BE with DF [Prop. 10.11]. And AE and 
BE are rational (straight-lines which are) commensu- 
rable in square only. Thus, CF and FD are also rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.13]. [CD is thus an apotome. So, I say that (it 
is) also the same in order as AB.] 

Therefore, since as AE is to CF, so BE (is) to 
DF, thus, alternately, as AE is to EB, so CF (is) to 
FD [Prop. 5.16]. So, the square on AE is greater 
than (the square on) EB either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with (AE). Therefore, if the (square) on AE is greater 
than (the square on) EB by the (square) on (some 
straight-line) commensurable (in length) with (AE) then 
the square on CF will also be greater than (the square 
on) FD by the (square) on (some straight-line) commen- 
surable (in length) with (CF) [Prop. 10.14]. And if AE 
is commensurable in length with a (previously) laid down 
rational (straight-line) then so (is) CF [Prop. 10.12], 
and if BE (is commensurable), so (is) DF, and if nei- 
ther of AE or EB (are commensurable), neither (are) 
either of CF or FD [Prop. 10.13]. And if the (square) 
on AE is greater [than (the square on) EB] by the 
(square) on (some straight-line) incommensurable (in 
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po. 
‘H «fj uéonc ànocoufj oóuguetpoc UÉONG ATOTO £oxt 
xal TH vá&et Å aoc. 


A B E 


T à Z 








"Ecco uéongc &notoun f, AB, xoi xfj AB xet ooóuuevpoc 
čotw f, DA: Aévo, Str xoi f, TA uéonc ånrotouń ox xoi TH 
xó&et f, ax?) tH AB. 

Enel yàp uéons &noxour, otw À AB, Eotw atf npo- 
copuóGouca 7 EB. ai AE, EB &pa uéoa ciol Duváuer uóvov 
OUUUNETEOL. xa yeyovétw oc f, AB ngóc thy TA, oŬtos À 
BE nzpóc thy AZ: oúvupetpoç &pa [toti] xoi À AE tH TZ, 
n 6€ BE xfj AZ. oi 6€ AE, EB yécot cio} Suvauer uóvov 
cOuuexpou xoà oi TZ, ZA toa uéoou ciot Suvduer uóvov 
cOuguetpov uéons dpa &notouy £owv f, L'A. Aéyw SH, Str 
xai TH vá&et &oxiv f| abcr, TH AB. 

‘Enel [vág] £oxtv óc f, AE ngóc thy EB, obxoc rj TZ 
med thy ZA [GAN óc uèv f, AE npóc tiv EB, obxoc tò 
ano ts AE npóc tò ono x&v AE, EB, óc òè f| PZ npóc thy 
ZA, obxoc TÒ and ts TZ npóc tò ono xv TZ, ZA], gotw 
dou xal c TÒ and ts AE ned¢ tò bn x&v AE, EB, obvoc 
tO ano ts TZ ngóc tò bro x&v TZ, ZA [xoi &vaAAàE ðs 
TÒ &nO ts AE npóc tò and ts TZ, oUtwe 16 Und vv AE, 
EB npóc tò óxó x&v TZ, ZA]. oúuuetpov Sé tò and týs AE 
tà ano ts TZ: obuuetoov dow éoti xoi tO bn vv AE, 
EB 16 nò t&v TZ, ZA. cite obv erióv &ou tO ONO xGv 
AE, EB, pntov gota xoi tò nò xv TZ, ZA, cite uécov 
[£oxi] tò Und x&v AE, EB, uécov [éotl] xoi tò òrò x&v TZ, 
ZA. 

Méong doa &notouy Eotw f, DA xal tH téEer À adTH xfi 
AB: önep der oci&on. 
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length) with (AE) then the (square) on CF will also 
be greater than (the square on) FD by the (square) on 
(some straight-line) incommensurable (in length) with 
(CF) [Prop. 10.14]. And if AE is commensurable in 
length with a (previously) laid down rational (straight- 
line), so (is) CF [Prop. 10.12], and if BE (is com- 
mensurable), so (is) DF, and if neither of AE or EB 
(are commensurable), neither (are) either of CF or FD 
[Prop. 10.13]. 

Thus, CD is an apotome, and (is) the same in order 
as AB [Defs. 10.11—10.16]. (Which is) the very thing it 
was required to show. 


Proposition 104 


A (straight-line) commensurable (in length) with an 
apotome of a medial (straight-line) is an apotome of a 
medial (straight-line), and (is) the same in order. 


A B E 
I A y 
C D F 


Let AB be an apotome of a medial (straight-line), and 
let CD be commensurable in length with AB. I say that 
CD is also an apotome of a medial (straight-line), and 
(is) the same in order as AB. 

For since AB is an apotome of a medial (straight- 
line), let EB be an attachment to it. Thus, AE and 
EB are medial (straight-lines which are) commensurable 
in square only [Props. 10.74, 10.75]. And let it have 
been contrived that as AB is to CD, so BE (is) to DF 
[Prop. 6.12]. Thus, AF [is] also commensurable (in 
length) with CF, and BE with DF [Props. 5.12, 10.11]. 
And AE and EB are medial (straight-lines which are) 
commensurable in square only. CF and FD are thus 
also medial (straight-lines which are) commensurable in 
square only [Props. 10.23, 10.13]. Thus, C'D is an apo- 
tome of a medial (straight-line) [Props. 10.74, 10.75]. 
So, I say that it is also the same in order as AB. 

[For] since as AE is to EB, so CF (is) to FD 
[Props. 5.12, 5.16] [but as AE (is) to E B, so the (square) 
on AE (is) to the (rectangle contained) by AE and EB, 
and as CF (is) to FD, so the (square) on CF (is) to 
the (rectangle contained) by CF and FD], thus as the 
(square) on AE is to the (rectangle contained) by AE 
and EB, so the (square) on CF also (is) to the (rectan- 
gle contained) by CF and FD [Prop. 10.21 lem.] [and, 
alternately as the (square) on AE (is) to the (square) 
on CF, so the (rectangle contained) by AE and EB (is) 
to the (rectangle contained) by CF and FD]. And the 
(square) on AE (is) commensurable with the (square) 
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ee. 


‘H «fj £Aáccowv oougexpoc £A&ooov EoTIY. 


A B E 


r A Z 








"Eotw yàp &A&coov 7 AB xoi xfj AB obuueteoc¢ ġ TA: 
Evo, Stu xoi À DA &£A&coov Eotiv. 

Teyovétw yàp xà adté& xoi Exel ot AE, EB duvduet eiolv 
&ooupuexpot, xoi at TZ, ZA dow Suvduer eiolv doouuetpot. 
&ncl odv Eotw óc À AE npóc thy EB, oovoc f, TZ npóc 
thy ZA, Éoty &pa xoi wo TO ånò týs AE npóc 16 ånò ts 
EB, ottw¢ tò and ts TZ npóc tò and týs ZA. ovuvüéva 
&pa Eotiv óc Ta dnd t&v AE, EB npóc tò and ts EB, 
ovtac ta and t&v TZ, ZA mpóc tò and ts ZA [xoi 
EVOAAGE]* ovuuetpov 8é &ox TO And Tic BE xG and týs AZ: 
OUUUETCOV doa xol TO ouyxetuevoy &x x&v and xv AE, EB 
TETONYOVOV T ouYvxewuévo Ex àv ånò t&v TZ, ZA te- 
TOAYOVWYV. ENTOV 6€ &o TO ouyxeluevov EX THY ATÒ THY 
AE, EB teteayavev pntov dea £oxi xol TO ouYxe(uevov 
&x Tv and t&v TZ, ZA tetpayóvwv. nó, &ne( Eotwv Gc 
TO and týs AE xpóc tò nò t&v AE, EB, ottw¢ TÒ and 
tic TZ npd¢ tò tnd tev PZ, ZA, oúuuetpov ðè 16 &nO cfjc 
AE tetp&ywvov 16 and tij¢ TZ vevpoyóvo, obuueteov toa 
éotl xoi tÒ Und xv AE, EB 16 nrò xGv TZ, ZA. uécov 
dé tò Und x&v AE, EB: uécov dow xoi tò nò xv TZ, ZA: 
oi TZ, ZA doa 6uváyet ciolv àcOpuuetpor roto0oot TO uev 
ouyxeluevov ex TOV an’ adTHY vetpayovov ONTO, TO © 
ÙT’ wuTév uéocov. 

"EA&coov dea cotiv 7 TA: óxep Eder Seta. 
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on CF. Thus, the (rectangle contained) by AE and EB 
is also commensurable with the (rectangle contained) by 
CF and FD [Props. 5.16, 10.11]. Therefore, either the 
(rectangle contained) by AE and EB is rational, and the 
(rectangle contained) by CF and FD will also be ratio- 
nal [Def. 10.4], or the (rectangle contained) by AF and 
EB [is] medial, and the (rectangle contained) by CF and 
FD [is] also medial [Prop. 10.23 corr.]. 

Therefore, CD is the apotome of a medial (straight- 
line), and is the same in order as AB [Props. 10.74, 
10.75]. (Which is) the very thing it was required to show. 


Proposition 105 


A (straight-line) commensurable (in length) with a 
minor (straight-line) is a minor (straight-line). 


A B E 
I A 
C D F 


For let AB be a minor (straight-line), and (let) CD 
(be) commensurable (in length) with AB. I say that CD 
is also a minor (straight-line). 

For let the same things have been contrived (as in 
the former proposition). And since AF and EB are 
(straight-lines which are) incommensurable in square 
[Prop. 10.76], CF and FD are thus also (straight-lines 
which are) incommensurable in square [Prop. 10.13]. 
Therefore, since as AE is to EB, so CF (is) to FD 
[Props. 5.12, 5.16], thus also as the (square) on AE is 
to the (square) on EB, so the (square) on CF (is) to the 
(square) on FD [Prop. 6.22]. Thus, via composition, as 
the (sum of the squares) on AE and EB is to the (square) 
on EB, so the (sum of the squares) on CF and FD (is) to 
the (square) on FD [Prop. 5.18], [also alternately]. And 
the (square) on B E is commensurable with the (square) 
on DF [Prop. 10.104]. The sum of the squares on AE 
and EB (is) thus also commensurable with the sum of the 
squares on CF and FD [Prop. 5.16, 10.11]. And the sum 
of the (squares) on AE and EB is rational [Prop. 10.76]. 
Thus, the sum of the (squares) on CF and FD is also 
rational [Def. 10.4]. Again, since as the (square) on 
AE is to the (rectangle contained) by AE and EB, so 
the (square) on CF (is) to the (rectangle contained) by 
CF and FD [Prop. 10.21 lem.], and the square on AE 
(is) commensurable with the square on CF, the (rect- 
angle contained) by AE and EB is thus also commen- 
surable with the (rectangle contained) by CF and FD. 
And the (rectangle contained) by AE and EB (is) me- 
dial [Prop. 10.76]. Thus, the (rectangle contained) by 
CF and FD (is) also medial [Prop. 10.23 corr.]. CF and 
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+ 
eT " 
H «fj uex&à ervoo uécov tò ÓAov notobor oóuuetpoc 
METÀ PNTOD uécov TO ÓAov rototo6 &ov. 


A B E 


T A Z 


"Hot uETÀ Onto uécov tò dAov notodoa f, AB xoi tH 
AB oúupetpos f, DA: Aéyo, Öt xoà H TA uexà Onto uécov 
TÒ ÓAov TOLOŬOĠ &owv. 

"Eoxo yàp xf; AB npocapguóCouca ù BE: ai AE, EB dow 
duvdyet ciolv aobUUETEOL notvoOoot TO èv ouvyxeluevov Ex 
t&v dnd t&v AE, EB tetpayavwy uéocov, TÒ ©’ Un’ avtéy 
ONtov. xo xà AVTA xoveoxeudoo. olwc 97) SelZouEv xolc 
mpdtepoy, ött oi TZ, ZA &v xà wdté Adyw ciol tos AE, 
EB, xoi oóuge1póv ċott TO ouyxeluevov Ex t&v TÒ xv 
AE, EB xexpoyóvov 1G ouvxeiiévo &x xv and àv IZ, 
ZA xexpo vov, TO dé UNO vy AE, EB 16 nò xóv TZ, 
ZA: Bote xoi ai TZ, ZA Suvduer eiolv dobueteor rotw0oot 
TO uèv cuYxe(uevov &x x&v and xv TZ, ZA teteayovov 
uécov, TO 8 UN adTHY ENTOV. 

‘H TA doa uex& erxoO uécov tò ddAov rotoDo& ouv 
önep Eder dcia. 








di 
‘H «fj usta uécou uéoov TO ÓAov xotoboy oougetpoc 
xol oc?) ETÀ uécou uécov TO ÓAov rotoboó &ov. 


A B E 


T A Z 








"Eoo uex& uécou uécov TO óAov nroroŬoa f, AB, xoi tH 
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FD are thus (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ratio- 
nal, and the (rectangle contained) by them medial. 
Thus, CD is a minor (straight-line) [Prop. 10.76]. 
(Which is) the very thing it was required to show. 


Proposition 106 


A (straight-line) commensurable (in length) with a 
(straight-line) which with a rational (area) makes a me- 
dial whole is a (straight-line) which with a rational (area) 
makes a medial whole. 


A B E 


C D F 


Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and (let) CD (be) com- 
mensurable (in length) with AB. I say that CD is also a 
(straight-line) which with a rational (area) makes a me- 
dial (whole). 

For let BE be an attachment to AB. Thus, AE and 
EB are (straight-lines which are) incommensurable in 
square, making the sum of the squares on AE and EB 
medial, and the (rectangle contained) by them rational 
[Prop. 10.77]. And let the same construction have been 
made (as in the previous propositions). So, similarly to 
the previous (propositions), we can show that CF and 
FD are in the same ratio as AE and EB, and the sum of 
the squares on AE and EB is commensurable with the 
sum of the squares on CF and FD, and the (rectangle 
contained) by AE and EB with the (rectangle contained) 
by CF and FD. Hence, CF and FD are also (straight- 
lines which are) incommensurable in square, making the 
sum of the squares on CF and FD medial, and the (rect- 
angle contained) by them rational. 

CD is thus a (straight-line) which with a rational 
(area) makes a medial whole [Prop. 10.77]. (Which is) 
the very thing it was required to show. 








Proposition 107 


A (straight-line) commensurable (in length) with a 
(straight-line) which with a medial (area) makes a me- 
dial whole is itself also a (straight-line) which with a me- 
dial (area) makes a medial whole. 


A B E 


C D E 


Let AB be a (straight-line) which with a medial (area) 
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AB éotw obupeteos f, TA: Aéyw, Str xoi f| DA uei uécou 
uécov TO ÓXov ToLotod &ov. 

"Eoo yàp tÅ AB npocopuóCouca f, BE, xoi xà wt 
xaxeoxeudoUo: at AE, EB doa duvduer cioiv &oouperpot 
TOLOŬOAL TÓ TE OUYXEÍUEVOV ÈX THY AM’ AÙTÕV TETPAYOVWV 
uécov xal TÒ ÒT’ atv uécov xol ETL AOÚUUETPOV TÒ 
OUYXÉLUEVOV EX TÕV AN’ AVTEY TETPAYOVWV 1G ÙT’ QÙTÕV. 
xaí ciow, óc edety0n, ai AE, EB cóuguexpot tas TZ, ZA, 
xoà tÒ ocuyxe(uevov &x Tov and tév AE, EB tetpayóvwv 
TG) ouYxewévo &x xv and t&v TZ, ZA, tò dé nd xGv 
AE, EB 16 nò t&v TZ, ZA: xoi oi TZ, ZA dea Suvéuer 
ciolv GOUUUETEOL TOLOUOM TÓ Te ouyxeluevov &x TOV dm 
aÙTÕV tetvpoYOvov UECOV xoi TO ÒT’ dótOv uécov xoi 
čti KOUUUETPOV TO ouyxeluevov Ex tõv an’ aùtõv [re- 
tpoYOvov] t On’ otv. 

‘H TA pa petà uécou uécov tò ÓXov xotobo& tot 
önep Eder dcia. 


, 


Ano pntod uécou óotpouuévou Å TO AoLMOV ywotov 
6uvopévr ula Dvo GAdywv yiveta tor notou) Y, £Aáooov. 


A E B 
































T A 

Ano yàp Entod tot BT uécov agynefjodw tò BA: Xéyo, 
OTL H TÒ Aouóv 8uvauévr tò EI' uia 600 aAdywv yíiveta 
HTOL AMOTOUN fj £A&coov. 

‘Exxciodo yàp en, f, ZH, xoi xà u£v BT toov nape try 
ZH xogofepArjo0« ópÜovovtov ropoXArAóvpouuov tò HO, 
ta dé AB ícov àgnpefjoüo tò HK: Xov &pa tò ET toov 
éotl 16) AO. nel obv Ontov uév ċott TO BD, uécov òè tò 
BA, ioov dé tò uèv BT 16 HO, tò 6£ BA 16 HK, erixóv uev 
äpa oti tò HO, uécov õè tò HK. xal napa env thy ZH 
TAPAKELTAL’ ONTH uev doa f] ZO xoi oougexpoc TH ZH urjxet, 
entry dé fj ZK xoi &oouuexpoc th ZH uńxer &obuuerpoc dea 
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makes a medial whole, and let CD be commensurable (in 
length) with AB. I say that C'D is also a (straight-line) 
which with a medial (area) makes a medial whole. 

For let BE be an attachment to AB. And let the same 
construction have been made (as in the previous propo- 
sitions). Thus, AE and EB are (straight-lines which 
are) incommensurable in square, making the sum of the 
squares on them medial, and the (rectangle contained) 
by them medial, and, further, the sum of the squares on 
them incommensurable with the (rectangle contained) by 
them [Prop. 10.78]. And, as was shown (previously), AE 
and EB are commensurable (in length) with CF and FD 
(respectively), and the sum of the squares on AF and 
EB with the sum of the squares on CF and FD, and 
the (rectangle contained) by AE and EB with the (rect- 
angle contained) by CF and FD. Thus, CF and FD 
are also (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them medial, and, fur- 
ther, the sum of the [squares] on them incommensurable 
with the (rectangle contained) by them. 

Thus, CD is a (straight-line) which with a medial 
(area) makes a medial whole [Prop. 10.78]. (Which is) 
the very thing it was required to show. 


Proposition 108 


A medial (area) being subtracted from a rational 
(area), one of two irrational (straight-lines) arise (as) the 
square-root of the remaining area—either an apotome, or 
a minor (straight-line). 

A E B 
































C D 

For let the medial (area) BD have been subtracted 
from the rational (area) BC. I say that one of two ir- 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), EC-——either an apotome, or a minor 
(straight-line). 

For let the rational (straight-line) F'G have been laid 
out, and let the right-angled parallelogram GH, equal to 
BC, have been applied to FG, and let GK, equal to DB, 
have been subtracted (from GH). Thus, the remainder 
EC is equal to LH. Therefore, since BC is a rational 
(area), and BD a medial (area), and BC (is) equal to 
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éotl f; ZO th ZK urxer. at ZO, ZK dow ortat ciot Suvdayer 
uóvov OUUNETPOL toto) hea Eotlv f| KO, xpooopuótCouca 
dé atf À KZ. tor 67 f, OZ tic ZK ueiCov Svvatan 165 and 
OUUUETEOL f| o0. 

Avyvéodw npóxepov TĚ &nd cuuuéxpou. xal &oxtv SAN Å 
OZ obuuetoos th &xxetuévr enc yýxet tH ZH: anotoyy doa 
TEMTH Eotly 7 KO. tò ©’ ONO nts xoi àxoxoufjc TEWTHS 
TEPleYOUEVOY f| 6uvayévr, àroxouf, otw. Ĥ doa tò AO, 
toutéott TÒ ED, Suvayevn rotou otv. 

Ei òè fj, OZ tic ZK ueiCov Sbvata 16 ånò dovuUetEOU 
taut, xal Eotw AN f, ZO obugetpoc TH Exxewevn eri 
urjxet tH ZH, &notoyy veváptr, cot f, KO. tò 6 ono nts 
xoà AMOTOUF SC TEeTUOTHS nepgtexy óuevov f ðuvapévn £ÀA&áooov 
&ox(v: nep Eder ctga. 


pÙ’. 

And uécou PTO àpoapouvuévou Ada S00 Goyot 
yivovta TOL PÉONG ANOTOUN npo, Y, uexà ENTOD uéoov 
TÒ ÓAov notoDca. 

Ano yàp uécou tot BT exxóv éqrerjoo tò BA. Xéyo, 
OTL Å TO Aouóv TO ET Suvayevy uta 600 aAdywv yiveta 
HTOL WEONS ANOTOLY TEaTH fj uevà ENTOU uécov TO ÓAoOv 
TOLOŬOQ. 

‘Exxetodo yàp entry fj ZH, xoi napaBeBrnoda duois tà 
yopila. £o 64 axorovduc enr) uèv 7 ZO xoi àoúuuetpos 
th ZH uhxer, enc oe 5; KZ xoi obwyeteoc tH ZH uńxev oi 
ZO, ZK dea Grat ciot Duváuet uóvov OUUUETEOL’ ATOTOUÀ 
&pa &oxiv À KO, npocopuóCouca dé voor, f, ZK. Frou 67, À 
OZ ts ZK uciGov 80vaxot xà &rxó cuupuévpou EaUTH T) t 
ONO &ouguuétpou. 
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GH, and BD to GK, GH is thus a rational (area), and 
GK a medial (area). And they are applied to the rational 
(straight-line) FG. Thus, FH (is) rational, and commen- 
surable in length with FG [Prop. 10.20], and FK (is) 
also rational, and incommensurable in length with FG 
[Prop. 10.22]. Thus, FH is incommensurable in length 
with FK [Prop. 10.13]. FH and FK are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, KH is an apotome [Prop. 10.73], and KF an at- 
tachment to it. So, the square on HF is greater than 
(the square on) FK by the (square) on (some straight- 
line which is) either commensurable, or not (commensu- 
rable), (in length with H F). 

First, let the square (on it) be (greater) by the 
(square) on (some straight-line which is) commensurable 
(in length with HF). And the whole of HF is com- 
mensurable in length with the (previously) laid down 
rational (straight-line) FG. Thus, KH is a first apotome 
[Def. 10.1]. And the square-root of an (area) contained 
by a rational (straight-line) and a first apotome is an apo- 
tome [Prop. 10.91]. Thus, the square-root of LH—that 
is to say, (of) EC—is an apotome. 

And if the square on H F is greater than (the square 
on) FK by the (square) on (some straight-line which is) 
incommensurable (in length) with (H F), and (since) the 
whole of FH is commensurable in length with the (pre- 
viously) laid down rational (straight-line) FG, KH isa 
fourth apotome [Prop. 10.14]. And the square-root of an 
(area) contained by a rational (straight-line) and a fourth 
apotome is a minor (straight-line) [Prop. 10.94]. (Which 
is) the very thing it was required to show. 


Proposition 109 


A rational (area) being subtracted from a medial 
(area), two other irrational (straight-lines) arise (as the 
square-root of the remaining area)—either a first apo- 
tome of a medial (straight-line), or that (straight-line) 
which with a rational (area) makes a medial whole. 

For let the rational (area) BD have been subtracted 
from the medial (area) BC. I say that one of two ir- 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), EC—either a first apotome of a medial 
(straight-line), or that (straight-line) which with a ratio- 
nal (area) makes a medial whole. 

For let the rational (straight-line) FG be laid down, 
and let similar areas (to the preceding proposition) have 
been applied (to it). So, accordingly, F'H is rational, and 
incommensurable in length with FG, and KF (is) also 
rational, and commensurable in length with FG. Thus, 
FH and FK are rational (straight-lines which are) com- 
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H A 

Ei uèv odv 5 OZ ts ZK geitov Sbvatm x and 
GUUNETOOL aut, xal otw À npocopuótouca Hn ZK 
OUUUETEOS TH &xxeiévr ENTH uper TH ZH, dnotoun Sevtépa 
éotlv f| KO. enr òè 7 ZH: Gote Å xo AO, toutéot tò ET, 
6uvopévr) UEONS ANOTOUN npor, £oxtv. 

Ei òè 5j OZ tis ZK ueiCov Sbvatau T dnd doupuétpou, 
xal Coty f) npocapuóCouca f, ZK oúuuetpos TH Exxewevy 
bnt ure tH ZH, anotoun néuntyn £oxtv f, KO: ðote f| 
tO ET 8uvogévr Weta erivoo uécov TO Xov noioŬoć &oxtyv: 
bree Eder Seta. 


ol. 

ATÒ uécou uécou APALOOLUEVOU &ouuuévpou TE GAG att 
Aotral 660 GAoyou yivovta tot uéoriz àmocour,| Geuxépat rj 
uexà uécou uécov TO ÓAov ToLoUod. 

Agyefjotw yàp oc emi vv npoxeuévov xataypapõv 
&no uécou tov BT uécov tò BA åoúuuetpov 1G ÓAox AEYO, 
ó f, TO ET ðuvauévn uta oTt} 600 GAdYwv Ato uéonc àno- 
TOU? Geuxépa Tj uexvà uécou u£oov TO ÓXov xotoboa. 
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mensurable in square only [Prop. 10.13]. KH is thus 
an apotome [Prop. 10.73], and FK an attachment to it. 
So, the square on HF is greater than (the square on) FK 
either by the (square) on (some straight-line) commensu- 
rable (in length) with (H F), or by the (square) on (some 
straight-line) incommensurable (in length with H F). 

B E F K H 
































G L 

Therefore, if the square on HF is greater than (the 
square on) FK by the (square) on (some straight-line) 
commensurable (in length) with (HF), and (since) the 
attachment FK is commensurable in length with the 
(previously) laid down rational (straight-line) FG, KH 
is a second apotome [Def. 10.12]. And FG (is) rational. 
Hence, the square-root of L H—that is to say, (of) EC—is 
a first apotome of a medial (straight-line) [Prop. 10.92]. 

And if the square on HF is greater than (the square 
on) FK by the (square) on (some straight-line) incom- 
mensurable (in length with H F), and (since) the attach- 
ment FK is commensurable in length with the (previ- 
ously) laid down rational (straight-line) FG, KH is a 
fifth apotome [Def. 10.15]. Hence, the square-root of EC 
is that (straight-line) which with a rational (area) makes 
a medial whole [Prop. 10.95]. (Which is) the very thing 
it was required to show. 


Proposition 110 


A medial (area), incommensurable with the whole, 
being subtracted from a medial (area), the two remaining 
irrational (straight-lines) arise (as) the (square-root of 
the area)—either a second apotome of a medial (straight- 
line), or that (straight-line) which with a medial (area) 
makes a medial whole. 

For, as in the previous figures, let the medial (area) 
BD, incommensurable with the whole, have been sub- 
tracted from the medial (area) BC. I say that the square- 
root of EC is one of two irrational (straight-lines)— 
either a second apotome of a medial (straight-line), or 
that (straight-line) which with a medial (area) makes a 
medial whole. 
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H A 

"Enc yàp uécov éotiv &xéávepov xv BT, BA, xa 
åoúuuetpov tò BT 16) BA, Éoxot óxxoXo000c Enth Exatépa 
tv ZO, ZK xoi aobuueteoc th ZH gurfjxet. — xoà nel 
géovuuEtedv &ow tò BT 165 BA, xouxéou tò HO 16 HK, 
&oóugetpoc xoi 5j OZ tH ZK: ai ZO, ZK doa ntaí ciot 
Ouváuet uóvov ońuuetpor notou Goa Eativ f, KO [ngo- 
copuóCouoca dé f, ZK. Frou 07) f, ZO ts ZK ueitov GOvorxot 
T åTÒ cugguérpou f| T &rxó douupérpou avti]. 

Ei uèv of f, ZO thc ZK usciCov ðúvata t and 
cuuuérpou taut, xoi ovDetépa t&v ZO, ZK obuuetpóc 
EOTL TH EXXELUEUVN enr UAxet tH ZH, anotoyy tetty cotiv 
n KO. eru òè ñ KA, tò ©’ ono nts xoi ånotouñs votre 
reptexyÓóuevov ópÜoyoviov ğoyóv otw, xol f, Guvayévr, 
avto GAoYóc otv, xoAcivot be uéorc dnotouÀ Sevtéea 
ote Å TÒ AO, xouxécu TÒ ET, 6uvagévr, uéonc anotouy 
gout Seutepd. 

Ei 8€ f, ZO ts ZK ueiCov Sbvatau T and douugétpou 
tauti [ure], xoà ovdetéoa xv OZ, ZK obuueted¢ Eott 
th ZH uyxet, notou Exty Eotly f, KO. tò © Ono ntis 
xoà àroroufjc ExTHS f, óuvaévr] £oxi ETÀ UETOU uéoov TO 
ÓXov nowo0ca. TO AO doa, vouiéou TO ED, ðuvapévn 
uexà uécou uécov TO ÓAov roto tot: ónep Eder Seta. 
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For since BC and BD are each medial (areas), and 
BC (is) incommensurable with BD, accordingly, FH and 
FK will each be rational (straight-lines), and incommen- 
surable in length with FG [Prop. 10.22]. And since BC 
is incommensurable with BD—that is to say, GH with 
GK—HF (is) also incommensurable (in length) with 
FK [Props. 6.1, 10.11]. Thus, FH and FK are ratio- 
nal (straight-lines which are) commensurable in square 
only KH is thus as apotome [Prop. 10.73], [and FK 
an attachment (to it). So, the square on F'H is greater 
than (the square on) FK either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with (FH).] 

So, if the square on FH is greater than (the square 
on) FK by the (square) on (some straight-line) com- 
mensurable (in length) with (FH), and (since) neither of 
FH and FK is commensurable in length with the (pre- 
viously) laid down rational (straight-line) FG, KH isa 
third apotome [Def. 10.3]. And KL (is) rational. And 
the rectangle contained by a rational (straight-line) and 
a third apotome is irrational, and the square-root of it is 
that irrational (straight-line) called a second apotome of 
a medial (straight-line) [Prop. 10.93]. Hence, the square- 
root of LH—that is to say, (of) EC—is a second apotome 
of a medial (straight-line). 

And if the square on FH is greater than (the square 
on) FK by the (square) on (some straight-line) incom- 
mensurable [in length] with (FH), and (since) neither of 
HF and FK is commensurable in length with FG, KH 
is a sixth apotome [Def. 10.16]. And the square-root of 
the (rectangle contained) by a rational (straight-line) and 
a sixth apotome is that (straight-line) which with a me- 
dial (area) makes a medial whole [Prop. 10.96]. Thus, 
the square-root of LH—that is to say, (of) EC—is that 
(straight-line) which with a medial (area) makes a me- 
dial whole. (Which is) the very thing it was required to 
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, 
pta 5 
"H ànotouh obx Eotw f| aor, TH Ex 600 dvoudtov. 


B 





A H E Z 














T 

"Eoo &notoun À AB: Aéyo, ött f, AB oOx Eotw H adTH 
tfj £x 600 Ovoudtwv. 

Et yàp Suvatdév, Zotw: xoi &xxeíoo era y, AT, xoà x6 
ano ts AB tcov nope thy TA xopopeBArjo0o dpdoyavov 
16 TE xAéxoc nototv tiv AE. ¿nel otv &notouy £owv f; AB, 
&notOUN TEaTH Eotlv f| AE. Zotw abt npocopuóCouoa f| 
EZ: ai AZ, ZE doa pntat ctor Õuváyuet uóvov OUUUETEOL, xol 
17 AZ tis ZE ueiCov ðúvata T% and cuugéxpou auti, xol f| 
AZ obuuetedc &ox tH Exxewevy nT uyxer tH AT. nda, 
&nel &x 600 Óvou&xov &oxiy f| AB, &x 600 dea övouáåtwv 
TeaTH &oxiy f, AE. Sinefo dw cic xà óvóuaxa xatà tò H, 
xai Eotw uciCov óvoua tò AH: oi AH, HE doa ntal siot 
Ouváuet uóvov oOuuepot, xoi À AH tic HE uctov dbvata 
1G &NO cuuuéxpou aut, xoi TO ueiGov f, AH oúuuetpós 
£c fj Exxewevy exi; ure tH AT. xoi n AZ dow t AH 
oOuguetpóc EOTL urjxev xoi AoLTY) Goa ñ HZ oúvuuetpóç £oxt 
tf AZ uryxer. [Enel o0v ooupetpóc &owv fj AZ tÅ HZ, enu) 
dé &oxtv H AZ, Onth doa toti xoi f, HZ. ¿nel obv oóguuetpóc 
cotw fj AZ xfj HZ urxer] &ooupuexpoc dé f, AZ xfj EZ urpcet. 
&ooupetpoc dea toti xol Ù ZH th EZ uyxer. ot HZ, ZE doa 
entat [eioi] Suvduer Udvov obuUETEOL &rocou| Gea &oxlv f, 
EH. &XA&à xoi entry ónep &oxiv ad0vatov. 

“H dpa &xoxoyr| oOx EotW N AUTH TY £x 600 Ovoudtav: 
Ónep Eder dcia. 
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show. 


Proposition 111 


An apotome is not the same as a binomial. 


A B 





D G E F 














C 


Let AB be an apotome. I say that AB is not the same 
as a binomial. 

For, if possible, let it be (the same). And let a rational 
(straight-line) DC be laid down. And let the rectangle 
CE, equal to the (square) on AB, have been applied to 
CD, producing DE as breadth. Therefore, since AB is an 
apotome, DE is a first apotome [Prop. 10.97]. Let EF 
be an attachment to it. Thus, DF and FE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DF is greater than (the square on) FE 
by the (square) on (some straight-line) commensurable 
(in length) with (DF), and DF is commensurable in 
length with the (previously) laid down rational (straight- 
line) DC [Def. 10.10]. Again, since AB is a binomial, 
DE is thus a first binomial [Prop. 10.60]. Let (DE) have 
been divided into its (component) terms at G, and let 
DG be the greater term. Thus, DG and GE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DG is greater than (the square on) 
GE by the (square) on (some straight-line) commensu- 
rable (in length) with (DG), and the greater (term) DG 
is commensurable in length with the (previously) laid 
down rational (straight-line) DC [Def. 10.5]. Thus, DF 
is also commensurable in length with DG [Prop. 10.12]. 
The remainder GF is thus commensurable in length with 
DF [Prop. 10.15]. [Therefore, since DF is commensu- 
rable with GF, and DF is rational, GF is thus also ra- 
tional. Therefore, since DF is commensurable in length 
with GF,] DF (is) incommensurable in length with EF. 
Thus, FG is also incommensurable in length with EF 
[Prop. 10.13]. GF and FE [are] thus rational (straight- 
lines which are) commensurable in square only. Thus, 
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[ILógtoua..] 


“H ánoxoyr| xoi oi ust’ HUTHY GAoYot oŬte TH u£or) oŬte 
&AAfjAotc Elolv ai oat. 

Tò èv yàp aNd uéonc napà Qni nopopoAAXÓóuevov 
TAATOS notet ENTHV xoi àoougexgov TH, tap’ fjv rapáxertar, 
unxel, TO 8& ANS dmoroufjc napà ntv napopoXAÓóuevov 
xÀóxoc notet ATOTOUÙV TEOTHY, TO SE ATÒ UEONS anocoufic 
TEWTNS TACK ENTHY ropopaAXAXóuevov TAATOS Nolet ATOTOUNY 
deuTépay, TO bE AMO UEONS anocoufjc Geuxépoc rapà ENTIYY 
TAEOBAAADUEVOY TAATOS roii ANOTOURY ToltHY, TO SE AMO 
EAKOGOVOS nopà PHTHY TAeoBahAdUEVoV TAdTOS toe àno- 
TOUNY TETHOTHY, TO SE AMO TÜS ETÀ ENTOU uécov TO ÓAov 
TOLovons Tapa er TacaBaAAdUEVOV TAKTOS no àno- 
TONY TEUTTHY, TO OE AMO TÅG uexà u£cou u£ocov TO Ohov 
TOLovons Tapa er TacaBaAAdUEVOV TAKTOS noti àno- 
TOUR Extyy. Emel odv xà cipnuéva TAdTH Sapper to 
TE TEWTOV xol GAAAAWY, TOU u£v TETOL, Ó PNTH OTW, 
AAAA wv òè, Enel tH vá&et oOx eiolv al adtat, SHAov, óc xol 
abt oi &AoYot Stapepovow AAAA. xoa Emel SEdetxTHUL 
7, ANOTOLY OLX oboa f| AUT TY Ex 600 OvouUdTwY, ToLotoL 
Öè TAATH Tapà TAV ropopoXXóuevot ai LETH THY ATOTOUNY 
&NOTOUAS GxOAOVDU &xáor TH THEEL TH xo^ abtHy, at 6€ 
ETÀ THY Ex 600 óvouátwv Tac Ex 600 óvouáåtwv xol ool 
xfj THEEL doxoX occ, Éxvepot doa eolv at UETe THY aMOTOUHY 
xal Éxepot o. ETH THY Ex Dúo OvoudTwY, ©S Elvan TH THEEL 
Tou &AÓYouc TY, 
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EG is an apotome [Prop. 10.73]. But, (it is) also ratio- 
nal. The very thing is impossible. 

Thus, an apotome is not the same as a binomial. 
(Which is) the very thing it was required to show. 


[Corollary] 


The apotome and the irrational (straight-lines) after it 
are neither the same as a medial (straight-line) nor (the 
same) as one another. 

For the (square) on a medial (straight-line), applied 
to a rational (straight-line), produces as breadth a ratio- 
nal (straight-line which is) incommensurable in length 
with the (straight-line) to which (the area) is applied 
[Prop. 10.22]. And the (square) on an apotome, ap- 
plied to a rational (straight-line), produces as breadth a 
first apotome [Prop. 10.97]. And the (square) on a first 
apotome of a medial (straight-line), applied to a ratio- 
nal (straight-line), produces as breadth a second apotome 
[Prop. 10.98]. And the (square) on a second apotome of 
a medial (straight-line), applied to a rational (straight- 
line), produces as breadth a third apotome [Prop. 10.99]. 
And (square) on a minor (straight-line), applied to a ra- 
tional (straight-line), produces as breadth a fourth apo- 
tome [Prop. 10.100]. And (square) on that (straight-line) 
which with a rational (area) produces a medial whole, 
applied to a rational (straight-line), produces as breadth 
a fifth apotome [Prop. 10.101]. And (square) on that 
(straight-line) which with a medial (area) produces a 
medial whole, applied to a rational (straight-line), pro- 
duces as breadth a sixth apotome [Prop. 10.102]. There- 
fore, since the aforementioned breadths differ from the 
first (breadth), and from one another—from the first, be- 
cause it is rational, and from one another since they are 
not the same in order—clearly, the irrational (straight- 
lines) themselves also differ from one another. And since 
it has been shown that an apotome is not the same 
as a binomial [Prop. 10.111], and (that) the (irrational 
straight-lines) after the apotome, being applied to a ra- 
tional (straight-line), produce as breadth, each according 
to its own (order), apotomes, and (that) the (irrational 
straight-lines) after the binomial themselves also (pro- 
duce as breadth), according (to their) order, binomials, 
the (irrational straight-lines) after the apotome are thus 
different, and the (irrational straight-lines) after the bi- 
nomial (are also) different, so that there are, in order, 13 
irrational (straight-lines) in all: 
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Méony, 

"Ex 600 óvou&ov, 

"Ex 600 uéoov npo, 
"Ex 600 uécov ðeutépav, 
MeíCova, 

"Prióv xoi uécov ðuvapévny, 
Abdo uéoa 6uovauévnv, 
‘Anotouyy, 

Méorg anotouny TEOT, 
Méorg anotouny óeuxépav, 
"EAóoocova, 


Metà pntod uécov tò ÓAov noioŭoav, 





Metà uécou uécov TO ÓXov noto0ocav. 


e. 

TO ànò nts Tape thy ex BVO Ovoudtwv napa- 
BadrrUEVOY TAUTOS xoci AMOTOUNY, Tic xà OvVdUATA oúuueETpá 
EOTL toic tS Ex 660 OvOUdTWY óvóuaot Kal ETL EV TES UTE 
AOYw, xal Éx À Ytvouévr arotoyy xijv abcr]v ČEL táčw TH 
£x 000 Óvou&tov. 





A 
B A Do | 
K E zZ S 











"Eoo enu uèv f, A, ¿x Dúo óvouévov 9& ñ BI, fic 
ueiCov óvoua čotw f, AT, xoi 16 and tc A toov ow 
tO nò x&v BI, EZ: AEyo, óu f, EZ anotouh tot, fic và 
övóuata oougexpá &ox xoic TA, AB, xoi &v 16 avté óY, 
xoi Ett À EZ xrjv adthy e€er xá&w tH BY. 

"Eo yàp méAw 1G and ts A {oov tò òrò x&v BA, 
H. éxel odv tò nò x&v BT, EZ {oov &ox xà Und t&v BA, 
H, gotw doa óc f, TB ngóc tiv BA, obxoc f, H npóc thy 
EZ. ueiCov 98 f, B ts BA: ue(Cov dou éoti xoi h H tis 
EZ. éotw th, H ton 5, EO: Eotw doa oc f, TB npóc ty 
BA, ottw¢ f, OE npóc thy EZ: dieAdvtt dow &oxiv wo H TA 
med¢ Thy BA, ottwe f, OZ npóc thy ZE. yeyovétw ðs f| 
OZ npóc thy ZE, ooxoc 7 ZE npóc thy KE: xal ČN doa f| 
OK npóc óAnv thy KZ &oxty, óc f) ZK npóc KE óc yàp £v 
TOV fjYouuévov Ted EV TOV ENOUEVOY, OUTWS AMAVTA xà 
NYOVUEVA npóc &ravca và &£nÓueva. wo 98 f| ZK npgoc KE, 
oUcoc &£oxly 7H TA ngóc thy AB: xoi óc doa À OK npóc KZ, 
ob0coc f, TA ngóc thy AB. obuueteov 8& tò and xfic TA x 
and ts AB: oúuuetpov dpa toti xol TO and ts OK xó 
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Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

Square-root of a rational plus a medial (area), 
Square-root of (the sum of) two medial (areas), 
Apotome, 

First apotome of a medial, 

Second apotome of a medial, 

Minor, 


That which with a rational (area) produces a medial 
whole, 


That which with a medial (area) produces a medial 
whole. 


Proposition 112 


The (square) on a rational (straight-line), applied to 
a binomial (straight-line), produces as breadth an apo- 
tome whose terms are commensurable (in length) with 
the terms of the binomial, and, furthermore, in the same 
ratio. Moreover, the created apotome will have the same 
order as the binomial. 


Ay ——3À 


B D C 








G 
K E F H 











Let A be a rational (straight-line), and BC a binomial 
(straight-line), of which let DC be the greater term. And 
let the (rectangle contained) by BC and EF be equal to 
the (square) on A. I say that EF is an apotome whose 
terms are commensurable (in length) with CD and DB, 
and in the same ratio, and, moreover, that EF will have 
the same order as BC. 

For, again, let the (rectangle contained) by BD and G 
be equal to the (square) on A. Therefore, since the (rect- 
angle contained) by BC and EF is equal to the (rectan- 
gle contained) by BD and G, thus as CB is to BD, so G 
(is) to EF [Prop. 6.16]. And CB (is) greater than BD. 
Thus, G is also greater than EF [Props. 5.16, 5.14]. Let 
EH be equal to G. Thus, as CB is to BD, so H E (is) to 
EF. Thus, via separation, as CD is to BD, so HF (is) 
to FE [Prop. 5.17]. Let it have been contrived that as 
HF (is) to FE, so FK (is) to KE. And, thus, the whole 
HK is to the whole KF, as FK (is) to KE. For as one 
of the leading (proportional magnitudes is) to one of the 
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and ts KZ. xal Eotw óc TÒ and ts OK npóc TO ano Tc 
KZ, obxoc f, OK npóc thy KE, Enel ai vpeic ot OK, KZ, 
KE àváňoyóv eiow. obuueteoc doa f, OK tH KE ufjxet. 
ote xoi À OE tÅ EK oúuuetpóç &oxt uńxer. xoi Emel TÒ 
and tic A toov £o 16 Und vv EO, BA, ntòv 66 &ou 
TO and TS A, ervóv doa Eoti xoi TO bnd x&v EO, BA. xoi 
Tape env thy BA napdxertou Eyth pa &oxiv f, EO xoi 
oougexpoc TH BA uńxer dote xoi fj cóüugexpoc abt À EK 
eria &oxt xoi oóuguexpgoc xfj BA ure. Exel ov &oxty óc f 
TA ngóc AB, o0xoc f; ZK npóc KE, oi òè TA, AB Suvduer 
uóvov ioù oOuuetpot, xol oi ZK, KE 6uváyet uóvov iol 
oOuuetpot. ENTY dé eov f| KE: env doa &oxi xoà Y, ZK. at 
ZK, KE dea eroi duvduer uóvov ciol ooóuuevpov. ATOTO 
dea cotly 1j EZ. 

"Hxot 88 5j DA xfic AB uctov 60varxot T and cuupéxpou 
tauti Tj TG UNO KoUUUETEOL. 

Ei yév otv 5 TA tic AB usciZov Sbvatom t and 
ouupgéxpou [tauti], xoi | ZK tic KE ueiCov ðuvńocta x 
&NO OUUMETEOU aut. xoi ct uèv ObUUETEd &oxv 7| DA «fi 
&xxetévr) eni, uńxer, xoi f| ZK: ei è À BA, xoi fj, KE: ei 
dé ovdetépa x&v TA, AB, xoi ovdetépa vv ZK, KE. 

Et òè f, DA tic AB ueiCov 60vaxot T &rxó douUUETEOU 
taut, xoi f, ZK týs KE ueitov dSuvfjoeta tÆ ano 
&cuugévpou aut. xol ei uev À TA cóugexpóc ċott tH 
&xxeiuévr) ENTH Aner, xoi NH ZK: ei è À BA, xoi f, KE ei 
dé obOexépa xv DA, AB, xoi oddetépa t&v ZK, KE: Sote 
dnotouy &ov f, ZE, fic xà óvóuoxa xà ZK, KE oúuuetpá 
£c oic tfic Ex 600 óvou&vov óvóuaot toic TA, AB xoi év 
TH aT AóYvo, xoi THY adtHy THEW Eyer TH BI" Smee er 
Seton. 
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following, so all of the leading (magnitudes) are to all of 
the following [Prop. 5.12]. And as FK (is) to KE, so CD 
is to DB [Prop. 5.11]. And, thus, as HK (is) to KF, so 
CD is to DB [Prop. 5.11]. And the (square) on CD (is) 
commensurable with the (square) on DB [Prop. 10.36]. 
The (square) on H K is thus also commensurable with 
the (square) on KF [Props. 6.22, 10.11]. And as the 
(square) on HK is to the (square) on KF, so HK (is) to 
KE, since the three (straight-lines) HK, KF, and KE 
are proportional [Def. 5.9]. H K is thus commensurable 
in length with K E [Prop. 10.11]. Hence, H E is also com- 
mensurable in length with EK [Prop. 10.15]. And since 
the (square) on A is equal to the (rectangle contained) by 
EH and BD, and the (square) on A is rational, the (rect- 
angle contained) by EH and BD is thus also rational. 
And it is applied to the rational (straight-line) BD. Thus, 
EH is rational, and commensurable in length with B.D 
[Prop. 10.20]. And, hence, the (straight-line) commensu- 
rable (in length) with it, EK, is also rational [Def. 10.3], 
and commensurable in length with BD [Prop. 10.12]. 
Therefore, since as CD is to DB, so FK (is) to KE, and 
CD and DB are (straight-lines which are) commensu- 
rable in square only, FX and K E are also commensu- 
rable in square only [Prop. 10.11]. And KE is rational. 
Thus, FK is also rational. FK and K E are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, EF is an apotome [Prop. 10.73]. 

And the square on C'D is greater than (the square on) 
DB either by the (square) on (some straight-line) com- 
mensurable, or by the (square) on (some straight-line) 
incommensurable, (in length) with (C D). 

Therefore, if the square on CD is greater than (the 
square on) DB by the (square) on (some straight-line) 
commensurable (in length) with [CD] then the square 
on FK will also be greater than (the square on) KE by 
the (square) on (some straight-line) commensurable (in 
length) with (FK) [Prop. 10.14]. And if CD is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) FK [Props. 10.11, 
10.12]. And if BD (is commensurable), (so) also (is) 
KE [Prop. 10.12]. And if neither of CD or DB (is com- 
mensurable), neither also (are) either of FK or K E. 

And if the square on CD is greater than (the square 
on) DB by the (square) on (some straight-line) incom- 
mensurable (in length) with (CD) then the square on 
FK will also be greater than (the square on) KE by 
the (square) on (some straight-line) incommensurable 
(in length) with (FK) [Prop. 10.14]. And if CD is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) FK [Props. 10.11, 
10.12]. And if BD (is commensurable), (so) also (is) KE 
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[Prop. 10.12]. And if neither of CD or DB (is commen- 
surable), neither also (are) either of FK or KE. Hence, 
FE is an apotome whose terms, FK and K E, are com- 
mensurable (in length) with the terms, CD and DB, of 
the binomial, and in the same ratio. And (FE) has the 
same order as BC [Defs. 10.5—10.10]. (Which is) the 
very thing it was required to show. 


+ Heiberg considers this proposition, and the succeeding ones, to be relatively early interpolations into the original text. 


eu. 

TO and nts ropà àroxourjv ropopoAXÓuevov nA&Oc 
TOLET Thy Ex 600 GVOUdTWY, fic xà ÖVÓUATA obuuetpé &ost 
toic tfj &nocxoufjc OVdUAOL xal Ev TE obtG ADYW, ETL OE Å 
Ytvouévr £x 660 6voudtwv Thy adTHy vá&ty Exel TH ånrotouĵ. 


A= 


B A D 








H i 
K E Z © 











"Eoo entry u&v f, A, anotoun òè À BA, xoi 6 dno tic 
A {oov Eotw tò 026 1Gv BA, KO, ote tò and xfic A nts 
rapi thy BA &notouny xapopoXXóuevov nA&oc noti THY 
KO: déyoo, ÖT! Ex 600 Ovoudtwv £oxiv f, KO, fic xà óvóuata 
OUUUNETES EOTL oic týs BA óvóuaot xol Ev TH adTH óy, 
xoi £u f| KO tiv adthy Éyet xá&wv tH BA. 

"Eoo yàp xfj, BA npocopuóCouca f, AT: of BT, TA 
äpa ntal ciot SuvduEl uóvov OUUUETEOL. xoà TH ATÒ TÄS 
A toov ow xoi tò tnd t&v BT, H. pntov 88 tò and tis 
A: ontov dpa xoi tò òrò x&v BT, H. xoi nap& env thy 
BI rapaBeBantou onth dea £oxiv f, H xot ovuuetpos tH BT 
unxer. nel odv tò Uno tév BI’, H toov tot) 16 Ono tæv 
BA, KO, åváňoyov tea éotlv ac ñ TB npd¢ BA, oŬtas f| 
KO npóc H. ue(Cov dé 7 BT tis BA’ ue(Cov doa xoi f, KO 
ts H. xe(o0o tH H ton Y; KE: obuuetooc doa cotly 7, KE 
tfj BT unxer. xo enet otw ac n TB ngóc BA, obxox À 
OK npóc KE, åvaotpépavti dpa &oxiv óc f, BI npóc thy 
TA, obxoc 7 KO ngóc OE. yeyovétw óc f, KO npóc OE, 
obxoc À OZ npóc ZE: xoi Aou] dea f, KZ ngóc ZO otw, 
óc f|, KO npgóc OE, xouxéoxw [óc] À BT xpóc TA. oi òè 
BT, TA 8ovápe póvov [cioi] oúupetpor xoi oi KZ, ZO &pa 
6uváget uóvov ciol oúuuetpor xoà &rxet otv xc À KO npóc 
OE, f, KZ npóc ZO, add’ Bc f, KO npóc OE, f; OZ npóc 
ZE, xol óc toa f, KZ npóc ZO, f, OZ ngóc ZE: wote xoi 
ÒS Å TEOTH Teds trjv TEÍTNY, TO ATÒ rfj; TPÖTNS npóc TO 
ano Tis SeuTEpac’ xo óc dopa Y, KZ npóc ZE, obtw¢ TÒ ATÒ 
thc KZ npd¢ tò and ts ZO. obueteov 8é £oxt TÒ ATÒ TÄS 
KZ 16 ano thc ZO: ai yàp KZ, ZO Suvduer eol obuuetoot 
oOUUUETEOS toa £o xol f, KZ xfj ZE ufjxev ote 7 KZ xoi 


Proposition 113 


The (square) on a rational (straight-line), applied to 
an apotome, produces as breadth a binomial whose terms 
are commensurable with the terms of the apotome, and 
in the same ratio. Moreover, the created binomial has the 
same order as the apotome. 

Aw 


PsP Cg ! 


K E F H 














Let A be a rational (straight-line), and BD an apo- 
tome. And let the (rectangle contained) by BD and KH 
be equal to the (square) on A, such that the square on the 
rational (straight-line) A, applied to the apotome BD, 
produces KH as breadth. I say that KH is a binomial 
whose terms are commensurable with the terms of BD, 
and in the same ratio, and, moreover, that KH has the 
same order as BD. 

For let DC be an attachment to BD. Thus, BC and 
CD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73]. And let the (rectangle 
contained) by BC and G also be equal to the (square) 
on A. And the (square) on A (is) rational. The (rect- 
angle contained) by BC and G (is) thus also rational. 
And it has been applied to the rational (straight-line) 
BC. Thus, G is rational, and commensurable in length 
with BC [Prop. 10.20]. Therefore, since the (rectangle 
contained) by BC and G is equal to the (rectangle con- 
tained) by BD and KH, thus, proportionally, as CB is to 
BD, so KH (is) to G [Prop. 6.16]. And BC (is) greater 
than BD. Thus, K H (is) also greater than G [Prop. 5.16, 
5.14]. Let KE be made equal to G. KE is thus com- 
mensurable in length with BC. And since as CB is to 
BD, so H K (is) to K E, thus, via conversion, as BC (is) 
to CD, so KH (is) to HE [Prop. 5.19 corr.]. Let it have 
been contrived that as KH (is) to H E, so HF (is) to 
FE. And thus the remainder KF is to FH, as KH (is) 
to H E—that is to say, [as] BC (is) to CD [Prop. 5.19]. 
And BC and CD [are] commensurable in square only. 
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tf, KE oúuuetpós [£ow] ure. nt 6€ otv A KE xol 
ovuueteos tH BI une. pnth doa xoà n KZ xal oóuguetpoc 
xfj BT pre. xo enet otv wo f, BP ngóc TA, oóxoxc f! KZ 
xpóc ZO, £vaAAà£ we f, BD npgóc KZ, obvoc f| AT npóc ZO. 
oOugexpoc 82 7 BT tÅ KZ: obuueteoc dow xoi f, ZO «fj TA 
unxer. at BD, DA 8€ envot ciot 6uvápet uóvov oOugevpot 
xoà ai KZ, ZO doa ntal ciot Suvduet uóvov oúuueTtpov Èx 
600 óvou&xov £oxiv doa 7, KO. 

Ei uèv obv f, BI vf; TA uciCov 60voxo 16 dnd 
cuugéxpou EaUTH, xoi f, KZ ts ZO uciZov Guvfjoexot x 
ONO ouggétpou taut. xol ei èv oouuexpóc &ov À BP tH 
&xxeuéwvr ENTH uper, xoi f, KZ, ci 68 n TA oOugexpóc £o 
TH &xeigévr) ENTH ure, xoi n ZO, ei dé ovdetéoa t&v BI, 
TA, ovdetéoa tév KZ, ZO. 

Ei 6& fj, BT ts DA uctov Sbvatou T and douugétpou 
tauti, xoi À KZ xfjc ZO uciCov Suvijoetar tT% dnd iouuuéco- 
ou &aUtf|. xoà ei u£v OUWUETEdC &oxty f, BI tH &xxewévr 
bnt urpcet, xoi ù KZ, ei òè fj TA, xoà f; ZO, ei è ob6exépga 
t&v BT, TA, ovdetépa x&v KZ, ZO. 

"Ex 500 dea dvoudtwv &oxiv f, KO, fic xà Ovdyata xà 
KZ, ZO oúuuetoá [£c] xoic tic ånotouňs óvóuaot xoic 
BI, TA xoi év 16 ab Adyw, xoi £u f, KO tH BP tùy 
atTjv É&et xá&iv: Ónep Eder Oci&ot. 
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KF and FH are thus also commensurable in square only 
[Prop. 10.11]. And since as KH is to HE, (so) KF (is) 
to FH, but as KH (is) to HE, (so) HF (is) to FE, thus, 
also as KF (is) to FH, (so) HF (is) to FE [Prop. 5.11]. 
And hence as the first (is) to the third, so the (square) on 
the first (is) to the (square) on the second [Def. 5.9]. And 
thus as K F (is) to FE, so the (square) on K F (is) to the 
(square) on FH. And the (square) on KF is commen- 
surable with the (square) on FH. For KF and FH are 
commensurable in square. Thus, K F is also commensu- 
rable in length with FE [Prop. 10.11]. Hence, KF [is] 
also commensurable in length with KE [Prop. 10.15]. 
And KE is rational, and commensurable in length with 
BC. Thus, KF (is) also rational, and commensurable in 
length with BC [Prop. 10.12]. And since as BC is to 
CD, (so) KF (is) to FH, alternately, as BC (is) to KF, 
so DC (is) to FH [Prop. 5.16]. And BC (is) commen- 
surable (in length) with KF. Thus, FH (is) also com- 
mensurable in length with CD [Prop. 10.11]. And BC 
and CD are rational (straight-lines which are) commen- 
surable in square only. KF and FH are thus also ratio- 
nal (straight-lines which are) commensurable in square 
only [Def. 10.3, Prop. 10.13]. Thus, KH is a binomial 
[Prop. 10.36]. 

Therefore, if the square on BC is greater than (the 
square on) CD by the (square) on (some straight-line) 
commensurable (in length) with (BC), then the square 
on KF will also be greater than (the square on) FH by 
the (square) on (some straight-line) commensurable (in 
length) with (KF) [Prop. 10.14]. And if BC is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) KF [Prop. 10.12]. 
And if CD is commensurable in length with a (previ- 
ously) laid down rational (straight-line), (so) also (is) 
FH [Prop. 10.12]. And if neither of BC or CD (are 
commensurable), neither also (are) either of KF or FH 
[Prop. 10.13]. 

And if the square on BC is greater than (the square 
on) CD by the (square) on (some straight-line) incom- 
mensurable (in length) with (BC) then the square on 
KF will also be greater than (the square on) FH by 
the (square) on (some straight-line) incommensurable 
(in length) with (KF) [Prop. 10.14]. And if BC is com- 
mensurable in length with a (previously) laid down ratio- 
nal (straight-line), (so) also (is) K F [Prop. 10.12]. And 
if CD is commensurable, (so) also (is) FH [Prop. 10.12]. 
And if neither of BC or CD (are commensurable), nei- 
ther also (are) either of KF or FH [Prop. 10.13]. 

KH is thus a binomial whose terms, KF and FH, 
[are] commensurable (in length) with the terms, BC and 
CD, of the apotome, and in the same ratio. Moreover, 
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pu. 

‘Edy yootov nepiéyryvot ónó ómoroufjc xoi vfjc Ex 600 
óvou&xov, fic xà OVOUATA cÓuperpá TE &oxt voic vfjc To- 
TOUTS óvóuatot xal Ev TE aÙT& ADYW, Ù TO ycplov Guvauévr 
enr &oxv. 














A B Z 
r B A 
H j 
e j 
K A M 








Iepieyéoðw yàp yweiov tò Und x&v AB, TA tno 
àxotoufic thc AB xal týs Ex 600 dvoudtwv tic TA, fic 
ueiGov óvoua gotw tò TE, xoi Éovo xà óvóuata tic Èx 
600 óvou&xov tà TE, EA oúuuetpá te xoic ts dxocxoufic 
óvóuoct toic AZ, ZB xa &v xà abxG XÓY«o, xol Eotw Å TÒ 
òrò x&v AB, DA 8uvauévn À H: Aévo, ów en, Eotw 7H H. 

‘Exxcioda yàp enth f, O, xoi 16 and tis O toov napa 
thy TA nopgopeBArjow mAdto¢ xoto0v thy KA: àxoxour gpa 
éotlv f) KA, fic xà óvóuata Eotw xà KM, MA oóuperpa tois 
fic €x 600 óvouáxov óvóuaot toç TE, EA xol &v 16 aÙt& 
OY. GAAG xoi oi TE, EA cóugexpol té ciot totic AZ, ZB 
xoi £v 16) ab Aóve Zotw doa wo f, AZ npóc thy ZB, 
obxoc Å KM npóc MA. &voAAà& dow Eotiv wo f| AZ npóc 
thy KM, obtoc f, BZ ngóc thy AM: xoi Aoud| Goa 5; AB 
xpóc AoiTHY tv KA otw óc Ñ AZ ngóc KM. ovuuEeteoc¢ 
dé f| AZ tH KM: ooupexpoc &pa &oxi xoi fj AB xfj KA. xat 
got óc À AB npóc KA, oŬtws tò Und t&v TA, AB npóc 
tO Ono xv TA, KA: cóguguexpov dpa &oxi xoi TÒ ÙTÒ xGv 
TA, AB xà 076 tév TA, KA. toov ðè tò tnd xv TA, KA 
1G &NO ts O: oóugexpov ğpa &oxi tò UNO t&v TA, AB t& 
and ts O. xà è ono x&v TA, AB (cov goti tò and týs H: 
cOuuetpov dpa toT TO ANd týs H t& aNd ts O. ENTOV dé 
TO UNO Tic O: ENtOV hou toti xoi TO AMO Thc H Entry toa 
éotly f, H. xoi Sbvatoa tò bn x&v TA, AB. 

"Eàv dea ywptov mepléyntor UNO Gmoroufjc xoà tS &x 
600 OVOUdTWY, fic xà OVOUATA GUUMETOR &oxt xolc TS ATO- 
xoufic óvógatot xal Ev TE ATE óy, f| TO YwWElov Guvauévr 
en Cott. 
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KH will have the same order as BC [Defs. 10.5—10.10]. 
(Which is) the very thing it was required to show. 


Proposition 114 


If an area is contained by an apotome, and a binomial 
whose terms are commensurable with, and in the same 
ratio as, the terms of the apotome then the square-root of 
the area is a rational (straight-line). 














A B F 
Ç E D 
G j 
H i 
K L M 








For let an area, the (rectangle contained) by AB and 
CD, have been contained by the apotome AB, and the 
binomial CD, of which let the greater term be CE. And 
let the terms of the binomial, CE and ED, be commen- 
surable with the terms of the apotome, AF and FB (re- 
spectively), and in the same ratio. And let the square-root 
of the (rectangle contained) by AB and CD be G. I say 
that G is a rational (straight-line). 

For let the rational (straight-line) H be laid down. 
And let (some rectangle), equal to the (square) on H, 
have been applied to CD, producing KL as breadth. 
Thus, KL is an apotome, of which let the terms, KM 
and ML, be commensurable with the terms of the bino- 
mial, CE and ED (respectively), and in the same ratio 
[Prop. 10.112]. But, CE and ED are also commensu- 
rable with AF and F B (respectively), and in the same ra- 
tio. Thus, as AF is to FB, so KM (is) to ML. Thus, alter- 
nately as AF is to K M, so BF (is) to LM [Prop. 5.16]. 
Thus, the remainder AB is also to the remainder K L as 
AF (is) to KM [Prop. 5.19]. And AF (is) commensu- 
rable with KM [Prop. 10.12]. AB is thus also commen- 
surable with KL [Prop. 10.11]. And as AB is to KL, 
so the (rectangle contained) by CD and AB (is) to the 
(rectangle contained) by CD and KL [Prop. 6.1]. Thus, 
the (rectangle contained) by CD and AB is also com- 
mensurable with the (rectangle contained) by CD and 
K L [Prop. 10.11]. And the (rectangle contained) by C.D 
and KL (is) equal to the (square) on H. Thus, the (rect- 
angle contained) by CD and AB is commensurable with 
the (square) on H. And the (square) on G is equal to the 
(rectangle contained) by C D and AB. The (square) on G 
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, 
IIóptoya. 
Koi véyovev fjv xod 61a xoOxou pavepóv, óxt SUVaTOV 
£o PNTOV xoplov LTO dAÓYvov cbVELv nepiéyeotot. Ónep 
Eder elko. 


+ 
pte . 
Ano Leong &nxetpot GAoYot yivovtat, xoi oó6euto odðeuğ 
TOY npócepov | AUTH. 


A 
B l 
IB 

A 


"Eoo uéor, f, A: Aévo, óu ånò ts A &neipot oyo 
yivovta, xal oóGeu(a OVSEULe THY TEdTEPOV Å AUTH). 

"Exxetodo enc, f, B, xoi và Und vGv B, A toov Zotw TÒ 
and ts I" &Aovoc &pa &oxiv f, I^ tÒ yàp Uno aAdyou xoi 
ntis GAovóv &oxtv. xol OLSEWLe x&v npócepov Å AUTH: TO 
yàp an’ obdeuLa THY npóxepov ropà ENTHY TAPABaAAGUEVOYV 
TARTOS Nolet uéony. náv 07 16 UNO t&v B, T toov Eotw TÒ 
ano ts A: &Xovov Spa Eotl 16 and ts A. &Xovoc hou Eotiv 
T, A: xoi obdeWLe viv npóxepov Å AUTH TO yàp aN’ OLSEULEC 
TOV TEOTEPOY TAPS ENTHY nopooAXAXóuevov rA&xoc notet TÙY 
T. ôpolws 97 TÄS voto trc xá&eoc En’ &reipov npopotvoborc 
pavepdv, OTL dno ts UEoNS &mewpor GAovou yivovtou, xol 
ovdepuia obdeWLe THY npócepov f| AUTH óxep Eder Setar. 
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is thus commensurable with the (square) on H. And the 
(square) on H (is) rational. Thus, the (square) on G is 
also rational. G is thus rational. And it is the square-root 
of the (rectangle contained) by CD and AB. 

Thus, if an area is contained by an apotome, and a 
binomial whose terms are commensurable with, and in 
the same ratio as, the terms of the apotome, then the 
square-root of the area is a rational (straight-line). 


Corollary 


And it has also been made clear to us, through this, 
that it is possible for a rational area to be contained by 
irrational straight-lines. (Which is) the very thing it was 
required to show. 


Proposition 115 


An infinite (series) of irrational (straight-lines) can be 
created from a medial (straight-line), and none of them 
is the same as any of the preceding (straight-lines). 

At 


B l 
C l 


D —————À 











Let A be a medial (straight-line). I say that an infi- 
nite (series) of irrational (straight-lines) can be created 
from A, and that none of them is the same as any of the 
preceding (straight-lines). 

Let the rational (straight-line) B be laid down. And 
let the (square) on C be equal to the (rectangle con- 
tained) by B and A. Thus, C is irrational [Def. 10.4]. 
For an (area contained) by an irrational and a rational 
(straight-line) is irrational [Prop. 10.20]. And (C is) not 
the same as any of the preceding (straight-lines). For 
the (square) on none of the preceding (straight-lines), 
applied to a rational (straight-line), produces a medial 
(straight-line) as breadth. So, again, let the (square) on 
D be equal to the (rectangle contained) by B and C. 
Thus, the (square) on D is irrational [Prop. 10.20]. D 
is thus irrational [Def. 10.4]. And (D is) not the same as 
any of the preceding (straight-lines). For the (square) on 
none of the preceding (straight-lines), applied to a ratio- 
nal (straight-line), produces C as breadth. So, similarly, 
this arrangement being advanced to infinity, it is clear 
that an infinite (series) of irrational (straight-lines) can 
be created from a medial (straight-line), and that none of 
them is the same as any of the preceding (straight-lines). 
(Which is) the very thing it was required to show. 
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Elementary Stereometry 


STOIXEION w. 


“Opor. 


a’. Utepedv Cott TO ufjxoc xol TAdTOS xal Badoc čyov. 

R. Utepeot 8& népac Emipaveta. 

y’. HvVeta npóc exinedov pd Eotw, Stav npóc nåoas 
Tac &rxouévac ATIC EvDElac xol obcac Ev TG [oxoxewévo] 
emimédw Opdac noi Yovíac. 

©. Eninedov npóc entredov ópÜóv otv, Óxav ai TH 
xotvfi tou x&v Emimedwv npóc opüdc dyóusvot cvei £v 
Evl TOV &£rixéO0v TE AotxG EmiTedw npóc ópüàc Got. 

g’. Evdetac npóc exinedov xAlois &oxiv, dtav and tod 
uexecpou népatos týs ELVElac Ext TO &m(meOov xáðetoç 
ayxdf}, xol and to yevougvou onyusiou El TÒ êv T &rixéoo 
népas ts evVEtuc cWNeia EmCevyDh, A repieyouévn vovía 
ONO ts ayVelonc xoi Thc &peovoonc. 

v. Eninédou npóc £n(ne00v xA(otc Eotly Å repieyou£vr 
ó&cia Ywvia UNO xv npóc GEDA TY xow tou dyYouévov 
xpóc TG) AVTES ONUElW Ev &xoxépo x&v &nrinéoov. 

C. Eninedov npóc éninedov Ouotwc xexAtoDau Aévevot 
xal Etepov npóc Etepov, Stav al clonuevar tæv xAloewv 
yoovia toot. GA Aoc Got. 

7. HapóAAnAa exined& &ox xà KOUUTTOTE. 

0’. "Ouota oxepex OY HATH Cott xà ono OUOiwY ÈTITÉÕWYV 
xepteyóuevat toov TÒ TAT Voc. 

V. "Ioa òè xoi óuota oxepex OYHUATH EOTL xà UNO OLOIWY 
emimedwv Tepleydueva lowy xà TANVEL xoi v6 uevéoet. 

tac. Utepsd yovia &oxiv ù UNO TAELdvwv ï 600 Ypouuóv 
&rxouévov GAAHAWY xol uÀ Ev TH AUTH Emipaveta ovoddsv 
TEOS nóocotc tos Ypouoüc xAloic. AAW ocepeX Yovía 
£o ly fj UNO nàsióvwv Ñ 600 yovv &ninéOov repteyou£vr 
UN obcGv Ev TE ALTE EmIMEdW npóc vl onuecly ouvi- 
OTOMEVOY. 

P’. Iupauis ott oyua otepsov Emimedolc TEPLyYOUEVOV 
ATÒ &vóc ETIMESOU npóc Evi ONUELW cuveotóc. 

ty’. Hotouao ott oyfjua oxepeóv Eminédoic neptex óuevov, 
Gv 600 Td amevavtioy tow te xol Čuo EOTL xol TACGAANAA, 
TH FE AOITA TAPAAANASY PALE. 

10". Ue@oiied tot, Stay HurxuxAtov Uevobons cfjc ÕrauéT- 
pou TEpleveyVEv TO NULXUXALOY eic TO AUTO TAAL ATOXATA- 
otað, vev Hoecato qépeotot, TO repumoev oyua. 

te’. "A&ov 8& ts oqaípac &oxiv f| uévouca evVEIa, negl 
Tiv TO fiuxO»xAtov otpéqe on. 

ts". Kévtpov è ts oqoípac Eotl TÒ wUTd, 6 xal 
TfiuxoxAtov. 

C. Arduetpos 8& týs oqaípac &oxiv eo0ciá xc Gu TOD 
xévtpou r|Yuévr, xoà MEPATOUUEVN EM Èxátepa xà UEON ono 
tis ETUpavetac THe oqotpac. 

wj. KGvóc Eotw, óxav ópÜovov(ou xpryóvou uevoborc 
uðs mAeupüc THY nepi Thy pty yov(av nepieveyüev TO 
tpiyovov eic TO abro TdAW ånroxataotaðf, ev fo&oxo 


TOU 


ELEMENTS BOOK 11 


Definitions 

1. A solid is a (figure) having length and breadth and 
depth. 

2. The extremity of a solid (is) a surface. 

3. A straight-line is at right-angles to a plane when it 
makes right-angles with all of the straight-lines joined to 
it which are also in the plane. 

4. A plane is at right-angles to a(nother) plane when 
(all of) the straight-lines drawn in one of the planes, at 
right-angles to the common section of the planes, are at 
right-angles to the remaining plane. 

5. The inclination of a straight-line to a plane is the 
angle contained by the drawn and standing (straight- 
lines), when a perpendicular is lead to the plane from 
the end of the (standing) straight-line raised (out of the 
plane), and a straight-line is (then) joined from the point 
(so) generated to the end of the (standing) straight-line 
(lying) in the plane. 

6. The inclination of a plane to a(nother) plane is the 
acute angle contained by the (straight-lines), (one) in 
each of the planes, drawn at right-angles to the common 
segment (of the planes), at the same point. 

7. A plane is said to have been similarly inclined to a 
plane, as another to another, when the aforementioned 
angles of inclination are equal to one another. 

8. Parallel planes are those which do not meet (one 
another). 

9. Similar solid figures are those contained by equal 
numbers of similar planes (which are similarly arranged). 

10. But equal and similar solid figures are those con- 
tained by similar planes equal in number and in magni- 
tude (which are similarly arranged). 

11. A solid angle is the inclination (constituted) by 
more than two lines joining one another (at the same 
point), and not being in the same surface, to all of the 
lines. Otherwise, a solid angle is that contained by more 
than two plane angles, not being in the same plane, and 
constructed at one point. 

12. A pyramid is a solid figure, contained by planes, 
(which is) constructed from one plane to one point. 

13. A prism is a solid figure, contained by planes, of 
which the two opposite (planes) are equal, similar, and 
parallel, and the remaining (planes are) parallelograms. 

14. A sphere is the figure enclosed when, the diam- 
eter of a semicircle remaining (fixed), the semicircle is 
carried around, and again established at the same (posi- 
tion) from which it began to be moved. 

15. And the axis of the sphere is the fixed straight-line 
about which the semicircle is turned. 
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Qéoeo0ot, TO TeplAnpdevy oyua. xäv uèv Å uévouca 
cocta ton Å tH Aou [tH] tegi thy ptv nepupepouern, 
ÓpUovdovtoc čata 6 x&voc, àv SE EAdTIWV, GUBAVYOWLOGC, 
éav 6€ ue(Cov, ó&vYOvtoc. 

WW’. "“A€wv 5€ tod xavou Eotly f| uévouca eó0cta, negl 
HY TO Telywvov otpépetar. 

x’. Báoic 6£ ó x0xXoc ó ONO Tic negupepouévric eoe(ac 
Ypo«póuevoc. 

xa’. KóXtv6póc Eotw, OTav ópÜovov(ou TAPAAANAOY PaU- 
uou UEVOUONES Uldic TAEUEC TéY negl THY opUT|v yoviav re- 
pleveyVEv TO nopoAArAÓYpoupov eic TO HUTO THALY dmoxa- 
xao vo Ti, ó0ev Tio&axo qépeoot, TO regu nov oyua. 

xB’. "A&ov dé tod xvAtvipou &oxlv f| uévouca cotta, 
Tepl fjv TO TACXAANAOCYEAULOV ocpéqpecot. 

xy’. Bácetc 8& oi xóxAot oi ONO v&v ATEVAVTÍOV TEPLA- 
Youévov 600 nAeupóv ypapóuevor. 

xd’. "Ogotot x&vot xol xbAwdeot ciow, v ot te &€ovec 
xol ai SidNETEOL x&v Bdoewv àváňoyóv siot. 

xe’. Kófooc &ocx oyua oxvepeóv UNO EF vexpory vov toov 
xEplEXÓUE VOV. 

xz’. Oxxácópóv Eotl oyfjua oxepeóv UNO OxTA TELYOVWY 
lowv xoi icomAsvewy nepteyÓuevov. 

xÇ’. Ebxooácópóv ċott oyua otepedv Und elxoor 
TELY@VOV toov xol ioorAeópov xeptexy Óuevov. 

un’. Awdexcedpdv £o oyua oxepeóv ono bMdexa rev- 
xoty vov toov xoi iconAeÓpov xol iooYvcoviov TEPLEYOUEVOV. 


a. 

Kvvetuc ypauuñs uépoc uév xt ovx Eotw Ev 1G ÙTO- 
ASIMEV ÈTITÉÕW, ÉPOG SE TL EV uexeopotépo. 

Et yàp Suvatév, có0cíac ypayuñs týs ABT uégoc uév 
tt TÒ AB gotw &v 16 Onoxetuévo EmiMédH, uépoc SE TL TO 
BI &v uexeopoxépo. 

"Eota Sf uc th AB cuveyric còca en’ edVetac èv 
1G broxewevy &ninéóo. Eotw f| BA: 600 doa evVerésv t&v 
ABT, ABA xowov xufju& got f, AB: ónep Eotlv adbvatov, 
érevdyiep &&v xév1po t B xoi Staothyatt x AB xdxrov 
yeubwuev, oi Gutuexvpot avicoucg anoAnbovta tod x0xAoU 
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16. And the center of the sphere is the same as that of 
the semicircle. 

17. And the diameter of the sphere is any straight- 
line which is drawn through the center and terminated in 
both directions by the surface of the sphere. 

18. A cone is the figure enclosed when, one of the 
sides of a right-angled triangle about the right-angle re- 
maining (fixed), the triangle is carried around, and again 
established at the same (position) from which it began to 
be moved. And if the fixed straight-line is equal to the re- 
maining (straight-line) about the right-angle, (which is) 
carried around, then the cone will be right-angled, and if 
less, obtuse-angled, and if greater, acute-angled. 

19. And the axis of the cone is the fixed straight-line 
about which the triangle is turned. 

20. And the base (of the cone is) the circle described 
by the (remaining) straight-line (about the right-angle 
which is) carried around (the axis). 

21. A cylinder is the figure enclosed when, one of 
the sides of a right-angled parallelogram about the right- 
angle remaining (fixed), the parallelogram is carried 
around, and again established at the same (position) 
from which it began to be moved. 

22. And the axis of the cylinder is the stationary 
straight-line about which the parallelogram is turned. 

23. And the bases (of the cylinder are) the circles 
described by the two opposite sides (which are) carried 
around. 

24. Similar cones and cylinders are those for which 
the axes and the diameters of the bases are proportional. 

25. A cube is a solid figure contained by six equal 
squares. 

26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 


Proposition 1t 


Some part of a straight-line cannot be in a reference 
plane, and some part in a more elevated (plane). 

For, if possible, let some part, AB, of the straight-line 
ABC be in a reference plane, and some part, BC, in a 
more elevated (plane). 

In the reference plane, there will be some straight-line 
continuous with, and straight-on to, AB.* Let it be BD. 
Thus, AB is a common segment of the two (different) 
straight-lines ABC and ABD. The very thing is impos- 
sible, inasmuch as if we draw a circle with center B and 
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Tepupepetac. radius AB then the diameters (ABD and ABC) will cut 
off unequal circumferences of the circle. 


T C 








A A 


Evvetac doa ypauuñs uépoç uév xt Ux Eotw Ev T ÙTO- Thus, some part of a straight-line cannot be in a refer- 
xetévo ETINESW, TO SE EV ueveopoxépox Önep Edel Oci&ot. ence plane, and (some part) in a more elevated (plane). 
(Which is) the very thing it was required to show. 


İt The proofs of the first three propositions in this book are not at all rigorous. Hence, these three propositions should properly be regarded as 
additional axioms. 


t This assumption essentially presupposes the validity of the proposition under discussion. 


p. Proposition 2 
"Eàv 600 Ocio véuvooty d) jac, £v Evi clow nné, If two straight-lines cut one another then they are in 
xal x&v tTotywvoy v &v( &owv Erinédw. one plane, and every triangle (formed using segments of 


both lines) is in one plane. 


A A A D 
E E 
Z H E G 
D © K B C H K B 











Abdo yàp cocto at AB, DA xeuvévocav aAAhAac xoà For let the two straight-lines AB and CD have cut 
tO E onyuciov. Aévo, Stt oi AB, TA ev Evi ciow Entnédm, one another at point E. I say that AB and CD are in one 
xol t&v Totywvoy v Evi ott &ninéoo. plane, and that every triangle (formed using segments of 

Eidjpdw yàp én tv ED, EB tuyóvta orca và Z, H, both lines) is in one plane. 
xai eneTevyDwoay oi TB, ZH, xoi dujydwouv at ZO, HK: For let the random points F and G have been taken 


Eyw npósxov, ów tò ETB tetywvov êv Evi Eotw Eminédm. ci on EC and EB (respectively). And let CB and FG 
yuo £o tod ETB xptyóvou uégoc Ato. tò ZOT 5, tò HBK have been joined, and let FH and GK have been drawn 
év 16) Unoxeieve [Exinéde], TO 6€ XAouxóv Ev GA, Eota xol across. I say, first of all, that triangle ECB is in one (ref- 
uidic xv ET, EB eó0&v uépoc uév xt év x&$ ónoxeiévo erence) plane. For if part of triangle ECB, either FHC 
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emimedw, TO 68 EV AAAW. el 68 o0 ETB xgiyóvou tò ZLBH 
uépoc 7| Ev v&$ Umoxewevy &rixéóo, TO SE Aouxóv Ev Go, 
gota xol aupotéewy t&v ED, EB evdeiéiv uépoc ev x 
£v 16) Oroxeiuévo ETIMESW, TO BE £v GAAG Ónep Gronov 
£Oc(yür. TO dow ETB tetywvoy v evi Eotw Eminédw. EV à 
d€ cott TO ETB tetywvov, £v tobtw xoi Exatéoa t&v ED, 
EB, év @ 8& Exatépa xv ET, EB, v xoxo xoi of AB, 
TA. oi AB, TA doa evOeta ev Evi elow &riné8o, xol xtv 
totywvov v &v( &owv &ninéóo* nep Eder Seta. 


, 


y’. 
‘Edy 600 enineda teuy GAANAG, f| xowwn abtév xou) 
evvdeid& oTt. 


B 





A A 


T 

Abo yàp éxineda xà AB, BT teuvétw &AAnAa, now?) SE 
autéy tour Éovo À AB ypapuý: Aéyvo, óu f, AB vpouur, 
eoUciáà £ov. 

Ei yàp ph, &neCeOy0c and tod A &ri tò B êv uèv 165 AB 
éminédw evdeia f| AEB, £v dé và BT emnédm eveta f, AZB. 
Zota 97) 600 evderdv tv AEB, AZB xà oótà népata, xol 
xepié&ouot nadd ywelov’ ónep &totov. ox &pa ai AEB, 
AZB cvveiat ciow. buolws Sf Ge(&ouev, ött odè HAAN xc 
ano tod A nì tò B emCevyvwuuevn cbVeia Eota TAHY tS 
AB xotvfic xoufic xv AB, BT &nnéóov. 

"Edy doa Dúo Ertreda téuvy GAANAG, f| xot?) aoxGv cour) 
evveta £owv: Ónep der SeiEan. 
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or GBK, is in the reference [plane], and the remainder 
in a different (plane) then a part of one the straight-lines 
EC and EB will also be in the reference plane, and (a 
part) in a different (plane). And if the part FC BG of tri- 
angle ECB is in the reference plane, and the remainder 
in a different (plane) then parts of both of the straight- 
lines EC and EB will also be in the reference plane, 
and (parts) in a different (plane). The very thing was 
shown to be absurb [Prop. 11.1]. Thus, triangle ECB 
is in one plane. And in whichever (plane) triangle ECB 
is (found), in that (plane) EC and EB (will) each also 
(be found). And in whichever (plane) EC and EB (are) 
each (found), in that (plane) AB and CD (will) also (be 
found) [Prop. 11.1]. Thus, the straight-lines AB and CD 
are in one plane, and every triangle (formed using seg- 
ments of both lines) is in one plane. (Which is) the very 
thing it was required to show. 


Proposition 3 


If two planes cut one another then their common sec- 
tion is a straight-line. 





D A 
C 


For let the two planes AB and BC cut one another, 
and let their common section be the line DB. I say that 
the line DB is straight. 

For, if not, let the straight-line DEB have been joined 
from D to B in the plane AB, and the straight-line DF B 
in the plane BC. So two straight-lines, DEB and DF B, 
will have the same ends, and they will clearly enclose an 
area. The very thing (is) absurd. Thus, DEB and DFB 
are not straight-lines. So, similarly, we can show than no 
other straight-line can be joined from D to B except DB, 
the common section of the planes AB and BC. 

Thus, if two planes cut one another then their com- 
mon section is a straight-line. (Which is) the very thing it 
was required to show. 
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0 
‘Edy cvVeia dvo evdetac teuvovoac AAAs npóc 
ópüdc &mi vfjc xotvfjc voufjc Emotady, xol và OU aUTESV 
&niné0Q npóc pàs EoTH. 


Z 








H © 
A B 


Evveia vóp tic A EZ 900 edVetoucg tos AB, DA qe- 
uvovoaic aAAhAac xoà TO E onusiov and tot E npóc oópüóc 
&geotóvox Aévo, Ott f, EZ xoi và ài xv AB, DA exinédw 
xpóc ópÜdc &ov. 

'Anceufypüoocovy yàp at AE, EB, DE, EA toot aAhAauc, 
xoi xvw tic Ou toŭð E, óc Évoyev, 5j HEO, xoa 
éneCe0yüocav oi AA, TB, xoi étt and voyóvtoc tot Z 
&neCeOy0oocav oi ZA, ZH, ZA, ZT, ZO, ZB. 

Koi &nei 600 oi AE, EA uoi tos TE, EB toot eol xoi 
yovlac toas nepgiéyouot, Báotc doa À AA Bdoet xfj TB ton 
éotty, xoi tò AEA tetywvov 16 TEB tetyovw toov gota: 
Bote xol yovia f| ond AAE yovig ti Ond EBT toy [Eotiy]. 
got 0& xoi fj Und AEH Yovía ti bnd BEO ion. 600 5h 
totywve éott tù AHE, BEO tac 600 vovíoc duol Yovíotc 
loo čyovta &xorxépav ExaTéoa xol utov TACVEdY ULE TACUES 
tony tv npÓc tois {oos ywviag thy AE xfj EB: xoi tàs 
Aoindc dea TAEUEaC tos Aouolic reupolic toas £&ouotvy. ton 
doa f, u&v HE «jj EO, fj òè AH «fj BO. xoi Exel ton oiv H 
AE «fj EB, xow dé xoi med¢ pàs f, ZE, Doi dpa f, ZA 
B&ce xfj ZB cotw ton. Dà xà HUT OH xod f| ZT tÅ ZA Eotw 
ïon. xoi &nei ton £o xiv f| AA tH DB, £o òè xoi À ZA tH ZB 
ïon, 600 97; at ZA, AA Svol tos ZB, BT (cot eiolv &xoxépa 
exatéea xol Báoic À ZA Báo xfj ZT edety dy ion: xol yovia 
doa fj UNO ZAA ywvig tH 0nd ZBI ion £oxtv. xoi &nel n&Aww 
edety0y fj AH tH BO ton, àAX& uiv xol f, ZA xfj ZB ton, 600 
67, at ZA, AH dvoi toas ZB, BO fou eio(v. xoà ywvia Ñ ónó 
ZAH édety Oy ton tÅ 026 ZBO: Båois Kou f| ZH Dáoe xfj ZO 
éotw ton. xoi &xel rå ton edely0n Y, HE tý EO, xow òè 
n EZ, 600 97) at HE, EZ ðuol tas OE, EZ tom ciotv: xoi 
péoic n ZH Bdoet tH ZO ton ywvia doa f, òrò HEZ ywovia 
ifj nrò OEZ ton &oxív. óp017, doa &xaxépa t&v ono HEZ, 
OEZ vovv. f, ZE toa npóc thy HO twydvtwe¢ tà tob 
E aydetoay dpdy &owv. óyoíoc 97) SeiGouev, dt Å ZE xoi 
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Proposition 4 


If a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). 


F 





For let some straight-line EF have (been) set up at 
right-angles to two straight-lines, AB and CD, cutting 
one another at point E, at E. I say that EF is also at 
right-angles to the plane (passing) through AB and CD. 

For let AE, EB, CE and ED have been cut off from 
(the two straight-lines so as to be) equal to one another. 
And let GEH have been drawn, at random, through E 
(in the plane passing through AB and CD). And let AD 
and CB have been joined. And, furthermore, let FA, 
FG, FD, FC, FH, and FB have been joined from the 
random (point) F (on EF). 

For since the two (straight-lines) AE and ED are 
equal to the two (straight-lines) CE and EB, and they 
enclose equal angles [Prop. 1.15], the base AD is thus 
equal to the base C'B, and triangle AED will be equal 
to triangle CEB [Prop. 1.4]. Hence, the angle DAE 
[is] equal to the angle EBC. And the angle AEG (is) 
also equal to the angle BEH [Prop. 1.15]. So AGE 
and BEH are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), those by the equal angles, AE and EB. Thus, 
they will also have the remaining sides equal to the re- 
maining sides [Prop. 1.26]. Thus, GE (is) equal to EH, 
and AG to BH. And since AE is equal to EB, and FE 
is common and at right-angles, the base FA is thus equal 
to the base FB [Prop. 1.4]. So, for the same (reasons), 
FC is also equal to FD. And since AD is equal to CB, 
and FA is also equal to FB, the two (straight-lines) F A 
and AD are equal to the two (straight-lines) FB and BC, 
respectively. And the base FD was shown (to be) equal 
to the base FC. Thus, the angle FAD is also equal to 
the angle FBC [Prop. 1.8]. And, again, since AG was 
shown (to be) equal to BH, but FA (is) also equal to 
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xpóc nócoc Ta ANTOUEVaAS AUTH¢ EVVEtac xol obcac £v TH 
UMOXEIWEV ETINESW opc roosi ywviac. euIEia bE npóc 
éntnedov dey Cott, Óxav npóc n&coc vic ANTOMEVAC HUTH¢ 
evuvetac xol ooac Ev TE HAUTE EMINEdW pàs TOL Ywvlac: 
Å ZE doa 1G Onxoxetuévo ETINESW TEOS pás EOTIV. TO dE 
bnoxetuevoy enineddv &ow TÒ dà x&v AB, TA evderdv. f 
ZE doa Ted pás Eott xi Sid vv AB, DA &rixéóo. 

‘Edy doa cvveta 660 evVetarg veuvobootc AAAA npóc 
ópÜdc nì vfjc xowñs voufjc Emotady, xol v OU aUTESV 
EINES npóc GEVAC čotar Ónep det deiga. 


rd 
oq 
‘Edy cvvdeta tpiolv eó0c(otc amtouévaig GAXAYjAcv npóc 
ópůàs mì THe xowfjc touñs notaði, at vpeic cOVeton ev Evi 
ciot &rinéOo. 


A 


D 











Evveia yáp xc f, AB totolv etc(otc toas BT, BA, BE 
xpóc OPVa Ext Tic xoxà TO B às &oeováxox Aévo, OTL oí 
BI, BA, BE êv ví ciow &rixéóo. 

My vóp, &AX' et Suvatédv, Eotwoav oi uàv BA, BE 
£v 1G Onoxeiévo Erinédw, A 6€ BI £v ueveogoxépo, xoi 
éxBeBAhodw tò dla xv AB, BT &n(ne60v: xowv 67] vour]v 
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F B, the two (straight-lines) FA and AG are equal to the 
two (straight-lines) FB and BH (respectively). And the 
angle F AG was shown (to be) equal to the angle FBH. 
Thus, the base FG is equal to the base FH [Prop. 1.4]. 
And, again, since GE was shown (to be) equal to EH, 
and EF (is) common, the two (straight-lines) GE and 
EF are equal to the two (straight-lines) HE and EF 
(respectively). And the base FG (is) equal to the base 
FH. Thus, the angle GEF is equal to the angle HEF 
[Prop. 1.8]. Each of the angles GEF and HEF (are) 
thus right-angles [Def. 1.10]. Thus, FE is at right-angles 
to GH, which was drawn at random through E (in the 
reference plane passing though AB and AC). So, simi- 
larly, we can show that FE will make right-angles with 
all straight-lines joined to it which are in the reference 
plane. And a straight-line is at right-angles to a plane 
when it makes right-angles with all straight-lines joined 
to it which are in the plane [Def. 11.3]. Thus, FE is at 
right-angles to the reference plane. And the reference 
plane is that (passing) through the straight-lines AB and 
CD. Thus, FE is at right-angles to the plane (passing) 
through AB and C D. 

Thus, if a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). (Which is) the very thing 
it was required to show. 


Proposition 5 


If a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the common point 
of section, then the three straight-lines are in one plane. 


A 


C 











For let some straight-line AB have been set up at 
right-angles to three straight-lines BC, BD, and BE, at 
the (common) point of section B. I say that BC, BD, 
and BE are in one plane. 

For (if) not, and if possible, let BD and BE be in 
the reference plane, and BC in a more elevated (plane). 
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Tooc Ev T Onoxeuévo EmINedHW eÓÜUclav. ToLettw tv 
BZ. év vì dow ciolv Eninédw 16 Sinyyevw Sie vv AB, 
BT oi tozic evVecian ai AB, BT, BZ. xoi éxei À AB dody 
ċott npóc Exatéopav xv BA, BE, xoi x ài tHv BA, 
BE da &rinéóo pð Eotw Å AB. tò dé Std xóv BA, BE 
éninedov TÒ Unoxetuevoy got’ f, AB doa ph Eott npoc TO 
broxetuevov entnedov. iore xol npóc TÅOAS TÙS ANTOUEVALC 
atfjc evVEtac xol obcac Ev tT Onroxetuévo ELITES ópüüc 
roosi Yov(ac f, AB. &rxexot 68 abcfic 7 BZ ooa Ev xà 
oroxeuévo ninéðy f, &pa UNO ABZ yovia pð Eotw. 
On Óxetcxot dé xoi f, óxó ABT ded; ton dea H UNO ABZ ywvia 
tÑ òrò ABT. xal ciow év evi Eminédw- Ónep Eotiv &d0vatov. 
00x dea ù BT evdeta ev uetewpotép &o1lv emimédu oi toeic 
dou evdetoa at BD, BA, BE êv Evi ciow &rnéóQ. 

"Edy doa cbvVeta torolv cbVetaic &rvouévotc GAAHAWY £r 
fic àxfic npóc ópüàc notaði, ai xpeic eUIEto Ev Evi ciow 
éminédu’ Ónep det Deiča. 


, 


TS 


‘Edy 600 cvdetar 16 aÙt& EmiNedW npóc ópÜdc Bow, 
TAPAAN oL Ecovtat at eveia. 


r A 








E 


Abo yàp ev0eia oi. AB, TA xà broxewev &ninéóo 
xpóc GEV čotwoav: AEYW, STL TAEGAANADS Eotw f, AB tH 
TA. 

XuupoAAÉvoocav yàp 16) oxoxeuévo ETUMESW xatà và B, 
A onpeia, xoi &neCeOy 0o ñ BA cocta, xoi fo tÅ BA 
npóc OpÜdc Ev TG Oroxetuévo Erinédw À AE, xoi xeiodw 
tfj AB ton f, AE, xoi &neCeoy0ooav ai BE, AE, AA. 

Kat &nel f, AB óp0r, toti npóc TO onoxeíuevov Extnedov, 
xoi npóc nécac [koa] tac antouévac adtiic evdetac xol 
obcoac Ev 1G UMoxEWEVW EmITEdW GEDdC rows Ywvlac. 
&nteta 08 týs AB exatéoa àv BA, BE otto v 16) bn0- 
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And let the plane through AB and BC have been pro- 
duced. So it will make a straight-line as a common sec- 
tion with the reference plane [Def. 11.3]. Let it make 
BF. Thus, the three straight-lines AB, BC, and BF 
are in one plane—(namely), that drawn through AB and 
BC. And since AB is at right-angles to each of BD and 
BE, AB is thus also at right-angles to the plane (passing) 
through BD and BE [Prop. 11.4]. And the plane (pass- 
ing) through BD and BE is the reference plane. Thus, 
AB is at right-angles to the reference plane. Hence, AB 
will also make right-angles with all straight-lines joined 
to it which are also in the reference plane [Def. 11.3]. 
And BF, which is in the reference plane, is joined to it. 
Thus, the angle ABF is a right-angle. And ABC was also 
assumed to be a right-angle. Thus, angle ABF (is) equal 
to ABC. And they are in one plane. The very thing is 
impossible. Thus, BC is not in a more elevated plane. 
Thus, the three straight-lines BC, BD, and BE are in 
one plane. 

Thus, if a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the (common) point 
of section, then the three straight-lines are in one plane. 
(Which is) the very thing it was required to show. 


Proposition 6 


If two straight-lines are at right-angles to the same 
plane then the straight-lines will be parallel.! 


C A 








For let the two straight-lines AB and CD be at right- 
angles to a reference plane. I say that AB is parallel to 
CD. 

For let them meet the reference plane at points B and 
D (respectively). And let the straight-line B.D have been 
joined. And let DE have been drawn at right-angles to 
BD in the reference plane. And let DE be made equal to 
AB. And let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference plane, 
it will [thus] also make right-angles with all straight-lines 
joined to it which are in the reference plane [Def. 11.3]. 


430 


STOIXEION w. 


xeweve Erinédw’ Öp doa éotiv Exatéea x&v Und ABA, 
ABE yovv. die xà obxà 97) xoi Exatépa xv Ond TAB, 
TAE óp £owv. xa nel ton &oxiv f) AB xf; AE, xow) 
dé f, BA, 600 87; oi AB, BA bdvoi toas EA, AB tow ciotv: 
xoà ywviac dedac nspiéyouotv: Báotc &pa 7 AA Dáoce TH 
BE éow ton. xoà Enel ton &oxiv 5j AB tH AE, Gd xoi 
n AA «jj BE, 600 54 at AB, BE uo tos EA, AA tou 
eio(v: xoà Dácic wdtév xow A AE: yovia doa fj Und ABE 
youd xf; nò EAA &oxvy ïon. ded} 66 7 Und ABE: óg01) 
dou xoi A òrò EAA: f, EA &pa npóc thy AA óp Eotw. 
Zot 6€ xoi npóc Exatépav xv BA, AT óp0f.. f, EA &pa 
totol evvetac tos BA, AA, AT npóc pàs Ent xfic &pñs 
EMEoTHXEV’ oi xvpelc dow evudeioa ai BA, AA, AT êv Evi eiow 
éminédw. èv & dé at AB, AA, év voOto xol f, AB: n&v yàp 
totywvov v evi &oxty Eninédm ai doa AB, BA, AT evdeta 
év evi clow emingdw. xal &oty OPO Exatéoa xv òrò ABA, 
BAT yowwdy: napdAAndoc pa &oxv 7 AB xfj TA. 

"Edy doa 600 ev¥eian 16 aut emimédm npóc dedac Bow, 
TAPGAANAOL Écovcot att eUVEtaL önep Eder Degon. 
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And BD and BE, which are in the reference plane, are 
each joined to AB. Thus, each of the angles ABD and 
ABE are right-angles. So, for the same (reasons), each 
of the angles CDB and CDE are also right-angles. And 
since AB is equal to DE, and BD (is) common, the 
two (straight-lines) AB and BD are equal to the two 
(straight-lines) ED and DB (respectively). And they 
contain right-angles. Thus, the base AD is equal to the 
base BE [Prop. 1.4]. And since AB is equal to DE, and 
AD (is) also (equal) to BE, the two (straight-lines) AB 
and BE are thus equal to the two (straight-lines) ED 
and DA (respectively). And their base AE (is) common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. And 
ABE (is) a right-angle. Thus, EDA (is) also a right- 
angle. ED is thus at right-angles to DA. And it is also at 
right-angles to each of BD and DC. Thus, ED is stand- 
ing at right-angles to the three straight-lines BD, DA, 
and DC at the (common) point of section. Thus, the 
three straight-lines BD, DA, and DC are in one plane 
[Prop. 11.5]. And in which(ever) plane DB and DA (are 
found), in that (plane) AB (will) also (be found). For 
every triangle is in one plane [Prop. 11.2]. And each of 
the angles ABD and BDC is a right-angle. Thus, AB is 
parallel to CD [Prop. 1.28]. 

Thus, if two straight-lines are at right-angles to 
the same plane then the straight-lines will be parallel. 
(Which is) the very thing it was required to show. 


t In other words, the two straight-lines lie in the same plane, and never meet when produced in either direction. 


e 
"Edy Got dvo cvdeton ropóA rot, Arf 66 E—’ Exatéoac 
AUTHY TUYOVTA oria, f, êm TH omngeia &mteuYvuuévn 
cuveta £v 16) AUTO ErtxéOQ £o toç napao. 


A E B 








p Z A 


”"Eotwoav 9000 cocto! napóáAAnAot of AB, TA, xo 
eiAYkpüc Ep &xoxépoc qÙtõv vuvyóvtia onucia và E, Z: 
AEYO, OTL f| Ent tà E, Z onysia EmCevyvoyevn evveta ev xà 
ATES EMINESW EOT) volic Tapa oI. 

My Yáp, àXA' ei 6uvoxóv, £oxo Ev uexeopotépo óc f| 
EHZ, xoi dxo dà týs EHZ &ní(ne80v: xou 97) rooe 


Proposition 7 


If there are two parallel straight-lines, and random 
points are taken on each of them, then the straight-line 
joining the two points is in the same plane as the parallel 
(straight-lines). 


A E B 








C F D 
Let AB and CD be two parallel straight-lines, and let 
the random points E and F have been taken on each of 
them (respectively). I say that the straight-line joining 
points Æ and F is in the same (reference) plane as the 
parallel (straight-lines). 
For (if) not, and if possible, let it be in a more elevated 
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£v 16) UMOXEIUEVY) ETINESW CVVEtaV. note(vo oc Thy EZ: 600 
&pa evdetau at EHZ, EZ ywptov nepiéfouow: ónep éotiv 
&UvaTtov. oOx doa Å and tod E éni tò Z emCevyvuyevy 
evveta Ev uexeopoxépo &oxlv Eriméduy" Ev t Sid xv AB, 
TB dea napadAnrwy eotly eminédw f| and tod E ên tò Z 
émiCevyvupevy, cbdeta. 

"Edy doa Bot 600 cbVetoan napódAAnAot, Anpdy Se Eq’ 
EXATEPAC otv TLYOVTA ONUEtA, f| êm tà onusta EmCev- 
Yvuyuévr| cuveta ev 16) o6 Emimédw Eotl volic MapadANAotc: 
Ónep Eder SetEan. 


, 

‘Edy Got 600 cöÛeřa mapdAAnAot, f, SE tépa atv 
emimedw til npóc dedac A, xol f| Aou] TE HOT Eminédw 
rpóc ópÜdc Éocot. 


A T 











E 

"Eoxcoocav 800 eó0ciot xapóAArot oi AB, DA, fj òè tépa 
aùtõv f, AB xà Onxoxewévo énnéóQ npóc ÓpÜóc Éovor 
EY, StL xol T, AoA f, TA x6 adtE Eminédw npóc ópüóc 
EOTAL. 

XuuoAAXéxocav yàp ai AB, TA TẸ broxewéeve éniéóo 
xaxà xà B, A onucia, xoi &xeCéuy 0o n BA: ot AB, TA, BA 
doa èv evi eiotv eninédm. yiwo tH BA npóc ópüàc £v xà 
oroxeuévo &ninéóo f, AE, xoi xeiodw tH AB ton 5| AE, 
xoi éxeCeoy0ooav oi BE, AE, AA. 

Kat &nel f, AB óp0r, toti npóc tò onoxe(uevov éníneGov, 
xol Teds n&cac Hoa TAŞ àmxouévo AUTH¢ eU Oetoc xol obooc 
év 1G Onoxetuévo Erimédw npóc pás tot H AB: ded} doa 
[£o xiv] exatépa x&v Und ABA, ABE yovv. xoà Enel eic 
rapoAAfjXouc tac AB, TA eó0eia &unérvoxev f, BA, at doa 
òrò ABA, TAB vovíot 6uotv plais (oot cictv. pð dé À 
òrò ABA: dF doa xoi A òrò TAB: H TA doa npóc thy BA 
ÓpUY, otw. xoi Enel ton éotiv n AB t AE, xow) dé 7 BA, 
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(plane), such as EGF. And let a plane have been drawn 
through EGF. So it will make a straight cutting in the 
reference plane [Prop. 11.3]. Let it make EF. Thus, two 
straight-lines (with the same end-points), EGF and EF, 
will enclose an area. The very thing is impossible. Thus, 
the straight-line joining E to F is not in a more elevated 
plane. The straight-line joining F to F is thus in the plane 
through the parallel (straight-lines) AB and CD. 

Thus, if there are two parallel straight-lines, and ran- 
dom points are taken on each of them, then the straight- 
line joining the two points is in the same plane as the 
parallel (straight-lines). (Which is) the very thing it was 
required to show. 


Proposition 8 


If two straight-lines are parallel, and one of them is at 
right-angles to some plane, then the remaining (one) will 
also be at right-angles to the same plane. 


A C 











E 

Let AB and CD be two parallel straight-lines, and let 
one of them, AB, be at right-angles to a reference plane. 
I say that the remaining (one), CD, will also be at right- 
angles to the same plane. 

For let AB and C D meet the reference plane at points 
B and D (respectively). And let BD have been joined. 
AB, CD, and BD are thus in one plane [Prop. 11.7]. 
Let DE have been drawn at right-angles to BD in the 
reference plane, and let DE be made equal to AB, and 
let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference 
plane, AB is thus also at right-angles to all of the 
straight-lines joined to it which are in the reference plane 
[Def. 11.3]. Thus, the angles ABD and ABE [are] each 
right-angles. And since the straight-line BD has met the 
parallel (straight-lines) AB and CD, the (sum of the) 
angles ABD and CDB is thus equal to two right-angles 
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600 of at AB, BA dvoi tos EA, AB toa cioiv: xoi Yovía 
f, òrò ABA yovia ti tnd EAB ton: dedi yàp &xoxépoc 
B&otc doa 9| AA Bdoet tH BE ton. xoi Enel ton &oxiv ñ 
u&v AB «fj AE, ġ 6€ BE xf; AA, 600 67) aft AB, BE uo 
toic EA, AA tom eiolv &xorépat Exatéeg. xal Báo adtéiv 
xov 7 AE: yovia doa 7 Und ABE yovia tH ond EAA 
got ton. dedi 98 7 Und ABE: 6007 dow xoi f| Und EAA: 
f, EA &pa npóc tày AA dp0¥ Eotw. Éow SE xoi npóc Thy 
AB òp: 5| EA oa xol xà Sie vv BA, AA &ruxéóo pth 
&ottv. xol npóc n&cac hoa TÙS AnTOuÉVAS ATI} eo 0e(oc xol 
obcac év TH à xv BAA &rinéóo pàs roosi yovias À 
EA. év dé 16 à x&v BAA ériné6o Eotiv H AT, &neiórjxep 
év 16) Ox x&v BAA £&rinéóo Eotlv at AB, BA, êv à 6€ 
at AB, BA, év tovto £o xoi f, AT. 5, EA dow tH AT 
npóc ópüdc tot: Bote xai n TA tÅ AE npóc ópüdc Eotw. 
£c dé xol f| DA tÅ BA npóc ópüdc. f, DA doa 600 edVetac 
xeu voOoatc dA AXYXAoc tas AE, AB and ts xatà tò A tous 
Teds ópÜàc &géocrxev: ote f, L'A xoi và Sia tv AE, AB 
énixéOQ npóc ópÜdc EotIv. TO SE Sid cv AE, AB éníneoov 
TÒ Unoxeiuevoyv cotw: À TA dpa 16 Unoxeweven énnébo 
rpóc CPVdC totw. 

"Edy doa Got Dvo cvdetou maodrAnAot, f, 6€ ula atv 
emimedw til ngóc dedac A, xol f| Aou] TE OTE Emimédw 
xpóc OpÜdc čotar Ónep Eder deiga. 


0. 


Ai tH ooxf| edVeta mapdAAnAot xoi uù oboot AUTH £v t 
o16G ETINESW xol GAAMAduc eol MAOcAANAOL. 











B O A 

Z H E 

A D 
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"Eo yàp exatéea vv AB, TA xfj EZ napéddnaoc 
UN) o$cot AUTH Ev TE HUT &rixéOQ AE, OTL TAEGAANASS 
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[Prop. 1.29]. And ABD (is) a right-angle. Thus, CDB 
(is) also a right-angle. CD is thus at right-angles to BD. 
And since AB is equal to DE, and BD (is) common, 
the two (straight-lines) AB and BD are equal to the two 
(straight-lines) ED and DB (respectively). And angle 
ABD (is) equal to angle EDB. For each (is) a right- 
angle. Thus, the base AD (is) equal to the base BE 
[Prop. 1.4]. And since AB is equal to DE, and BE to 
AD, the two (sides) AB, B E are equal to the two (sides) 
ED, DA, respectively. And their base AE is common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. 
And ABE (is) a right-angle. EDA (is) thus also a right- 
angle. Thus, ED is at right-angles to AD. And it is also 
at right-angles to DB. Thus, ED is also at right-angles 
to the plane through BD and DA [Prop. 11.4]. And 
ED will thus make right-angles with all of the straight- 
lines joined to it which are also in the plane through 
BDA. And DC is in the plane through BDA, inas- 
much as AB and BD are in the plane through BDA 
[Prop. 11.2], and in which(ever plane) AB and BD (are 
found), DC is also (found). Thus, ED is at right-angles 
to DC. Hence, CD is also at right-angles to DE. And 
CD is also at right-angles to BD. Thus, C'D is standing 
at right-angles to two straight-lines, DE and DB, which 
meet one another, at the (point) of section, D. Hence, 
CD is also at right-angles to the plane through DE and 
DB [Prop. 11.4]. And the plane through DE and DB is 
the reference (plane). CD is thus at right-angles to the 
reference plane. 

Thus, if two straight-lines are parallel, and one of 
them is at right-angles to some plane, then the remain- 
ing (one) will also be at right-angles to the same plane. 
(Which is) the very thing it was required to show. 


Proposition 9 


(Straight-lines) parallel to the same straight-line, and 
which are not in the same plane as it, are also parallel to 
one another. 











B H A 

E G E 

D C 
K 


For let AB and CD each be parallel to EF, not being 
in the same plane as it. I say that AB is parallel to CD. 
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otv fj AB tÑ TA. 

EUypüo yàp ent thc EZ tuyòv onuciov tò H, xod an’ 
autod xfj EZ êv uèv 16 dià x&v EZ, AB &ninéóo npóc ópüàc 
xo 9, HO, £v 6€ t à àv ZE, TA tH EZ néAtv npóc 
oevac Ty 9o n HK. 

Koi &r& f| EZ npóc exatéoav xy HO, HK pý £ouv, 
7 EZ doa xoi x Sia Tv HO, HK eEminédw npóc ópüdc 
£c. xal gotw À EZ xfj, AB napédAndoc: xoi f, AB &pa 
16 Sia x&v OHK eEminédsw npóc deddc tot. Già xà obxà 
67, xoi f, TA xà Sie vóv OHK &rinéóo npóc pós £owv 
exatéoa doa xv AB, TA 16 àà xcv OHK £&rinéóo npóc 
opvac otv. àv be 000 evVeton TH WUT EmiMédsw npóc 
eva ow, NAEGAANAol cio oi evdetor maedAANAOS toa 
éotlv 7| AB tH TA: oreo &óet deiga. 


, 
Lbs 
‘Edy dvo evudeion &rvóuevot GAAHAWY Tapa 600 evVElac 
ANtTOUEVac GAAAAWY Got uÀ £v tÆ aÙt& Emimédw, looc 
yovlag tepiéčovow. 








Abo yàp eo0cio. ai AB, BT antéyevan WAAAY Taek 
600 evdetac tac AE, EZ antouévac dAAhAwv Eotwoay ur) 
év TẸ av Einédw AEH, Stt ton Eotlv f, rò ABT vovía 
ifj ond AEZ. 

Ancńoðwocav yàp at BA, BT, EA, EZ toot QA jAouc, 
xoi éxeCeoy0ocav ai AA, TZ, BE, AT, AZ. 

Koi éxel 7 BA xfj EA ton éoti xoà napdAAnhoc, xoi f, 
AA pa xfj BE ton goth xol mapcdAnroc. Sie và HTH 5H 
xoi f, TZ «fj BE ton &oxi xoà mapddrnroc: exatéoa doa xv 
AA, TZ tf BE ton £o xoi rapáAAvrAoc. at òè TH adTH 
coelo. TAPGAANAOL xol UY) o0cot atf] £v TH aot Enixéoo 
xol GAAHAas ciol Tapc&AANAoL rogi mXoc koa &oxlv f| AA 
tf; TZ xa ton. xoà emlevywoovow abxàc ot AT, AZ: xoi 
ñ AT dou xfj AZ ton £oxi xol mapdAAnroc. xoi &nel 600 oi 
AB, BT uo tas AE, EZ toot eiotv, xoi Báotc À AT Bácet 
tÑ AZ ton, yovia doa f, òrò ABT ywvia tH nó AEZ &ouv 
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For let some point G have been taken at random on 
EF. And from it let GH have been drawn at right-angles 
to EF in the plane through EF and AB. And let GK 
have been drawn, again at right-angles to EF, in the 
plane through FE and CD. 

And since EF is at right-angles to each of GH and 
GK, EF is thus also at right-angles to the plane through 
GH and GK [Prop. 11.4]. And EF is parallel to AB. 
Thus, AB is also at right-angles to the plane through 
HGK [Prop. 11.8]. So, for the same (reasons), CD is 
also at right-angles to the plane through HGK. Thus, 
AB and CD are each at right-angles to the plane through 
HGK. And if two straight-lines are at right-angles 
to the same plane then the straight-lines are parallel 
[Prop. 11.6]. Thus, AB is parallel to CD. (Which is) 
the very thing it was required to show. 


Proposition 10 


If two straight-lines joined to one another are (respec- 
tively) parallel to two straight-lines joined to one another, 
(but are) not in the same plane, then they will contain 
equal angles. 








For let the two straight-lines joined to one another, 
AB and BC, be (respectively) parallel to the two 
straight-lines joined to one another, DE and EF, (but) 
not in the same plane. I say that angle ABC is equal to 
(angle) DEF. 

For let BA, BC, ED, and EF have been cut off (so 
as to be, respectively) equal to one another. And let AD, 
CF, BE, AC, and DF have been joined. 

And since BA is equal and parallel to ED, AD is thus 
also equal and parallel to BE [Prop. 1.33]. So, for the 
same reasons, CF is also equal and parallel to B E. Thus, 
AD and CF are each equal and parallel to BE. And 
straight-lines parallel to the same straight-line, and which 
are not in the same plane as it, are also parallel to one an- 
other [Prop. 11.9]. Thus, AD is parallel and equal to CF. 
And AC and DF join them. Thus, AC is also equal and 
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ton. 

‘Edy doa dvo cvVeton amTdUEvan GAAKAWY Taek 600 
evvelac &rrouévac GAAVAWYV Got UH Ev TG) AUTE ETINEdOD, 
(oac ywviag meprefovow: ónep Eder SetEau. 


, 


loa. 


Ano tot d00€évto¢g onuelou Uetewpou mà tÒ doVEv 
éninedov xddetov cudetav ypauuny ayoyety. 








"Eotw TÒ èv 600£v onueiov uexéopov TÒ A, TÒ dé SoVEV 
éninedov TÒ bnoxe(uevov: Set ÖA àxó tod A onuciov Ent tò 
broxetuevoy eninedov xåðetov evvetav yoouuuny cyayety. 

Aryo yá tıs Ev TH onxoxeuévo &niéóo EvVETA, óc 
Évoyev, f, BT, xoi HyIw and tot A onueiov ext thy BI 
xavd_etog f, AA. ci u&v otv f| AA xó&üexóc £o xol Ext TO 
bnoxe(uevov extmedov, Yeyovoc &v etr, TO EmitayVEv. ei dé 
o0, fe ånò to} A onuetov tÅ BI £v 1 Onoxeuévo 
éminédw npóc ópÜàc Å AE, xoi HyVo &nd tod A Ent thy AE 
xadetoc f| AZ, xoi dia tod Z onuciou xfj BI rapéAAnAoc 
fy9o ñ HO. 

Kat ¿nel 5, BT &xoxépa vv AA, AE npóc ópüóic otw, 
i BT dou xoà 165 did x&v EAA &rinéóo npóc pás £ouv. 
xai COTY AUTH repéAAroc Y, HO: Ew be Got dvo evdeion 
TAPGAANAOL, fj SE uto KUTHYV &rixéOQ Til npóc opc Ñ, xol f| 
Aot) TE KUTEH EMIMESW TESS GEDA čotar xoi f, HO &pa xà 
dia xGv EA, AA &riné8Q npóc ópüdc otw. xoi npóc Mhouc 
doa tac åntTouévacs acfjc EvVElac xol oDooc Ev TE dià THY 
EA, AA éxinédm pth otv f, HO. ntet dé adt Å AZ 
ovoa &v t Sta xv EA, AA éninédw° f, HO doa ph £o 
xpóc thy ZA: Bote xoi f, ZA dedy £ow npóc thy OH. got 
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parallel to DF [Prop. 1.33]. And since the two (straight- 
lines) AB and BC are equal to the two (straight-lines) 
DE and EF (respectvely), and the base AC (is) equal to 
the base DF, the angle ABC is thus equal to the (angle) 
DEF [Prop. 1.8]. 

Thus, if two straight-lines joined to one another are 
(respectively) parallel to two straight-lines joined to one 
another, (but are) not in the same plane, then they will 
contain equal angles. (Which is) the very thing it was 
required to show. 


Proposition 11 


To draw a perpendicular straight-line from a given 
raised point to a given plane. 


A 











Let A be the given raised point, and the given plane 
the reference (plane). So, it is required to draw a perpen- 
dicular straight-line from point A to the reference plane. 

Let some random straight-line BC have been drawn 
across in the reference plane, and let the (straight-line) 
AD have been drawn from point A perpendicular to BC 
[Prop. 1.12]. If, therefore, AD is also perpendicular to 
the reference plane then that which was prescribed will 
have occurred. And, if not, let DE have been drawn in 
the reference plane from point D at right-angles to BC 
[Prop. 1.11], and let the (straight-line) AF have been 
drawn from A perpendicular to DE [Prop. 1.12], and let 
GH have been drawn through point F, parallel to BC 
[Prop. 1.31]. 

And since BC is at right-angles to each of DA and 
DE, BC is thus also at right-angles to the plane through 
EDA [Prop. 11.4]. And GH is parallel to it. And if two 
straight-lines are parallel, and one of them is at right- 
angles to some plane, then the remaining (straight-line) 
will also be at right-angles to the same plane [Prop. 11.8]. 
Thus, GH is also at right-angles to the plane through 
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dé n AZ xoi npóc thy AE pù: f, AZ &pa med¢ Exatépav 
tév HO, AE pt got. &àv dé cdVeia Svolv evDelatc 
Tevovodic GArAac Ent tfjc voufjc npóc pàs tmotaðf, 
xoà 16 Ov avTHY ÉninÉOQ npóc GEDA Eota Å ZA pa TH 
dia tv EA, HO énnédw npóc ópÜóc Eotw. TO SE Fie 
t&v EA, HO éexineddv &ow tò bnoxe(uevov: 7| AZ doa t& 
Orxoxeévo ETUMTESW npóc ópüdc tot. 

Ano tod doa So0EvtOc onge(ou uevecpou tod A Ent tò 
oroxe(uevov éxinedov xdVetoc evVeia ypauud xta À AZ: 
Oree Edel roroa. 


p’. 
TG G6o0évu Emnédw and tol npóc abi Oo0Évroc 
onysiou ngóc pàs cbVEiav Ypogurv &voaofjoot. 


A 











A 


"Hot tO uèv 600&v entnedov tO Onoxe(uevov, TO dé 
npóc ab1G ONUEIov TO A` Set 57) dnd tod A onuelou 16 bro- 
XEIWEVY) ETIMESW npóc OEVAC cUVEtAV YEAUUNY &voocfjoon. 

Nevorfjo9o tt onuctov uetéwpov tò B, xoi ano tot B £ri 
TÒ Unoxeiuevov exinedov xé&üetoc Tc A BD, xoi Sd tod 
A onysíiou xfj BT napdédAndoc hyo 7 AA. 

‘Enel oðv 800 còco TaCdAANAOL eiow at AA, DB, 4 òè 
ula avtéy Y, BT té5 onoxetuévo £nixéóo npóc OPVdc tot, 
xoi À Aou?) dpa WH AA 16 Oroxewuévo &rinéóo npóc ópüàc 
£otty. 

TO doa G6o0évu Exinédw and tod npóc ao1G onusiou 
tov A npóc ópUXc åvéotata | AA: önep Eder ToLfjou. 
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ED and DA. And GH is thus at right-angles to all of 
the straight-lines joined to it which are also in the plane 
through ED and AD [Def. 11.3]. And AF, which is in the 
plane through ED and DA, is joined to it. Thus, GH is at 
right-angles to FA. Hence, FA is also at right-angles to 
HG. And AF is also at right-angles to DE. Thus, AF is 
at right-angles to each of GH and DE. And if a straight- 
line is set up at right-angles to two straight-lines cutting 
one another, at the point of section, then it will also be 
at right-angles to the plane through them [Prop. 11.4]. 
Thus, FA is at right-angles to the plane through ED and 
GH. And the plane through ED and GH is the refer- 
ence (plane). Thus, AF is at right-angles to the reference 
plane. 

Thus, the straight-line AF has been drawn from the 
given raised point A perpendicular to the reference plane. 
(Which is) the very thing it was required to do. 


Proposition 12 


To set up a straight-line at right-angles to a given 
plane from a given point in it. 


B 
D 











A 


Let the given plane be the reference (plane), and A a 
point in it. So, it is required to set up a straight-line at 
right-angles to the reference plane at point A. 

Let some raised point B have been assumed, and let 
the perpendicular (straight-line) BC have been drawn 
from B to the reference plane [Prop. 11.11]. And 
let AD have been drawn from point A parallel to BC 
[Prop. 1.31]. 

Therefore, since AD and CB are two parallel straight- 
lines, and one of them, BC, is at right-angles to the refer- 
ence plane, the remaining (one) AD is thus also at right- 
angles to the reference plane [Prop. 11.8]. 
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, 


y’. 
Anó tod adtod onuelou 16 avté EnuéOQ S00 evdetau 
TES CEVA oOx AvaAOTHOOVTAL ETL xà HUTH YEON. 


B 








E 


Ei yàp ðuvatóv, dnd tod aÓroO onuelou tod A x 
oroxeuévwo emimédw 000 cea of AB, BT npóc pàs 
dveotatwouy ent và HUTA UEEH, xal Oujyüc TO Sia THdYV 
BA, AT éninedov: touv 07, roosi dà tod A év x bro- 
XEWEVW ETITEdSW EvVEtaAV. ToLeitw Thy AAE: ai doa AB, 
AT, AAE còco £v ew ciow eminédm. xoi &nel f, TA 165 
onoxeigévo ETIMESW npóc OPVdC tot, xol MEd nåoas dpa 
Tas àmxogévo ATIC EvVEtac xal o0cac Ev 1G Onoxetuévo 
éminédw ópüdc rowjost ywviac. d&nteta 08 awts Å AAE 
ovoa Ev 16 Onoxewévo Emimédw° f| dpa Und DAE vovía 
ÓpUf, £cxtv.. Sia xà WTA 67] xoi H UTD BAE pth Eotw: lor 
&pa f, ono DAE qt òrò BAE xa ciow £v evi Eninédw” Ome 
&o1iv dobvaov. 

Ovx dea and Tob adtOD onusiou TH a6 Emimédw 600 
evvdetar Ted¢ ópÜdc avacoTaDooVTH &ri xà HUTA uépry STEP 
der Ocio. 


10". 
Ilpgóc à Exineda A adtH cdVEta pth £oxtv, napina 
Eota xà Eenineda. 
Evveia yoo uc Å AB npóc &xéxepov xv TA, EZ 
Emimedwv npóc pàs Eotw AEH, OTL TAPGAANAG &ox TH 
entmeda. 
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Thus, AD has been set up at right-angles to the given 
plane, from the point in it, A. (Which is) the very thing it 
was required to do. 


Proposition 13 


Two (different) straight-lines cannot be set up at the 
same point at right-angles to the same plane, on the same 
side. 


B 








E 


For, if possible, let the two straight-lines AB and AC 
have been set up at the same point A at right-angles 
to the reference plane, on the same side. And let the 
plane through BA and AC have been drawn. So it will 
make a straight cutting (passing) through (point) A in 
the reference plane [Prop. 11.3]. Let it have made DAE. 
Thus, AB, AC, and DAE are straight-lines in one plane. 
And since CA is at right-angles to the reference plane, it 
will thus also make right-angles with all of the straight- 
lines joined to it which are also in the reference plane 
[Def. 11.3]. And DAE, which is in the reference plane, is 
joined to it. Thus, angle C AE is a right-angle. So, for the 
same (reasons), B AE is also a right-angle. Thus, CAE 
(is) equal to BAE. And they are in one plane. The very 
thing is impossible. 

Thus, two (different) straight-lines cannot be set up 
at the same point at right-angles to the same plane, on 
the same side. (Which is) the very thing it was required 
to show. 


Proposition 14 


Planes to which the same straight-line is at right- 
angles will be parallel planes. 

For let some straight-line AB be at right-angles to 
each of the planes CD and EF. I say that the planes 
are parallel. 
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o 


E 

Ei yàp uf, exBarAdueva ouuneooÜ0vtio.. OVUTITTÉT- 
OAV: rotfjcouot 97, xoy Tory cvVElav. ToLtettwoav tiv 
HO, xoi eU ypüo ent tic HO tuyov onuciov tò K, xoi 
éreCeby0woav oi AK, BK. 

Kat net f, AB óp £c npóc tò EZ Exinedov, xoà npóc 
thy BK dea evdetav oðoav ev 16 EZ exPandevu eninédw 
ópUf, otv Ù AB: f; &pa Und ABK ywvia óp0r, Eottv. Sie 
xà KUTK SY) xoi f| óxó BAK óp otw. xpi vou dh tod 
ABK ai 800 voví(ot ai óxó ABK, BAK uov plos ciow 
fou Ónep Eotiv åðúvatov. oOx doa tà TA, EZ éníneoa 
&xpoAAÓóueva ouUTEooUvTa TaedAANAa doa ot) xà DA, 
EZ exineda. 

IIgóc à Exineda dow f| wUTH EvVEta pth £ovtv, TAPGAANAG 
£c xà Enineda Ónep Eder Seitau. 


t£". 

‘Edy dúo eó0ciot &rvóuevot GAAHAWY Tapa 600 EvVElac 
&xtouévoac GAAf|Acv Got uÀ £v TH oOxG Emimédq ovo, 
TAOGAANAG EOTL và OU ovv énineða. 

Abo yàp edvdeion antéuevan GAAHAwY at AB, BT rape 
600 evVetac àrvouévoc GAAHAWY tàs AE, EZ Eotwoay uñ 
£v TG ATES EmiMEdW OVGAL AEYw, STL ExBarAAduEva TH Side 
t&v AB, BD, AE, EZ éntneda où cuuneocivot dAANAOIC. 

"Hyo yàp &nd tod B onuctou &ri tò Sid xv AE, EZ 
éninedov xáðetos Y, BH xoi cuupoAAÉévo 16 &nixéOq xoà 
tò H onysiov, xoi dia tod H xfj u£v EA napáAAnAoc ry o 
ñ HO, th 66 EZ n HK. 
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G 














E 

For, if not, being produced, they will meet. Let them 
have met. So they will make a straight-line as a common 
section [Prop. 11.3]. Let them have made GH. And let 
some random point K have been taken on GH. And let 
AK and BK have been joined. 

And since AB is at right-angles to the plane EF, AB 
is thus also at right-angles to BK, which is a straight-line 
in the produced plane EF [Def. 11.3]. Thus, angle ABK 
is a right-angle. So, for the same (reasons), BAK is also 
a right-angle. So the (sum of the) two angles ABK and 
BAK in the triangle ABK is equal to two right-angles. 
The very thing is impossible [Prop. 1.17]. Thus, planes 
CD and EF, being produced, will not meet. Planes CD 
and EF are thus parallel [Def. 11.8]. 

Thus, planes to which the same straight-line is at 
right-angles are parallel planes. (Which is) the very thing 
it was required to show. 


Proposition 15 


If two straight-lines joined to one another are parallel 
(respectively) to two straight-lines joined to one another, 
which are not in the same plane, then the planes through 
them are parallel (to one another). 

For let the two straight-lines joined to one another, 
AB and BC, be parallel to the two straight-lines joined to 
one another, DE and EF (respectively), not being in the 
same plane. I say that the planes through AB, BC and 
DE, EF will not meet one another (when) produced. 

For let BG have been drawn from point B perpendic- 
ular to the plane through DE and EF [Prop. 11.11], and 
let it meet the plane at point G. And let GH have been 
drawn through G parallel to ED, and GK (parallel) to 
EF [Prop. 1.31]. 
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ima 


Z 
K 


A 
O 


Koi énxel 5 BH pý Eott npóc tò Sid tõv AE, EZ 
éninedov, xol Teds náooc ğpa vàc AMTOLEVAC atic evDElac 
xoi otloug êv 16) dà vv AE, EZ éninédw dedac romos 
ywoviac. anteta b€ avTH¢ &xoxépa Tv HO, HK oðoa v 
TH Sta vv AE, EZ éninédw pÀ dow &oxiv &xoxépa xGv 
òrò BHO, BHK vovv. xol Enel rapáAAnAóc &owv f| BA 
tf, HO, oi ápa òrò HBA, BHO ywvion dvolv ópÜoüc (cot 
ciotv. de0y dé 7 Und BHO: pù &pa xoi f, Und HBA: 5 HB 
&pa tH BA npóc dpddc otv. Bid xà HOTA SÙ Y, HB xoi tH 
BI cot npóc de0dc. Enel oov evdeia f, HB dvolv cdvVetauc 
tos BA, BT teuvovdoa dAAnAac npóc OPVac EPEOTHHEY, À 
HB dea xoi 16 dià xóv BA, BT Eminédw npóc ópüóc £owv. 
Dà xà abt 67 A BH xoi x Sid xv HO, HK eEnredw 
Teds OPVds EoTIV. TO 6£ Sia xv HO, HK Exineddv cot to 
dia xv AE, EZ: f, BH dow té die xv AE, EZ exnédo 
éotl npóc ópüdc. edetyIn o£ 7 HB xoi 16 Sid xv AB, BT 
&riné0Q npóc ópüdic]. npóc à dè Exineda Å acr edVEia ópOY 
&ottv, TAPGAANAG &oxt xà EximEda MAOKAANAOY Goa EOTL TO 
dic x&v AB, BT Extredov 16 dà v AE, EZ. 

‘Edy doa dvo scóÜctot åntóuevar GAAKAWY Taek 800 
evvetac åntopévas GAAHAWY Got uÀ £v TG a1 Entxé00, 
TAPGAANAK Eott xà OV AUTHYV Exineda’ rep Eder Seigar. 


ts. 
‘Edy 600 erineda MAOGAANAG UNO EMIMESOV vtvóc véu vro, 
o Kowal avT&v Toual TaPdAANAOL eot. 
Abo yàp énineda napddAnra tà AB, TA òrò Exinédou 
tol EZHO teyvéodw, xotvol 6& atv toua Éotooav atl 
EZ, HO: Xévo, Sti MadAANASS £ovv f, EZ xf; HO. 
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LAN 


And since BG is at right-angles to the plane through 
DE and EF, it will thus also make right-angles with all 
of the straight-lines joined to it, which are also in the 
plane through DE and EF [Def. 11.3]. And each of 
GH and GK, which are in the plane through DE and 
EF, are joined to it. Thus, each of the angles BGH and 
BGK are right-angles. And since BA is parallel to GH 
[Prop. 11.9], the (sum of the) angles GBA and BGH is 
equal to two right-angles [Prop. 1.29]. And BGH (is) 
a right-angle. GBA (is) thus also a right-angle. Thus, 
GB is at right-angles to BA. So, for the same (reasons), 
GB is also at right-angles to BC. Therefore, since the 
straight-line GB has been set up at right-angles to two 
straight-lines, BA and BC, cutting one another, GB is 
thus at right-angles to the plane through BA and BC 
[Prop. 11.4]. [So, for the same (reasons), BG is also 
at right-angles to the plane through GH and GK. And 
the plane through GH and GK is the (plane) through 
DE and EF. And it was also shown that GB is at right- 
angles to the plane through AB and BC.] And planes 
to which the same straight-line is at right-angles are par- 
allel planes [Prop. 11.14]. Thus, the plane through AB 
and BC is parallel to the (plane) through DE and EF. 

Thus, if two straight-lines joined to one another are 
parallel (respectively) to two straight-lines joined to one 
another, which are not in the same plane, then the planes 
through them are parallel (to one another). (Which is) 
the very thing it was required to show. 











Proposition 16 


If two parallel planes are cut by some plane then their 
common sections are parallel. 

For let the two parallel planes AB and CD have been 
cut by the plane EFGH. And let EF and GH be their 
common sections. I say that EF is parallel to GH. 
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T 


Ei yàp uf, exBordAduevon at EZ, HO tot ent tà Z, O 
uégr, 5j ém tà E, H ouunecoŭvta. exBeBAjodwouy we Ertl 
xà Z, O uépy xoi ouunintTÉTWOAV TEdTEPOV KATH TÒ K. xol 
&nel f, EZK &v 16 AB otw éninéóo, xol nåvta doa tà éni 
tis EZK onucia &v x AB éotw Eminédw. Ev dé xv Ent ts 
EZK evvetac onuelwv toti tò K: tò K dpa ev 16 AB éotw 
érixéOQ. Sia và HUTA BY) TO K xol Ev 16 TA Eotw &ninéóo* 
ta AB, TA dow enineda exBadrdAdueva ouuteoodvtTa. o0 
cuuní(rxouct b€ Sia TO mapóAAnAa Onoxcioüor oOx cea 
at EZ, HO cvdeta exBorAduevon ext xà Z, O ween oup- 
TeooUvta. óuolws di deifouev, ött oi EZ, HO evveta 
ovde ent tà E, H uépn &xpoAAóuevot ouumecoUvta. oi 
6£ éni undétepa tà uép oLUTintOVcM TAEdAANAOL siow. 
TAEGAANnAOS dpa £oxiv f| EZ tH HO. 

‘Edy doa 600 Exireda noapóAAvnAa Uno &miunéóou xivÓc 
TÉuVYTAL, ot xoa AUTEY TOA MACdAANAOL cio: ónep Edel 
citar. 


TEA 

‘Edy 660 cvVeioan UNO TAPAAAHAWY ETIMESWV TELVOVTOL, 
ig Tos aAVTOUS AÓvouc TUNDYovTa. 

Abo yàp evvdeta at AB, DA nò napoAAfjAov Eminédwv 
tév HO, KA, MN «xeuvéctocav xoxà xà A, E, B, TL, Z, 
A onuctor Aéyo, óu Eotly óc f, AE eó0cia med¢ thy EB, 
obcoc A TZ npóc xiv ZA. 

‘EneCevydwoav yàp ot AT, BA, AA, xoi cuupoAAÉvo 7 
AA 16 KA émnédm xatà tò = onustoy, xol &neCeOy ooa 
oi EE, EZ. 

Kol énel 000 éníneóa napóAAnAa xà KA, MN tno 
éméóo0U tov EBAE téuvetou, oi xotvol autéiv toual oi 
EE, BA nxapóAXnAoí elow. Dià Ta OTH 07) Exel 600 Exineda 
rapáAArnAa tà HO, KA nò éminédovu tod AZZI xépvevou, 
at xowol adtev Toyo ai AP, EZ napddAnAot eiow. xo Enel 
toty@vou tol ABA mnopà utov tõv rAeupGv thy BA eó0cia 
xta f, EE, &váAovov dpa gotiv óc f, AE ngóc EB, obxoc 
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G H 


C 

For, if not, being produced, EF and GH will meet ei- 
ther in the direction of F, H, or of E, G. Let them be 
produced, as in the direction of F, H, and let them, first 
of all, have met at K. And since EFK is in the plane 
AB, all of the points on EFK are thus also in the plane 
AB [Prop. 11.1]. And K is one of the points on EFK. 
Thus, K is in the plane AB. So, for the same (reasons), 
K is also in the plane CD. Thus, the planes AB and CD, 
being produced, will meet. But they do not meet, on ac- 
count of being (initially) assumed (to be mutually) paral- 
lel. Thus, the straight-lines EF and GH, being produced 
in the direction of F, H, will not meet. So, similarly, we 
can show that the straight-lines EF and GH, being pro- 
duced in the direction of E, G, will not meet either. And 
(straight-lines in one plane which), being produced, do 
not meet in either direction are parallel [Def. 1.23]. EF 
is thus parallel to GH. 

Thus, if two parallel planes are cut by some plane then 
their common sections are parallel. (Which is) the very 
thing it was required to show. 


Proposition 17 


If two straight-lines are cut by parallel planes then 
they will be cut in the same ratios. 

For let the two straight-lines AB and CD be cut by the 
parallel planes GH, KL, and MN at the points A, E, B, 
and C, F, D (respectively). I say that as the straight-line 
AE is to EB, so CF (is) to FD. 

For let AC, BD, and AD have been joined, and let 
AD meet the plane KL at point O, and let EO and OF 
have been joined. 

And since two parallel planes K L and MN are cut 
by the plane EB DO, their common sections EO and BD 
are parallel [Prop. 11.16]. So, for the same (reasons), 
since two parallel planes GH and KL are cut by the 
plane AOFC, their common sections AC and OF are 
parallel [Prop. 11.16]. And since the straight-line EO 
has been drawn parallel to one of the sides B.D of trian- 
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f, AE nedc EA. nét nel torymvov tod AAT nape utov 
t&v nÀAeupGv Thy AT còca Huta À EZ, åváňoyóv otv 
Oc f| AE npóc ZA, oŬtws f, TZ npd¢ ZA. &éóc(yür dè xal 
a> fj AE npóc £A, o0oc f, AE npóc EB: xal óc doa f, AE 
xpóc EB, ottwe 7 TZ ngóc ZA. 











M 


‘Edy doa 860 £o0&tot UNO TAPAAAHAWY ETIMESWV xéuvov- 
Tat, cic xobc aUTOUs Adyous tuntÁocovtav Smee Eder Seo. 


tn. 

‘Edy cvveta eminédw xti npóc opüóc Ñ, xol nåvta và oU 
otc &níneOa. tT a'óxG &ninéOc npóc GEDA £oxot. 

Evveta yåp tic Å AB 16 oóroxetwévo &ninéóo npóc ópüàc 
Eotw’ AEYW, Sti xol nåvta xà Sid týs AB Exineda 1G Ùno- 
xeiuévo ETIMESW TEdS ópÜdc tot. 

"ExBeBAjodw yàp à tic AB éxtnedov tò AE, xoi Eotw 
xoty?) TOÀ tod AE énnédovu xoi tod oroxeiévou ñ TE, xoi 
eiAfpüo ent týs DE tuyov onuciov tò Z, xoi and tod Z ty 
TE npóc dpdac HyDw £v 165 AE &ninéóo f, ZH. 

Koi nei À AB npóc tò broxetuevov &ní(neóov dedy 
ÈOTIV, xol npóc r&cac Koa Tas ANTOUMEVAC AUTH EvVElAC xol 
obcac £v 16 Unoxeiwevw Exinédsw pý Eotw f, AB: ote 
xoi rpóc thy TE pth otv: À pa óxó ABZ ywvia dedy 
otv. Eott dé xoi fj UNO HZB dedi: ropáAAnAoc dea Eotiv 
ñ AB «fj ZH. 7 òè AB 16 onoxetuévo Exinédw npóc ópüdc 
éotw’ xoi 7 ZH dpa 1G Onoxeuévo Emimédw npóc ópüdc 
&ottv. xal eninedov npóc énineðov dpVdv £oxtv, Óxav at TY 
xow TOUA TOV Emtmedwv npóc ópüdc dyóusvot cvei £v 
Evi TOV &rinéOov 1G Aou £ninéOo npóc ópÜdc Bow. xol 
tfj xow tou Tv &rixéoov tH TE év evi x&v emunédwv 
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gle ABD, thus, proportionally, as AE is to EB, so AO 
(is) to OD [Prop. 6.2]. Again, since the straight-line OF 
has been drawn parallel to one of the sides AC of trian- 
gle ADC, proportionally, as AO is to OD, so CF (is) to 
FD [Prop. 6.2]. And it was also shown that as AO (is) 
to OD, so AE (is) to EB. And thus as AE (is) to EB, so 
CF (is) to FD [Prop. 5.11]. 











M 


Thus, if two straight-lines are cut by parallel planes 
then they will be cut in the same ratios. (Which is) the 
very thing it was required to show. 


Proposition 18 


If a straight-line is at right-angles to some plane then 
all of the planes (passing) through it will also be at right- 
angles to the same plane. 

For let some straight-line AB be at right-angles to 
a reference plane. I say that all of the planes (pass- 
ing) through AB are also at right-angles to the reference 
plane. 

For let the plane DE have been produced through 
AB. And let CE be the common section of the plane 
DE and the reference (plane). And let some random 
point F have been taken on C E. And let FG have been 
drawn from F, at right-angles to CE, in the plane DE 
[Prop. 1.11]. 

And since AB is at right-angles to the reference plane, 
AB is thus also at right-angles to all of the straight- 
lines joined to it which are also in the reference plane 
[Def. 11.3]. Hence, it is also at right-angles to CE. Thus, 
angle ABF is a right-angle. And GFB is also a right- 
angle. Thus, AB is parallel to FG [Prop. 1.28]. And AB 
is at right-angles to the reference plane. Thus, FG is also 
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16 AE npóc ópÜàc aydeton T, ZH edetyOn xà Onoxeuévo 
ETIMEdW npóc ópÜdc: tò oa AE &níneGov deddv &ox npóc 
TÒ Unoxetuevov. Oguoícoc Sr 6eor0Tjoevot xol nåvta xà oux 
tiic AB énineda ópÜà tuyyavovta npóc TO bnoxecuevov 
&níne60v. 























‘Edy doa coca eminédw til npóc OpVac Ñ, xoà M&vta TH 
OV avTH¢ Eximeda v6) o0xG EnINEdW npóc ópÜdc čota STEP 
Eder Ocio. 


và. 


‘Ey 900 £níneóa téuvovta AANA &minéOQ twi npóc 
ÓpUdc T, xoi f| xow?| abxGv TOU TH ATE &mnuxéOQ npóc 


pàs Eota. 
| f 
A I 


Ao yàp éntneda te AB, BT 16 Onoxewévo &ninéóo 
TENG ópÜdc čotw, xov SE aoxGv Tour Éovo f, BA: Aéyo, 
ott Ù BA xà Oroxetuévo &niéóo npóc ópÜóc EoTW. 
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at right-angles to the reference plane [Prop. 11.8]. And 
a plane is at right-angles to a(nother) plane when the 
straight-lines drawn at right-angles to the common sec- 
tion of the planes, (and lying) in one of the planes, are 
at right-angles to the remaining plane [Def. 11.4]. And 
FG, (which was) drawn at right-angles to the common 
section of the planes, C E, in one of the planes, DE, was 
shown to be at right-angles to the reference plane. Thus, 
plane DE is at right-angles to the reference (plane). So, 
similarly, it can be shown that all of the planes (passing) 
at random through AB (are) at right-angles to the refer- 
ence plane. 


D G A 




















Thus, if a straight-line is at right-angles to some plane 
then all of the planes (passing) through it will also be at 
right-angles to the same plane. (Which is) the very thing 
it was required to show. 


Proposition 19 


If two planes cutting one another are at right-angles 
to some plane then their common section will also be at 
right-angles to the same plane. 


» 
H 


For let the two planes AB and BC be at right-angles 








to a reference plane, and let their common section be 


BD. I say that BD is at right-angles to the reference 
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My yee, xoi AyIwouv &nd tod A onusiou &v uev xà 
AB énunédw tH AA edv¥eta npóc pàs À AE, &v òè 16 BT 
éminédw t DA npóc depdac f| AZ. 

Kat &nei tò AB &ní(ne60v ópÜóv toti npóc TO onoxeí(uevov, 
xoi tÑ “ows aótGv tou tH AA mpóc dedac &v 1G 
AB éninédm fpc 5| AE, f, AE &pa óp Eott npóc TO 
oroxe(uevov éninedov. Opgoíoc 07, SelZouev, dtt xoi À AZ 
ópUf, £c npóc TO Onoxs(uevov Exinedov. ATÒ TOU adTOU 
&pa onuciov tod A t Ünoxewuévo Enimédw 000 evVEta 
xpóc pàs dveoxogévot Elolv &ri và ox WEEN STEP &oxiv 
d60vatov. ovx ğpa 16 Onxoxeuévo émméóo àxó roO A 
onystov &vaoraüfjoevot npóc ópÜdc nav týs AB xotvfic 
xoufjc x&v AB, BT &nnéóov. 

"Edy doa 600 Entreda TELVOVTA GAANAG ETUMESD xtv npóc 
opvac f, xoà yj xotv!| ATHY Tour TE wUTES EmiMEdW npóc 
OpVac Eoto Ónep Eder deiga. 


d 


X. 


‘Edy oteped yov(a ONO TPV Ywwdy Emiméduov neptéyn- 
tat, 660 OnototoOv ts Moins ue(Covéc eio AévTH uevoau- 
Bavóuevar. 


A 





B E [D 

Diteped yàp ywvia f, npóc và A UNO piv yovv 
éminédwv tév ond BAT, TAA, AAB mepieyéotox Aéyo, 
ou tæv nrò BAT, TAA, AAB vovv 600 ónototoUv tic 
hownijc uetCovéc ciot návty uevoauovóuevot. 

Ei uèv oby ai ón6 BAT, TAA, AAB yoovion toot GO Aoc 
£ioív, pavepdy, tt 600 OnototoOv tç Moins ue(Covéc cio. 
ei òè ov, Eotw ue(Cov f, Und BAT, xoi cuveotáo npóc TH 
AB cd¥eta xoi 16 npóc aótfj onuctw tæ A t ónó AAB 
yovia év 7 Sie Tv BAT £nxéóo ton f, Und BAE, xol 
xe(o0o cf, AA ton f, AE, xoi 6x tot E onuciou diayVeton 
7 BED xeuvéxo tac AB, AT eóte(ac xoxà xà B, T onueta, 
xoi &xeCeoy 0ooov at AB, AT. 

Koi énet ton &oxtv 5| AA xfj AE, xow) dé ñ AB, 600 
Ouolv tom xoi yovia fj, Und AAB vovía tÅ òrò BAE tory 
Baoug &pa f, AB Báocet xfj BE otv ton. xa ¿nel 600 ai BA, 
AT qts BI ue(Covéc ciow, àv f, AB xfj BE &6eGyün ton, 
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plane. 

For (if) not, let DE also have been drawn from point 
D, in the plane AB, at right-angles to the straight-line 
AD, and DF, in the plane BC, at right-angles to C D. 

And since the plane AB is at right-angles to the refer- 
ence (plane), and DE has been drawn at right-angles to 
their common section AD, in the plane AB, DE is thus at 
right-angles to the reference plane [Def. 11.4]. So, simi- 
larly, we can show that DF is also at right-angles to the 
reference plane. Thus, two (different) straight-lines are 
set up, at the same point D, at right-angles to the refer- 
ence plane, on the same side. The very thing is impossible 
[Prop. 11.13]. Thus, no (other straight-line) except the 
common section DB of the planes AB and BC can be set 
up at point D, at right-angles to the reference plane. 

Thus, if two planes cutting one another are at right- 
angles to some plane then their common section will also 
be at right-angles to the same plane. (Which is) the very 
thing it was required to show. 


Proposition 20 


If a solid angle is contained by three plane angles then 
(the sum of) any two (angles) is greater than the remain- 
ing (one), (the angles) being taken up in any (possible 


way). 
D 





B E C 


For let the solid angle A have been contained by the 
three plane angles B AC, CAD, and DAB. I say that (the 
sum of) any two of the angles BAC, CAD, and DAB 
is greater than the remaining (one), (the angles) being 
taken up in any (possible way). 

For if the angles BAC, CAD, and DAB are equal to 
one another then (it is) clear that (the sum of) any two 
is greater than the remaining (one). But, if not, let BAC 
be greater (than CAD or DAB). And let (angle) BAE, 
equal to the angle DAB, have been constructed in the 
plane through B AC, on the straight-line AB, at the point 
A on it. And let AE be made equal to AD. And BEC be- 
ing drawn across through point F, let it cut the straight- 
lines AB and AC at points B and C (respectively). And 
let DB and DC have been joined. 

And since DA is equal to AE, and AB (is) common, 
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Aou] doa f, AT Aans týs ET yetCwv &oxtv.. xoi &nel ton 
éotlv f, AA ti AE, xow) òè f, AD, xoi Dáoic n AT Bdoewc 
tis ET ueiCov &oxtv, ywvia doa f| òrò AAT ywvduc tis ono 
EAT us(Cov &oxív. edetydn dé xoi fj oro AAB tH òrò BAE 
lor ai dou òrò AAB, AAT qts ónó BAT ue(Covéc ciow. 
Ouotuc 67) SeiGouev, dtu xol at Xornal oVvVdvVO Aauavóuevot 
ts Aotxfjc uetGovéc eio. 

"Edy dpa oteped Ywvia ONO tpv vovv emimédov 
Tepleyntat, 800 ónototoOv tfj; Aois UetCovec ciot návty 
uevoAvogiBavóuevat: ónep Eder deiga. 


d 
xa. 
“Araca otepeà ywovia óxó &Aacoóvov [f] tecodewv 
ÓpUGv yowdy EmiméSwv neptéyexot. 


A 
B 


"Eotw ocegeà ywvia f| mpdc tă A mepteyouévr, UNO 
ETIMESWV yovv x&v Und BAT, TAA, AAB: dEyoo, Óxt oi 
òrò BAT, TAA, AAB «xeooóápov ópÜüGv £Aá&cocovéc ciotv. 

EUypüo yàp ey’ &xáorc xv AB, AT, AA tuyóvta 
onyeia tà B, D, A, xoi &neCeoy0ooav ot BD, TA, AB. xoi 
&rel oxepeà Ywvla f| npóc tă B UNO toy Yowdy &ruinébov 
repiéyevot t&v rò TBA, ABA, TBA, $00 óxototoOv ts 
Aonig ue(Covéc ciow: ai doa ónó PBA, ABA tis ónó PBA 
usiCovéc ciow. Sie Ta aUTe O7] xoi of u£v ónó BTA, ATA 
tfic ónó BTA ue(Covéc ciow, oi òè òrò TAA, AAB «fic ono 
TAB us(Covéc ciotw: oi 8& dpa yovi at òrò TBA, ABA, 
BIA, ATA, TAA, AAB tav x&v óxó PBA, BIA, PAB 
uetCovéc cio. å&AAà ai xpeic at òrò PBA, BAT, BTA 8uolv 
dpVoic tou eiotv: ai EF &pa ai òrò TBA, ABA, BTA, ATA, 
TAA, AAB 600 op0Gv ue(Govéc iow. xol Enel Exkotov vGv 
ABT, ATA, AAB tetyovwy at xpeic Yovíor 8uolv pois 
loot eiotv, al dpa THY vptGv vptyevov &vvéa. Yovíot ot orto 
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the two (straight-lines AD and AB are) equal to the 
two (straight-lines EA and AB, respectively). And an- 
gle DAB (is) equal to angle BAE. Thus, the base DB 
is equal to the base BE [Prop. 1.4]. And since the (sum 
of the) two (straight-lines) BD and DC is greater than 
BC [Prop. 1.20], of which DB was shown (to be) equal 
to BE, the remainder DC is thus greater than the re- 
mainder EC. And since DA is equal to AE, but AC 
(is) common, and the base DC is greater than the base 
EC, the angle DAC is thus greater than the angle EAC 
[Prop. 1.25]. And DAB was also shown (to be) equal to 
BAE. Thus, (the sum of) DAB and DAC is greater than 
BAC. So, similarly, we can also show that the remain- 
ing (angles), being taken in pairs, are greater than the 
remaining (one). 

Thus, if a solid angle is contained by three plane an- 
gles then (the sum of) any two (angles) is greater than 
the remaining (one), (the angles) being taken up in any 
(possible way). (Which is) the very thing it was required 
to show. 


Proposition 21 


Any solid angle is contained by plane angles (whose 
sum is) less [than] four right-angles.* 


C 


D 
B 


Let the solid angle A be contained by the plane angles 
BAC, CAD, and DAB. I say that (the sum of) BAC, 
CAD, and DAB is less than four right-angles. 

For let the random points B, C, and D have been 
taken on each of (the straight-lines) AB, AC, and AD 
(respectively). And let BC, CD, and DB have been 
joined. And since the solid angle at P is contained 
by the three plane angles CBA, ABD, and CBD, (the 
sum of) any two is greater than the remaining (one) 
[Prop. 11.20]. Thus, (the sum of) CBA and ABD is 
greater than CBD. So, for the same (reasons), (the sum 
of) BCA and ACD is also greater than BCD, and (the 
sum of) CDA and ADB is greater than CDB. Thus, 
the (sum of the) six angles CBA, ABD, BCA, ACD, 
CDA, and ADB is greater than the (sum of the) three 
(angles) CBD, BCD, and CDB. But, the (sum of the) 
three (angles) CBD, BDC, and BCD is equal to two 
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TBA, ATB, BAT, ATA, TAA, TAA, AAB, ABA, BAA ê 
ptas tou eiotv, Qv ai ónó ABT, BTA, ATA, TAA, AAB, 
ABA && ywvia 800 ópÜGv clot ueiCovec: Morno dow at oro 
BAT, TAA, AAB «peic [yovio] xegiéyoucot thy oxepexv 
ywviay tecodpwv opüGv &£Aáocovéc Elow. 

“Anaoa doa oxepeà Ywvia Und &Aocoóvov [f] tecodewv 
ÓpUGv yoviy EninéSwv neptéyevot Smee Eder SetEau. 
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right-angles [Prop. 1.32]. Thus, the (sum of the) six an- 
gles CBA, ABD, BCA, ACD, CDA, and ADB is greater 
than two right-angles. And since the (sum of the) three 
angles of each of the triangles ABC, ACD, and ADB 
is equal to two right-angles, the (sum of the) nine angles 
CBA, ACB, BAC, ACD, CDA, CAD, ADB, DBA, and 
BAD of the three triangles is equal to six right-angles, of 
which the (sum of the) six angles ABC, BCA, ACD, 
CDA, ADB, and DBA is greater than two right-angles. 
Thus, the (sum of the) remaining three [angles] BAC, 
CAD, and DAB, containing the solid angle, is less than 
four right-angles. 

Thus, any solid angle is contained by plane angles 
(whose sum is) less [than] four right-angles. (Which is) 
the very thing it was required to show. 


+ This proposition is only proved for the case of a solid angle contained by three plane angles. However, the generalization to a solid angle 


contained by more than three plane angles is straightforward. 


+ 
xp’. 

‘Edy Got tegic ywvian &ní(neGot, Qv oi S00 tfjc ATs 
ueiCovéc clot náåvty UeTarAauBavouevan, Mepleywor SE ATES 
(oot cvVeian, Guvorxóv éoxtv Ex x&v ETITEVY WUOLOESY tàs {oas 
evdetac Totywvov ovothoaovan. 








A rA ZH K 

”"Eotwoav teeic ywovian éninedor ai bnd ABD, AEZ, 
HOK, Gv oi 900 ts Moms ue(Covéc ciot ndvtn uevo- 
Aaupovóuevot, oi u£v òrò ABT, AEZ tij; tnd HOK, oi 
dé Und AEZ, HOK qts ónó ABT, xoi Ett oi òrò HOK, 
ABT tij¢ tnd AEZ, xoi Eotwoav tom ot AB, BT, AE, 
EZ, HO, OK eddeion, xoi exeCedyDwoayv at AT, AZ, HK: 
AEYW, StL SUvatéyv otv £x 16v loov toic AT, AZ, HK 
totywvov ovotioaova, toutéotw ðt xv AT, AZ, HK 
600 OnotatoUv tç Moins uetCovéc cio. 

Ei uèv otv oi ónó ABT, AEZ, HOK Yovíot fou 
åA hào ciotv, pavepdv, Óu xoi vv AT, AZ, HK towv 
vtvouévov Ouvaxóv &oxtv ex xv loov vic AT, AZ, HK 
totywvov cuotfjoaoot. el be 0, čotwoav voot, xol ou- 
veotdtw npóc tfj OK cvVeia xol và npóc MUTA onus(o xà 
O tf ond ABT ywvig ton 9; UNO KOA: xoi xeiodw Wwe xv 
AB, BT, AE, EZ, HO, OK ton 5, OA, xoi ExeCebyDuwoav 
ai KA, HA. xoi nel 600 of AB, BT duo tas KO, OA toon 
£ioív, xoà ywvia À npóc 16) B ywvia tÅ òrò KOA ton, Báoic 
doa f, AT Báoet xfj KA tor. xoà Exel oi òrò ABT, HOK tis 


Proposition 22 


If there are three plane angles, of which (the sum of 
any) two is greater than the remaining (one), (the an- 
gles) being taken up in any (possible way), and if equal 
straight-lines contain them, then it is possible to construct 
a triangle from (the straight-lines created by) joining the 


(ends of the) equal straight-lines. 
H 





A cD FG K 

Let ABC, DEF, and GH K be three plane angles, of 
which the sum of any) two is greater than the remain- 
ing (one), (the angles) being taken up in any (possible 
way)—(that is), ABC and DEF (greater) than GHK, 
DEF and GHK (greater) than ABC, and, further, GH K 
and ABC (greater) than DEF. And let AB, BC, DE, 
EF, GH, and HK be equal straight-lines. And let AC, 
DF, and GK have been joined. I say that that it is possi- 
ble to construct a triangle out of (straight-lines) equal to 
AC, DF, and GK —that is to say, that (the sum of) any 
two of AC, DF, and GK is greater than the remaining 
(one). 

Now, if the angles ABC, DEF, and GH K are equal 
to one another then (it is) clear that, (with) AC, DF, 
and GK also becoming equal, it is possible to construct a 
triangle from (straight-lines) equal to AC, DF, and GK. 
And if not, let them be unequal, and let KH L, equal to 
angle ABC, have been constructed on the straight-line 
H K, at the point H on it. And let HL be made equal to 
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òrò AEZ usíCovéc etow, ton òè ñ Und ABT tÅ òrò KOA, 
fj doa bnd HOA ts Und AEZ ue(Cov éotiv. xa Exel 600 
at HO, OA 800 tos AE, EZ tou ciotv, xol ywvia f, dnd 
HOA vowíac vfjc òrò AEZ uci@av, Påois doa ù HA Báoecoc 
tfc AZ us(Cov &oxtv.. àAAà at HK, KA tùs HA ueGovéc 
cio. TOAAG &pa oi HK, KA tis AZ us(Covéc ciow. ton dé 
f, KA tH AT: oi AD, HK čpa xfjc Mons vfi AZ us(Covéc 
eiotv. Ouolwe dr 6e(&ouev, óu xoi at uev AT, AZ ts HK 
ue(Covéc eiotv, xoi čt at AZ, HK tijc AT ue(Covéc ciow. 
duvatov dea £oxlv &x xv (oov tois AT, AZ, HK tetywvov 
ovotioaova Ónep eder deiga. 


# 
xy’. 

"Ex tov yovv &muéóov, Gv oi bo tfj; Aortic 
ue(Govéc ciot návty uevoXouavóuevot, otepeàv Yovíav 
ovotioacva Set bY) Tac Tocic teoodpwv ÓpÜGv &AGoc- 
ovas elvat. 





w 
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one of AB, BC, DE, EF, GH, and HK. And let KL 
and GL have been joined. And since the two (straight- 
lines) AB and BC are equal to the two (straight-lines) 
KH and HL (respectively), and the angle at B (is) equal 
to KHL, the base AC is thus equal to the base KL 
[Prop. 1.4]. And since (the sum of) ABC and GHK 
is greater than DEF, and ABC equal to KHL, GHL 
is thus greater than DEF. And since the two (straight- 
lines) GH and HL are equal to the two (straight-lines) 
DE and EF (respectively), and angle GHL (is) greater 
than DEF, the base GL is thus greater than the base DF 
[Prop. 1.24]. But, (the sum of) GK and KL is greater 
than GL [Prop. 1.20]. Thus, (the sum of) GK and KL is 
much greater than DF. And KL (is) equal to AC. Thus, 
(the sum of) AC and GK is greater than the remaining 
(straight-line) DF. So, similarly, we can show that (the 
sum of) AC and DF is greater than GK, and, further, 
that (the sum of) DF and GK is greater than AC. Thus, 
it is possible to construct a triangle from (straight-lines) 
equal to AC, DF, and GK. (Which is) the very thing it 
was required to show. 


Proposition 23 


To construct a solid angle from three (given) plane 
angles, (the sum of) two of which is greater than the re- 
maining (one, the angles) being taken up in any (possible 
way). So, it is necessary for the (sum of the) three (an- 
gles) to be less than four right-angles [Prop. 11.21]. 

H 


B 
E 











A lA ZH K 

"Eotwoav oi occa tecic Y«ov(ot éntmedor oi O70 
ABT, AEZ, HOK, Gv ai 800 ts Moins ue(Covec Éovoocav 
TAVTN uevootupavóuevot, ETL bE ai xpeic veooópov opüGv 
&A&ccovec: Set 07] &x x&v toov tos bnd ABT, AEZ, HOK 
otepedy Ywviav ouotfjoacot. 

Arnerypdwoav tou at AB, BT, AE, EZ, HO, OK, xoi 
éreCeby0woav at AT, AZ, HK: duvatov doa &oxiv &x xv 
fowv tos AT, AZ, HK tetywvov cuocrjoactot. ouveotatw 
tò AMN, Gote onv civar thy u£v AT xfj AM, thy 68 AZ 
tf MN, xoi £u thy HK ti NA, xoi neptyeyedpdw nep 
tò AMN «xpí(yovov xbxAoc ó AMN, xoi eU ipo adtod tÒ 
xEVTPOV xol £o TÒ E, xol &éneCeOy 0 ooov ai AE, ME, Ne 





A C D FG K 

Let ABC, DEF, and GH K be the three given plane 
angles, of which let (the sum of) two be greater than the 
remaining (one, the angles) being taken up in any (pos- 
sible way), and, further, (let) the (sum of the) three (be) 
less than four right-angles. So, it is necessary to construct 
a solid angle from (plane angles) equal to ABC, DEF, 
and GHK. 

Let AB, BC, DE, EF, GH, and HK be cut off (so 
as to be) equal (to one another). And let AC, DF, and 
GK have been joined. It is, thus, possible to construct a 
triangle from (straight-lines) equal to AC, DF, and GK 
[Prop. 11.22]. Let (such a triangle), LM N, have be con- 
structed, such that AC is equal to LM, DF to MN, and, 
further, GK to NL. And let the circle LMN have been 
circumscribed about triangle LMN [Prop. 4.5]. And let 
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Aévo, 61 f, AB ue(Cov toti tic AE. ei yàp wh, rjvot 
fon cotiv f, AB xfj AE f; £A&txvov. Eotw npóxepov ton. xoi 
&nel ton &oxiv 7| AB xfj AE, àAA& f| ev AB tH BI £ouv 
ton, f, 66 EA tÅ EM, 600 87; at AB, BT 800 xoi; AE, EM 
loot clolv &xovépa. exatéeg xol Báoic A AT Bácer t AM 
bndxettat tory yovia doa 7 òrò ABT Yovía tH Ond AEM 
got ton. Dà xà AVTE 67] xoi Å u&v UNO AEZ tH òrò MEN 
tot ton, xoi £u f| UNO HOK «fj Und NEA: at dow xpeic oi 
òrò ABT, AEZ, HOK vovíot xpioi tas bnO AEM, MEN, 
NEA ciow too. GXAà al toeic oi òrò AEM, MEN, NEA 
téttapow ÓpÜoüc elow toa xol oi toeic dpa oi Und ABT, 
AEZ, HOK téttapow ptis tou ciotv. brdxewtar 68 xol 
teoodowy ópÜGv &Aiooovec: ónep &voxov. ox &pa f| AB 
xf; AE ton £oxív. AEyw OH, Sti ObSE EAQTIWY &odv f| AB tis 
AE. ei yàp Ouvaxóv, Eotw’ xol xelodw TH u£v AB ton 7 EO, 
tf òè BT ion f, EH, xoi &neCeOy0o À OI. xol &nel ton Eotiv 
7 AB «fj BT, ton oxi xoi 5, EO tH EIL ote xoi Aou) À 
AO f IIM otw ion. nopéAXnAoc &pa &oxiv f, AM «fj OIL, 
xoà icovoviov tò AME xà OIE: Éouv dpa óc f, EA npóc 
AM, ottw¢ f, ZO ngóc OIL &vaAAà& óc fj AE ngóc EO, 
ovtac Å AM. ngóc OII. ueiCov 68 f, AE tis ZO: ue(Cov doa 
xai À AM qis OIL. GAAG f, AM. xetxot tH AT ton: xoi À AD 
dou tis OI ue(Cov &oxtv. Exel obv 600 at AB, BT duo toç 
OF, EIT (cot eioív, xoi Báotc f, AT Báoeoc tňs OI uetGov 
&ox(v, yovia dpa f, Und ABT ywviag týs bnd OZII ueiGCov 
éotlv. Ouotwc 97) SeiGouev, Str xol fj u£&v ónó AEZ fic ono 
MEN ueiCwv &oxtv, 7 66 òrò HOK ts Und NEA. oi &pa 
tosic yovioa ot òrò ABT, AEZ, HOK «xpióv xv nrò AEM, 
MEN, NZA uetCovéc ciow. àAAà oi òrò ABT, AEZ, HOK 
teooápwv opddy &X&coovec UNOXEWTAL’ TOAAG Hoa ai LTO 
AZM, MEN, NEA tecodewy dp0Gv &£AGocovéc ciow. GAG 
xal toar Onee &oxlv &xonov. ox koa ñ AB &Aácocv toti 
tis AE. edety On 6, ów O0dE ton: ue(Cov Goa f, AB ts AS. 

Aveotétw 97) dnd tol = onuetov xà voó AMN xdxAou 
éminédw npóc dPVaC f, =P, xoi à ueiTdv Eott TO ANO tis 
AB tete&ywvoy tod and tis AE, éxetve {oov Eotw TÒ and 
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its center have been found, and let it be (at) O. And let 
LO, MO, and NO have been joined. 








I say that AB is greater than LO. For, if not, AB is 
either equal to, or less than, LO. Let it, first of all, be 
equal. And since AB is equal to LO, but AB is equal to 
BC, and OL to OM, so the two (straight-lines) AB and 
BC are equal to the two (straight-lines) LO and OM, re- 
spectively. And the base AC was assumed (to be) equal 
to the base LM. Thus, angle ABC is equal to angle 
LOM [Prop. 1.8]. So, for the same (reasons), DEF is 
also equal to MON, and, further, GH K to NOL. Thus, 
the three angles ABC, DEF, and GHK are equal to the 
three angles LOM, MON, and NOL, respectively. But, 
the (sum of the) three angles LOM, MON, and NOL is 
equal to four right-angles. Thus, the (sum of the) three 
angles ABC, DEF, and GHK is also equal to four right- 
angles. And it was also assumed (to be) less than four 
right-angles. The very thing (is) absurd. Thus, AB is 
not equal to LO. So, I say that AB is not less than LO 
either. For, if possible, let it be (less). And let OP be 
made equal to AB, and OQ equal to BC, and let PQ 
have been joined. And since AB is equal to BC, OP 
is also equal to OQ. Hence, the remainder LP is also 
equal to (the remainder) QM. LM is thus parallel to PQ 
[Prop. 6.2], and (triangle) L.MO (is) equiangular with 
(triangle) PQO [Prop. 1.29]. Thus, as OL is to LM, so 
OP (is) to PQ [Prop. 6.4]. Alternately, as LO (is) to OP, 
so LM (is) to PQ [Prop. 5.16]. And LO (is) greater than 
OP. Thus, LM (is) also greater than PQ [Prop. 5.14]. 
But LM was made equal to AC. Thus, AC is also greater 
than PQ. Therefore, since the two (straight-lines) AB 
and BC are equal to the two (straight-lines) PO and OQ 
(respectively), and the base AC is greater than the base 
PQ, the angle ABC is thus greater than the angle POQ 
[Prop. 1.25]. So, similarly, we can show that DEF is 
also greater than MON, and GHK than NOL. Thus, 
the (sum of the) three angles ABC, DEF, and GHK is 
greater than the (sum of the) three angles LOM, MON, 
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tiic EP, xoi ExeCebyDwoav ai PA, PM, PN. 

Kat énei 5, PE pù £c npóc tò o0. AMN x0xAou 
énimedov, xol npóc ExdotHy doa vv AE, ME, NE Op0f, 
éotw f, PE. xa &nei ton Eotly f, AE xfj EM, xow) dè xoi 
xpóc ópÜüdc f| EP, Bácic doa f, PA Báce th PM otw ton. 
Ste xà HOTA OY xoi WA PN Exatéog xv PA, PM éotw ion: 
at teeic dopa oi PA, PM, PN tom dAAVAatc ciotv. xoi Emel 
Q ueiCóv &o tò and týs AB tod and ts AZ, exetvw toov 
UNOxELTAL TO aNd tfic EP, tO hoa &nd tis AB (oov Eotl xoic 
ano tév AE, EP. tois 6€ and tév AE, EP {oov Eoti tÒ and 
tific AP: ópü7 yàp f, òrò AEP: tò &pa and tis AB toov 
éotl 16) &nd týs PA: ton dpa 7 AB xf, PA. AX xfj uàv AB 
ton £oxiv excoty xóv BT, AE, EZ, HO, OK, t òè PA ton 
&xoxépa. vóày PM, PN: éxcotn dea v AB, BT, AE, EZ, 
HO, OK &xáo1 x&v PA, PM, PN ion &oxív. xoi Enel 600 
at AP, PM uo tac AB, BT ïo% eioív, xoi Båois 9| AM 
Baoe tH AT ondxerta tor, yovia &pa 7 bnd APM yovig 
tfj óxó ABT otv fon. die xà QUTH OF xoi Å u£v òrò MPN 
tf bn6 AEZ ot ion, f| òè ónó APN tH óxo HOK. 

"Ex tov doa yovv &nnéóov tév rò APM, MPN, 
APN, at ciow toa tool tas SoVetoac voc òrò ABT, AEZ, 
HOK, oxepe&à ywvia cuvéoxaxot f| medc x& P nepreyouevy 
òrò x&v APM, MPN, APN vovv: nep čer roroa. 
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and NOL. But, (the sum of) ABC, DEF, and GH K was 
assumed (to be) less than four right-angles. Thus, (the 
sum of) LOM, MON, and NOL is much less than four 
right-angles. But, (it is) also equal (to four right-angles). 
The very thing is absurd. Thus, AB is not less than LO. 
And it was shown (to be) not equal either. Thus, AB (is) 
greater than LO. 

So let OR have been set up at point O at right- 
angles to the plane of circle LMN [Prop. 11.12]. And 
let the (square) on OR be equal to that (area) by which 
the square on AB is greater than the (square) on LO 
[Prop. 11.23 lem.]. And let RL, RM, and RN have been 
joined. 

And since RO is at right-angles to the plane of cir- 
cle LM N, RO is thus also at right-angles to each of LO, 
MO, and NO. And since LO is equal to OM, and OR 
is common and at right-angles, the base RL is thus equal 
to the base RM [Prop. 1.4]. So, for the same (reasons), 
RN is also equal to each of RL and RM. Thus, the three 
(straight-lines) RL, RM, and RN are equal to one an- 
other And since the (square) on OR was assumed to 
be equal to that (area) by which the (square) on AB is 
greater than the (square) on LO, the (square) on AB 
is thus equal to the (sum of the squares) on LO and 
OR. And the (square) on LR is equal to the (sum of 
the squares) on LO and OR. For LOR (is) a right-angle 
[Prop. 1.47]. Thus, the (square) on AB is equal to the 
(square) on RL. Thus, AB (is) equal to RL. But, each 
of BC, DE, EF, GH, and H K is equal to AB, and each 
of RM and RN equal to RL. Thus, each of AB, BC, 
DE, EF, GH, and HK is equal to each of RL, RM, 
and RN. And since the two (straight-lines) LR and RM 
are equal to the two (straight-lines) AB and BC (respec- 
tively), and the base LM was assumed (to be) equal to 
the base AC, the angle LRM is thus equal to the angle 
ABC [Prop. 1.8]. So, for the same (reasons), M RN is 
also equal to DEF, and LRN to GHK. 

Thus, the solid angle R, contained by the angles 
LRM, MRN, and LRN, has been constructed out of 
the three plane angles LRM, M RN, and LRN, which 
are equal to the three given (plane angles) ABC, DEF, 
and GH K (respectively). (Which is) the very thing it was 
required to do. 
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A B 
Afiuga. 

“Ov õè 1pónov, G uciCóv &ox TO ånò týs AB tod ånò 
ts AE, &xeivo toov AaBeiv Zou TÒ dnd týs EP, oc(£ouev 
ovtac. exxeiodwouv at AB, AE edVeton, xol Eotw ue(Cov À 
AB, xoi yeyedpdw en’ wdtiic numdxAtov tò ABT, xoi eic tò 
ABT nuuxdxdov &vnpguócto cf; AE evdeta uy ue(Covt obon 
tic AB Gtauéxpou ton fj AT, xoi &neCeoy 0o f, TB. ¿nel oov 
év fjuoxuxA(o tă ATB ywvia &oxiv fj òrò ATB, óp07, &pa 
éotly f; Und ATB. tò doa and týs AB (cov &od xoic and 
t&v AT, TB. ote TÒ àxó týs AB tod and ts AT ueiCóv 
£c t ano ts TB. ton òè ñ AT tH AE. tò dow and ts 
AB tot ano týs AE ueiCóv got 16) and ts TB. ev oðv 
tf; BT tony thy EP àxoAópoyuev, gota tO and týs AB tot 
ano ts AE ueiCov 16) dnd ts ZP: One npoéxexo noioa. 





xo. 
"E&v oxepeóv UNO TAPAAAHAWY ETUMESWV nept£yr|vot, xà 
dnevavttov auto enineda (coa te xal mopoAArAÓYpouuó 
EOL. 


B O 











A E 

Xrtepeòv yàp tò TAOH nò napaddArrwv ënnéðwv ne- 
peyéoðo t&v AT, HZ, AO, AZ, BZ, AE: Xéyo, óu xà dne- 
vavttov avtod énineda toa te xol ropa Am óYvpoguó £oxtv. 

‘Enel yàp 000 éEnineda nopóAArAa xà BH, TE tno 
éminédov tov AT téuvetan, ai xowol autéy toual xod Aot 
ciow. Tapc&dAndoc dpa éoxv f, AB tH AT. nóXv, nel 
600 énineda nxapáAArAa xà BZ, AE tnd éxinédou toO 
AT xéuvevot, at xowal adtév touol xopáAArjAo( ciotv. 
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Lemma 





And we can demonstrate, thusly, in which manner to 
take the (square) on OR equal to that (area) by which 
the (square) on AB is greater than the (square) on LO. 
Let the straight-lines AB and LO be set out, and let AB 
be greater, and let the semicircle ABC have been drawn 
around it. And let AC, equal to the straight-line LO, 
which is not greater than the diameter AB, have been 
inserted into the semicircle ABC [Prop. 4.1]. And let 
CB have been joined. Therefore, since the angle ACB 
is in the semicircle ACB, ACB is thus a right-angle 
[Prop. 3.31]. Thus, the (square) on AB is equal to the 
(sum of the) squares on AC and C B [Prop. 1.47]. Hence, 
the (square) on AB is greater than the (square) on AC 
by the (square) on CB. And AC (is) equal to LO. Thus, 
the (square) on AB is greater than the (square) on LO 
by the (square) on CB. Therefore, if we take OR equal 
to BC then the (square) on AB will be greater than the 
(square) on LO by the (square) on OR. (Which is) the 
very thing it was prescribed to do. 


Proposition 24 


If a solid (figure) is contained by (six) parallel planes 
then its opposite planes are both equal and parallelo- 
grammic. 


B H 











D E 

For let the solid (figure) CD HG have been contained 
by the parallel planes AC, GF, and AH, DF, and BF, 
AE. I say that its opposite planes are both equal and 
parallelogrammic. 

For since the two parallel planes BG and CE are 
cut by the plane AC, their common sections are parallel 
[Prop. 11.16]. Thus, AB is parallel to DC. Again, since 
the two parallel planes BF and AE are cut by the plane 
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xapáAAnAoc toa cotiv f, BT tH AA. edetydn õè xoi 7 AB 
tfj AT xoapdAArAoc: napoAAnAóypoouuov doa ċott tò AT. 
Ouotuc 87) SetEouev, óx xol Exaotov vv AZ, ZH, HB, BZ, 
AE nxapoAArAÓYpouuóv got. 

"EnetCeoy coo ai AO, AZ. xoi Enel napdAAnddc Eotw ñ 
u&v AB xfj AT, 68 BO 1H PZ, 600 OF at AB, BO àróuevot 
DAVAwv tape 6060 cvVelac tàs AT, TZ antouevac &AA Xov 
£iolv oOx &v 16 HUT £ntxéOo* loac dpa Ywviac repié&ouotv: 
ton &pa f, Und ABO ywvia tH Und ATZ. xoi Exel 600 at AB, 
BO duoi tas AT, TZ toot eiotv, xoà ywvia f; òrò ABO vovía 
tf ónó ATZ &oxty lon, Déoic doa f, AO Dáoce tH AZ &ouv 
ïon, xoi tò ABO totywvov 165 ATZ teryovw toov &oxív. xai 
ċott 1o0 u£v ABO 8u otov tò BH naparànàóypauuov, 
tot 68 ATZ dinAdcowv tò TE napadkAnddypauyov’ tcov 
pa tò BH rapaňànàóypauuov 16) DE napoAAnAoveógpuo: 
ou oícc 67, SeiGouev, ött xoi tÒ u£v AT 165 HZ Eotw toov, 
tò òè AE xà BZ. 

"Edy dea oxepeóv UMO TAPAAAHAWY ETLMESWV TEPLEYNTAL, 
xà dnevavttov avtod entneda low te xol MaoKAANAYEaUUc 
got’ Ónep Eder ctga. 


, 
XE. 
‘Edy otepeov mopoAArAen(neóov eminéd tun nra- 
poA Xo Övt. toic amevavtiov Emimédoic, Eota óc Å Déotc 
xpóc THY Baow, OUTWS TO OTEPEOV npóc TO OTEPEOY. 


Mu II P T A Q T 














A K A E © 


M N 

Zrtepeòv yàp nopoAAnAen(ne6ov tò ABTA ênnéðy 1G 
ZH tetuńoðw xopoaAAYAo Óvi toic dnevavtiov emtmédotc 
toic PA, AO: AEyu, Sti Eotly óc f, AEZO® Bdorg npóc Thy 
EOTZ Bdéow, oŬtws tò ABZY oxepeóv npóc tò EHTA 
OTEpEÓV. 

"ExBeBAjodw yàp n AO &q' Exdtepa xà pépn, xoi 
xetodwoay t u&v AE tom domdyrototy at AK, KA, ti 6€ 
EO toa domdynototy ai OM, MN, xol ovurerAneaodw 
tà AO, K®, OX, MX rapadAnrdyeauya xoi xà AIL, KP, 
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AC, their common sections are parallel [Prop. 11.16]. 
Thus, BC is parallel to AD. And AB was also shown (to 
be) parallel to DC. Thus, AC is a parallelogram. So, sim- 
ilarly, we can also show that DF, FG, GB, BF, and AE 
are each parallelograms. 

Let AH and DF have been joined. And since AB is 
parallel to DC, and BH to CF, so the two (straight-lines) 
joining one another, AB and BH, are parallel to the two 
straight-lines joining one another, DC and CF (respec- 
tively), not (being) in the same plane. Thus, they will 
contain equal angles [Prop. 11.10]. Thus, angle ABH 
(is) equal to (angle) DCF. And since the two (straight- 
lines) AB and BH are equal to the two (straight-lines) 
DC and CF (respectively) [Prop. 1.34], and angle ABH 
is equal to angle DCF, the base AH is thus equal to the 
base DF, and triangle ABH is equal to triangle DCF 
[Prop. 1.4]. And parallelogram BG is double (triangle) 
ABH, and parallelogram CE double (triangle) DCF 
[Prop. 1.34]. Thus, parallelogram BG (is) equal to paral- 
lelogram C E. So, similarly, we can show that AC is also 
equal to GF, and AE to BF. 

Thus, if a solid (figure) is contained by (six) parallel 
planes then its opposite planes are both equal and paral- 
lelogrammic. (Which is) the very thing it was required to 
show. 


Proposition 25 


If a parallelipiped solid is cut by a plane which is par- 
allel to the opposite planes (of the parallelipiped) then as 
the base (is) to the base, so the solid will be to the solid. 














X Q R U- D- Y- T 
O B G I 
P V Fi; C| Wit S 
L K A E H M N 


For let the parallelipiped solid ABCD have been cut 
by the plane FG which is parallel to the opposite planes 
RA and DH. I say that as the base AE FV (is) to the base 
EHCF, so the solid ABFU (is) to the solid EGC D. 

For let AH have been produced in each direction. And 
let any number whatsoever (of lengths), AK and KL, 
be made equal to AE, and any number whatsoever (of 
lengths), HM and MN, equal to EH. And let the paral- 
lelograms LP, KV, HW, and MS have been completed, 
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AM, MT oteped. 

Kat énet too ciolv at AK, KA, AE evdeta G0 ]Aouc, too 
£c xoi xà u&v AO, K®, AZ naparànàóypauua &AA MAOL, và 
dé KE, KB, AH àAAfjotc xoi Ett xà AW, KII, AP QA otc: 
&nevavi(ov yuo. Sie xà AUTH OH xoi xà u£v ET, OX, MX 
TAPMAANAOY PAULA too eioty aAANAoIc, xà òè OH, OI, IN tow 
eiolv åo, xoi Ett xà AO, MO, NT: toia dou entreda 
tév AIL, KP, AY oxepeóv toiov &rixéootc Eotiv toa. GA 
xà Tela vptol toic anevavtiov &oxlv tow xà dpa topla oxeped 
tà AIL, KP, AY ica åo &oxív. Dà xà HOTA BH xoi xà 
tola oxepeX tà EA, AM, MT ïoa àXXfAotc &oxív: oa- 
TAaotwy dea cotiv 9| AZ Bdouc ts AZ DBáoeoc, tooav- 
xomA&otóv otl xoi tò AY oxepeóv tod AY oxepeoU. Ou 
xà KUTA BY) ócamAatoíov &o1lv n NZ Båois xfjc ZO Bacewe, 
TOOMUTATAGOLOY EoTL xoi. TO NY oxepgeóv tot OT otepeod. 
xal ci ton cotiv f, AZ Båois tH NZ Boer, toov toti xoi tò 
AY otepedy 165 NY otepeds, xoi ei Unepéyer À AZ Báoic tS 
NZ Bdcewc, Unepéyet xoi tò AT otepedv tod NY otegeod, 
wal et cddcinet, £AAe(net. xeooópov 97, óvxov UsyeVy, 600 
u&v Báceov x&v AZ, ZO, 8600 6€ ovepev xv AT, TO, 
cinnt lodxic xoAAamA ou tfj u&v AZ Påocws xoi tot 
AY oxepeo0 f, te AZ Påois xoi tò AY oxepeóv, ts 66 OZ 
Dé&cecc xoi tod OT oxepeoU fj, te NZ Dáotc xoi tò NT 
otepedy, xol SédeixtaHL, Ott ei ónepéyet À AZ Báoic ts ZN 
Baccus, onepéyst xal tò AY otepedv tot NY [otepeot], xoi 
ei ton, toov, xoà et £AXe(net, cAdciner. Eotw doa ac f) AZ 
Baoug npóc thy ZO Béow, oŬtws tò AT otepedv npóc tò 
TO oxepeóv: ónep Eder Degon. 
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and the solids LQ, KR, DM, and MT. 

And since the straight-lines LK, KA, and AE are 
equal to one another, the parallelograms LP, KV, and 
AF are also equal to one another, and KO, K B, and AG 
(are equal) to one another, and, further, LX, KQ, and 
AR (are equal) to one another. For (they are) opposite 
[Prop. 11.24]. So, for the same (reasons), the parallelo- 
grams EC, HW, and MS are also equal to one another, 
and HG, HI, and IN are equal to one another, and, 
further, DH, MY, and NT (are equal to one another). 
Thus, three planes of (one of) the solids LQ, K R, and 
AU are equal to the (corresponding) three planes (of the 
others). But, the three planes (in one of the soilds) are 
equal to the three opposite planes [Prop. 11.24]. Thus, 
the three solids LQ, K R, and AU are equal to one an- 
other [Def. 11.10]. So, for the same (reasons), the three 
solids ED, DM, and MT are also equal to one another. 
Thus, as many multiples as the base LF is of the base AF, 
so many multiples is the solid LU also of the the solid AU. 
So, for the same (reasons), as many multiples as the base 
NF is of the base FH, so many multiples is the solid NU 
also of the solid HU. And if the base LF is equal to the 
base N F then the solid LU is also equal to the solid NU.! 
And if the base LF exceeds the base NF then the solid 
LU also exceeds the solid NU. And if (LF) is less than 
(NF) then (LU) is (also) less than (NU). So, there are 
four magnitudes, the two bases AF and FH, and the two 
solids AU and U H, and equal multiples have been taken 
of the base AF and the solid AU— (namely), the base 
LF and the solid LU—and of the base HF and the solid 
HU —(namely), the base NF and the solid NU. And it 
has been shown that if the base LF exceeds the base FN 
then the solid LU also exceeds the [solid] NU, and if 
(LF is) equal (to FN) then (LU is) equal (to NU), and 
if (LF is) less than (FN) then (LU is) less than (NU). 
Thus, as the base AF is to the base FH, so the solid AU 
(is) to the solid UH [Def. 5.5]. (Which is) the very thing 
it was required to show. 


t Here, Euclid assumes that LF = NF implies LU = NU. This is easily demonstrated. 


xs. 

IIpóc th Soveion £00c(o xoi 16 npóc oofj onusio TH 
doveion otepeğ Yovia tony otepeàv ywviav ovothoaova. 

"How f, uèv Soveion evdeta 5, AB, tò öè npóc adTH 
do0Ev onuciov 10 A, fj 6€ G6oUcica otepeà yovi T, npóc 
1G A nepieyouévr] brò x&v ónó EAT, EAZ, ZAT vovv 
émunéOcv: Set 07] npóc tH AB cdVeig xol 16 nxpóc adTH 
onusío xà A tfj npóc 16 A oxepe& ywvia tony otepedy 
ywviay ovotioaova. 


Proposition 26 


To construct a solid angle equal to a given solid angle 
on a given straight-line, and at a given point on it. 

Let AB be the given straight-line, and A the given 
point on it, and D the given solid angle, contained by the 
plane angles EDC, EDF, and FDC. So, it is necessary 
to construct a solid angle equal to the solid angle D on 
the straight-line AB, and at the point A on it. 
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A 





Eito yàp éni tic AZ tuyòv onuctov tò Z, xoi Hyd 
ano tot Z ent tò die xv EA, AT éntnedov xéüexoc Å ZH, 
xoi oupBadrAETH t& &nixéóo xoxà tò H, xoi &neCeoy o À 
AH, xoi ovveotétw npóc tH AB ed0eig xal 16 npóc adTH 
onusío xà A xfj u£v ónó EAT yovig ton fj UNO BAA, tH 68 
òrò EAH ion f; óxó BAK, xoi xetodw t AH ton f, AK, xoi 
d&veotdtw ano vob K onuetou të dià vv BAA &rinéóo npóc 
ópÜàc 7 KO, xoi xciodw ton tH HZ f, KO, xoi éneCeoy 0o 
1 OA: Aéyvo, Sti f, npóc t A otepeà vovía xepteyouévr 
oro xy BAA, BAO, OAA vovv ton toti tH ngoc tă A 
otege& yovig tÅ nepieyouévy Und xv EAT, EAZ, ZAT 
YOMW Y. 

‘Areirjpdwoav yàp toot at AB, AE, xa &neCeoy ooa 
ai OB, KB, ZE, HE. xoi exet ñ ZH óg0f, ow npóc tò 
oroxe(uevov &ní(neGov, xol Med náooc hoa TAÇ &rvouévac 
otfjc cvVetacg xol o0cac Ev 1G oroxetiuévo &ninéóc CODEC 
norost ywviac óp &pa Eotlv &xoxépa t&v òrò ZHA, 
ZHE «cvv. Sie xà HTH 67] xol Exatéoa vv Und OKA, 
OKB vovv ópÜf, otv. xal Exel 600 at KA, AB 600 
toic HA, AE toot ciolv exatéea exatépa, xol Yovíoc toas 
Tepleyouow, Doc dea f, KB Båosi th HE ton £oxtv. got 
dé xoi 7 KO tH HZ tory xoà ywviac ópðàs repiéxyouoctv: tor 
&pa xoà À OB «fj ZE. x&Atv nci 600 ai AK, KO uol toç 
AH, HZ (cot eioív, xoi ywviacg ópüdc nepiéyouctv, Borg &pa 
*, AO Bdoe tH ZA ton £oxtv. Éow è xoi fj AB tÅ AE ton: 
600 57 at OA, AB 600 tç AZ, AE ïou ciotv. xoà Báoic À 
OB áóoe xf, ZE ion yovia dpa f| òrò BAO yovia tH 6o 
EAZ éow lon. dà xà HITE OH xoi f, UNS OAA xfj Und ZAT 
éotw ton. Eott 0€ xoi À UNO BAA «fj óró EAT ion. 

Ilod¢ dea tH Soveton cdðeiy xf, AB xal xi npóc adTH 
onyet xà A t 6o0e(or, oveped vovía tÅ npóc t A ion 
OvveoTATa’ OEE EdEL roroa. 
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H 








A 





For let some random point F have been taken on DF, 
and let FG have been drawn from F perpendicular to 
the plane through ED and DC [Prop. 11.11], and let it 
meet the plane at G, and let DG have been joined. And 
let BAL, equal to the angle EDC, and BAK, equal to 
EDG, have been constructed on the straight-line AB at 
the point A on it [Prop. 1.23]. And let AK be made equal 
to DG. And let KH have been set up at the point K 
at right-angles to the plane through BAL [Prop. 11.12]. 
And let KH be made equal to GF. And let HA have 
been joined. I say that the solid angle at A, contained by 
the (plane) angles BAL, BAH, and H AL, is equal to the 
solid angle at D, contained by the (plane) angles E DC, 
EDF,and FDC. 

For let AB and DE have been cut off (so as to be) 
equal, and let HB, KB, FE, and GE have been joined. 
And since FG is at right-angles to the reference plane 
(EDC), it will also make right-angles with all of the 
straight-lines joined to it which are also in the reference 
plane [Def. 11.3]. Thus, the angles FGD and FGE 
are right-angles. So, for the same (reasons), the an- 
gles HKA and HKB are also right-angles. And since 
the two (straight-lines) K A and AB are equal to the two 
(straight-lines) GD and DE, respectively, and they con- 
tain equal angles, the base K B is thus equal to the base 
GE [Prop. 1.4]. And KH is also equal to GF. And they 
contain right-angles (with the respective bases). Thus, 
HB (is) also equal to FE [Prop. 1.4]. Again, since the 
two (straight-lines) AK and KH are equal to the two 
(straight-lines) DG and GF (respectively), and they con- 
tain right-angles, the base AH is thus equal to the base 
FD [Prop. 1.4]. And AB (is) also equal to DE. So, 
the two (straight-lines) H A and AB are equal to the two 
(straight-lines) DF and DE (respectively). And the base 
HB (is) equal to the base FE. Thus, the angle B AH is 
equal to the angle EDF [Prop. 1.8]. So, for the same 
(reasons), H AL is also equal to FDC. And BAL is also 
equal to EDC. 

Thus, (a solid angle) has been constructed, equal to 
the given solid angle at D, on the given straight-line AB, 
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» (dt 

Ano fic 6o0s(onc cbVelac vG 6oü£vu ovepeG rapaAAn- 
AETINES®) Óuotóv TE xot ógoíoc xe(uevov oxepeóv TAEAAAN- 
Aetinedov &vaypecbau. 

"Eotw 1, u&v 600€ica evdeia 7 AB, tò 68 600&v otepeòv 
xapoAArAenineóov tò DA: det Of and cfc 600c(orc EvDEtac 
tiic AB 16 O600évu otepets napadkAndrerinédw t& DA 
óuotóv Te xoi ógoícc xe(guevov oxepeóv TAPAAANAETinEdsoOV 
åvaypáåņþor. 

Zuveotáåtw yàp npóc tÅ AB còÛeig xal 16 npóc ooi 
onusio xà A tH med 16 T otepeğ ywvig ton À neprexyouévn 
òrò x&v BAO, OAK, KAB, dote tony civar thy uev Und 
BAO vowví(av t óxó ETZ, thy 6$ ono BAK tH Ono ETH, 
thy 6& UNO KAO tH óxó HITZ: xoi yeyovétw óc u£&v f, EP 
xpóc thy TH, obxoc Ñ BA npóc thy AK, óc dé ñ HI npóc 
thy TZ, oüxoc f, KA npgóc thy AO. xoi dv’ {oou dea Eotiv 
óc f, EP ned¢ thy TZ, ottwo f| BA npóc thy AO. xoi ouy- 
renAnpoo0co tò OB xoapoAXnAóvpouov xot tò AA oxepeóv. 


A 








A B 





p 

Kat énet &cwv òs f; ET ngóc thy TH, obxoc 7, BA npoc 
thy AK, xoi negl oas Yovíac tàs ònò ETH, BAK ai reveal 
&váAoYóv eiotv, óuotov doa &oxi tò HE xapoAAnAÓóvpoupov 
1 KB napodAnroyeduue. Sid xà otà 07] xol TO uev KO 
TAPMAANAOYEAULOYV tæ HZ rapaňànioypduuw Ópotóv oT. 
xoi ëtt tO ZE xà OB: teia doa nrapaňànàóypauua tol DA 
OTEPEOD tpiol ropoAAnAoYeóuuot; TOD AA otepeot) Ópoiu 
Eotlv. GAAG xà uèv Tota tpiol voic amevavtiov tow TÉ &oxt 
xoi ópota, và SE tpla 1piol xoc amevavtiov tou TE &oxt xol 
uoa: dAov Goa tò TA oxepeóv óAo t& AA oxepgeQ Óuotóv 
£o. 

And rfj; Doðeions dpa edVetac tic AB 16 600évu 
otepgeQ mapadAnrerinédw 16 TA ópotóv te xoi ópotoc 
xe(uevov avayéyeantat tO AA: ónep Edel roroa. 


xn. 


"E&v otepeòv napaànàenineõov émnéðw TUNA xoà 
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at the given point A on it. (Which is) the very thing it 
was required to do. 


Proposition 27 


To describe a parallelepiped solid similar, and simi- 
larly laid out, to a given parallelepiped solid on a given 
straight-line. 

Let the given straight-line be AB, and the given par- 
allelepiped solid CD. So, it is necessary to describe a 
parallelepiped solid similar, and similarly laid out, to the 
given parallelepiped solid CD on the given straight-line 
AB. 

For, let a (solid angle) contained by the (plane angles) 
BAH, HAK, and K AB have been constructed, equal to 
solid angle at C, on the straight-line AB at the point A on 
it [Prop. 11.26], such that angle BAH is equal to ECF, 
and BAK to ECG, and K AH to GCF. And let it have 
been contrived that as EC (is) to CG, so BA (is) to AK, 
and as GC (is) to CF, so KA (is) to AH [Prop. 6.12]. 
And thus, via equality, as EC is to CF, so BA (is) to AH 
[Prop. 5.22]. And let the parallelogram HB have been 
completed, and the solid AL. 

D 








A B 





C 

And since as EC is to CG, so BA (is) to AK, and 
the sides about the equal angles ECG and BAK are 
(thus) proportional, the parallelogram GE is thus simi- 
lar to the parallelogram K B. So, for the same (reasons), 
the parallelogram K H is also similar to the parallelogram 
GF, and, further, FE (is similar) to HB. Thus, three 
of the parallelograms of solid CD are similar to three of 
the parallelograms of solid AL. But, the (former) three 
are equal and similar to the three opposite, and the (lat- 
ter) three are equal and similar to the three opposite. 
Thus, the whole solid CD is similar to the whole solid 
AL [Def. 11.9]. 

Thus, AL, similar, and similarly laid out, to the given 
parallelepiped solid C D, has been described on the given 
straight-lines AB. (Which is) the very thing it was re- 
quired to do. 


Proposition 28 
If a parallelepiped solid is cut by a plane (passing) 
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Tag Slaywviouc THY dnevavtiov Eminédwv, Siya TunDAoeta 
TÒ OTEpEÒV UNO TOD Emtmédov. 


B Z 











A 


Mxepeóv yàp TopakAnAentnesov tò AB émmnéóQ 1G 
TAEZ tetufodw xatà tàs Staywvioug tév dnevavtiov 
éminéduv tag TZ, AE: Aéyvo, Str diya tunDhoeta tò AB 
oxepeóv nò tol TAEZ émnédov. 

‘Enel yàp toov cotl tò èv [HZ tetywvov 16 TZB 
tpryóvo, TO 6£ AAE xà AEO, Eott dé xoi tO u&v TA roe 
pgoAAnAÓóYvpouuov t& EB (cov: anevavtiov yåp' tò 6€ HE 
16 TO, xoi to npicua dou TO Tepleyduevov UNO O00 YEV 
toryovey xv THZ, AAE, tov 68 napadkAnAoyeduUev 
tév HE, AT, TE (cov &oxi x& npiouoxt tT nepteyouévo 
brò 600 EV xptyvov tæv TZB, AEO, tev ðè napa- 
An^oveóugov t&v rO, BE, TE: óxó yàp towv &ninéóov 
xepiéyovtot TES te MARVEL xol TH ueyéOe. ote ÓAov TÒ 
AB otepeòv õiya tétunta Und tod TAEZ ennédou- bree 
del Seizau. 
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through the diagonals of (a pair of) opposite planes then 
the solid will be cut in half by the plane. 


B F 











D A 


For let the parallelepiped solid AB have been cut by 
the plane CDEF (passing) through the diagonals of the 
opposite planes CF and DE." I say that the solid AB will 
be cut in half by the plane CDEF. 

For since triangle CGF is equal to triangle CF B, and 
ADE (is equal) to DEH [Prop. 1.34], and parallelo- 
gram CA is also equal to EB—for (they are) opposite 
[Prop. 11.24]—and GE (equal) to CH, thus the prism 
contained by the two triangles CGF and ADE, and the 
three parallelograms GE, AC, and CE, is also equal to 
the prism contained by the two triangles CF B and DEH, 
and the three parallelograms CH, BE, and CE. For they 
are contained by planes (which are) equal in number and 
in magnitude [Def. 11.10].? Thus, the whole of solid AB 
is cut in half by the plane CDEF. (Which is) the very 
thing it was required to show. 


* Here, it is assumed that the two diagonals lie in the same plane. The proof is easily supplied. 


t However, strictly speaking, the prisms are not similarly arranged, being mirror images of one another. 


r 
x9. 
Tà nì vfjc aÙtis B&oecc óvxa otepeà TACAAANAETI TESA 
xal UT TO abo Üdoc, Gv oi EpeotHoa Ent x&v adTHYV cio 
evveldv, toa aAA jXotc &oxtv. 














A A 


"How ên tfjc aóvfjc Bdoews týs AB ovepeà nopoAAn- 


Proposition 29 


Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are on the same straight-lines, 
are equal to one another. 














For let the parallelepiped solids CM and CN be on 
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Aerineda xà I'M, TN brò tò axo boc, Gv oi &£geoxóoot 
oi AH, AZ, AM, AN, TA, TE, BO, BK ên tév ao1Gv 
ceuvetisv Éoooav tõv ZN, AK: Aévo, óu toov £o tò TM 
oxepeóv 165 I'N oteped). 

"Enc yàp ropoAAnAÓóYvpeouuóv &oxtw exdtepoyv x&v TO, 
DK, ion &odv f, TB &xoxéga vv AO, EK: dote xoi ñ 
AO «fj EK éoww ton. xot; éxnorjodo 7 EO: Aou] dea 
n AE Aou tH OK otw (on. Gote xoà tò u£v ATE 
totywvov tă OBK «xptyóvo (cov &oxív, tò 6£ AH napad- 
Anàóypauuov xà ON napaňàinàoypáuuw. Dà xà HTH BY) xol 
tò AZH tetywvov x MAN tetyovw toov &oxív. Éoxt è xol 
tO u£v PZ nagoAAnAóypouuov t BM nagoAAnAoyeóuuo 
ïoov, tò òè DH 165 BN: dnevavttov Yóp: xoà tò Teloua doa 
TO neptexóuevov Uno 800 YEV xpiyóvov vv AZH, ATE, 
torv 68 roapoAArAovoéuuov vv AA, AH, TH tcov éoti 
tà npiouox t6 nepieyouévo UNO 000 u£v tptyóvov xv 
MAN, OBK, tpv dé napadAnroyeduuwyv tæv BM, ON, 
BN. xowóv nxpooxeíoUü«o tÒ otepedv, ot Dáoic èv TO AB 
Tapaànàóypauuov, amevavtiov sé tò HEOM- hov dpa tò 
I'M oxegeóv napoAArAenineóov Aw 165 ITN ovepgeG napad- 
Anretunédw toov Eotty. 

Tà dpa &mi týs aótfjc Påocws vta otepeà noapoAAn- 
Acnineõa xoi UNO TO AUTO Üdoc, Gv oi Epeotiiou ên) xGv 
avtév eiow evdetdsv, toa dAANAOIc Eotiv’ Smee Eder Seigar. 


A 
Tà nì vfjc ootfic Pacews óvxa otepeà TACAAANAETI TESA 
xal ONO TO abo Üdpoc, Gv at Epeotioau ovx ciolv ên) xGv 
avtéy cvderdsy, toa HAAnAotc &oxtv. 


N O 






































A I: 
"How emt tfjc adtiic Báoecc týs AB ovepeà nopoAAn- 
Aerineda xà I'M, TN b26 tò avt6 Bios, Sv at &geoxóoot ait 
AZ, AH, AM, AN, TA, TE, BO, BK u gotwouy &ri xGv 
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the same base AB, and (have) the same height, and let 
the (ends of the straight-lines) standing up in them, AG, 
AF, LM, LN, CD, CE, BH, and BK, be on the same 
straight-lines, FN and DK. I say that solid CM is equal 
to solid CN. 

For since CH and CK are each parallelograms, CB 
is equal to each of DH and EK [Prop. 1.34]. Hence, 
DH is also equal to EK. Let EH have been subtracted 
from both. Thus, the remainder DE is equal to the re- 
mainder HK. Hence, triangle DCE is also equal to tri- 
angle HBK [Props. 1.4, 1.8], and parallelogram DG to 
parallelogram HN [Prop. 1.36]. So, for the same (rea- 
sons), traingle AFG is also equal to triangle M LN. And 
parallelogram CF is also equal to parallelogram BM, 
and CG to BN [Prop. 11.24]. For they are opposite. 
Thus, the prism contained by the two triangles AFG and 
DCE, and the three parallelograms AD, DG, and CG, is 
equal to the prism contained by the two triangles MLN 
and HBK, and the three parallelograms BM, HN, and 
BN. Let the solid whose base (is) parallelogram AB, and 
(whose) opposite (face is) GEH M, have been added to 
both (prisms). Thus, the whole parallelepiped solid C.M 
is equal to the whole parallelepiped solid CN. 

Thus, parallelepiped solids which are on the same 
base, and (have) the same height, and in which the 
(ends of the straight-lines) standing up (are) on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 30 


Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are not on the same straight- 
lines, are equal to one another. 


N P K R 



































A C 
Let the parallelepiped solids CM and C'N be on the 
same base, AB, and (have) the same height, and let the 
(ends of the straight-lines) standing up in them, AF, AG, 
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avtéy evderdiv’ Aévo, Sti oov Eotl tò I'M otepeoy 165 TN 
OTEPEG). 

"ExBeBAnoVwoauv yàp oi NK, AO xoa cuunuévocav 
AAA Aas xoà TO P, xoi Ett &xpepArio0ocav ot ZM, HE 
émt xà O, IL, xa &neCeOy0ooaov at A=, AO, TII, BP. tcov 
6f, ċott tò I'M oxepeóv, oO Báoic u£v tò ATBA tapad- 
AnAóvpaugov, &xevavitov sé tò ZAOM, 16 TO oxepeG, oO 
Baoug uèv tò ATBA nxapoAAróYvpouuov, amevavtiov 6& TO 
ZIPO: ent te yàp týs atis Báoeoc ciot tic ATBA xoi 
bn TO ato Bios, Hv ai Epeotiiou at AZ, AE, AM, AO, 
TA, TII, BO, BP ên t&v adtéSv ciow e00eGv vv ZO, AP. 
&AAà tò TO otepedy, ot Báoic uév ott tò ATBA tapad- 
Anàóypauuov, amevavtioy 66 tò SIIPO, tcov oti x UN 
otepeG, oO Påois u£v tò ATBA napa Anddypayuoy, åte- 
vavttov 6¢ tò HEKN: ext te yuo nóXv tfjc ats Baceads 
ciot ts ATBA xol 0x6 tò adTO Üdoc, Gv oi EpeotHoa oi 
AH, AZ, TE, TII, AN, AO, BK, BP ém tév aòtõv ciotv 
evdelv tæv HIT, NP. dote xoi to I'M otepedy tcov £od 
16) I'N oxepeG. 

Ta doa £ri tÅs autiic Bkoews otepeà TapadkAnAeninedar 
xal UNO TO abo Üdoc, Gv oi &geocóoot oOx ciolv Ent vGv 
aO1Gv eddetdy, tox &AAMAos &oxtv: Step Eder deio. 


Aa. 


Tà ent toov B&cecv övta otepeà xopoXArentineoo xol 
ONO TO AUTO Bog toa GA otc totiv. 

"Ecco ên toov Báceov t&v AB, DA oxepeà napadAn- 
Aentneda xà AE, TZ onó 16 add boc. Aévo, óu toov £o 
to AE otepedy 1G PZ oteped). 

"Eoxocav 67, npóxepov oi Epeotyxvia at OK, BE, AH, 
AM, OIL, AZ, T=, PX ngóc pàs toas AB, TA Dáoeot, 
xoà exBeBrAnovde en’ cdVeiac tH TP evdeta n PT, xoi ov- 
veotatw npóc tfj PT cvdeia xol 16 npóc otfj oNustw xà 
P tf òrò AAB ywvig ton f; ònò TPY, xoi xelodw tH uev 
AA ïon 7, PT, tH òè AB ton 7 PY, xoi ovuurerAnpwoodw f 
te PX Dóoic xoi tò VT oxepeóv. 
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LM, LN, CD, CE, BH, and BK, not be on the same 
straight-lines. I say that the solid CM is equal to the 
solid CN. 

For let NK and DH have been produced, and let 
them have joined one another at R. And, further, let FM 
and GE have been produced to P and Q (respectively). 
And let AO, LP, CQ, and BR have been joined. So, solid 
CM, whose base (is) parallelogram AC BL, and oppo- 
site (face) FDH M, is equal to solid C P, whose base (is) 
parallelogram AC BL, and opposite (face) OQRP. For 
they are on the same base, AC BL, and (have) the same 
height, and the (ends of the straight-lines) standing up in 
them, AF, AO, LM, LP, CD, CQ, BH, and BR, are on 
the same straight-lines, FP and DR [Prop. 11.29]. But, 
solid CP, whose base is parallelogram AC BL, and oppo- 
site (face) OQRP, is equal to solid CN, whose base (is) 
parallelogram ACBL, and opposite (face) GEK N. For, 
again, they are on the same base, AC BL, and (have) 
the same height, and the (ends of the straight-lines) 
standing up in them, AG, AO, CE, CQ, LN, LP, BK, 
and BR, are on the same straight-lines, GQ and NR 
[Prop. 11.29]. Hence, solid CM is also equal to solid 
CN. 

Thus, parallelepiped solids (which are) on the same 
base, and (have) the same height, and in which the (ends 
of the straight-lines) standing up are not on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 31 


Parallelepiped solids which are on equal bases, and 
(have) the same height, are equal to one another. 

Let the parallelepiped solids AE and CF be on the 
equal bases AB and CD (respectively), and (have) the 
same height. I say that solid AE is equal to solid CF. 

So, let the (straight-lines) standing up, HK, BE, AG, 
LM, PQ, DF, CO, and RS, first of all, be at right-angles 
to the bases AB and C D. And let RT have been produced 
in a straight-line with CR. And let (angle) T RU, equal 
to angle ALB, have been constructed on the straight-line 
RT, at the point R on it [Prop. 1.23]. And let RT' be 
made equal to AL, and RU to LB. And let the base RW, 
and the solid XU, have been completed. 
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Koi nel 600 oi TP, PY ðuo tos AA, AB too ciotv, 
xol yovias toacg neptéxyouoty, toov dea xoi porov TO PX 
ropoAAnAÓYvpouuov và OA xopoAAnAovoéugo. xoi Enel 
x&Aw ton u&v f, AA tH PT, 5, 6€ AM tH PX, xoà vovíoc 
ÓpUdc nepiéyouoty, oov doa xal óuoióv ċott TO PW napad- 
Anàóypaupov tă AM xapoAAnAovoáuuo. Ot xà atà 97) 
xoi to AE xà XY ioov té &ow xoi ópovov: tela pa nra- 
pgoAXAnAóypoupo tol AE otepeot xptol napahànoypåuuots 
toU WT otepcod toa té &oxt xol Öuoia. GAA xà uev Tela 
tpiol tols anevavtiov tow té ċott xoà Óuota, Ta SE Teta 
tpiol voic &nevavtiov’ dAov &pa tò AE oxepeóv naparàn- 
Aetinedov OA® 16 UT otepeds nopoAAnAentnéóo toov £oiv. 
6n 0ocav ai AP, XY xoi ovumintétwouv AAAs xoxà 
TÒ Q, xal Sa tod T tÅ AQ napáňňnàos Tio f, ATA, xoi 
&xpepAriodo f, OA xaxà TÒ q, xoi ouuxenAnpooo tà QV, 
PI oteped. {oov 54 ott TO WO otepeóv, od} póotc uév 
ċott TO PW napadAnAdyepauuov, anevavtiov 6€ TO Qh, xG 
WT otepeds, ob} Dóáotc u£v TO PW napañànàóypauuov, åre- 
vavttov 6£ tò TP: ent te yàp thc ats Dáoeoc ciot tic 
PW xoi Und tò abro Uiboc, Gv oi EMeotHoa ai PO, PT, 
TA, TX, Us, X0, V5, YP éni vóv adtév ciow evVetéyv tõv 
OX, TP. GAG xó VY otepedy 16 AE &owv toov: xoi tò WO 
doa oxepeóv 16) AE otepeds &ouv toov. xa Enel toov toti 
tò PYXT xopoAArAÓóvpouuov t& OT rapadkAnroyeduyo 
ent te yàp fic aùtis Dáoeoc ciot týs PT xal Ev tas wvtoiic 
napao voic PT, QX: wA& tò PYXT 16 TA otv 
(oov, &xel xoi tă AB, xoi tò OT doa nrapaňinàóypaupov 
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H 


A L 

And since the two (straight-lines) TR and RU are 
equal to the two (straight-lines) AL and LB (respec- 
tively), and they contain equal angles, parallelogram 
RW is thus equal and similar to parallelogram HL 
[Prop. 6.14]. And, again, since AL is equal to RT, 
and LM to RS, and they contain right-angles, paral- 
lelogram RX is thus equal and similar to parallelogram 
AM [Prop. 6.14]. So, for the same (reasons), LE is also 
equal and similar to SU. Thus, three parallelograms of 
solid AE are equal and similar to three parallelograms 
of solid XU. But, the three (faces of the former solid) 
are equal and similar to the three opposite (faces), and 
the three (faces of the latter solid) to the three opposite 
(faces) [Prop. 11.24]. Thus, the whole parallelepiped 
solid AE is equal to the whole parallelepiped solid XU 
[Def. 11.10]. Let DR and WU have been drawn across, 
and let them have met one another at Y. And let aTb 
have been drawn through T parallel to DY. And let PD 
have been produced to a. And let the solids Y X and 
RI have been completed. So, solid XY, whose base is 
parallelogram RX, and opposite (face) Yc, is equal to 
solid XU, whose base (is) parallelogram RX, and oppo- 
site (face) UV. For they are on the same base RX, and 
(have) the same height, and the (ends of the straight- 
lines) standing up in them, RY, RU, Tb, TW, Se, Sd, 
Xc and XV, are on the same straight-lines, YW and 
eV [Prop. 11.29]. But, solid XU is equal to AE. Thus, 
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tà TA otw toov. &AXo 6€ tò AT: Eotw ea Wo f, TA 
Baoug ngóc thy AT, ottwo f, OT ngóc thy AT. xoi Exel 
otepeóv TapadkAnrentnedov tò TI eninédw 1G PZ xéxunvot 
Tapay Ovtt toic &nevavttov emimédoic, Eotw wc ATA 
Baoug npóc thy AT Baow, obvoc tò TZ oxepeóv npóc tò PI 
otepeÓv. Sid TH KUTA SH, Emel otepeòv NAPAAANAETinedsov 
TO QI £ninéóc 16 PW tétuntou roo Avo Övt. xoic ame- 
vavttov éminédotc, Eotw ac f) NT Báotc ngóc thy TA Béow, 
oŬtws TÒ QW otepedv npóc tò PI. GAN’ óc f, DA Béo 
nmed¢ thy AT, oŬtws f, OT npóc thy AT: xoà óc dpa tÒ 
TZ otepedv npóc tò PI otepedy, oŬtws tÒ QW otepedv 
med¢ tò PI. &xéxepov toa x&v TZ, QY oxepeGv npóc tò 
PI tov avtov £yet Aóvov: toov doa oti tò TZ oxepeóv 165 
QW oxegeQ. GAAK tò OW xà AE edetyDy toov: xoi tò AE 
doa t& TZ eotw toov. 











T\A 
o 
A 
My Eotwouv 97 al Eyeotyxvia ai AH, OK, BE, AM, 
T=, OIL, AZ, PX npóc pàs tais AB, TA Báoeot: Xéyo 
x&Aw, ott lcov tò AE otepedy 165 TZ oxepgeG. rjyüooav yàp 
and xv K, E, H, M, IL, Z, =, 3 onusiov ent tò ónoxe(uevov 
erinedov xóÜüexov at KN, ET, HY, M9, IX, Zw, =O, XI, 
xol CUUBAAAETWOAY TH ETIMESHO xoxà xà N, T, T, 6, X, V, 
Q, I onueia, xoi &xeGeoy0oocav ai NT, NT, TP, To, XV, 
XQ, QI, IW. tcov 9f, £ou tò KO otepedy 16) III oxepeG 
èni te yàp (oov Påoesov ciot vv KM, IY xoi óxó TÒ oto 
toc, Gv at &geoxóoot npóc dpVd¢ ciot toç Dáoeotv. GA 
TÒ u&v K® oxepeóv 16 AE otepeds tot toov, to dé III có 
TZ: ent te yàp tis abt Báoecoc eioi xoi ono xo AUTO Koc, 
Qv al &peoxóoot obx ciow Ent xv otv cvVerdv. xol TÒ 
AE &pa otepedv t& PZ otepets &owv toov. 
Ta dea ent oov Báocwv dvta otepeà TapadkAnAerinedar 


Yoo, ^ 


xoi ono TO ato Bog toa dAAY|Aotc &oxtv: ónep Eder SetEau. 
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solid XY is also equal to solid AE. And since parallel- 
ogram RUWT is equal to parallelogram Y T. For they 
are on the same base RT', and between the same par- 
allels RT and YW [Prop. 1.35]. But, RUWT is equal 
to CD, since (it is) also (equal) to AB. Parallelogram 
YT is thus also equal to CD. And DT is another (par- 
allelogram). Thus, as base CD is to DT, so YT (is) to 
DT [Prop. 5.7]. And since the parallelepiped solid CT 
has been cut by the plane RF, which is parallel to the 
opposite planes (of CT), as base CD is to base DT, so 
solid CF (is) to solid RI [Prop. 11.25]. So, for the same 
(reasons), since the parallelepiped solid Y I has been cut 
by the plane RX, which is parallel to the opposite planes 
(of Y I), as base Y T is to base TD, so solid Y X (is) to 
solid RI [Prop. 11.25]. But, as base CD (is) to DT, so 
YT (is) to DT. And, thus, as solid CF (is) to solid RI, 
so solid Y X (is) to solid RI. Thus, solids CF and Y X 
each have the same ratio to RI [Prop. 5.11]. Thus, solid 
CF is equal to solid Y X [Prop. 5.9]. But, Y X was show 
(to be) equal to AE. Thus, AE is also equal to CF. 








U\A 


re 


And so let the (straight-lines) standing up, AG, HK, 
BE, LM, CO, PQ, DF, and RS, not be at right-angles 
to the bases AB and CD. Again, I say that solid AE 
(is) equal to solid CF. For let KN, ET, GU, MV, QW, 
FX, OY, and SI have been drawn from points K, E, 
G, M, Q, F, O, and S (respectively) perpendicular to 
the reference plane (i.e., the plane of the bases AB and 
C D), and let them have met the plane at points N, T, 
U,V, W, X, Y, and I (respectively). And let NT, NU, 
UV, TV, WX, WY, YI, and IX have been joined. So 
solid KV is equal to solid QI. For they are on the equal 
bases K M and Q5, and (have) the same height, and the 
(straight-lines) standing up in them are at right-angles 
to their bases (see first part of proposition). But, solid 
KV is equal to solid AE, and QI to CF. For they are 
on the same base, and (have) the same height, and the 
(straight-lines) standing up in them are not on the same 
straight-lines [Prop. 11.30]. Thus, solid AE is also equal 
to solid CF. 

Thus, parallelepiped solids which are on equal bases, 
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Mg. 

Ta óxó tÒ abxó Üdoc Óvra oteped TapadkAnAenineda 
xpóc GAANAG COTW Oc at Báoss. 
B A K 














A n H © 

"Hot Und TÒ auto Üdjoc otepeà TapadAnAenineda tà 
AB, TA: déyw, óu xà AB, TA otepedk napa Anrerineda 
TEOS GAANAG &oxtv Oc oi B&oetc, TouTEOTW STL &oxlv ÒS À 
AE Dóoic npóc thy TZ Bdow, oŬtws tò AB oxepeóv npóc 
to TA otepedy. 

TlopaBeBrfodw yàp nap& thy ZH xà AE tcov tò ZO, 
xoi dnd Dáoeoc uèv ts ZO, Odouc dé tod avtod x TA 
otepeóv TAPMAANAETiMEs0V cuunenAnpoo0o tò HK. tcov 
0f, Eott tO AB oxepeóv x HK otepeds: Ext te yàp towv 
Baoeav cio. tv AE, ZO xa onó tò adto toc. xoi Enel 
otepeoyv TapadAnAeninedsov tò TK émunédw 165 AH tétynta 
TAPAA Övt. Toc amevavtiov Emimédoic, Eotw hoa wc À 
TZ Báoic ngóc thy ZO Báo, obxoc tò DA oxepeóv npóc TÒ 
AO oxepeóv. ton 6€ f| u£v ZO Bao xfj AE Béoet, tò òè HK 
oxepeóv 16) AB otepeds: Eotw dow xoi ac f, AE Bdouc npóc 
thy TZ Béow, oŬtws tò AB oxepeóv npóc tò TA oxepeóv. 

Ta doa Unb TO adTO Üdoc óvxa oxepe apo renineoo 
TEOS GAANAG &oxv óc at Boes: Sree Eder Seton. 


ry’. 

Tà ópota oteped TapaAANAETiTEda npóc GAANAY EV tot- 
TAaotow Ady ciol tv OUOADYwYV nAeupOv. 

"Eot Guo otepeà mopoAAnAen(neóa xà AB, TA, 
óuóAoYoc 6& Eotw f, AE xfj TZ: Aévo, óu tò AB otepedv 
xpóc tò DA otepedy teimAaotova Aóvov Eyet, nep Nn AE 
rpóc thy UZ. 

"ExBepAfo0ocav yàp én’ edbVelac tas AE, HE, OE oi 
EK, EA, EM, xoi xetodw cf; èv TZ ton 5, EK, t òè ZN 
ton 1 EA, xoi £u tH ZP ton ù EM, xoi cuuxennpooo tò 
KA raparrnrdypaumov xoi to KO otepedy. 
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and (have) the same height, are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 32 


Parallelepiped solids which (have) the same height 
are to one another as their bases. 
D K 














G H 

Let AB and CD be parallelepiped solids (having) the 
same height. I say that the parallelepiped solids AB and 
CD are to one another as their bases. That is to say, as 
base AE is to base CF, so solid AB (is) to solid C D. 

For let FH, equal to AE, have been applied to FG (in 
the angle FGH equal to angle LCG) [Prop. 1.45]. And 
let the parallelepiped solid GK, (having) the same height 
as CD, have been completed on the base FH. So solid 
AB is equal to solid GK. For they are on the equal bases 
AE and FH, and (have) the same height [Prop. 11.31]. 
And since the parallelepiped solid CK has been cut by 
the plane DG, which is parallel to the opposite planes (of 
CK), thus as the base CF is to the base FH, so the solid 
C D (is) to the solid DH [Prop. 11.25]. And base FH (is) 
equal to base AE, and solid GK to solid AB. And thus 
as base AE is to base CF, so solid AB (is) to solid C D. 

Thus, parallelepiped solids which (have) the same 
height are to one another as their bases. (Which is) the 
very thing it was required to show. 


Proposition 33 


Similar parallelepiped solids are to one another as the 
cubed ratio of their corresponding sides. 

Let AB and CD be similar parallelepiped solids, and 
let AE correspond to CF. I say that solid AB has to solid 
CD the cubed ratio that AE (has) to CF. 

For let EK, EL, and EM have been produced in a 
straight-line with AE, GE, and H E (respectively). And 
let EK be made equal to CF, and EL equal to FN, and, 
further, £M equal to FR. And let the parallelogram KL 
have been completed, and the solid K P. 
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A 

Koi nsi 600 oi KE, EA dvol tos TZ, ZN too ciotv, 
Ad xoà ywvia f, Und KEA ywvia tH ond TZN éotw ion, 
érevdynep xoà W òrò AEH «fj tnd TZN otw ton dà thy 
ógotótna x&v AB, TA otepesiy, toov ğpa toti [xoi uoo] 
tO KA xapoAAnAóvpouguov t& TN xoapoAArkoveóggo.. ou 
xà HUTA 67] xoi TO u£v KM napañànàóypauuov toov &oxi xal 
óuotov x&ó DP. [nopwdAndroyeéuue] xoi Ett tò EO xà AZ: 
Tota dopa napaňnàóypayua tod KO otepeoŭ vptol napad- 
Anroyeéuuotc tol TA oxepeo0 {oa &£oxi xoi óuota.. GA xà 
uèv Tela xptol toic amevavtiov loa tot) xal óuoto, xà SE Toto. 
Tolol toic amevavtiov toa. tot} xoi uoa óXov doa TO KO 
oxepeóv Ohw t& TA otepeds toov oT} xoi Óuotov. OUUTE- 
TÀnpóoo TO HK napadrAnrddyeauov, xoi dno Dáosecov uèv 
t&v HK, KA nxapoXAróYvooupov, Odouc 8$ tod abtob t 
AB otepek ouunenAnepmodw tà EZ, AIL xoi net 6t thy 
ouovdtyta xv. AB, TA otepediv otv óc f| AE npóc thy 
TZ, ooxoc f, EH ngóc thy ZN, xa 7 EO ngóc xrjv ZP, ton 
dé f| u£v TZ tH EK, 9 è ZN tH EA, 4 è ZP tH EM, gotw 
&pa wo f, AE npóc thy EK, obvoc f, HE npóc thy EA xol f| 
OE npóc thy EM. a’ óc uèv fj AE ngóc thy EK, obxoc tÒ 
AH [rogo óyvoouuov] npóc tò HK xopoXXnAóvpouuov, 
Gc 6€ f, HE npóc thy EA, obxoc tò HK npóc tò KA, we 
dé f, OE ngóc EM, obcoc 10 IE npóc tò KM: xoi óc tow 
tò AH ropoAArAóYvpougov ngóc tò HK, obxoc tò HK npóc 
tO KA xoi tò ITE npóc tò KM. àAX' óc uèv tò AH npóc 
tò HK, o¥tw¢ tò AB oxepeóv npóc tò EE otepedy, óc 6€ 
tò HK npóc tò KA, o0voc tò EE otepedv npóc tò IMA 
otepedy, Wo 08 tò ITE npóc tò KM, obxoc tò IIA otepedv 
xpóc tò KO otepedv: xoi óc dpa tò AB otepedv npóc TO 
EE, obvoc tò EZ npóc tò IA xoi tò IA nxpóc tò KO. 
¿àv è 1éocopa UEyeDN xatà TO cuveyéc àváňoyov Tj, TO 
TMEGTOV Teds TO TETAETOV xpuAatotova Aóvov EXEL Tixep npóc 
tO Õeútepov: tò AB &pa otepedv npóc tò KO teitAaotova 
Aóvov ~yet fjnep tO AB npóc tò EZ. àAX wo tò AB npóc 
tÒ EE, obxoc tò AH napoAAnAóyoouuov npóc tò HK xoù À 
AE eó0cia npóc thy EK: ote xoi tò AB oxepeóv npóc TO 
KO teitAaotova XóYvov &yet nep f, AE npóc thy EK. toov 
dé tò [uèv] KO oxepeóv xG TA oxepeG, f, 6€ EK eo0cia 
tf; TZ: xoi tò AB dea oxepgeóv npóc tò TA otepedy Tpl- 
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And since the two (straight-lines) KE and EL are 
equal to the two (straight-lines) CF and FN, but angle 
KEL is also equal to angle CFN, inasmuch as AEG is 
also equal to CF'N, on account of the similarity of the 
solids AB and CD, parallelogram KL is thus equal [and 
similar] to parallelogram CN. So, for the same (reasons), 
parallelogram K M is also equal and similar to [parallel- 
ogram] CR, and, further, EP to DF. Thus, three par- 
allelograms of solid KP are equal and similar to three 
parallelograms of solid CD. But the three (former par- 
allelograms) are equal and similar to the three opposite 
(parallelograms), and the three (latter parallelograms) 
are equal and similar to the three opposite (parallelo- 
grams) [Prop. 11.24]. Thus, the whole of solid KP is 
equal and similar to the whole of solid CD [Def. 11.10]. 
Let parallelogram GK have been completed. And let the 
the solids EO and LQ, with bases the parallelograms GK 
and KL (respectively), and with the same height as AB, 
have been completed. And since, on account of the sim- 
ilarity of solids AB and C D, as AE is to CF, so EG (is) 
to FN, and EH to FR [Defs. 6.1, 11.9], and CF (is) 
equal to EK, and FN to EL, and FR to EM, thus as 
AE is to EK, so GE (is) to EL, and HE to EM. But, 
as AE (is) to EK, so [parallelogram] AG (is) to paral- 
lelogram GK, and as GE (is) to EL, so GK (is) to KL, 
and as H E (is) to EM, so QE (is) to KM [Prop. 6.1]. 
And thus as parallelogram AG (is) to GK, so GK (is) 
to KL, and QE (is) to KM. But, as AG (is) to GK, so 
solid AB (is) to solid EO, and as GK (is) to KL, so solid 
OE (is) to solid QL, and as QE (is) to KM, so solid QL 
(is) to solid KP [Prop. 11.32]. And, thus, as solid AB 
is to EO, so EO (is) to QL, and QL to KP. And if four 
magnitudes are continuously proportional then the first 
has to the fourth the cubed ratio that (it has) to the sec- 
ond [Def. 5.10]. Thus, solid AB has to KP the cubed 
ratio which AB (has) to EO. But, as AB (is) to EO, so 
parallelogram AG (is) to GK, and the straight-line AE 
to EK [Prop. 6.1]. Hence, solid AB also has to KP the 
cubed ratio that AE (has) to EK. And solid KP (is) 
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TAaotova Aóvov Eyet Hep Y, óuóXoYoc avtod TAcuEd f) AE 
xpóc THY óuÓAoYov nAeupàv THY TZ. 


B 


[1] 





O II 
































M 
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Tà äpa pow otepeà napaiànàenineða Ev xpuxAaotovt 
OY &od x&v OUOADYwV nàsupõv: ónep čet deiga. 


IIógtoya. 

"Ex 97, to0tou qavepóv, OTL àv téooopec coco 
&váAoYov Gow, EOTAL óc N METH Meds THY vexáprnv, ooto 
TO AMO fic TEATHS oxvepeóv TaPAAANAETinEdOV npóc TO ATO 
TÄS SeUTEPAC TO GUOLOV xol óuo(oc àvaypapóuevov, &ne(nep 
xol f| MOWTH npóc Thy TETUOETHY xguxAoo(ova Aóyov EXEL HEE 
xpóc Thy SELTEPAY. 


dO’. 


Tov toov ocxepeGv napahAnAetinédwv avtimendvdaow 
at Bdoetc toic teow xoi Gv otepedv napadAnrerinédwv 
avtnendvdaow oi B&oetc tois deor, toa &oxlv Exeiva. 

"Eoo tow oxepeà nopoAAreni(neóa và AB, L'A: Aéyo, 
óu x&v AB, TA oxepeGv napadAnAeminédov &vtxenóvüoot 
oi B&oceic toic Ŭpeow, xal Eotw óc f, EO Báoic npóc thy 
NII Baow, obvoc tò tot TA otepeod tog npóc tò to} AB 
otepeov boc. 

"Eoxooav yàp npótepov ai Epeotyxuion oi AH, EZ, AB, 
OK, TM, NE, OA, IIP ngóc ópüàc xoic Påocow abtõv: 
EY, OTL oti > f, EO Baoic ned¢ thy NII Baow, oŬtws 
ñ TM ngóc thy AH. 

Ei u£v obv ton Eotlv f, EO Baow tH NII B&oet, ott 98 
xoi tò AB otepedv t& TA otepeds toov, gota xoà À TM «fj 
AH ïon. xà yàp UNO TO adTO Üdoc otepeà TaPAAANAETinEdaA 
npóc HAANA EoTW Oc oi Baoetc. xal Eota óc f, EO Bdotc 
xpóc tiv NII, oŬtws 7 TM npóc thy AH, xol qovepóv, dt 
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equal to solid CD, and straight-line EK to CF. Thus, 
solid AB also has to solid CD the cubed ratio which its 
corresponding side AE (has) to the corresponding side 
CF. 


B O 
H Q 
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Thus, similar parallelepiped solids are to one another 
as the cubed ratio of their corresponding sides. (Which 
is) the very thing it was required to show. 


Corollary 


So, (it is) clear, from this, that if four straight-lines are 
(continuously) proportional then as the first is to the 
fourth, so the parallelepiped solid on the first will be to 
the similar, and similarly described, parallelepiped solid 
on the second, since the first also has to the fourth the 
cubed ratio that (it has) to the second. 


Proposition 34 


The bases of equal parallelepiped solids are recip- 
rocally proportional to their heights. And those paral- 
lelepiped solids whose bases are reciprocally proportional 
to their heights are equal. 

Let AB and CD be equal parallelepiped solids. I say 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights, and (so) as 
base EH is to base NQ, so the height of solid CD (is) to 
the height of solid AB. 

For, first of all, let the (straight-lines) standing up, 
AG, EF, LB, HK,CM, NO, PD, and QR, be at right- 
angles to their bases. I say that as base EH is to base 
NQ, so CM (is) to AG. 

Therefore, if base EH is equal to base NQ, and solid 
AB is also equal to solid CD, CM will also be equal to 
AG. For parallelepiped solids of the same height are to 
one another as their bases [Prop. 11.32]. And as base 
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t&v AB, TA otepetsy napadAnAemnédwv àvunenóvüaoty oi 
Baoetc xoic Ŭpeow. 

















A E n N 


My £oxo dh ton Y, EO Báo tH NII Baoet, ad’ Eotw 
ue(Cov f, EO. got è xoi tò AB otepedv xà TA otepeds 
ïoov: use(Cov dea &oxi xoi f, TM ts AH. xeiodw odv f| 
AH ton f, TT, xoi cuunexAnpgóo0o dnd Dáosoc u£v tc 
NII, Ótouc 8& tod ITT, otepedv nopoAAnAeni(neóov tò OL. 
xal &xel toov &oxi tò AB oxegeóv 165 TA otepeds, EEwlev sé 
TÒ I'P, xà be tow npóc TO ato TOV qÙTÒV Exel AÓYOV, Éoxty 
&pa óc TO AB otepedv npóc tò T'O oxepeóv, oŬtws tò TA 
oxepeóv npóc TO ITP ovepeóv. GAM’ Wo u£v tò AB oxepeóv 
xpóc tò I'P otepedy, oŬtws f, EO D&ocic npóc thy NII Baow: 
icoüp yàp xà AB, TØ otepek we 66 tò TA oxepeóv npóc 
tò I'$ otepedv, obtoc f, MII Báo npgóc thy TII Báotv 
xoi AIM ngóc thy TT: xoi óc doa f, EO B&ow npóc thy 
NII Béow, obvoc 7 MT ngóc thy TT. ton òè 5j PT xfj AH: 
xol óc doa Y, EO Báo ngóc xrjv NII Baow, oóvoc 5, MI 
xpóc tùy AH. x&v AB, TA doa otepeéiv nopoAnAennéóovy 
&vunenóvüooty oi Dáoetc tois teow. 

IIóAtv 93; Gy AB, TA ovegeóv napadkAnAeminédv dvtt- 
renovüéxocav oi Báosis toic Ŭpeow, xoi Zot óc f, EO 
B&ocic ngóc thy NII Bdow, oŬtws 16 tot TA otepeot boc 
mpd¢ tO tov AB otepeod toc: AEyw, Sti toov Eotl tò AB 
oxepeóv 16) TA oxepeó. 

*Eotwoayv [yàp] méAw oi éqgocrnxuiot npóc deVaC toc 
Baceow. xoà ei u£v ton cotiv f, EO Béoic xfj NIT B&oet, xot 
éotw Oc f| EO Dóotc npóc thy NII Baow, obtoc TÒ tod 
TA oxegeo0 tog npóc tò tod AB otepeot Üdoc, toov dpa 
£o xoi tÒ tot TA otepeod bios 16 tod AB otepeoŬ üe. 
xà OE &ri toov Báocwv oteped nopoAArAeni(neóoo xol ONO TO 
avtO Bo tow GÀ YjAoLc &oxtv: toov dea &oxi tò AB oxepeóv 
1G TA oxepeó. 

Mr, £oxo 97, Å EO B&oic tH NII [Bácet] ton, 623 Zotw 
ueCov f, EO: ueiCov &pa &oxi xoi tÒ tot DA otepeot boc 
tov tod AB otepeoŭ Üdouc, toutéotw À TM ts AH. 
xe(o0co tÅ AH ton náv 7 DT, xoi ouunenAnomoda ouotwe 
tò TỌ otepedyv. &me( Eotw òs f| EO Báo ngóc thy NII 
Baow, obvoc n MT ngóc thy AH, (orn òè 5j AH tH TT, 
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EH (is) to NQ, so CM will be to AG. And (so it is) clear 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights. 





H L 
A E C 


So let base EH not be equal to base NQ, but let EH 
be greater. And solid AB is also equal to solid CD. Thus, 
CM is also greater than AG. Therefore, let CT be made 
equal to AG. And let the parallelepiped solid VC have 
been completed on the base NQ, with height CT. And 
since solid AB is equal to solid CD, and CV (is) extrinsic 
(to them), and equal (magnitudes) have the same ratio to 
the same (magnitude) [Prop. 5.7], thus as solid AB is to 
solid CV, so solid CD (is) to solid CV. But, as solid AB 
(is) to solid CV, so base EH (is) to base NQ. For the 
solids AB and CV (are) of equal height [Prop. 11.32]. 
And as solid CD (is) to solid CV, so base MQ (is) to base 
TQ [Prop. 11.25], and CM to CT [Prop. 6.1]. And, thus, 
as base EH is to base NQ, so MC (is) to AG. And CT 
(is) equal to AG. And thus as base EH (is) to base NQ, 
so MC (is) to AG. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepipid solids AB 
and C D be reciprocally proportional to their heights, and 
let base EH be to base NQ, as the height of solid CD (is) 
to the height of solid AB. I say that solid AB is equal to 
solid CD. [For] let the (straight-lines) standing up again 
be at right-angles to the bases. And if base EH is equal 
to base NQ, and as base EH is to base NQ, so the height 
of solid CD (is) to the height of solid AB, the height of 
solid CD is thus also equal to the height of solid AB. 
And parallelepiped solids on equal bases, and also with 
the same height, are equal to one another [Prop. 11.31]. 
Thus, solid AB is equal to solid C D. 

So, let base EH not be equal to [base] NQ, but let 
EH be greater. Thus, the height of solid CD is also 
greater than the height of solid AB, that is to say CM 
(greater) than AG. Let CT again be made equal to AG, 
and let the solid CV have been similarly completed. 
Since as base EH is to base NQ, so MC (is) to AG, 











N 
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Eotw doa óc f, EO Báo med¢ thy NII Baow, obvoc n PM 
xpóc thy TT. GAN’ óc u£v fj EO [Bács] med¢ thy NII Bow, 
oŬtws 10 AB oxepeóv npóc tò TP otepedv: toot yá 
ċott xà AB, [® otepe& óc òè HIM npóc thy PT, obxoc 
nH te MIT Bácic npóc thy IIT Båow xoi tò TA oxepeóv 
xpóc tò TP oxepeóv. xoi óc doa tò AB oxepeóv npóc TO 
T® oxepeóv, oŬtws tò TA otepedv npgóc tò TO otepedv: 
exctepov doa xv AB, DA npóc tò TỌ tov abxóv Eyer 
Aóvov. {oov dou ott tò AB oxepeóv 165 TA oxepeG. 


























P mn No 


M T 


My Eotwoay 97 ai EMeotynxvia at ZE, BA, HA, KO, 
EN, AO, MI, PII npóc dedac tos Dáosow adtév, xol 
Ti9ocav and xv Z, H, B, K, Z, M, P, A onpeiwv ém 
tà ótà x&v EO, NII entreda xó&üevot xoi ouupoAXévoocav 
toic emmédoig xoxà xà X, T, Y, $, X, V, Q, c, xol oup- 
TerAnowMovu và Zo, EQ ovepeó: Aévo, Str xol obvoc loov 
dvtwv tæv AB, TA oxegeGv &vxnenóvüaow at Báoetc tois 
bheow, xal Eotw oc f, EO Baow npóc thy NII Báow, obvoc 
TÒ tod TA otepeot Üdoc npóc 16 tod AB oxepeo0 Ürpoc. 

‘Enel {oov &oxi tò AB otepedv 165 TA otepeds, HAAG TO 
u&v AB xà BT otw (cov: èni te yàp tic adtiic Dáoeoc 
ciot týs ZK xoi ónó tò aoo Koc: tò dè TA otepedy t 
AW éow toov: èni te yàp méAW fic WTI BDáoeoc ciot Tic 
PE xal 0nd tò avd boc xoi tò BT doa otepedv 16 AV 
oteped) {oov Eotiv. Eotw &pa wo À ZK Báo npóc thy EP 
Baow, obxoc xó tod AW otepeot Üdoc npóc tò tod BT 
otepeod Üdoc. ior dé f, u£v ZK Dá&otc xfj EO Bdoe, Tj òè 
EP óotc th NII Báoev Eotw doa wo 7 EO Báocic npóc tv 
NII Baow, ottw¢ 16 tot AW otepeot doc npóc tò vo0 BT 
otepeoU Ŭpos. tà ©’ abxà Bp ot xv AW, BT otepediv 
xoi tv AT, BA: Zotw &pa óc À EO Báotc med¢ thy NII 
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and AG (is) equal to CT, thus as base EH (is) to base 
NQ, so CM (is) to CT. But, as [base] EH (is) to base 
NQ, so solid AB (is) to solid CV. For solids AB and CV 
are of equal heights [Prop. 11.32]. And as CM (is) to 
CT, so (is) base MQ to base QT [Prop. 6.1], and solid 
C D to solid CV [Prop. 11.25]. And thus as solid AB (is) 
to solid CV, so solid CD (is) to solid CV. Thus, AB and 
CD each have the same ratio to CV. Thus, solid AB is 
equal to solid CD [Prop. 5.9]. 
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So, let the (straight-lines) standing up, FE, BL, GA, 
KH, ON, DP, MC, and RQ, not be at right-angles to 
their bases. And let perpendiculars have been drawn to 
the planes through EH and NQ from points F, G, B, K, 
O, M, R, and D, and let them have joined the planes at 
(points) S, T, U, V, W, X, Y, and a (respectively). And 
let the solids FV and OY have been completed. In this 
case, also, I say that the solids AB and CD being equal, 
their bases are reciprocally proportional to their heights, 
and (so) as base EH is to base NQ, so the height of solid 
CD (is) to the height of solid AB. 

Since solid AB is equal to solid CD, but AB is equal 
to BT. For they are on the same base F K, and (have) the 
same height [Props. 11.29, 11.30]. And solid C'D is equal 
is equal to DX. For, again, they are on the same base RO, 
and (have) the same height [Props. 11.29, 11.30]. Solid 
BT is thus also equal to solid DX. Thus, as base FK (is) 
to base OR, so the height of solid DX (is) to the height 
of solid BT (see first part of proposition). And base FK 
(is) equal to base EH, and base OR to NQ. Thus, as 
base EH is to base NQ, so the height of solid DX (is) to 
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Baow, ota 16 tod AT otepeot Üdoc npóc tò tod AB ote- 
ecov Uyoc. x&v AB, TA doa oxepeGv napaddAnremimédswv 
&vunenóvüooty at B&oetc tois teow. 

Ié 97; Gy AB, TA otepedtv napadkAnAeminédov avtt- 
TeTovvetwoay al Ba&oetc toic Ŭpeow, xoi Eotw óc f|, EO 
Baoug ted¢ thy NII Baow, obxoc 16 100 TA otepeots boc 
mpd¢ tO tov AB otepeod toc: AEyw, Stt toov Eotl tò AB 
oxepeóv 16) TA oxepeó. 

Tov yàp avtéy xatacxevacVEevtwy, &re( otv ac f, EO 
Baoug ngóc thy NII Bdow, oŬtws tò tot TA otepeots boc 
npóc TÒ 100 AB otepeod Üdoc, ton dé Å u£v EO Badorc xfi 
ZK Baoet, 7 6€ NII tH EP, £oxtv toa óc À ZK Báo ngóc 
thy EP Béow, ottwe tò tod TA otepeot tog npóc tò 
tot AB otepeot toc. tà © adt& Kn ot xv AB, TA 
oxepeGv xoi tv BT, AW: Eotw dpa óc 1) ZK Báåos npóc 
thy EP Béow, ottw¢ 16 toh AV oxepeo0 tog npóc TÒ to 
BT otepeot toc. vv BT, AW toa oxegeGv nopoAAne- 
Tunédwv avtirendvdaow oi Baoeic tois Üeot: toov dea tot 
tò BT otepeov 16 AW otepets. àAAà tò uàv BT xà BA 
toov éottv: Ext te yàp ts adtHc Dáosoc [eioi] thc ZK xo 
vn TO AUTO Bog. TO 6$ AY otepedv 16 AT otepe& toov 
éottv. xoi tÒ AB doa oxepeóv xà TA oxepgeG Eotw (oov: 
Ónep Eder SetEa. 
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the height of solid BT. And solids DX, BT are the same 
height as (solids) DC, BA (respectively). Thus, as base 
EH is to base NQ, so the height of solid DC (is) to the 
height of solid AB. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepiped solids 
AB and CD be reciprocally proportional to their heights, 
and (so) let base EH be to base NQ, as the height of 
solid CD (is) to the height of solid AB. I say that solid 
AB is equal to solid C D. 

For, with the same construction (as before), since as 
base EH is to base NQ, so the height of solid CD (is) to 
the height of solid AB, and base EH (is) equal to base 
FK, and NQ to OR, thus as base FK is to base OR, 
so the height of solid C'D (is) to the height of solid AB. 
And solids AB, C D are the same height as (solids) BT, 
DX (respectively). Thus, as base FK is to base OR, so 
the height of solid DX (is) to the height of solid BT. 
Thus, the bases of the parallelepiped solids BT and DX 
are reciprocally proportional to their heights. Thus, solid 
BT is equal to solid DX (see first part of proposition). 
But, BT is equal to B A. For [they are] on the same base 
FK, and (have) the same height [Props. 11.29, 11.30]. 
And solid DX is equal to solid DC [Props. 11.29, 11.30]. 
Thus, solid AB is also equal to solid CD. (Which is) the 
very thing it was required to show. 


t This proposition assumes that (a) if two parallelepipeds are equal, and have equal bases, then their heights are equal, and (b) if the bases of 


two equal parallelepipeds are unequal, then that solid which has the lesser base has the greater height. 


he’. 

"Eàv Got 600 ywvion entredor tom, émi S& Ov xo- 
puQGv avutTdyv uetécpot cvVeioan EmiotadHow oas Yovíac 
repiéy uocat uec xv ÈE pys cUVELBV &xortépav Exatéoa, 
emt OÈ TÕV UETEWPwWY ANP xoxóvva onto, xot àT’ otv 
émt tà énineda, Ev ois elow oi €€ Gpyfic ywvion, xéáüecot 
ayVGow, dnd OE tv Yevou£vov onuelwv Ev tois &rinéóoltc 
&ri tàs ¿E dpyrfic Ywviac EniCevyDGow evveta, toas ywviac 
TEPlECOVOL METH x&v ueveopov. 

”"Eotwoav 900 Yov(ot ev0bypauuot toot oi òrò BAT, 
EAZ, &no dé x&v A, A onuciov uexéopot evdetou Epeotat- 
woav at AH, AM toac vovíac mepiéyovow peta xv ÈÇ 
deyfjc euderav exatéeav exatéeg, thy u£v ónó MAE «fi 
òrò HAB, thy õè ónó MAZ «fj tnd HAT, xa eoo 
¿m vv AH, AM «xuyóvxa onucia xà H, M, xoi fjüooav 
ano tv H, M onusíov ent tà ài vv BAT, EAZ éntneda 
xáðeto oi HA, MN, xoi cugfoAXÉvo cav toic emnédoic 
xatà xà A, N, xoi &neCeOy 0 ooav ai AA, NA: dévw, Öt ton 
éotly f; nò HAA ywvia xfj óxó MAN yoovig. 


Proposition 35 


If there are two equal plane angles, and raised 
straight-lines are stood on the apexes of them, containing 
equal angles respectively with the original straight-lines 
(forming the angles), and random points are taken on 
the raised (straight-lines), and perpendiculars are drawn 
from them to the planes in which the original angles are, 
and straight-lines are joined from the points created in 
the planes to the (vertices of the) original angles, then 
they will enclose equal angles with the raised (straight- 
lines). 

Let BAC and EDF be two equal rectilinear angles. 
And let the raised straight-lines AG and DM have been 
stood on points A and D, containing equal angles respec- 
tively with the original straight-lines. (That is) MDE 
(equal) to GAB, and MDF (to) GAC. And let the ran- 
dom points G and M have been taken on AG and DM 
(respectively). And let the GL and MN have been drawn 
from points G and M perpendicular to the planes through 
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Ketode tH AM ïon f, AO, xoi yw oux tod O onuetov 
tfj, HA napdddAndroc f, OK. 5| 68 HA x&üexóc Eotw Ext TO 
dia xv BAT éxtnedov: xoi À OK dpa xóéüevóc Eottv Ext TO 
dia vv BAT Eninedov. HyQwouv and xv K, N onucíov 
ext tac AT, AZ, AB, AE evdetac xéáüevor oi KT, NZ, KB, 
NE, xoà éxeCebySwoav oi OF, TB, MZ, ZE. ¿nel tò ano 
tis OA (cov &ox xoic and àv OK, KA, 165 è dnd tic KA 
fou £oxi xà dnd t&v KT, DA, xoi tò and ts OA doa (cov 
£c tois and xóv OK, KT, TA. toic 66 àxó xàv OK, KT 
{oov £o tò and ts OT: 16 &pa àxó ts OA {oov oTi xoic 
ano x&v OL, TA. óp7, &pa &cxiv f; òrò OTA ywvia. Sid xà 
axà 07) xoà Y, Und AZM ywvia ph otw. ton doa Eotiv 
n bnd ATO ywvia tH tnd AZM. got 8& xoi f, òrò OAT 
tÑ óxó MAZ ïon. Dvo 87) telywvá Eott tù MAZ, OAT 600 
ywviac dvol ywviaic toas Eyovta Exatépav Exatéoa xal ulav 
TACUVEAY u TALES tony Thy LmotEivovoay UNO ulav xGv 
loov vovv thy OA tH MA: xoi tac Aou Koa TAEUEdC 
toc Mornas rAeupolc (cac É&et Exatépav Exapgoa. ton doa 
&oxv 7 AT xfj AZ. ouolwe 67) 6c(£ouev, our xoi fj AB «fi 
AE éow lor. nel odv ton Eotlv f, uev AT tÑ AZ, fj òè 
AB ti AE, úo 67, oi DA, AB dvoi tos ZA, AE tow ciotv. 
BAX xoà ywvia f, Ord TAB ywvia tH Ond ZAE otw ion: 
D&oic doa f, BT Bácsi th EZ ton oti xoà tò tetywvov 16 
ToLyYova xal at Aoutal ~wvlat tais Aonais Yovtotc: ton doa ñ 
òrò ATB yovia tH nd AZE. gout 6€ xoi dod} Å òrò ATK 
òp tH Und AZN tory xoà Aou Koa H UNO BTK onf tH 
òrò EZN otw ton. die xà HUTA OH xoi f| ONO TBK tH Uno 
ZEN éow ion. S00 dh tetywve Eott xà BTK, EZN [tàs] 
600 ywviaç duol ywvios toas Eyovta Exatépav Exatéog xal 
uiay tàcupàv uğ ràcvp& tony Thy npóc tois loot Ywviouc 
thy BI ty EZ: xoü tàs Aowmdc doa TAEVEKC tos Aovnoüc 
nàcupois (cac É&ouotv. ton &pa Eotiv f, LK tH ZN. čot ðè 
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BAC and EDF (respectively). And let them have joined 
the planes at points L and N (respectively). And let LA 
and ND have been joined. I say that angle GAL is equal 
to angle MDN. 

G 
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K 
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Let AH be made equal to DM. And let H K have been 
drawn through point H parallel to GL. And GL is per- 
pendicular to the plane through B AC. Thus, HK is also 
perpendicular to the plane through BAC [Prop. 11.8]. 
And let KC, NF, KB, and NE have been drawn from 
points K and N perpendicular to the straight-lines AC, 
DF, AB, and DE. And let HC, CB, MF, and FE have 
been joined. Since the (square) on HA is equal to the 
(sum of the squares) on HK and KA [Prop. 1.47], and 
the (sum of the squares) on KC and CA is equal to the 
(square) on K A [Prop. 1.47], thus the (square) on HA 
is equal to the (sum of the squares) on HK, KC, and 
CA. And the (square) on HC is equal to the (sum of 
the squares) on HK and KC [Prop. 1.47]. Thus, the 
(square) on HA is equal to the (sum of the squares) 
on HC and CA. Thus, angle HCA is a right-angle 
[Prop. 1.48]. So, for the same (reasons), angle DFM 
is also a right-angle. Thus, angle ACH is equal to (an- 
gle) DF M. And HAC is also equal to MDF. So, MDF 
and H AC are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), that subtending one of the equal angles —(that 
is), H A (equal) to M D. Thus, they will also have the re- 
maining sides equal to the remaining sides, respectively 
[Prop. 1.26]. Thus, AC is equal to DF. So, similarly, we 
can show that AB is also equal to DE. Therefore, since 
AC is equal to DF, and AB to DE, so the two (straight- 
lines) CA and AB are equal to the two (straight-lines) 
FD and DE (respectively). But, angle C AB is also equal 
to angle FDE. Thus, base BC is equal to base EF, and 
triangle (AC B) to triangle (DF E), and the remaining 
angles to the remaining angles (respectively) [Prop. 1.4]. 


465 


STOIXEION w. 


xoi ñ AT xfj AZ tory 600 SF ai AT, DK Suo tos AZ, ZN 
loot eiotv: xot pàs ywviacg nepiéyovow. Báo doa n AK 
B&ce. tH AN ton éotiv. xoi nel ton Eotlv n AO tH AM, 
{oov &oxi xoi tò dxó týs AO 16 and ts AM. àXXX xà YEV 
ano tc AO ica &o xi xà àxó xv AK, KO: op?) yàp H bn 
AKO: 16 dé ånò ts AM ica xà and viv AN, NM: óp01) 
yàp f, Und ANM: xà dpa and xv AK, KO toa tot) xoic 
ano x&v AN, NM, Gv xo and ts AK toov £o 16 ånò ts 
AN: Xotxóv &pa tò ànó vfjc KO toov £oxi 16 dnd ts NM: 
ton toa ñ OK tH MN. xoi ¿nel 600 ai OA, AK dvol toiic 
MA, AN too eiolv &xorxépot exatéea, xoi Dáoic À OK Báce 
tfj MN édetydn ton, vov(a dea f, UNO OAK ywvig xfj ono 
MAN otw ton. 

"Edy doa Got dvo ywvioa exinedot (oot xoi xà &&fic Tic 
xpotáotoc [ónep Eder ocio]. 


IIógtoya. 

"Ex ù voOxou qatvepóv, OTL, £v Got 000 yovi Eximedot 
loot, emotavdor 6£ En’ adtév uetéopot coco toot toas 
yovlag nepiéyoucot uexà t&v ¿E dpyfic eoUeuv &xoxépav 
EXATEOA, ai AN otv x&üetot dyóuevor &ri xà EnimEda, Ev 
ois eiotv at £& åpxñs ywviou, toot GAAHAaus clotv. ónep &Get 
Seton. 


As. 


‘Edy xpeig cvdeta avddoyov Gow, TO Ex THY piv 
otepeÓv TapadkAnAerinedov (cov Eotl tÆ aNd Tic uéorc 
OTEPEG) TAPAAANAETUNESW iconAcÓpo uév, looywviw sé 1G 
TPOSLONUEVYD. 
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Thus, angle AC B (is) equal to DFE. And the right-angle 
ACK is also equal to the right-angle DFN. Thus, the 
remainder BCK is equal to the remainder EFN. So, 
for the same (reasons), CBK is also equal to FEN. 
So, BCK and EFN are two triangles having two an- 
gles equal to two angles, respectively, and one side equal 
to one side—(namely), that by the equal angles—(that 
is), BC (equal) to EF. Thus, they will also have the re- 
maining sides equal to the remaining sides (respectively) 
[Prop. 1.26]. Thus, CK is equal to FN. And AC (is) also 
equal to DF. So, the two (straight-lines) AC and CK are 
equal to the two (straight-lines) DF and FN (respec- 
tively). And they enclose right-angles. Thus, base AK is 
equal to base DN [Prop. 1.4]. And since AH is equal to 
DM, the (square) on AH is also equal to the (square) on 
DM. But, the the (sum of the squares) on AK and KH 
is equal to the (square) on AH. For angle AKH (is) a 
right-angle [Prop. 1.47]. And the (sum of the squares) 
on DN and N M (is) equal to the square on DM. For an- 
gle DN M (is) a right-angle [Prop. 1.47]. Thus, the (sum 
of the squares) on AK and KH is equal to the (sum of 
the squares) on DN and NM, of which the (square) on 
AK is equal to the (square) on DN. Thus, the remaining 
(square) on K H is equal to the (square) on NM. Thus, 
H K (is) equal to M N. And since the two (straight-lines) 
HA and AK are equal to the two (straight-lines) M.D 
and DN, respectively, and base H K was shown (to be) 
equal to base MN, angle HAK is thus equal to angle 
MDN [Prop. 1.8]. 

Thus, if there are two equal plane angles, and so on 
of the proposition. [(Which is) the very thing it was re- 
quired to show]. 


Corollary 


So, it is clear, from this, that if there are two equal 
plane angles, and equal raised straight-lines are stood 
on them (at their apexes), containing equal angles re- 
spectively with the original straight-lines (forming the 
angles), then the perpendiculars drawn from (the raised 
ends of) them to the planes in which the original angles 
lie are equal to one another. (Which is) the very thing it 
was required to show. 


Proposition 36 


If three straight-lines are (continuously) proportional 
then the parallelepiped solid (formed) from the three 
(straight-lines) is equal to the equilateral parallelepiped 
solid on the middle (straight-line which is) equiangular 
to the aforementioned (parallelepiped solid). 
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"Eovcoov tesic còco å&váňoyov ot A, B, T, óc 5| A 
rpóc t" B, obxoc f, B npgóc thy I^ Aévo, OTL TÒ Ex xGv 
A, B, T oxegeóv toov toti 16 dnd týs B oxepeG ioonAcvew 
UEV, looywvia Se 16 npostenuévo. 

‘Exxetodw otepeà ywvia f, medc¢ tă E negteyouévr, Uno 
t&v Und AEH, HEZ, ZEA, xo xetodw xfj u£v B ton Exdotn 
t&v AE, HE, EZ, xoi ouynerAnomodw tò EK otepeòv na- 
poA Aren(neGov, tH dé A ton 7 AM, xoi cuveoxáxo npóc 
tfj AM evveta xol 16 npóc adt orusio t A TH npóc xà 
E oxepe& voví(a ton oxepeà vovía f, mepetyouevy ónó xv 
NAZ, EAM, MAN, xoi xetodw tH u£v B tor f, AZ, xfj o£ 
T ion f, AN. xoà &xe( Eotw óc f| A npóc thy B, ottw¢ f| B 
xpóc tH T, ton òè f| u&v A tH AM, fj òè B Exatéog xv AE, 
EA, 9 6€ I xfj AN, éotw doa óc f, AM npóc thy EZ, obvoc 
n AE npóc thy AN. xoà negli toas Yovíac tac òrò NAM, 
AEZ ai xAeupol &vunxenóvüactv: {oov dpa toti tò MN roe 
goa AmóYeouuov tă AZ rapaňànioypauduuw. xoi Exel 600 
yovi éxinedor còðúypauuor toot ciolv at òrò AEZ, NAM, 
xol en’ aùtõv uevécpot eoUciot Epeotdow at AZ, EH toot 
te GA joe xol toas Ywviacg nepiéyouocot uevà xv EF dpyrfic 
cvVElLOv &xoxépav Exatéog, al doa ano t&v H, E onuctwv 
xav_etor åyóueva &ri tà Sia xv NAM, AEZ &níne6a toot 
GAAfjAouc eiotv: Bote xà AO, EK otepedk nó tò ato Üdoc 
éotlyv. và 6& nì ioov Dáceov otepeà TapaAAANAerineda xal 
orxÓ TÒ aco Üdoc tow GAAHAOIs &oxtv: toov dpa &oxi tò OA 
otepeov t EK otepeds. xal oti tÒ uàv AO tO Ex x&v A, 
B, T oxepeóv, tò dé EK tò and ts B otepeóv: tò dpa Ex 
t&v A, B, T otepedv napaddndeninedov (cov toti t and 
tis B oxepeG iconAeÓpo uév, ioovovio SE TG npostenuévor 
bree Eder dcia. 
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Let A, B, and C be three (continuously) proportional 
straight-lines, (such that) as A (is) to B, so B (is) to C. 
I say that the (parallelepiped) solid (formed) from A, B, 
and C is equal to the equilateral solid on B (which is) 
equiangular with the aforementioned (solid). 

Let the solid angle at E, contained by DEG, GEF, 
and FED, be set out. And let DE, GE, and EF each 
be made equal to B. And let the parallelepiped solid 
EK have been completed. And (let) LM (be made) 
equal to A. And let the solid angle contained by N LO, 
OLM, and MLN have been constructed on the straight- 
line LM, and at the point L on it, (so as to be) equal 
to the solid angle E [Prop. 11.23]. And let LO be made 
equal to B, and LN equal to C. And since as A (is) 
to B, so B (is) to C, and A (is) equal to LM, and B 
to each of LO and ED, and C to LN, thus as LM (is) 
to EF, so DE (is) to LN. And (so) the sides around 
the equal angles NLM and DEF are reciprocally pro- 
portional. Thus, parallelogram M N is equal to parallel- 
ogram DF [Prop. 6.14]. And since the two plane recti- 
linear angles DEF and NLM are equal, and the raised 
straight-lines stood on them (at their apexes), LO and 
EG, are equal to one another, and contain equal angles 
respectively with the original straight-lines (forming the 
angles), the perpendiculars drawn from points G and O 
to the planes through NLM and DEF (respectively) are 
thus equal to one another [Prop. 11.35 corr.]. Thus, the 
solids LH and EK (have) the same height. And paral- 
lelepiped solids on equal bases, and with the same height, 
are equal to one another [Prop. 11.31]. Thus, solid HL 
is equal to solid EK. And LH is the solid (formed) from 
A, B, and C, and EK the solid on B. Thus, the par- 
allelepiped solid (formed) from A, B, and C is equal to 
the equilateral solid on B (which is) equiangular with the 
aforementioned (solid). (Which is) the very thing it was 
required to show. 














Proposition 37! 


If four straight-lines are proportional then the similar, 
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OTEPER TACAAANAETI TESA uod te xol OUOLWS dvaypapóueva 
&váAoYov gota xol &àv và AT’ AÙTÕV oteped TAPAAAN- 
Aetineda Óuot& te xoà óuoícoc àvaypapóueva avdroyov f, 
xal adtal at cevVEta &våňoyov Eoovtat. 


SQ SH 
A B r A 
N 
M | | 
E Z 
H O 


”"Eotwoav técoapec còca àváAoyov at AB, TA, EZ, 
HO, óc f, AB npóc thy TA, obvoc f, EZ ngóc thy HO, xoi 
&vaYevoópüdoov and tév AB, TA, EZ, HO ógot& te xoi 
Ouotws xeiueva oteped TapaAANAerineda và KA, AT, ME, 
NH: Aéyo, öt &oxiv óc tò KA npóc tò AT, obvoc TO ME 
npóc tò NH. 

‘Enel yàp ópotóv £o TO KA oxepeóv nopoAAnAenineoov 
1G AT, tò KA &pa npóc tò AT toitAaotova Adyov Éyet free 
3, AB ngóc thy TA. dà xà HOTe BY xoi TO ME npóc tò NH 
ToimAaotova Aóyov £yet Free f, EZ npóc thy HO. xal otw 
a> f, AB ngóc thy TA, obvoc f, EZ npgóc thy HO. xoà we 
pa tò AK npóc tò AT, obvoc tò ME ngóc tò NH. 

'AXA&à 87) Eotw Go TO AK oxepeóv npóc tò AT oxepeóv, 
ovtwc TO ME otepeov npóc tò NH: Aéyo, Sti Eotl wo À 
AB evveta npóc thy TA, obvoc f, EZ npgóc thy HO. 

"Enci yàp nói tò KA npóc tò AT tertAaotova Aóyov 
éyet ýnep n AB npóc viv DA, Eyer òè xoi tò ME npóc tò 
NH tomiaciova Aóyov rineo f, EZ npóc thy HO, xai otw 
Òs TÒ KA nxpóc tò AT, ott tò ME npóc tò NH, xal we 
pa ñ AB npóc tiv TA, obxoc f, EZ ngóc thy HO. 

"Eàv doa xécoopec còca &váAoYov Got xoà xà &&f|c 
Tic npovácecc: Ónxep Eder deiga. 
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and similarly described, parallelepiped solids on them 
will also be proportional. And if the similar, and similarly 
described, parallelepiped solids on them are proportional 
then the straight-lines themselves will be proportional. 


SH SH 
A B C D 
N 
E F 
G H 


Let AB, CD, EF, and GH, be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, par- 
allelepiped solids KA, LC, M E and NG have been de- 
scribed on AB, CD, EF, and GH (respectively). I say 
that as K A is to LC, so M E (is) to NG. 

For since the parallelepiped solid K A is similar to LC, 
KA thus has to LC the cubed ratio that AB (has) to CD 
[Prop. 11.33]. So, for the same (reasons), M E also has to 
NG the cubed ratio that EF (has) to GH [Prop. 11.33]. 
And since as AB is to CD, so EF (is) to GH, thus, also, 
as AK (is) to LC, so M E (is) to NG. 

And so let solid AK be to solid LC, as solid M E (is) 
to NG. I say that as straight-line AB is to CD, so EF (is) 
to GH. 

For, again, since K A has to LC the cubed ratio that 
AB (has) to CD [Prop. 11.33], and M E also has to NG 
the cubed ratio that EF (has) to GH [Prop. 11.33], and 
as KA isto LC, so M E (is) to NG, thus, also, as AB (is) 
to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, and so 
on of the proposition. (Which is) the very thing it was 
required to show. 











+ This proposition assumes that if two ratios are equal then the cube of the former is also equal to the cube of the latter, and vice versa. 


An. 

"E&v xófou tæv anevavtiov Emmédwv ai nAeupol diya 
TUNVGOw, Sic SE x&v ToUdY Extreda ExBANYF, fj xow? tour 
TOV Eminédswv xal f| tol x0Bou ðiáuetpos Siya xÉuvouotv 
OAH Aa. 


Proposition 38 


If the sides of the opposite planes of a cube are cut 
in half, and planes are produced through the pieces, then 
the common section of the (latter) planes and the diam- 
eter of the cube cut one another in half. 
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KóBou yàp tot AZ x&v d&nevavtiov &rinéóov tov TZ, 
AO ai nAeugot diya xexufjodocav xatà tà K, A, M, N, E, 
II, O, P onucia, dià 6£ xv toudy Eextreda &xpepArjodo xà 
KN, EP, xotvi; 6€ xou, tæv emnédwv Eotw f| TX, tov 6€ 
AZ xou diayavoc f, AH. Aévo, öt tor Eotlv H uàv TT 
tf TE, ñ òè AT tH TH. 

"Encteóy0üocoav yàp oi AY, TE, BX, XH. xoi nel 
xapáAArnAóc &ouv f, AZ t OE, oi £vaAAà& ywvion at nó 
AZT, TOE tom Ahas etotv. xoi &nel fon &oxiv A uev 
AE xfj OE, 7 6€ EY tH TO, xoi vovíac toas nepiéyouoty, 
B&ocic &pa f, AY xfj TE &owv ton, xoi tò AZT totywvov xà 
OTE tetyavea cotiv toov xol oi Aoturod ywvlou taç Aoumaiic 
yovios toa ton dpa f, UNO ETA ywvia tH òrò OTE yovig. 
die SÙ xoOxo cbVEié Eotw f, ATE. dà xà abxà 7) xoi BUH 
evveid otv, xoi ton f, BU tH XH. xoi &nel 5| TA xfj AB 
lor &od xoi napddAAndoc, GAG f, DA xoà tH EH ton té 
ċott xoi rapéAAnAoc, xoi 7 AB &pa ifj, EH ton té ot 
xol ropáAArvoc. xoi émiCeuvvOouoty adtac evdeta at AE, 
BH: nagáAAnAoc &pa &oxiv f, AE xfj BH. ton dpa f| ev ono 
EAT ywvia t nd BHT: &£voAAà& váp: 7, 6$ ónó ATY tH 
òrò HTX. 800 Sh tetywva ċott te ATT, HTD tàs 600 
ywvlac tas Svol ywviatc tooc Eyovta xol ulav TATVEdY uti 
ncup tony Thy óxoxetvoucavy Uno iav x&v owy yoviy 
thy AY xfj HX: fjoetot yao ciot xóv AE, BH: xoi tac 
Aoinas TAEUEaS toç Aotolc rAeupoüc (coc É&et. ton dpa f| 
u&v AT «f; TH, 4 òè YT tH TX. 

"E&v doa xUBou x&v ånevavtiov &rix£Oov ai rA eupol diya 
TUNIGow, Sic SE x&v xouGv Extreda &xpAnÜf|, A xow? vou) 
TOV Eminedswv xal f| tol x0Bou ðiáuetpos Siya xÉuvouotv 
AAAA: Sree eer deiga. 
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For let the opposite planes CF and AH of the cube 
AF have been cut in half at the points K, L, M, N, O, 
Q, P, and R. And let the planes KN and OR have been 
produced through the pieces. And let US be the common 
section of the planes, and DG the diameter of cube AF. 
I say that UT is equal to TS, and DT to TG. 

For let DU, U E, BS, and SG have been joined. And 
since DO is parallel to PE, the alternate angles DOU and 
UPE are equal to one another [Prop. 1.29]. And since 
DO is equal to PE, and OU to UP, and they contain 
equal angles, base DU is thus equal to base U E, and tri- 
angle DOU is equal to triangle PU E, and the remaining 
angles (are) equal to the remaining angles [Prop. 1.4]. 
Thus, angle OU D (is) equal to angle PU E. So, for this 
(reason), DU E is a straight-line [Prop. 1.14]. So, for 
the same (reason), BSG is also a straight-line, and BS 
equal to SG. And since CA is equal and parallel to DB, 
but CA is also equal and parallel to EG, DB is thus also 
equal and parallel to EG [Prop. 11.9]. And the straight- 
lines DE and BG join them. DE is thus parallel to BG 
[Prop. 1.33]. Thus, angle EDT (is) equal to BGT. For 
(they are) alternate [Prop. 1.29]. And (angle) DTU (is 
equal) to GT'S [Prop. 1.15]. So, DTU and GTS are two 
triangles having two angles equal to two angles, and one 
side equal to one side—(namely), that subtended by one 
of the equal angles—(that is), DU (equal) to GS. For 
they are halves of DE and BG (respectively). (Thus), 
they will also have the remaining sides equal to the re- 
maining sides [Prop. 1.26]. Thus, DT (is) equal to T'G, 
and UT to T'S. 

Thus, if the sides of the opposite planes of a cube are 
cut in half, and planes are produced through the pieces, 
then the common section of the (latter) planes and the 
diameter of the cube cut one another in half. (Which is) 
the very thing it was required to show. 
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A9". 


"Eàv f| 800 npicuoxa icoUdQf, xoi tò uèv Éyfj Påow ra- 
paAAnàóypauuov, TO SE vpbyovov, Gm otov BE f| TO ropoa- 
ANAOYEALLOY To TeLryavonu, toa £oxot xà nplouata. 





B ^ M O 
= NUCNN 
A T [o 








E Z H K 

"Eoo 000 nplouata toot xà ABTAEZ, HOKAMN, 
xoi TO uèv exyétw Báotw tò AZ mxoapoaXAnAÓYpouguov, tÒ 
dé tò HOK totywvoy, ditAcowov 6€ čotw TO AZ napad- 
Anàóypauuov tol HOK xptyóvou: Aéyo, Sti toov &od TÒ 
ABPAEZ npioua 16 HOKAMN notouatt. 

XuunxenAnpgoóo0o yàp xà AZ, HO oxepeá. Enel SumAcordv 
ċott TÒ AZ napoXAnAóypouuov tol HOK xptyóvou, £o 
dé xoi TO OK mnoapoAAnAÓóYvooupov dsitAdcowov tol HOK 
Tory@vou, {oov dpa &oxi xó AZ napaňànàóypauuov 16) OK 
rapoaAAnAoveóuuo. xà bE Ext oov Déáceov Svta oxepex 
napahAnAerineda xoi bd TO axo Üdoc toa d) orc totiv: 
{oov dpa £oxi 16 AE oxepeóv x HO otepeds. xal &ou 
tov u£v AZ otepeoŭ wou tò ABIAEZ np(oua, tod dé 
HO otepeod wou tò HOKAMN npíouoc toov dpa &oxi tO 
ABPAEZ npioua t HOKAMN mnpíouont. 

"Eàv doa fj 600 nplouata icoüp, xoi tò uèv £yfi Báåow 
TapaAànàóypauuov, TO SE Toetywvov, SiTAcOLOV OE fj TO Ta- 
paAAnàóypauuov TOD TeLyavon, toa £oxi xà nplouata' Ónep 
der Oci&ou. 


ELEMENTS BOOK 11 


Proposition 39 


If there are two equal height prisms, and one has a 
parallelogram, and the other a triangle, (as a) base, and 
the parallelogram is double the triangle, then the prisms 
will be equal. 


B D M p 


s- TEAN 
er 
[SERM 


E F G K 

Let ABCDEF and GHKLMN be two equal height 
prisms, and let the former have the parallelogram AF, 
and the latter the triangle GH K, as a base. And let par- 
allelogram AF be twice triangle GH K. I say that prism 
ABCDEF is equal to prisn GH K LM N. 

For let the solids AO and GP have been com- 
pleted. Since parallelogram AF is double triangle GHK, 
and parallelogram HK is also double triangle GHK 
[Prop. 1.34], parallelogram AF is thus equal to paral- 
lelogram Hk. And parallelepiped solids which are on 
equal bases, and (have) the same height, are equal to 
one another [Prop. 11.31]. Thus, solid AO is equal to 
solid GP. And prism ABC DEF is half of solid AO, and 
prism GH KLM N half of solid GP [Prop. 11.28]. Prism 
ABCDEF is thus equal to prisn GH K LM N. 

Thus, if there are two equal height prisms, and one 
has a parallelogram, and the other a triangle, (as a) base, 
and the parallelogram is double the triangle, then the 
prisms are equal. (Which is) the very thing it was re- 
quired to show. 





A C 
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Proportional Stereometry!! 


t The novel feature of this book is the use of the so-called method of exhaustion (see Prop. 10.1), a precursor to integration which is generally 
attributed to Eudoxus of Cnidus. 
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* 
Q. 
Tà &v xoic xOxAOIC GUOLA novywva npóc GAANAG £oxtv 
ÒS TÀ àxó THY SLANETEWY TETPYOVA. 


A 
Z 
B 
E H A 
M N 
T 
K o K 


”"Eotwoav xvxdor ot ABT, ZHO, xol ev adtoic ópotua 
roAóyova čotw tà ABDAE, ZHOKA, didueteo 62. xGv 
XOxAov £ovocoy BM, HN: Aéyo, Ott Eotly óc TO ànó fic 
BM «xe1p&vovov med¢ tò and ts HN tetpáywvov, o0toc 
tò ABLTAE xoAóYvovov npgóc tò ZHOKA noAóvovov. 

"Encteóy0ocoav yoo oi BE, AM, HA, ZN. xoi nel 
óuotov tò ABLAE nodvywvoy t ZHOKA rodvyove, lor 
éotl xoi Ñ Und BAE vovía xfj m0 HZA, xai &owv óc f, BA 
npóc thy AE, ottw> f| HZ npóc thy ZA. 800 67, tetywve 
£c xà BAE, HZA piav yoviav wae yoviy tony Eyovta xijv 
òrò BAE t nò HZA, negl òè tàs toas ywvias xàc TAeuvpàs 
åváňoyov: iscoyavov goa &oxi tò ABE totywvov x ZHA 
Totyove. ton doa &oxiy f) Und AEB ywvia xfj On ZAH. Gar’ 
f, u£v òrò AEB t òrò AMB otw ton: &ri yàp xfic avtiic 
xepupepeíac BeBrhxaow À 66 Und ZAH «fj ónó ZNH- xod f| 
òrò AMB dpa tH ónó ZNH otw ton. čom 6& xoi Óp0T, 
3, Und BAM bp tH nò HZN tory xoà f, Aou?) dpa TH 
onf Eotw ton. icoyóvtov doa &oxi TO ABM totywvov 1G 
ZHN tetywvw. davédoyov doa £oxiv óc 7 BM npóc thy 
HN, ottwo 5 BA npóc thy HZ. àAAà tod èv týs BM 
npóc thy HN Adyov OuAaoí(ov &oxv 6 tot and týs BM 
tevpoY vou ngóc TO ano ts HN tete&ywvov, tod be fic 
BA npóc thy HZ dirdaotwv gotiv 6 xo0 ABPAE noAuyovou 
med¢ tò ZHOKA noàvywvov: xol óc &pa tò aNd vfjc BM 
tevp&Yovov npóc TO ano týs HN vexpéyovov, obtoc TÒ 
ABPAE noAOYovov npóc tò ZHOKA noAOvovov. 

Tà toa Ev voic xÓxAotc óuota TOADYWVA npóc GAAYA& 
EOTL WS xà ATO xv Otoiévpoyv xexpdnyovor STEP Eder deio. 


Oi xÓxAot npóc AAA Aous Eloly G¢ xà UNO x&v Outpiévpov 
TETORY ovo. 
"Eoxocav x0xXot ot ABTA, EZHO, didyetpot 68 ovGv 
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Proposition 1 


Similar polygons (inscribed) in circles are to one an- 
other as the squares on the diameters (of the circles). 


A 
F 
B 
E G L 
M N 
C 
b H K 


Let ABC and FGH be circles, and let ABC DE and 
FGHKL be similar polygons (inscribed) in them (re- 
spectively), and let BM and GN be the diameters of the 
circles (respectively). I say that as the square on BM is to 
the square on GN, so polygon ABC DE (is) to polygon 
FGHKL. 

For let BE, AM, GL, and FN have been joined. And 
since polygon ABC DE (is) similar to polygon FGH KL, 
angle B AE is also equal to (angle) GFL, and as BA 
is to AE, so GF (is) to FL [Def. 6.1]. So, BAE and 
GFL are two triangles having one angle equal to one 
angle, (namely), BAE (equal) to GFL, and the sides 
around the equal angles proportional. Triangle ABE is 
thus equiangular with triangle FGL [Prop. 6.6]. Thus, 
angle AEB is equal to (angle) FLG. But, AEB is equal 
to AM B, and FLG to FNG, for they stand on the same 
circumference [Prop. 3.27]. Thus, AM B is also equal 
to FNG. And the right-angle BAM is also equal to the 
right-angle GFN [Prop. 3.31]. Thus, the remaining (an- 
gle) is also equal to the remaining (angle) [Prop. 1.32]. 
Thus, triangle ABM is equiangular with triangle FGN. 
Thus, proportionally, as BM is to GN, so BA (is) to GF 
[Prop. 6.4]. But, the (ratio) of the square on BM to the 
square on GN is the square of the ratio of BM to GN, 
and the (ratio) of polygon ABCDE to polygon FGHKL 
is the square of the (ratio) of BA to GF [Prop. 6.20]. 
And, thus, as the square on BM (is) to the square on 
GN, so polygon ABCDE (is) to polygon FGHKL. 

Thus, similar polygons (inscribed) in circles are to one 
another as the squares on the diameters (of the circles). 
(Which is) the very thing it was required to show. 


Proposition 2 


Circles are to one another as the squares on (their) 
diameters. 
Let ABC D and EFGH be circles, and [let] BD and 
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[Eotwoay] ai BA, ZO: Aéyo, öt Eotly óc ò ABTA xóx^oc 
1póc tov EZHO x0xAov, ottw¢ TÒ and ts BA vexpéyovov 
rpóc TO ANO ts ZO tetpáywvov. 



































Et yàp uf, otv óc ô ABTA x0x3oc ngóc tov EZHO, 
otw> TO dnd tij¢ BA tetekywvov npóc TO ånò ts ZO, 
Eota Oc TÒ and týs BA mpóc tò and týs ZO, obxoc 6 
ABTA »x0xA^oc fiot mpd¢ £ÉAacoóv tt toŭð EZHO »x0xXou 
yoptov f, npóc uctov. Eotw npótepov npóc ÉAaooov TO 
Z. xot &vYevoóqüo cic tov EZHO x0ÓxXov xe1péyovov TO 
EZHO. tò of évyevpouuévov vevo&yovov uciCóv &owv f| TO 
fiutco to} EZHO »xÓxXAov, &nxeiofiep Edy dà x&v E, Z, H, O 
onusíov &gorouévac [evdetac] tot x0xXou åyáywuev, tot 
TEPLYPUCPOUEVOU negl TOV x0xAov TETPAYÖVOU fjuto0 EoTL 
tò EZHO «xexpéyovov, tol sé meprypapevtog vevpoYóvou 
eAdttwyv cotly ò xÜxAoc: Bote tÒ EZHO éyyeyeauyevov 
Tetedywvoy ueitóv ċott TOU HUloewo tod EZHO xvxAov. 
xexurjo9ooav Siya ot EZ, ZH, HO, OF nepupépetot. xatà 
ta K, A, M, N onua, xoi éneCeOoy0ocav ai EK, KZ, 
ZA, AH, HM, MO, ON, NE: xoi éxaotov &pa xv EKZ, 
ZAH, HMO, ONE «xpiyóvov ucitóv &owv f, tO uou to 
xa)” AUTO vufjuaroc toU xOxAou, ėnedýnep &àv Sid vGv 
K, A, M, N onuetwv &gorxouévac tod xOxAXou åyáåywuev 
xol &vommnpeooopuev và ent vy EZ, ZH, HO, OE eó0ev 
xapoAArAóYvpouuo, Exaotov vv EKZ, ZAH, HMO, ONE 
TOLYOVUY uou čata Tov xa’ autò napoAArAovoóugov, 
Ad TO xo' autò tuua čAaTTÓV &ox TOD TAPAAAN- 
Aoveóuuou: Gote Exaotoy vy EKZ, ZAH, HMO, ONE 
tpi vov uei óv &oxt TOD fjutoecc TOD xa)’ ExUTO vurjuaxoc 
toO xÓxAou. xéuvovcec BY Tac onoAeuxoyuévac nepupeps(oc 
iya xal EmiCevywovtec evVetac xol toto del rotoUvtec xA- 
TOHAEIPOUEYV tiva ATOTUNHUATA TOU xxu, & EoTaL EAcOoOVa 
thc ónepoyfic, fj, Unepéyet ó EZHO xóxňoç tot X yopíov. 





ELEMENTS BOOK 12 


FH [be] their diameters. I say that as circle ABCD is to 
circle E FGH, so the square on BD (is) to the square on 
































For if the circle ABCD is not to the (circle) EFGH, 
as the square on BD (is) to the (square) on FH, then as 
the (square) on BD (is) to the (square) on FH, so circle 
ABCD will be to some area either less than, or greater 
than, circle HF'GH. Let it, first of all, be (in that ratio) to 
(some) lesser (area), S. And let the square EFGH have 
been inscribed in circle EFGH [Prop. 4.6]. So the in- 
scribed square is greater than half of circle EF'GH, inas- 
much as if we draw tangents to the circle through the 
points E, F, G, and H, then square EFGH is half of the 
square circumscribed about the circle [Prop. 1.47], and 
the circle is less than the circumscribed square. Hence, 
the inscribed square EFGH is greater than half of cir- 
cle EFGH. Let the circumferences EF, FG, GH, and 
HE have been cut in half at points K, L, M, and N 
(respectively), and let EK, KF, FL, LG, GM, MH, 
HN, and NE have been joined. And, thus, each of 
the triangles EKF, FLG, GMH, and HNE is greater 
than half of the segment of the circle about it, inasmuch 
as if we draw tangents to the circle through points K, 
L, M, and N, and complete the parallelograms on the 
straight-lines EF, FG, GH, and HE, then each of the 
triangles EKF, FLG, GMH, and HNE will be half 
of the parallelogram about it, but the segment about it 
is less than the parallelogram. Hence, each of the tri- 
angles EKF, FLG, GMH, and HNE is greater than 
half of the segment of the circle about it. So, by cutting 
the circumferences remaining behind in half, and joining 
straight-lines, and doing this continually, we will (even- 
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edely0n yàp £v TH npoo Vewperuatt voO Sexdtov DipAtou, 
ott 600 UeyeVGyv aviowy &xxeiiévov, &Xv AO Tov uetGovoc 
apapeds ueiCov T TÒ Tiutou xal tod xoaoXeuouévou usttov 
Ñ TO uou, xol toUto cel yiyynta, Aeupürioexat ti uéyeoc, 
Ó gota ÉAaocov tov &xxeuuévou &£Aáooovoc uevéOouc. 
dedcipdw odv, xoi Zotw tà êm xv EK, KZ, ZA, AH, 
HM, MO, ON, NE tuńuata to} EZHO »xóxAou edhdttova 
tfj órepoyfic, Y; Unepéyet ò EZHO xóxňoç tot X yopíov. 
Aotxóv doa TO EKZAHMON noAOvovov uciCóv &ox tot X 
yoptov. &yyeypóqo xal eic tov ABTA »xóxXov t& EKZ- 
AHMON noAuvóvo Óuotov nroXOvovov tò AEBOTIIAP: 
Écttv dpa óc TO ånò týs BA xexpévyovov npóc TO ANO ts 
ZO «xexpé&vovov, obvoc tò AEBOTIIAP roàvywvov npóc 
tò EKZAHMON noAÓYvovov. àÀAA& xoi óc TÒ ånò ts BA 
TETEUYWVOV ngóc TO AN tS ZO, o0xoc ô ABTA »xóxXoc 
xpóc TO X ywelov: xoà óc doa ó ABTA x0xAoc npóc tò X 
yoptov, oŬtwç tò AEBOTIIAP noA0Yvovov npgóc tò EKZ- 
AHMON noAóvovov: £vaAAà& boa wo ô ABTA »xóx^oc 
TEOS TO EV AUT TOAVYwWVOV, o0toc TO X ywetov npóc 
tò EKZAHMON xoAóYvovov. uc(Gov 6€ 6 ABTA xóxXoc 
toU Ev ab1G noAuYOvou: uciGov goa xol TO X ywetov to 
EKZAHMON noAuYvóvou. åAAù xoi ÉXovrov: Ónep Eotiv 
åðúvatov. oOx ğpa Eotlv Gc TO and týs BA tete&ywvov 
xpóc TO aNd ts ZO, obxoc ô ABTA x0xAoc npóc £Aacoóv 
tt tod EZHO xdxAovu ywptov. óuotoc ù Seifouev, Sti OSE 
óc TÒ àxó ZO npóc 16 and BA, obxvoc ô EZHO xdxAoc 
xpóc ÉAacoóv xt toU ABTA xóxXou yopítov. 

Aéyw oh, bt OSE óc TO ånò týs BA npóc TO and 
ts ZO, o0voc ó ABTA x6xXoc ngóc uciCóv x voó EZHO 
XOxAov Ywptov. 

Ei yàp Guvaxóv, Eotw npóc uciGov TO X. dvánoty dpa 
[Eotiv] c tò &nd tc ZO tetodywvov npóc tò and ts AB, 
oŬtws TO X ywptov npóc tov ABTA xúxňov. àAX óc TÒ 
3 ywetov med¢ tov ABTA xóxXov, obvoc ô EZHO xóxXoc 
xpóc Ehattév xt o0 ABTA xdxAovu ywetov: xoi cc doa TÒ 
and ts ZO npóc tò and ts BA, oŬtws ô EZHO xóxXoc 
xpóc EAaoody ti xo0 ABTA xOxXou ywptov’ ónep å&ðúvatov 
edetyOy. oùx Koa Eotlv óc TO And ts BA tetedywvov npóc 
TO and tc ZO, o0voc ô ABTA xbxdo¢ ngóc uciCóv x to 
EZHO xvxAovu ywotov. edetydn 66, tt OUSE npóc £Aacoov: 
Zot dpa óc TO ånò týs BA xexpévyovov npóc TO ånò ts 
ZO, ottw¢ 6 ABTA xóxXoc ngóc tov EZHO xdxAov. 

Oi doa xvxAOL npóc HAAHAOUC ciolv óc Ta AMO Gv 
Otaiéxpoyv tetpáywva OnEe Eder deiga. 
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tually) leave behind some segments of the circle whose 
(sum) will be less than the excess by which circle EFGH 
exceeds the area S. For we showed in the first theo- 
rem of the tenth book that if two unequal magnitudes 
are laid out, and if (a part) greater than a half is sub- 
tracted from the greater, and (if from) the remainder (a 
part) greater than a half (is subtracted), and this hap- 
pens continually, then some magnitude will (eventually) 
be left which will be less than the lesser laid out mag- 
nitude [Prop. 10.1]. Therefore, let the (segments) have 
been left, and let the (sum of the) segments of the circle 
EFGH on EK, KF, FL, LG, GM, MH, HN, and NE 
be less than the excess by which circle EFGH exceeds 
area S. Thus, the remaining polygon EK FLGMHN is 
greater than area S. And let the polygon AOBPCQDR, 
similar to the polygon EKFLGMHN, have been in- 
scribed in circle ABC D. Thus, as the square on BD is 
to the square on FH, so polygon AOBPCQDR (is) to 
polygon EKFLGMHN [Prop. 12.1]. But, also, as the 
square on BD (is) to the square on FH, so circle ABCD 
(is) to area S. And, thus, as circle ABCD (is) to area S, 
so polygon AOBPGQDR (is) to polygon EK FLGMHN 
[Prop. 5.11]. Thus, alternately, as circle ABCD (is) to 
the polygon (inscribed) within it, so area S (is) to poly- 
gon EKFLGMHN [Prop. 5.16]. And circle ABCD (is) 
greater than the polygon (inscribed) within it. Thus, area 
S is also greater than polygon EK FLGM H N. But, (itis) 
also less. The very thing is impossible. Thus, the square 
on BD is not to the (square) on FH, as circle ABC D (is) 
to some area less than circle EFGH. So, similarly, we can 
show that the (square) on FH (is) not to the (square) on 
BD as circle EFGH (is) to some area less than circle 
ABCD either. 

So, I say that neither (is) the (square) on BD to 
the (square) on FH, as circle ABCD (is) to some area 
greater than circle EFGH. 

For, if possible, let it be (in that ratio) to (some) 
greater (area), S. Thus, inversely, as the square on FH 
[is] to the (square) on DB, so area S (is) to circle ABCD 
[Prop. 5.7 corr.]. But, as area S (is) to circle ABC D, so 
circle EFGH (is) to some area less than circle ABCD 
(see lemma). And, thus, as the (square) on FH (is) to 
the (square) on BD, so circle EFGH (is) to some area 
less than circle ABCD [Prop. 5.11]. The very thing was 
shown (to be) impossible. Thus, as the square on BD is 
to the (square) on FH, so circle ABC D (is) not to some 
area greater than circle EFGH. And it was shown that 
neither (is it in that ratio) to (some) lesser (area). Thus, 
as the square on BD is to the (square) on FH, so circle 
ABCD (is) to circle EFGH. 

Thus, circles are to one another as the squares on 
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Afiuga. 

Aéyw dH, 6tt tod X ywetou ue(Covoc óvvoc tot EZHO 
xvxAOU éodv Oc TO X ywelov npóc tov ABTA xOx^ov, 
obxoc 6 EZHO xdxdo¢ npòç EAatt6v x xo0 ABTA x0xXou 
y otov. 

l'evovéxo yàp ðs xó X ywptov mpd¢ tov ABTA xóxXov, 
oÜtoc ô EZHO xóx^oc npóc tò T ywpiov. A€yw, OTL 
ÉAotvÓv gott tò T ywptov tot ABTA xóxAou. nel áp 
toti Oc TO X ywptov npgóc tov ABTA »x0xXov, otc 6 
EZHO xúxňoç npóc tò T ywptov, EvadAAKE EotW óc tò X 
yoptov npgóc tov EZHO »x0xXov, oðtws 6 ABTA xóxXoc 
xnpóc tò T yogíov. ucitov 6& tò X ywptov vo0 EZHO 
xóxAou: us(Gov goa xoi ô ABTA »x0xXoc tod T ywetov. 
@ote Éoxv óc TO X ywpiov npgóc tov ABTA xdxAov, 
obxoc 6 EZHO x0xXoc ngóc EAatt6v x xo0 ABTA x0xXou 
ywptov’ óxep Eder Seta. 

y 

Iléoa nupopic totywvov £youca Báåow Siapetta eic 600 
xupogí8ac (cac te xol uolas åAAńAouc xoà [Ouotac] tH SAF 
Toly@vouc &youcac D&ostc xal eic 600 nplouaxa toa xol xà 
600 npiouoxa ue(Cov& tot f| TO Hutov tic Ans rupogíóoc. 
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(their) diameters. (Which is) the very thing it was re- 
quired to show. 


Lemma 


So, I say that, area S being greater than circle EF'GH, 
as area S is to circle ABC D, so circle EF'GH (is) to some 
area less than circle ABC D. 

For let it have been contrived that as area S (is) to 
circle ABC D, so circle EFGH (is) to area T. I say that 
area T is less than circle ABC D. For since as area S is 
to circle ABCD, so circle EFGH (is) to area T, alter- 
nately, as area S is to circle EFGH, so circle ABC D (is) 
to area T [Prop. 5.16]. And area S (is) greater than circle 
EFGH. Thus, circle ABC D (is) also greater than area 
T [Prop. 5.14]. Hence, as area S is to circle ABC D, so 
circle EFGH (is) to some area less than circle ABC D. 
(Which is) the very thing it was required to show. 


Proposition 3 


Any pyramid having a triangular base is divided into 
two pyramids having triangular bases (which are) equal, 
similar to one another, and [similar] to the whole, and 
into two equal prisms. And the (sum of the) two prisms 
is greater than half of the whole pyramid. 





"Ecco mupautc, fic Báotc uév &ow tò ABT tetywvov, xo- 
eug? dé tò A onuciov: Aéyw, óv f, ABTA nupapis ototpetxot 
cic 600 nupoaguí6ac oas AAAs vpryevouc DBéostc &yobooc 
xol uolas TH SAF xoi cic Dvo npiouara toar xoà và 800 
xpiouaxa pelCová Eotwv f, vo uou tÅs GAN rupapiðos. 

Texufio9ocav yàp at AB, BD, TA, AA, AB, AT diya 
xoxà tà E, Z, H, O, K, A onueia, xoi eneCebyIwoav at 
OE, EH, HO, OK, KA, AO, KZ, ZH. ¿nel ton &odv Ñ uev 
AE fj EB, fj òè AO tH AO, napddAAndroc dea &oxiv f, EO 
tÑ AB. dà xà abxà 97) xoi À OK tH AB napddAnrdc Eotw. 


Let there be a pyramid whose base is triangle ABC, 
and (whose) apex (is) point D. I say that pyramid 
ABCD is divided into two pyramids having triangular 
bases (which are) equal to one another, and similar to 
the whole, and into two equal prisms. And the (sum of 
the) two prisms is greater than half of the whole pyramid. 

For let AB, BC, CA, AD, DB, and DC have been 
cut in half at points E, F, G, H, K, and L (respectively). 
And let HE, EG, GH, HK, KL, LH, KF, and FG have 
been joined. Since AE is equal to EB, and AH to DH, 
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Tapaànàóypauuov doa &oxi tò OEBK: ton doa &oxiv 7 OK 
ifj EB. Ad f, EB xfj EA &oxv ion xoi f, AE doa tý OK 
éotw ton. Eott 0€ xoi fj, AO xfj OA (ow 600 ò ai EA, AO 
dvol voi; KO, OA tou ciol Exatéou &xorvépoc xol yavia f 
òrò EAO yovig xfj rò KOA ton: Dáotc dow 7 EO Báce tH 
KA éow lon. tcov &pa xol ópotóv ċott TO AEO toeltywvov 
TH OKA «pryóvo. Side xà HTH O7) xoi TO AOH totywvov 
t$ OAA teryovw (cov tÉ &ox xol Guotov. xoi Exel 600 
eOUclot àxxóuevot GAAHAWY ot EO, OH rape dvo evVetac 
antouevac dAAYAcv tac KA, AA ciow oUx £v TH abt 
émunédw o0oot, toas ywviac repié&ouotv. ton dea &oxlv Å nO 
EOH yovia xfj òrò KAA yovig. xal Enel 660 cdVein oi EO, 
OH 8uoi tas KA, AA toot eloly Exatépa exatéea, xol ywvia 
ñ òrò EOH ywvig xfj óxó KAA éotw lon, Dáotc doa ñ EH 
B&ce th KA [zotw] ton: toov dou xoi öuoróv £o tò EOH 
totywvov t% KAA teryove. oie xà abr 67) xoi tò AEH 
totywvov t OKA xpryovo toov te xol óuotóv Eotw. f &pa 
mupauic, fic Baoug uév &ow tò AEH totywvov, xopupy dé TO 
© onuciovy, ton xoi óuota &oxt NUEAULL, Tic Dáotc uév EOTL TO 
OKA tetywvoy, xopuqg?) è tò A onuciov. xoi Enel tTorywvou 
tol AAB napà uíov x&v mAcupéiv thy AB ğxta 5|, OK, 
icovovióv oti TO AAB tetywvov tă AOK xptyóvo, xol 
Tag TAcupdc åváåňoyov čyovow: óuotov &pa toti tò AAB 
totywvov t% AOK teryove. Sid xà HUTd O7) xol TO uèv 
ABT tetywvov 16 AKA tetryoavw óuotóv gotw, tò 66 AAT 
t@ AAO. xol Enel 660 edVetoan å&ntóuevoar GAAKAwY ai BA, 
AT napà 800 evdetauc &mxouévac åA wv tac KO, OA ciow 
00x Ev 16 axi EmITEdSH, toas Yoviac nepgié&ouotv. ton &pa 
éotlv f| òrò BAT Yovía xfj òrò KOA. xai &owv óc 7 BA 
rpóc thy AT, ottwc À KO npóc thy OA: óuotov &pa £o 
tò ABT xp(yovov 16 OKA xotyóvo. xoi mupauic doa, fic 
Baotg uév &ow tò ABT tetywvov, xopue7y 68 tò A onusioy, 
Ouota ot) TUEAULSL, fic Bácic uév ċott TO OKA telywvoy, 
xopuq?, ðè tò A onuciov. àXXX rupauis, Ho Bors uév [£o] 
tÒ OKA tetywvoy, xopugr 68 tò A onusiov, ouota edetydn 
TUPAULSL, Ho Bácic uév &ow tò AEH tetywvov, xopuq? 68 
TÒ O onusiov. Exatéoa doa tv AEHO, OKAA rupauidov 
uola &ox xfj OAH xfj ABTA nupayton. 

Kot nei ton &odv f|, BZ th ZI, dimAdowdy Eo tÒ 
EBZH napaňànàóypauuov to) HZI' terymvov. xol &mei, 
¿àv f| 600 npícuaxa icoŭŬp, xoi tò u£v Éyn Dow tapad- 
Anàóypauuov, TO SE Tolywvov, SimAcovov 6& | TO napad- 
Anàóypauuov tov TelyMvou, toa oTt) Ta nplouata, toov 
äpa £o TÒ nploua TO nepieyóuevov LTO 000 LEV TOLYOVOv 
Tv BKZ, EOH, xgtóv ðè napadAnroyeduwy Tv EBZH, 
EBKO, OKZH 16 npiouoxt x6 nepteyouévo ono 600 uèv 
toryovey xv HZT, OKA, tev 868 napadAnAoyeduUev 
tév KZI'A, ATHO, OKZH. xoi wavepdyv, óut Excteov xv 
rpuou&xov, OD te Dáoic TO EBZH napoAAnAóypeougov, àre- 
vavttov 5¢ f|, OK evdeia, xoi oÙ Påois tò HZI totywvov, 
anevavttov 6& TO OKA totywvoy, ueiCóv Eotww Exatéoac 
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EH is thus parallel to DB [Prop. 6.2]. So, for the same 
(reasons), HK is also parallel to AB. Thus, HEBK is 
a parallelogram. Thus, HK is equal to EB [Prop. 1.34]. 
But, EB is equal to EA. Thus, AE is also equal to HK. 
And AH is also equal to H D. So the two (straight-lines) 
EA and AH are equal to the two (straight-lines) KH 
and H D, respectively. And angle EAH (is) equal to an- 
gle KH D [Prop. 1.29]. Thus, base EH is equal to base 
KD [Prop. 1.4]. Thus, triangle AEH is equal and simi- 
lar to triangle H K D [Prop. 1.4]. So, for the same (rea- 
sons), triangle AHG is also equal and similar to trian- 
gle HLD. And since EH and HG are two straight-lines 
joining one another (which are respectively) parallel to 
two straight-lines joining one another, KD and DL, not 
being in the same plane, they will contain equal angles 
[Prop. 11.10]. Thus, angle EHG is equal to angle KDL. 
And since the two straight-lines EH and HG are equal 
to the two straight-lines KD and DL, respectively, and 
angle EHG is equal to angle K DL, base EG [is] thus 
equal to base KL [Prop. 1.4]. Thus, triangle EHG is 
equal and similar to triangle K DL. So, for the same (rea- 
sons), triangle AEG is also equal and similar to triangle 
HKL. Thus, the pyramid whose base is triangle AEG, 
and apex the point H, is equal and similar to the pyra- 
mid whose base is triangle H K L, and apex the point D 
[Def. 11.10]. And since HK has been drawn parallel to 
one of the sides, AB, of triangle ADB, triangle ADB 
is equiangular to triangle DH K [Prop. 1.29], and they 
have proportional sides. Thus, triangle ADB is similar to 
triangle DH K [Def. 6.1]. So, for the same (reasons), tri- 
angle DBC is also similar to triangle DK L, and ADC to 
DLH. And since two straight-lines joining one another, 
BA and AC, are parallel to two straight-lines joining one 
another, KH and HL, not in the same plane, they will 
contain equal angles [Prop. 11.10]. Thus, angle BAC is 
equal to (angle) KHL. And as BA is to AC, so KH (is) 
to HL. Thus, triangle ABC is similar to triangle HKL 
[Prop. 6.6]. And, thus, the pyramid whose base is trian- 
gle ABC, and apex the point D, is similar to the pyra- 
mid whose base is triangle H K L, and apex the point D 
[Def. 11.9]. But, the pyramid whose base [is] triangle 
H KL, and apex the point D, was shown (to be) similar 
to the pyramid whose base is triangle AEG, and apex the 
point H. Thus, each of the pyramids AEGH and HKLD 
is similar to the whole pyramid ABC D. 

And since BF is equal to FC, parallelogram EBFG 
is double triangle GFC [Prop. 1.41]. And since, if two 
prisms (have) equal heights, and the former has a par- 
allelogram as a base, and the latter a triangle, and the 
parallelogram (is) double the triangle, then the prisms 
are equal [Prop. 11.39], the prism contained by the two 
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t&v TupaUldwv, Gv Bdéoetc uev xà AEH, OKA totywva, xo- 
pugol, dé xà O, A onueta, exevdyjree [xot] dv emTevEwuev 
tac EZ, EK evVetac, tò u£v noloa, oO Dáoic tò EBZH na- 
poA óyooupov, dnevavtiov dé ñ OK eo0cio, uciCóv £o 
Ths Tueautdoc, fic Dáotc tò EBZ tetywvov, xopupÀ d5é tò 
K onuciov. &AX' f, nupagíc, ñs B&cic tò EBZ teiywvov, 
xopvon sé tò K onuctov, ton £o mupautd:, fic Baoic tò 
AEH toetywvov, xopuqg?, 6€ tò O onyueiovy UNO yàp ioov 
xoà ógoíov ErImEdWV nepiéyovxot. Hote xoà TO Teloua, oÙ 
Baoig u£v tò EBZH napaňànàóypauuov, amevavtiov è 7 
OK socia, uciCóv &ow nupautdoc, fic Báo u&v tò AEH 
toetywvov, xopuqor Se TO O onuctov. toov be tò u£v nployua, 
ov Baoicg tò EBZH napañànàóypauuov, anevavtiov 8e 7 OK 
evvela, xG nplouati, o0 B&cic uev tò HZI tetywvov, ane- 
vavtiov dé tò OKA «xp(vovov: fj 6€ nupauic, ñs Báotc xo 
AEH totywvoy, xopug7y sé tò O onyeiov, ton Eotl nupautd, 
fic Baoig tò OKA tetywvov, xopuqr, 6$ tò A ongciov. tà 
&pa cipnuéva 600 nplouaxa ueiCov& toti t&v eipruévov 600 
rupogí(8cov, Gv Baoetc u£v tà AEH, OKA totywva, xopuqoli 
öè và O, A onueta. 

‘H pa 6An nupogíc, fic Báo tò ABT tetywvov, xo- 
puq?; dé tò A onuetov, dijenta cic te 600 rupauiðas toas 
AAAG [xoi Guotac tH CAN] xoi eic 600 tetouata toa, xol xà 
600 npiouoxa use(Cov& tot f| TO Hutov tic SANs nupaulõos: 
bree Eder Oct&on. 


0. 


"Edy Got 900 nupauldec nd TO avTO Üdoc xptycvouc 
éyovoa Bdoetc, dope SE xatépa oabtOv ci; te 000 
nupaulðas toa¢g AAAs xoi uolas tÅ SAN xoà cic 600 
TELCUATA toa, EOTAL óc f| xfic uic rupauldoç Báo npóc TI 
Thc Etéeac Tupautdoc Báow, obvoc và EV TH ut nupogtót 
rpiouara TÅVTA npóc xà EV TH Táp% nupogíót nplopoxo 
Tavta iconAn0fj. 

”"Eotwoav 800 mupauides O16 TO aox0 Bog vptycvouc 
Éyoucot Baoetc tac ABT, AEZ, xopupac òè xà H, O onueta, 
xoà Sinehovw exatéea avutéy el; te 000 nupauiðaç toas 
&AAfjAotc xol óuotoc TY CAN xal eic 600 nplouaxa toa Aévo, 
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triangles BK F and EHG, and the three parallelograms 
EBFG, EBKH,and HK FG, is thus equal to the prism 
contained by the two triangles GFC and HKL, and 
the three parallelograms K FCL, LCGH, and HKFG. 
And (it is) clear that each of the prisms whose base (is) 
parallelogram E BFG, and opposite (side) straight-line 
HK, and whose base (is) triangle GFC, and opposite 
(plane) triangle H K L, is greater than each of the pyra- 
mids whose bases are triangles AEG and HKL, and 
apexes the points H and D (respectively), inasmuch as, 
if we [also] join the straight-lines EF and EK then the 
prism whose base (is) parallelogram EB FG, and oppo- 
site (side) straight-line H K, is greater than the pyramid 
whose base (is) triangle E BF, and apex the point K. But 
the pyramid whose base (is) triangle EBF, and apex the 
point K, is equal to the pyramid whose base is triangle 
AEG, and apex point H. For they are contained by equal 
and similar planes. And, hence, the prism whose base 
(is) parallelogram E B FG, and opposite (side) straight- 
line HK, is greater than the pyramid whose base (is) 
triangle AEG, and apex the point H. And the prism 
whose base is parallelogram E B FG, and opposite (side) 
straight-line H K, (is) equal to the prism whose base (is) 
triangle GFC, and opposite (plane) triangle H K L. And 
the pyramid whose base (is) triangle AEG, and apex the 
point H, is equal to the pyramid whose base (is) trian- 
gle H K L, and apex the point D. Thus, the (sum of the) 
aforementioned two prisms is greater than the (sum of 
the) aforementioned two pyramids, whose bases (are) tri- 
angles AEG and H KL, and apexes the points H and D 
(respectively). 

Thus, the whole pyramid, whose base (is) triangle 
ABC, and apex the point D, has been divided into two 
pyramids (which are) equal to one another [and similar 
to the whole], and into two equal prisms. And the (sum 
of the) two prisms is greater than half of the whole pyra- 
mid. (Which is) the very thing it was required to show. 


Proposition 4 


If there are two pyramids with the same height, hav- 
ing trianglular bases, and each of them is divided into two 
pyramids equal to one another, and similar to the whole, 
and into two equal prisms then as the base of one pyra- 
mid (is) to the base of the other pyramid, so (the sum of) 
all the prisms in one pyramid will be to (the sum of all) 
the equal number of prisms in the other pyramid. 

Let there be two pyramids with the same height, hav- 
ing the triangular bases ABC and DEF, (with) apexes 
the points G and H (respectively). And let each of them 
have been divided into two pyramids equal to one an- 
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bu Eotly óc À ABT Báotc ngóc thy AEZ Báow, obxoc xà 
év tH ABTH mupautd: npioparot nåvta npóc xà Ev TH AEZO 
TUEQULSL Telouata toon]. 








‘Enel yàp ton &oxiv f; u&v BE tH EL, 5| 66 AA tH AT, 
xapáAArAoc dpa &odv f, AE tH AB xoi óuotov tò ABT 
totywvov 16 AET teryove. Sid và abxà BY) xoi tò AEZ 
totywvov tă PPZ tipóvo Óuotóv otw. xoà Emel ð- 
rÀaoíov cotly n u£v BI tùs TE, fj òè EZ týs Z6, Eotw 
goa óc f, BI ngóc thy TS, ootoc f, EZ npóc thy Z6. xoi 
avayéypanta and u&v vv BI, TE óuot& te xoi óuotcoc 
xetueva eóO0vpouua xà ABD, AET, and òè xàv EZ, ZO 
Óuot& te xol ógoloc xelueva [eODdyeauua] te AEZ, PBZ: 
Écuv dpa wo tò ABT tetywvov npóc tò AST tetywvoy, 
oŬtws tò AEZ tetywvov npóc tò P®Z xp(vovov: £vaXAà€ 
goa cotly óc tò ABT tetywvov npóc tò AEZ [tetywvovI, 
ovta¢ tò AET [tetywvoy] npóc tò P®Z tetywvov. GAN’ 
Ós tò AST totywvov npóc tò P®Z tetywvov, otc TÒ 
noloua, o9 Bdotc uév [Eott] tò AET tetywvov, dnevavtiov ðè 
tò OMN, ngóc tò Tetoua, oÙ B&cic u&v tò PPZ tetywvov, 
ånevavtiov ðè tò STY: xal wc doa tò ABT totywvov npóc 
tò AEZ tetywvov, oŬtws TÒ npiouo, ob Båois uèv tò AED 
tpíywvov, amevavtiov sé tò OMN, npóc tò nploua, ob D&oic 
uèv tò P®Z tetywvoyv, ànevavtiov õè tò YTY. óc be xà 
eignuéva npiouata npóc &AAXnAa, oŬtws TO nploua, o0 Báocic 
u&v tò KBEA napoAArAóYveouuov, &nevavtiov 68 ñ OM 
evvela, npóc TO npioua, oÙ Påois u£v TO IIEP mnopoA- 
Anàóypauuov, anevavtiov 8& Y, UT evdeia. xoi và 600 doa 
tetouata, o0 te Påois u&v tò KBEA napoXAnóypouuov, 
anevavttov 8& ñ OM, xal ob Báotc u&v tò AET, ånevavtiov 
6£ tò OMN, npóc xà eicuata, oO te Påois u£v tò IIEOP, 
anevavttov è n UT ecvveta, xoi ot Påois u£v tò PPZ 
totywvov, &nevavtiov 6€ tò UT TY. xoi wc doa f, ABT Báotc 
xpóc tv AEZ Bdow, obvoc xà cipnuéva 800 nplouata npóc 
xà cipnuéva 600 nplouata. 

Koi ópoíoc, £àv ðoupeðõow at OMNH, XTTO nv- 
pauidec eic te 600 nplouata xal 660 MUEAULdac, £orot óc Å 
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other, and similar to the whole, and into two equal prisms 
[Prop. 12.3]. I say that as base ABC is to base DEF, 
so (the sum of) all the prisms in pyramid ABCG (is) to 
(the sum of) all the equal number of prisms in pyramid 
DEFH. 

H 


S NES 
A D S F 

R Q XD 

B O E 

For since BO is equal to OC, and AL to LC, LO is 
thus parallel to AB, and triangle ABC similar to triangle 
LOC [Prop. 12.3]. So, for the same (reasons), triangle 
DEF is also similar to triangle RV F. And since BC is 
double CO, and EF (double) FV, thus as BC (is) to 
CO, so EF (is) to FV. And the similar, and similarly 
laid out, rectilinear (figures) ABC and LOC have been 
described on BC and CO (respectively), and the sim- 
ilar, and similarly laid out, [rectilinear] (figures) DEF 
and RVF on EF and FV (respectively). Thus, as tri- 
angle ABC is to triangle LOC, so triangle DEF (is) to 
triangle RVF [Prop. 6.22]. Thus, alternately, as trian- 
gle ABC is to [triangle] DEF, so [triangle] LOC (is) 
to triangle RVF [Prop. 5.16]. But, as triangle LOC 
(is) to triangle RV F, so the prism whose base [is] trian- 
gle LOC, and opposite (plane) PM N, (is) to the prism 
whose base (is) triangle RV F, and opposite (plane) STU 
(see lemma). And, thus, as triangle ABC (is) to trian- 
gle DEF, so the prism whose base (is) triangle LOC, 
and opposite (plane) PM N, (is) to the prism whose base 
(is) triangle RV F, and opposite (plane) STU. And as 
the aforementioned prisms (are) to one another, so the 
prism whose base (is) parallelogram K BOL, and oppo- 
site (side) straight-line PM, (is) to the prism whose base 
(is) parallelogram Q EV R, and opposite (side) straight- 
line ST [Props. 11.39, 12.3]. Thus, also, (is) the (sum 
of the) two prisms—that whose base (is) parallelogram 
K BOL, and opposite (side) PM, and that whose base 
(is) LOC, and opposite (plane) PM N—to (the sum of) 
the (two) prisms—that whose base (is) QEV R, and op- 
posite (side) straight-line ST, and that whose base (is) 
triangle RV F, and opposite (plane) STU [Prop. 5.12]. 
And, thus, as base ABC (is) to base DEF, so the (sum 
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XTOIXEION p. 


OMN f&cic ngóc thy ETY Baow, obtoc xà £v tH, OMNH 
rugog(ót 600 npiouoa npóc xà Ev TH UTTO nupgogtót 600 
Tetouata. ddd’ óc f, OMN Båos npóc thy ETY Baow, 
obcoc Å ABT Bácic npóc thy AEZ Báo: toov yàp &xáxepov 
tév OMN, XTY xetyóvov &xoxépo tv AED, P&Z. xoi we 
pa ñ ABT Báotc npd¢ thy AEZ Bdow, obvoc TÀ téecoapa 
TELCUATA npóc và xéooopa npiouoxa. Ogo(oc bE xàv TAÇ 
oroAewouévoc nupaulðas Ot£AoUuev elc Te 000 nupog(oac 
xoi eic 600 rpilopata, Zot óc f, ABT Báoic npóc thy AEZ 
Baow, obxoc xà êv TH ABTH nupautd: npiouata mévta npóc 
ta êv tH AEZO nupagíót npiouoxo nåvta iconAnÜf; Step 
£6&t deltou. 


Añua. 

"Ou 8é &ouv óc tò AST toetywvov npóc tò PZ 
totywvov, otw¢ TÒ npiouo, oÙ Bdoig tò AET toetywvoy, 
anevavttov 68 tò OMN, mnpóc tò nploua, oÙ Baoicg u£v TO 
P7 [totywvov], dnevavtiov 6€ tò STY, obo Seixtéov. 

"Eni yàp cfjc obcfjc xoxo podfic vevońjoðwoav ano t&v 
H, O xd&Veto ém te ABT, AEZ Enxineda, too nAdA 
tuyyávovoat Sik TO icoüpeïs Unoxeioda tàs mupauidac. 
xal nel 600 evi fj te HI xoi À and told H xåðetos 
ONO TACMAAHAWY Emimédwv vv ABT, OMN téuvovtan, eic 
TOÙG avtobds Adyouc TunYAcovtaL. xol tétunta A HT dtya 
ùnò tov OMN eninédovu xatà tò N: xoà f, dnd tot H tow 
xadetoc ext to ABT Exinedov diya vumürjoecot ÙTÒ tod 
OMN Erinédov. Dà Ta HOTA BY xoi Å ANO TOD O xóáüexoc Ext 
tÒ AEZ éninedov diya tundyoeta Und tod YTY emnédsov. 
xat ciow tou at dnd tõv H, O xd&Vetor Ext xà ABT, AEZ 
énineda loot doa xoà at and tv OMN, ESTY totyovev 
ent xà ABT, AEZ xé0üexot. icovttF gow [£oxi] tà netoyata, 
Gv Baoetc uév cio. xà AST, POZ totywva, anevavttov sé 
tà OMN, XTY. dote xol tà ovepgeà naparhAnAerineda tà 
nò xv cipnuévov npiouátwv åvaypapóueva iooüŅň xol 
TEOS GAANAS [riot] óc oi B&oeic: xoi tà Hulon hoa totiv 
óc i AET Báotc ngóc thy P®Z Bdaow, obvoc xà cionuéva 
Telopata Ted GAANAa ónep eer SetEau. 
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of the first) aforementioned two prisms (is) to the (sum 
of the second) aforementioned two prisms. 

And, similarly, if pyramids PM NG and STU H are di- 
vided into two prisms, and two pyramids, as base PM N 
(is) to base STU, so (the sum of) the two prisms in pyra- 
mid PM NG will be to (the sum of) the two prisms in 
pyramid S'TU H. But, as base PMN (is) to base STU, so 
base ABC (is) to base DEF. For the triangles PMN 
and STU (are) equal to LOC and RVF, respectively. 
And, thus, as base ABC (is) to base DEF, so (the sum 
of) the four prisms (is) to (the sum of) the four prisms 
[Prop. 5.12]. So, similarly, even if we divide the pyra- 
mids left behind into two pyramids and into two prisms, 
as base ABC (is) to base DEF, so (the sum of) all the 
prisms in pyramid ABCG will be to (the sum of) all the 
equal number of prisms in pyramid DEFH. (Which is) 
the very thing it was required to show. 


Lemma 


And one may show, as follows, that as triangle LOC 
is to triangle RV F, so the prism whose base (is) trian- 
gle LOC, and opposite (plane) PM N, (is) to the prism 
whose base (is) [triangle] RVF, and opposite (plane) 
STU. 

For, in the same figure, let perpendiculars have been 
conceived (drawn) from (points) G and H to the planes 
ABC and DEF (respectively). These clearly turn out to 
be equal, on account of the pyramids being assumed (to 
be) of equal height. And since two straight-lines, GC 
and the perpendicular from G, are cut by the parallel 
planes ABC and PMN they will be cut in the same ra- 
tios [Prop. 11.17]. And GC was cut in half by the plane 
PMN at N. Thus, the perpendicular from G to the plane 
ABC will also be cut in half by the plane PMN. So, 
for the same (reasons), the perpendicular from H to the 
plane DEF will also be cut in half by the plane STU. And 
the perpendiculars from G and H to the planes ABC and 
DEF (respectively) are equal. Thus, the perpendiculars 
from the triangles PM NN and STU to ABC and DEF 
(respectively, are) also equal. Thus, the prisms whose 
bases are triangles LOC and RV F, and opposite (sides) 
PMN and STU (respectively), [are] of equal height. 
And, hence, the parallelepiped solids described on the 
aforementioned prisms [are] of equal height and (are) to 
one another as their bases [Prop. 11.32]. Likewise, the 
halves (of the solids) [Prop. 11.28]. Thus, as base LOC 
is to base RV F, so the aforementioned prisms (are) to 
one another. (Which is) the very thing it was required to 
show. 
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, 


£. 


Ai nò TO adTO Bog otoam nupauíóec xoà vpryovouc 
£y oucot D&oeic npóc dac Elolv óc al B&oetc. 





”"Eotwoav Ono TÒ auto doc nupautdec, Gv Dáoeic uev 
ta ABT, AEZ tetywva, xopuqgoi òè xà H, O ongueioc Aévo, 
ou &oxlv óc f|, ABT Báotc npóc thy AEZ Báo, obcoc À 
ABTH nupopic npóc tày AEZO nxvupapíoa. 

Et yao uf, £owv óc A ABT Páåos npd¢ thy AEZ Báo, 
obxoc Å ABTH nupauic npóc thy AEZO nupautda, Éovot we 
n ABT Báoic ned¢ thy AEZ Dáow, obxoc f, ABTH nupopic 
Htot ngóc EAaoody ti týs AEZO nupaguí6oc otepedv f npóc 
usiCov. ~otw npótepov npóc EAaoooy TO X, xoi Sjohodw 
n AEZO nupoyic cis te 600 nupogíóoc toas åros xol 
uolas TH CAN xo cic dvo nplouata toa xà 67] 600 TEloaUTA 
uei Cová tot Ñ TO uou ts Ans nupapidos. xol MdALY od Ex 
Thc Ottpéoscoc ywóuevot TUpaUidec óuotoc SinEeHodwour, 
xal TOUTO del yweodw, Ewe o0 AeupOGot twee nupau(oec AMO 
tc AEZO nupapyidoc, al sioi &A&txovec ts onepoyric, fj 
bnepexet f, AEZO nupauic tod X ovepgeo0. AeAe(qüooav xol 
čotwoav Aóyou Évexev oi AIIPYX, UTYTO: Aoind &po xà Ev 
t AEZO nupayíót nptouata uciCová ott tol X otepsod. 
dtinejodw xoi A ABTH xugogic duotwe xoi icorArGc tH 
AEZO rupautdr Eotw doa wo f| ABT Báotc npóc thy AEZ 
Baow, obxoc xà év TH ABTH nupogíót npiouata npóc xà Ev 
xf; AEZO nupaguíót motopata, dAAG xod oc Y| ABT Báotc npóc 
thy AEZ Báo, obvoc 5, ABTH nupaulc npóc tò X ovepgeóv: 
xoi óc doa ñ ABTH nupauic npóc tÒ X otepedy, obtoc 
tà év tfj ABTH xupagíót notowata npóc xà ev t AEZO 
Tupautd. mefouata £vaXAÀ& Goa óc Å ABTH nupopyic npóc 
xà EV AUTH Tolouata, o0voc TO X ocepeóv npóc xà EV TH 
AEZO rvpautd: npiouoo. uetGov 68 7 ABTH nupapic xov 
&v MUTY} npiouóxov: ueiov Goa xol TO X oxepeóv xv Ev TH 
AEZO rupautd: nptouóvov.. AAA xal £Xavxov: Step Eotiv 
&d0vatov. oOx dpa Eotlv óc f| ABT Bóácic npóc thy AEZ 
Baow, obxoc f, ABTH nupauic npóc £Aacoóv tt týs AEZO 
TUEALLSOG OTEPEOV. óuoloc 67) SetyPhoetal, OTL OVSE (c Å 
AEZ Báo npóc thy ABT Bdow, obvoc f, AEZO nupayic 
xpóc EAattov Tt tc ABTH nupayidoc oxepeóv. 

Aéyw oh, ów oOx Eottw ObdE óc H ABT Báoic npóc TH 
AEZ Bdow, ottwo ñ ABTH nupauic xpóc uceitóv tt tS 
AEZO nugpoguíóoc oxepeóv. 
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Proposition 5 


Pyramids which are of the same height, and have tri- 
angular bases, are to one another as their bases. 
G 











B Oo 

Let there be pyramids of the same height whose bases 
(are) the triangles ABC and DEF, and apexes the points 
G and H (respectively). I say that as base ABC is to base 
DEF, so pyramid ABCG (is) to pyramid DEFH. 

For if base ABC is not to base DEF, as pyramid 
ABCG (is) to pyramid DEFH, then base ABC will be 
to base DEF, as pyramid ABCG (is) to some solid ei- 
ther less than, or greater than, pyramid DEFH. Let it, 
first of all, be (in this ratio) to (some) lesser (solid), W. 
And let pyramid DEF H have been divided into two pyra- 
mids equal to one another, and similar to the whole, and 
into two equal prisms. So, the (sum of the) two prisms 
is greater than half of the whole pyramid [Prop. 12.3]. 
And, again, let the pyramids generated by the division 
have been similarly divided, and let this be done contin- 
ually until some pyramids are left from pyramid DEFH 
which (when added together) are less than the excess by 
which pyramid DEF H exceeds the solid W [Prop. 10.1]. 
Let them have been left, and, for the sake of argument, 
let them be DQRS and STUH. Thus, the (sum of the) 
remaining prisms within pyramid DEFH is greater than 
solid W. Let pyramid ABCG also have been divided sim- 
ilarly, and a similar number of times, as pyramid DEFH. 
Thus, as base ABC is to base DEF, so the (sum of the) 
prisms within pyramid ABCG (is) to the (sum of the) 
prisms within pyramid DEFH [Prop. 12.4]. But, also, 
as base ABC (is) to base DEF, so pyramid ABCG (is) 
to solid W. And, thus, as pyramid ABCG (is) to solid 
W, so the (sum of the) prisms within pyramid ABCG 
(is) to the (sum of the) prisms within pyramid DEFH 
[Prop. 5.11]. Thus, alternately, as pyramid ABCG (is) to 
the (sum of the) prisms within it, so solid W (is) to the 
(sum of the) prisms within pyramid DE FH [Prop. 5.16]. 
And pyramid ABCG (is) greater than the (sum of the) 
prisms within it. Thus, solid W (is) also greater than the 
(sum of the) prisms within pyramid DEF H [Prop. 5.14]. 
But, (it is) also less. This very thing is impossible. Thus, 
as base ABC is to base DEF, so pyramid ABCG (is) 
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Ei yàp Suvatéyv, Eotw npóc uciGov TO X` àvánoAty doa 
éotlv ç f|, AEZ Báo npóc thy ABT Baow, oŬtws tò X 
otepeóv npóc thy ABTH nupagí(óo. (Gc 6& 16 X oxepeóv 
npóc thy ABTH rupaytda, ottwc 7 AEZO nupauic npóc 
£AoacoÓv tt týs ABTH nupautdoc, wc éungootev edety On: 
xoi ac doa Å AEZ Baoic npóc thy ABT Béow, obxoc f| 
AEZO nupagic npóc ÉAacoóv tt týs ABTH rmupayutdoc: 
bree &tonov &Oc(yür. ox dpa Eotiv óc Å ABT Báotc npóc 
thy AEZ Béow, obvoc 7 ABTH xupogic npóc ucitóv xt 
tfi; AEZO nupapidoc ovepeóv. &oc(yür 6, dt OVSE npóc 
ÉAoccov. ~otw dpa óc À ABT Bdoug ngóc thy AEZ Bow, 
obxoc 5| ABTH nupapis npóc thy AEZO nupogíóor Ónep 
EOeu deltou. 


, 


ms 


Ai 01nd TO adTO Üdoc odoa rupoguí8ec xol TOAVYOVOUG 
Eyovoa Puoeic npóc HAArAac Elolv óc al B&oetc. 


M N 





A 
E Z 


"Eotwoay Und tò adtO Bos nupaptdec, Gv [oi] Bdoetc 
yev xà ABTAE, ZHOKA nodtvywva, xopugal 88 xà M, 
N onua: Aéyo, Sti Eotlv óc À ABPAE Báotc npóc thy 
ZHOKA Bdow, obvoc f, ABTAEM nugaopic npóc thy ZHO- 
KAN nupapíóa. 

"Encteóy0ücoocov yoo at AD, AA, ZO, ZK. nel oðv 
600 mupautdec cioiv at ABI'M, ATAM «ptyóvouc Éyou- 
oat Béoetc xal Uipoc (cov, npóc åa eiolv óc oi Déoeic 
got doa óc f|, ABT Båois ngóc thy ATA Bdow, oŬtos f| 
ABTM nupapic npóc thy ADAM xupautda. xol cuvüévu 
a> f, ABTA Báoic ngóc thy ATA Báow, obxoc f, ABTAM 
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not to some solid less than pyramid DEFH. So, simi- 
larly, we can show that base DEF is not to base ABC, 
as pyramid DEFH (is) to some solid less than pyramid 
ABCG either. 

So, I say that neither is base ABC to base DEF, as 
pyramid ABCG (is) to some solid greater than pyramid 
DEFH. 

For, if possible, let it be (in this ratio) to some 
greater (solid), W. Thus, inversely as base DEF 
(is) to base ABC, so solid W (is) to pyramid ABCG 
[Prop. 5.7. corr.]. And as solid W (is) to pyramid ABCG, 
so pyramid DEFH (is) to some (solid) less than pyramid 
ABCG, as shown before [Prop. 12.2 lem.]. And, thus, 
as base DEF (is) to base ABC, so pyramid DEFH (is) 
to some (solid) less than pyramid ABCG [Prop. 5.11]. 
The very thing was shown (to be) absurd. Thus, base 
ABC is not to base DEF, as pyramid ABCG (is) to 
some solid greater than pyramid DEFH. And, it was 
shown that neither (is it in this ratio) to a lesser (solid). 
Thus, as base ABC is to base DEF, so pyramid ABCG 
(is) to pyramid DEF H. (Which is) the very thing it was 
required to show. 


Proposition 6 


Pyramids which are of the same height, and have 
polygonal bases, are to one another as their bases. 


M N 





A 


E F 

Let there be pyramids of the same height whose bases 
(are) the polygons ABCDE and FGHKL, and apexes 
the points M and N (respectively). I say that as base 
ABCDE is to base FGH KL, so pyramid ABCDEM (is) 
to pyramid FGHKLN. 

For let AC, AD, FH, and FK have been joined. 
Therefore, since ABCM and ACDM are two pyramids 
having triangular bases and equal height, they are to 
one another as their bases [Prop. 12.5]. Thus, as base 
ABC is to base ACD, so pyramid ABC'M (is) to pyra- 
mid ACDM. And, via composition, as base ABCD 
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mupauic npóc vv ADAM nupauiða. GAAX xoà óc À ATA 
B&ocic Teds thy AAE Béouw, obvoc f, ADAM nupopgic npóc 
thy AAEM nupogíóa. oU (oou dea óc f, ABTA Báoic npóc 
thy AAE Báow, ottw> f, ABPAM nugapic npóc thy AAEM 
mupautda. xol ouvdevt nA, óc A ABPAE Dóáotc npóc thy 
AAE Bdow, obvoc 5, ABPAEM mnupogic npóc thy AAEM 
rupogí(8a. Oguoíoc SH 6e üjoevon, Str xoi wc A ZHOKA 
Baoug npóc thy ZHO Bác, obvoc xoi f, ZHOKAN nupopic 
rpóc thy ZHON nupauiða. xa Enel 600 nueautdec eiolv oi 
AAEM, ZHON tetymvoug £youcat Dáoetc xoi Uo toov, 
Éouv dpa óc f|, AAE Báo npóc thy ZHO Bdow, obxoc 
n AAEM rupauic npóc thy ZHON nupapiða. ddr’ óc f| 
AAE Báo npóc thy ABPAE Bdow, otos Tiv Y; AAEM 
mupauic npóc THY ABPAEM rupaytda. xoi dv’ toou dea we 
n ABUAE óoic ned¢ thy ZHO Báow, ottw>o f, ABTAEM 
rugopgic npóc THY ZHON nupapiða. ard HY xoi óc Y, ZHO 
Baoug meds thy ZHOKA Badow, oóxoc fjv xoi f, ZHON nv- 
papis npóc thy ZHOKAN nupagíóo, xoi 9v (oou dpa cc f| 
ABTAE Báoic ngóc thy ZHOKA Bdow, obxoc ñ ABTAEM 
mupauic npóc thy ZHOKAN rnupapiða: óxep Eder Geitou. 


II&v netoua tetywvov £yov Båow Ototpetxot eic vpeic Tu- 
pauiðas oas Adas vptyóvouc Dáosic &£yobooc. 


Z 





B A 


"Eotw npícua, o0 Báoic u£v tò ABT tetywvov, åns- 
vavttov 6€ tò AEZ: Aévo, 611 tò ABLAEZ npioua dopet 
cic Teeic nupaulðas loac aAAHAaIc tptyovouc &yobooc 
Bacetc. 

"Encteóy0cocov yuo oi BA, ET, TA. énet napad- 
An^óveauuóv ċott TO ABEA, diduetpo¢ b€ adTOD tot 
ñ BA, tcov doa £o tò ABA tetywvov 16 EBA tetywve 
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(is) to base ACD, so pyramid ABCDM (is) to pyra- 
mid ACDM [Prop. 5.18]. But, as base ACD (is) to 
base ADE, so pyramid ACDM (is) also to pyramid 
ADEM [Prop. 12.5]. Thus, via equality, as base ABCD 
(is) to base ADE, so pyramid ABC'DM (is) to pyramid 
ADEM [Prop. 5.22]. And, again, via composition, as 
base ABC DE (is) to base ADE, so pyramid ABCDEM 
(is) to pyramid ADEM [Prop. 5.18]. So, similarly, it can 
also be shown that as base FGH KL (is) to base FGH, 
so pyramid FGH K LN (is) also to pyramid FGH N. And 
since ADEM and FGHN are two pyramids having tri- 
angular bases and equal height, thus as base ADE (is) to 
base FGH, so pyramid ADEM (is) to pyramid FGHN 
[Prop. 12.5]. But, as base ADE (is) to base ABCDE, so 
pyramid ADEM (was) to pyramid ABCDEM. Thus, via 
equality, as base ABC DE (is) to base FGH, so pyramid 
ABCDEM (is) also to pyramid FGHN [Prop. 5.22]. 
But, furthermore, as base FGH (is) to base FGHKL, 
so pyramid FGHN was also to pyramid FGHKLN. 
Thus, via equality, as base ABC DE (is) to base FGH KL, 
so pyramid ABCDEM (is) also to pyramid FGHKLN 
[Prop. 5.22]. (Which is) the very thing it was required to 
show. 


Proposition 7 


Any prism having a triangular base is divided into 
three pyramids having triangular bases (which are) equal 
to one another. 

F 


B A 


Let there be a prism whose base (is) triangle ABC, 
and opposite (plane) DEF. I say that prism ABCDEF 
is divided into three pyramids having triangular bases 
(which are) equal to one another. 

For let BD, EC, and CD have been joined. Since 
ABED is a parallelogram, and BD is its diagonal, tri- 
angle ABD is thus equal to triangle EBD [Prop. 1.34]. 
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xol f, rupogüc doa, ñs Dáotc u£v tò ABA tolywvov, xo- 
even 6£ tò T omueiov, ton oti mupautd:, fic Dáoic uév 
ċott to AEB tetywvov, xopug?| 6$ tò Dl onuetov. àAAà 
Å Tupauic, Tic Bácic uév ċott tò AEB totywvov, xopue?) 
dé tò T onustov, f, abf, toti mupautd:, Tic Bao uév toT 
tò EBT tetywvov, xopug?) 6€ tò A onuciov: tnd yàp t&v 
AUTEY ETINESWY nepiéyeta. xol MUEAUIC dea, ñs Påois uév 
éott to ABA tpotywvov, xoguqgr dé tò T onueiov, tor tot 
nupapið, Ac Påos uév Eott tò EBT tetywvov, xogpuqQ, 
dé tò A onucïov. nó, Emel TaoMAANADYEALUOV &ox TO 
ZI BE, didueteos 8é Eotw avtod f, DE, toov cotl tò TEZ 
totywvov 16) [TBE vptyóvo. xoa nupauis doa, fic Báo 
uév ċott TÒ BLE tetywvov, xopugr dé tò A onueiov, ion 
Eotl TUEAUtdL, Ac Boog uév Cott tò ETZ tetywvov, xopuq) 
dé tò A onuciov. fj 6€ nupauis, fic Bdowc uév ċott TO BTE 
totywvov, xopug?) 66 tò A onusioy, ton edetyOn nupogtót, fic 
Baoug uév got, TO ABA tetywvov, xopug7 dè tò T onuciov: 
xal Tupac doa, fic Dáàotc uév &ox TO TEZ tetywvov, xo- 
puQ?, dé tò A onyuciov, ton ot) nupauld:, ñc Boog uév 
[£o] tò ABA totywvov, xopu¢h 6€ tò T onuetov: denta 
&pga tò ABPAEZ npíoua cic tpeic nupapidðas toas &AAHAaC 
tetyvouc exovoac D&osic. 

Kat &nei mupauic, fic Påois uév got: tò ABA toltywvoy, 
xopugn ðè tò I’ onyueiov, À abt cot tupai, Tic Báo 
tò TAB tetywvov, xopuqr, 88 tò A onuciov: ónó yàp t&v 
avtéy énnéðwv nepiéyovta À Se nupauis, Tic Påos tò 
ABA tptywvov, xopugi 6& tò T onuciov, tpitov edetydn 
to npíouaxoc, o0 Bácic tò ABT tetywvov, &nevavtiov sé 
tò AEZ, xoi f, nupauic doa, ñs Bác; tò ABT tetywvoy, 
xopuqQr, ðè tò A omuciov, toitov £oxi tod npíouoroc tov 
£yovxoc Dácic thy atv TO ABT totywvoy, anevavtiov sé 
tò AEZ. 


IIóptoya. 
"Ex 87) ToUTOU qQatvepóv, STL noa TUPAC vp(xov uépoc 
gotl tov npiíouaoc tot thy avthiy Baow Éyovxoc adTH xol 
boc toov: ónep Eder SeiEau. 


n s 

Ai uor mupautdec xoi vptycvouc Eyovoa Bdoetc v 
xeixAao(ovi Adyw ciol xv OUOADYwY nAeupGv. 

"Hotwouy Ógotu xoi Ouotwc xs(uevot nupouíüóec, Ov 
B&oec uév ciot xà ABT, AEZ tetywva, xopugal 68 tà H, 
© onucic Aéyo, óu f, ABTH xvupauic npóc thy AEZO 
nupauiða TeltAdctova Aóyov Eyet nep n BI npóc thy EZ. 
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And, thus, the pyramid whose base (is) triangle ABD, 
and apex the point C, is equal to the pyramid whose base 
is triangle DEB, and apex the point C [Prop. 12.5]. But, 
the pyramid whose base is triangle DEB, and apex the 
point C, is the same as the pyramid whose base is trian- 
gle EBC, and apex the point D. For they are contained 
by the same planes. And, thus, the pyramid whose base 
is ABD, and apex the point C, is equal to the pyramid 
whose base is EBC and apex the point D. Again, since 
FCBE is a parallelogram, and CE is its diagonal, trian- 
gle CEF is equal to triangle CBE [Prop. 1.34]. And, 
thus, the pyramid whose base is triangle BC E, and apex 
the point D, is equal to the pyramid whose base is trian- 
gle ECF, and apex the point D [Prop. 12.5]. And the 
pyramid whose base is triangle BCE, and apex the point 
D, was shown (to be) equal to the pyramid whose base is 
triangle ABD, and apex the point C. Thus, the pyramid 
whose base is triangle CEF, and apex the point D, is 
also equal to the pyramid whose base [is] triangle ABD, 
and apex the point C. Thus, the prism ABCDEF has 
been divided into three pyramids having triangular bases 
(which are) equal to one another. 

And since the pyramid whose base is triangle ABD, 
and apex the point C, is the same as the pyramid whose 
base is triangle C AB, and apex the point D. For they are 
contained by the same planes. And the pyramid whose 
base (is) triangle AB D, and apex the point C, was shown 
(to be) a third of the prism whose base is triangle ABC, 
and opposite (plane) DEF, thus the pyramid whose base 
is triangle ABC, and apex the point D, is also a third of 
the pyramid having the same base, triangle ABC, and 
opposite (plane) DEF. 


Corollary 


And, from this, (it is) clear that any pyramid is the 
third part of the prism having the same base as it, and an 
equal height. (Which is) the very thing it was required to 
show. 


Proposition 8 


Similar pyramids which also have triangular bases are 
in the cubed ratio of their corresponding sides. 

Let there be similar, and similarly laid out, pyramids 
whose bases are triangles ABC and DEF, and apexes 
the points G and H (respectively). I say that pyramid 
ABCG has to pyramid DEFH the cubed ratio of that 
BC (has) to EF. 
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L rf 
M lh [D 
VN E Z 


MounxenAnpgóoo yàp xà BHMA, EOIIO otepeà napad- 
Anàenineõa. xo Enel ouota £cxiv n ABTH nupaulc t AEZO 
mupautdr, lon doa &oxiv H u£v Und ABT ywvia t òrò AEZ 
yovig, 7 6é bnd HBT t óxó OEZ, f| õè Und ABH «fj ono 
AEO, xaí gotw óc 7 AB ngóc thy AE, ottw¢ À BT npóc 
thy EZ, xoi f, BH ngóc thy EO. xoi &ne( £ouv óc n AB 
xpóc tiv AE, obxoc f, BI npóc tiv EZ, xoà regi toas yovias 
ai nàcupal àváňoyóv eiotv, Óuotov dpa ċott tò BM rapa- 
Anàóypauuov t& EII rapadkAnroyeduye. Sà và HOTA SY) xol 
tò u£v BN x6 EP ópotóv cot, tò 6£ BK 16) ET: tà tola 
&pa tà MB, BK, BN «gioi tois EII, EZ, EP Óópot& otw. 
AAG xà uèv Tota xà MB, BK, BN too tois ànevavtiov toa 
te xoà ópot& £oxtv, và Se tela tà EN, EZ, EP tpo toic 
anevavttov toa te xoi óuot& Eottv. xà BHMA, EOIIO &pa 
oteped UNO Ouoícov énnéðwv loov TO nAfjoc nepiéyecot. 
óuotov dea toti tò BHMA otepedv x EOIIO otepeds. xà 
d€ óÓpota oxepe TAPAAANAETIMESa EV TeLTAACtowL ADYW £o 
t&v OUOADYWV nxAcupGv. TO BHMA doa otepedv npóc TO 
EOIIO otepeòv teitAactova Aóyov Exel nep Å ôuóňoyos 
TAcved ñ BI npóc thy óuóAovov nAeupàv Thy EZ. óc 5é TO 
BHMA otepedv npóc tò EOIIO otepedy, ob0xvoc f, ABTH 
mupauic npóc thy AEZO xupautda, enewdrjnee y) mupapic 
Éxt1ov uépoc EOTL TOD oxepeo0 Sia TO xol TO nploya uou 
Ov Tov otepcod rapoAAnAenixé60uU vputAGotov eivat TÑ TUV- 
eautdoc. xoi f, ABTH toa nmupayic npóc thy AEZO mnv- 
pauiða toitAactova Aóyov Eyer Ameo Y, BI npóc thy EZ: 
bree Eder SetEan. 


IIóptoya. 

"Ex 57 tovtou qavepóv, Sti xoà al ToAVY@VOUC £you- 
cot Påosis Óóuotot nupapilðeç npóc AAAHAac Ev TeLTAaciow 
OY ciol x&v OLOASYV rAeupGv. StapsDELOGY yàp atv 
tic Tac £v aco nupaulðas Telywvouc Påosis &yoboac 1G 
xol TA GUOLA TOAVYWVA t&v Påocwv eic Óuota tpiywva 
OtoteeioUot xoi toa xà TANVEr xot óuóAova tois óAotc £oxot 
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For let the parallelepiped solids BGML and EHQP 
have been completed. And since pyramid ABCG is simi- 
lar to pyramid DEF H, angle ABC is thus equal to angle 
DEF, and GBC to HEF, and ABG to DEH. And as AB 
is to DE, so BC (is) to EF, and BG to EH [Def. 11.9]. 
And since as AB is to DE, so BC (is) to EF, and (so) 
the sides around equal angles are proportional, parallel- 
ogram BM is thus similar to paralleleogram EQ. So, 
for the same (reasons), BN is also similar to ER, and 
BK to EO. Thus, the three (parallelograms) MB, BK, 
and BN are similar to the three (parallelograms) EQ, 
EO, ER (respectively). But, the three (parallelograms) 
MB, BK, and BN are (both) equal and similar to the 
three opposite (parallelograms), and the three (parallel- 
ograms) EQ, EO, and ER are (both) equal and simi- 
lar to the three opposite (parallelograms) [Prop. 11.24]. 
Thus, the solids BGML and EHQP are contained by 
equal numbers of similar (and similarly laid out) planes. 
Thus, solid BGM L is similar to solid EH QP [Def. 11.9]. 
And similar parallelepiped solids are in the cubed ratio of 
corresponding sides [Prop. 11.33]. Thus, solid BGML 
has to solid EH QP the cubed ratio that the correspond- 
ing side BC (has) to the corresponding side EF. And as 
solid BGM L (is) to solid EH QP, so pyramid ABCG (is) 
to pyramid DEF H, inasmuch as the pyramid is the sixth 
part of the solid, on account of the prism, being half of the 
parallelepiped solid [Prop. 11.28], also being three times 
the pyramid [Prop. 12.7]. Thus, pyramid ABCG also has 


to pyramid DEF H the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 











Corollary 


So, from this, (it is) also clear that similar pyra- 
mids having polygonal bases (are) to one another as the 
cubed ratio of their corresponding sides. For, dividing 
them into the pyramids (contained) within them which 
have triangular bases, with the similar polygons of the 
bases also being divided into similar triangles (which are) 
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ac [n] Ev tH Etéea ula mupauic tetywvov ëyovoa Bdow 
TEOS THY EV TH &xépa Ulav nupaulða Tolywvov Éyouocav 
Baow, oŬtws xol &racot al Ev TH &xépa. TUPAUIdL rupoagutóec 
Tolty@vouc Exovoat Bdoeic npóc tàs EV TY &xépa. TLEAULSL 
rupog(óoc Telywvouc Dóáoei; &£yoóooac, TOUTEOTIV AUTH Å 
TOALYWVOY Båow Éyouca nupauis npóc THY noAÓYovov 
Baow Éyoucav nupauiða. 7 6& Tolywvov Báo £youca tu- 
pauic Ted THY Tetywvov Dáotv Éyoucav Ev tpinàaoiovi AÓYo 
£o t&v ópoAÓYvov nAsupüv: xoà f) TOAVYwWVvov doa D&oty 
£y ouoca npóc xrjv óuoíav Báo Eyovoay tpinàaociova Aóyov 
£y&t Tjxep Å TASVEX npóc Thy rAeupóv. 


v. 


TGv ïowv nupaulðwv xal xptycvouc Báosis &xouoóv 
åvtineróvðaocv at Páosis toic Upeow xa Sv nupouíócv 
toery@vouc Båoesis Eyovody &vunenóvüaoty oi Páoeis voic 
üpeow, (cot ciolv éxeivar. 


— 
— 


CES 








E A 
WSN 
Z II 


"Eocooav yàp toa mupautdec terywvouc Baoetc £youoot 
tac ABT, AEZ, xopguqàc 6& tà H, O onueta Aévo, óu THv 
ABTH, AEZO mnupauíóov &vunrenóvüaotv at Bdoetc toic 
teow, xai Eottv óc f, ABT Báotc npóc thy AEZ Bdow, 
oŬtws TÒ tc AEZO nupapidoc Üdoc xnpóc tò ts ABTH 
mupauidoc toc. 

MuounxenAnpgooo yàp xà BHMA, EOIIO oteped napa- 
Anrerineda. xoi &nel ton &oxiv ñ ABTH xupayic t AEZO 
mupautdt, xai ċott thc u£év ABTH nupaytidoc &&orAóotov 
tò BHMA otepedy, tis 6£ AEZO mupaptdoc &&orAóotov 
tò EOIIO oxepeóv, tcov &pa &oxi tò BHMA otepedy 1 
EOIIO otepeds. tév È towv otepedy ropoAArAenuxoovy 
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both equal in number, and corresponding, to the wholes 
[Prop. 6.20]. As one pyramid having a triangular base in 
the former (pyramid having a polygonal base is) to one 
pyramid having a triangular base in the latter (pyramid 
having a polygonal base), so (the sum of) all the pyra- 
mids having triangular bases in the former pyramid will 
also be to (the sum of) all the pyramids having triangu- 
lar bases in the latter pyramid [Prop. 5.12]—that is to 
say, the (former) pyramid itself having a polygonal base 
to the (latter) pyramid having a polygonal base. And a 
pyramid having a triangular base is to a (pyramid) hav- 
ing a triangular base in the cubed ratio of corresponding 
sides [Prop. 12.8]. Thus, a (pyramid) having a polygonal 
base also has to to a (pyramid) having a similar base the 
cubed ratio of a (corresponding) side to a (correspond- 
ing) side. 


Proposition 9 


The bases of equal pyramids which also have trian- 
gular bases are reciprocally proportional to their heights. 
And those pyramids which have triangular bases whose 
bases are reciprocally proportional to their heights are 
equal. 


H 








For let there be (two) equal pyramids having the tri- 
angular bases ABC and DEF, and apexes the points G 
and H (respectively). I say that the bases of the pyramids 
ABCG and DEFH are reciprocally proportional to their 
heights, and (so) that as base ABC is to base DEF, so 
the height of pyramid DEFH (is) to the height of pyra- 
mid ABCG. 

For let the parallelepiped solids BGM L and EHQP 
have been completed. And since pyramid ABCG is 
equal to pyramid DEFH, and solid BGM LL is six times 
pyramid ABCG (see previous proposition), and solid 
EHQP (is) six times pyramid DEFH, solid BGML is 
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XTOIXEION p. 


&vunenóvÜüooty oi Dáoeic xoic Üpeotv: Eotw dpa óc À BM 
Baoig npóc thy EII Baow, obvoc tò tod EOIIO otepeod 
Ütoc npóc tò to’ BHMA otepeot tiboc. GAA’ óc À BM 
Baoug npóc xijv EIL, obvoc tò ABT tetywvov npóc tò AEZ 
totywvov. xal óc dea tò ABT tetywvov npóc tò AEZ 
totywvov, ottw¢ TÒ tov EOIIO otepeot tog npóc TÒ tod 
BHMA otepeod toc.  àXAX tO uèv toŭ EOIIO otepeod 
bog tO abro ċott t TH¢ AEZO nupautdoc Ber, tò 6€ 
toŭð BHMA otepeod toc 16 adt6 Eott 16 týs ABTH ru- 
eautdoc ter gotw &pa óc f| ABT Båos npóc thy AEZ 
Baow, ottw> tò ts AEZO mupautdoc Üpos npóc tò tÅs 
ABTH nupoguíóoc toc. xv ABTH, AEZO doa nupauidev 
&vunenóvüooty oi B&oetc tois teow. 

'AXAX 67 vóv ABTH, AEZO rupapiðwv avtutenovidét- 
woay at Báoetc tois Opeotv, xoi Eotw óc f, ABT Båois npóc 
thy AEZ Baow, obvoc tò ts AEZO nupogíóoc boc npóc 
TÒ ts ABTH xugagí6oc Üdoc: AEyw, ów ton &oxiv Y; ABTH 
rupogic xfj AEZO nupautd.. 

Tõv yàp oóxGv xataoxevacVEevtwy, Emel COTW WC f| 
ABT páóotc npóc thy AEZ Baow, oŬtws tò týs AEZO nv- 
eautdoc tog npd¢ tò xfic ABTH nupapytidoc toc, áA we 
n ABT Báoic npóc thy AEZ Baow, o0voc tò BM tapad- 
Anàóypauuov Ted¢ TO EIT naparAndAdyeauoy, xoà cc doa 
tò BM napaňànàóypauuov npóc tò EIT xopoAArAóvoouuov, 
obxoc TÒ ts AEZO nupagí(óoc boc npóc tò týs ABTH 
mupautdoc toc. GAAG tò [VEY] tňc AEZO nupautdoc doc 
TO AUTO £c TH 1o0 EOIIO raporAnreminédov beer, TO 6 
tfic ABTH nvpautdoc Üdoc tÒ adtd ott t tod BHMA 
xapoAArAemuéóou Ue Eotw &pa óc WH BM Påo npóc 
tùy EIL Béow, obxoc tò tot EOILIO nopadAnderinédou 
biog npóc tò xo0 BHMA  rapoXAnAeninéGou toc. v 
d€ otepeGv mapoAAnAenuéOóov &vunenóvÜüaoiw atl Bdoetc 
toic teow, toa ċotiv Éxeivor (cov doa £o tò BHMA 
otepeóv ropaAAnAenine6ov t& EOLO otepe& nopoAAne- 
munédw. xal ċott tod uàv BHMA £xxov uégoc 7 ABTH 
rupauíc, tol ó£ EOIIO noapoAAnAentnéOou Extov uépoc f| 
AEZO nupagíc: fon doa ñ ABTH rupauic t AEZO nu- 
pott. 

Tõv dpa tocv nupauldwv xol xpryovouc Bá&ostc &xouotóv 
&vunxenóvÜüooty oi Dáoeic xoic Üjeotv: xoi dv nupogí(ócov 
tpgtyvouc Bdceic £youcGv &vunxenóvüaoty at Báåoe tog 
Ütpeotv, (cot eiolv &xeivav. Sree Eder SeiEau. 


^ 
Ls 
Ilàc xé3voc xuAtvópou vp(xvov uépoc &oxi tov Thy avTHy 
Baow Éyovxoc ab xoi Üdoc toov. 
"Exyévo yàp xóvoc xouAtvópG Báo te thy wvutyy tov 
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thus equal to solid EH QP. And the bases of equal par- 
allelepiped solids are reciprocally proportional to their 
heights [Prop. 11.34]. Thus, as base B M is to base EQ, 
so the height of solid EH QP (is) to the height of solid 
BGML. But, as base BM (is) to base EQ, so triangle 
ABC (is) to triangle DEF [Prop. 1.34]. And, thus, as 
triangle ABC (is) to triangle DEF, so the height of solid 
EHQP (is) to the height of solid BGML [Prop. 5.11]. 
But, the height of solid EH QP is the same as the height 
of pyramid DEFH, and the height of solid BGML is 
the same as the height of pyramid ABCG. Thus, as base 
ABC is to base DEF, so the height of pyramid DEFH 
(is) to the height of pyramid ABCG. Thus, the bases 
of pyramids ABCG and DEFH are reciprocally propor- 
tional to their heights. 

And so, let the bases of pyramids ABCG and DEFH 
be reciprocally proportional to their heights, and (thus) 
let base ABC be to base DEF, as the height of pyramid 
DEFH (is) to the height of pyramid ABCG. I say that 
pyramid ABCG is equal to pyramid DEFH. 

For, with the same construction, since as base ABC 
is to base DEF, so the height of pyramid DEFH (is) to 
the height of pyramid ABCG, but as base ABC (is) to 
base DEF, so parallelogram BM (is) to parallelogram 
EQ [Prop. 1.34], thus as parallelogram BM (is) to paral- 
lelogram EQ, so the height of pyramid DEFH (is) also 
to the height of pyramid ABCG [Prop. 5.11]. But, the 
height of pyramid DEFH is the same as the height of 
parallelepiped EH QP, and the height of pyramid ABCG 
is the same as the height of parallelepiped BGM L. Thus, 
as base BM is to base EQ, so the height of parallelepiped 
EHQP (is) to the height of parallelepiped BGML. And 
those parallelepiped solids whose bases are reciprocally 
proportional to their heights are equal [Prop. 11.34]. 
Thus, the parallelepiped solid BGM L is equal to the par- 
allelepiped solid EH QP. And pyramid ABCG is a sixth 
part of BGM LL, and pyramid DE FH a sixth part of par- 
allelepiped EHQP. Thus, pyramid ABCG is equal to 
pyramid DEFH. 

Thus, the bases of equal pyramids which also have 
triangular bases are reciprocally proportional to their 
heights. And those pyramids having triangular bases 
whose bases are reciprocally proportional to their heights 
are equal. (Which is) the very thing it was required to 
show. 


Proposition 10 


Every cone is the third part of the cylinder which has 
the same base as it, and an equal height. 
For let there be a cone (with) the same base as a cylin- 
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ABTA xóxXov xoi Üjoc ïoov: Aéyo, StL Ô xGvoc Tob 
xuAtv6pou Teltov EoTl uépoc, TOUTÉOTIV OTL O xÓAtOpoc TOD 
xXOVOU TeITAdciwy &oíiv. 





D 


Ei yoo uf, £oxv O xvAWbp0¢ TOD xóvou 1purAaotov, 
čato ó xÓAtOpoc Tob xavou fot ue(Gov fj xpuAaotov 


c 


ov 


Ñ £Àáccov Ñ vpuxAao(ov. Eotw npórepov us(Cov Ñ tot- 
TAdotwv, xol eyyeyedqdu eic tov ABTA x0xXov vevpeétyov- 
ov tò ABTA: tò 95; ABTA tete&ywvov ue(Cóv Eotw 7j tò 
wou tod ABTA xóxXou. xoi àveoxáco àxó tod ABTA te- 
Teaywvou npiouoa tooUd&c TG xuA(vGpo. TO 67, dvtoxóuevov 
npíoua ueitóv Eotw jj TO fjutcu tod xuA(vóou, nenep 
x&v nepi tov ABTA x0xAov xexpgéyovov nepiypåþoyev, 
TO ÉvYeygouuévov cic tov ABTA »xOx^ov tetpoáywvov 
fiutoó oTt Tov nepiyeYpoupévou: xal cot. và AT’ atv 
dviotéueva oteped TapaAANAETineda npiouata iooüdfi xà 
6€ Und TÒ adTO Koc vta ovepeX napoAAnAen(neóa npóc 
BANAL otv óc at Dácsetc xoi tò Ext toù ABTA doa te- 
Toayavou avaotavey noloa Tiuto0 cot To avaotadevtoc 
xpiouoxoc ano tov negli tov ABTA xbxdov nepiypapévtos 
xevpatY vou: xai &oxtv Ò xÓAtv6poc EAATTWY TOD nplouatoç 
toU avatpavévtog àxÓ tot negl tov ABTA xóxňov tept- 
Ypoupévxoc Tetpaywvou’ TO dea nploya TO avactavey amo 
tov ABTA tetpayavou toobpéc 1H xuA(vópo ueitóv EotL 
toU AUloews tod xuAtv6pou. tetuńoðwoav oi AB, BL, 
TA, AA nepupépetot Stya xoxà tà E, Z, H, O onueia, xoi 
éreCeby0woav at AE, EB, BZ, ZT, TH, HA, AO, OA: 
xoà Exaotov dea tæv AEB, BZT, THA, AOA «xpuyóvov 
uetCov Eotw fj TO uou tod xo0' EauTO crnfjuaroc roO 
ABTA »xóxAou, óc Éunpooüev edeixvuuev. aveotdtw EQ’ 
&xáctou tv AEB, BZT, THA, AOA teryavev npiouoxa 
tooddy, xà xvAivdpw xal Exaotov dea t&v dvactavEvtuy 
npiouéov uciCóv otv T, TO fiutoo uépoc TOD xa)’ tautò 
TUNnUatos to xuA(vópou, énedýnep àv Sia x&v E, Z, H, 
© onuctwv napoAAfjAouc tos AB, BT, DA, AA åyáåyopev, 
xoi cuunAnpgoocoyev xà ert x&v AB, BT, TA, AA rapa- 
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der, (namely) the circle ABC D, and an equal height. I 
say that the cone is the third part of the cylinder—that is 
to say, that the cylinder is three times the cone. 





For if the cylinder is not three times the cone then the 
cylinder will be either more than three times, or less than 
three times, (the cone). Let it, first of all, be more than 
three times (the cone). And let the square ABCD have 
been inscribed in circle ABCD [Prop. 4.6]. So, square 
ABCD is more than half of circle ABCD [Prop. 12.2]. 
And let a prism of equal height to the cylinder have been 
set up on square ABCD. So, the prism set up is more 
than half of the cylinder, inasmuch as if we also circum- 
scribe a square around circle ABC D [Prop. 4.7] then the 
square inscribed in circle ABCD is half of the circum- 
scribed (square). And the solids set up on them are par- 
allelepiped prisms of equal height. And parallelepiped 
solids having the same height are to one another as their 
bases [Prop. 11.32]. And, thus, the prism set up on 
square ABCD is half of the prism set up on the square 
circumscribed about circle ABC D. And the cylinder is 
less than the prism set up on the square circumscribed 
about circle ABCD. Thus, the prism set up on square 
ABCD of the same height as the cylinder is more than 
half of the cylinder. Let the circumferences AB, BC, 
CD, and DA have been cut in half at points E, F, G, 
and H. And let AE, EB, BF, FC, CG, GD, DH, and 
HA have been joined. And thus each of the triangles 
AEB, BFC, CGD, and DHA is more than half of the 
segment of circle ABCD about it, as was shown pre- 
viously [Prop. 12.2]. Let prisms of equal height to the 
cylinder have been set up on each of the triangles AEB, 
BFC, CGD, and DH A. And each of the prisms set up is 
greater than the half part of the segment of the cylinder 
about it—inasmuch as if we draw (straight-lines) parallel 
to AB, BC, CD, and DA through points E, F, G, and H 
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ANACYEALUA, xoi AT’ AÙTÕV AVAOTHOWUEV otepeà ropa n- 
Aetineda icoüp và xvAtvdew, &xácou t&v dvaotavévtuy 
nulon £o xà nplouata tà ent vàv AEB, BZT, THA, AOA 
tpgtyovov: xal &ox tà toU xuA(vópou tuńuatTa &Aóvtova 
TOV &voctoÉvtov OTEPEGY mopoAArAenuéóQv: iore xol 
tà én tév AEB, BZT, THA, AOA «xptyoóvov npiouoxa 
ue(Gov& otw f| TO fjucu tæv xa)’ Exute Too xuA(vópou 
TUNUATOV. céuvovtec SO Tac OnoAseuouÉvac nepupepetoc 
dtya xal &rüCeu Y vOvrec evdetac xol dvioxévrec EN” &xáoou 
TOV TELYOVOYV npl(ogaxo too TH xvAtvSpw xal toto del 
Tolotvtes xaTaAEtPouey tiva dnotuńuata To xuňívõpou, 
à Cota. EAdTtova ts UmEpoysic, J| Ònepéyet O xuA(vopoc 
toU toeitAactov tod xwvov. AeAc(Q0o, xoi Éow» tà AE, 
EB, BZ, ZT, FH, HA, AO, OA: Aoindv ápa tò npiouo, ob 
Baoug u£v tò AEBZTHAO rodvywvov, tog 6& TO abo 
TG) “VALVOEG, uciCóv Eotly T, ToeLTAc&oLOV TOU xadvoU. GAAY 
TÒ Totowa, oO Báotc u&v £o tò AEBZTHAO rodbywvov, 
Ópoc 8& TO AUTO xà xuA(v6po, vpuxAdotóv ott rfj; TU- 
eautdoc, fic Báotc uév &ou tò AEBZTHAO rodbywvov, 
xopuqQ;, SE f| AUTH TH xóvox Kal f| TUPAC dea, Tic Bdotc 
uév [£o] tò AEBZTHAO xoAOvovov, xopugy dé f| aoc?) 
TH xóvo, ue(Cov Eotl to xóvou tot Déc Eyovtec Tov 
ABTA »x0xXov. GAAG xoi EAdTIWV Éunepiéyevon yàp UT" 
avtodv: Ónep Eotly advvatov. obx doa Eotly O xÓAtOpoc 
ToU xavov geiCov Ñ TeLTAcOLOC. 

Aéyw dh, Ów oó00& £A&tvov Eotly Ñ TeIMAcoLOg O 
xvkdwoeoc To xavov. 

Ei yàp Suvatdv, £ovo &A&vtov Tj TeIMAcOLOS O KVALWOEOG 
toU xdvou: dvánoAw dea Oo xGvoc toU xvAtvdeou UEiTwv 
éotly Ñ tettov uégoc. &yevypóüo 97) cic vov ABTA x0xXov 
tetodywvov tò ABTA: tò ABTA doa tetoåywvov peřčóv 
otv Ñ tÒ Ñuou tol ABTA xbxAov. xal dveotdétw dnd tot 
ABTA teteaymvou nxugapic thy adtiy xopupÀv čëyovoa TH 
XOV Å doa dvactaveton rupaus ueGov Eotly f| tò Hutov 
Mépoc toU x©vou, ėneðhnep, ac EunpooUev edelxvUUEY, 
Ott &àv negl Tov xÜxAov tetTpåywvov repiypáåpopev, &oxot 
to ABTA tete&ywvov fou tod negl tov xOÓxAov tepi- 
YEYPUUNEVOL vexpoó vou: xol AV ATÒ THY TETOEAYHVWV 
oteped TAPAAANAETinEdSA dvoocrjoouev icoŭŬpi TH xovo, & 
xol xacra tefouata, Zota TÒ avaotavEey and tod ABTA 
TETEAYHVOU uiou TOU avactadévtog and tov mepi Tov 
XOXAov nepiypapévtos TETEAYaVOU’ npóc GAANAa yåp eioty 
Oc oi Bácsi. ove xoi và toita xoà mupaulc doa, fic 
Baoug tò ABTA xexeényovov, fijo ċott xfi xupauí(Soc Tic 
AVAOTAÙEÍONG ano tod negl Tov xOxXAov TEPIYPAPÉVTOGÇ TE- 
Teaywvou. xal oti ue(Cov f, mupauic A dvaotaveion ano 
toU negl TÒV xOÓxAov TETPAYÓVOU TOU xovou: EUTE—LEYXEL 
Yàp adtdv. Å pa rupapic, fic Báo tò ABTA tetedywvov, 
xopuq7) o£ fj avt TẸ xoàvo, elav Eotly f| TO uou tod 
x@vov. tetuńoðwocav ai AB, BD, TA, AA repupéperon 
diya xoxà xà E, Z, H, O onucia, xoi &neCeoy ooa. ati 
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(respectively), and complete the parallelograms on AB, 
BC, CD, and DA, and set up parallelepiped solids of 
equal height to the cylinder on them, then the prisms on 
triangles AEB, BFC, CGD, and DHA are each half of 
the set up (parallelepipeds). And the segments of the 
cylinder are less than the set up parallelepiped solids. 
Hence, the prisms on triangles AEB, BFC, CGD, and 
DHA are also greater than half of the segments of the 
cylinder about them. So (if) the remaining circumfer- 
ences are cut in half, and straight-lines are joined, and 
prisms of equal height to the cylinder are set up on each 
of the triangles, and this is done continually, then we will 
(eventually) leave some segments of the cylinder whose 
(sum) is less than the excess by which the cylinder ex- 
ceeds three times the cone [Prop. 10.1]. Let them have 
been left, and let them be AE, EB, BF, FC, CG, GD, 
DH, and HA. Thus, the remaining prism whose base 
(is) polygon AEBFCGDH, and height the same as the 
cylinder, is greater than three times the cone. But, the 
prism whose base is polygon AEBFCGDH, and height 
the same as the cylinder, is three times the pyramid whose 
base is polygon AEBFCGDH , and apex the same as the 
cone [Prop. 12.7 corr]. And thus the pyramid whose 
base [is] polygon AEBFCGDH, and apex the same as 
the cone, is greater than the cone having (as) base circle 
ABCD. But (it is) also less. For it is encompassed by it. 
The very thing (is) impossible. Thus, the cylinder is not 
more than three times the cone. 

So, I say that neither (is) the cylinder less than three 
times the cone. 

For, if possible, let the cylinder be less than three times 
the cone. Thus, inversely, the cone is greater than the 
third part of the cylinder. So, let the square ABC D have 
been inscribed in circle ABC D [Prop. 4.6]. Thus, square 
ABCD is greater than half of circle ABC D. And let a 
pyramid having the same apex as the cone have been set 
up on square ABC D. Thus, the pyramid set up is greater 
than the half part of the cone, inasmuch as we showed 
previously that if we circumscribe a square about the cir- 
cle [Prop. 4.7] then the square ABC D will be half of the 
square circumscribed about the circle [Prop. 12.2]. And 
if we set up on the squares parallelepiped solids—which 
are also called prisms—of the same height as the cone, 
then the (prism) set up on square ABC D will be half 
of the (prism) set up on the square circumscribed about 
the circle. For they are to one another as their bases 
[Prop. 11.32]. Hence, (the same) also (goes for) the 
thirds. Thus, the pyramid whose base is square ABC D 
is half of the pyramid set up on the square circumscribed 
about the circle [Prop. 12.7 corr.]. And the pyramid set 
up on the square circumscribed about the circle is greater 
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AE, EB, BZ, ZT, TH, HA, AO, OA: xoi Éxaotov tea 
t&v AEB, BZT, THA, AOA teryovev ucitóv &owv fj TO 
ficu uégoc xou xa)’ EavtS xurjuavoc xo0 ABTA xóxAov. 
xol dveotdtwoay &o' £xáoxou Gv AEB, BZT, THA, AOA 
tety vov TUPAULdE THY AUTIV XOPLOHY &youcot TE KOVED" 
xal &xáorr doa t&v davaotadetody mupautdwv xoà Tov 
avtOv 1pómxov ue(Cov &odv f| TO Tjucu uépoc tot xa’ 
EQUTNVY THHUATOS TOU xovou. éuvovtec BY TAÇ UTOAEL- 
rouÉvac nepupepe(ac Stya xoi EmiCevywovtec ebVetac xol 
&viotávrec ÈQ’ £xáoxou TV TELYaVWY TLPAULSA THY AOTIYY 
XopuQl|v Éyoucav TÆ XOV% xoi toOto del TOLOŬTEG XA- 
THAEtPOUEY tiva AMOTUNUATA TOD xóvou, & čata &Aávxova 
thc Unepoyfic, fj, Unepéyet o x&voc tod TpÍTOU uépouc TOŬ 
xvAtvdpov. AeAc(qU«, xal Eotw và èm vv AE, EB, BZ, ZT, 
TH, HA, AO, OA- doin? Goa f) nupauis, fic Báotc uév £o 
tò AEBZL'HAO nxoAOvovov, xopupy 6€ A avTH TH xàvo, 
uei Gov Eotlv Ñ tettov uégoc Tob xvAtvipov. GAA’ f| TUPAC, 
fic Baoug uév ċott TO AEBZL'HAO rodbywvov, xopugy) 6€ 
f| AUTH TE LOV, Toitov £oxi uépoc to nplouaxoc, o0 Báotc 
uév ċott TO AEBZL'HAO mnoA6Yvovov, tog 6& TÒ adTO 1G 
xuAtv8pc: TO doa nploua, ob Béoic uév ott tò AEBZTHAO 
xoAOYovov, Ütjoc ðè TO AUTO TH KLAIVSEW, uciGóv £o TOD 
xvAtvdpou, ob Báoctc Eotiv ô ABTA xóxXoc. GA& xol EAat- 
Tov’ £unepiéyexot yàp Un’ avtot: Smee &oxlv ddVvVaTOV. OVX 
&pa ò xVAWSp0¢ toU xavoU EAdTTWY EoTly fj TELTAcOLOG. 
edetyOy Dé, Sti OVSE ue(Cov Ñ xpuuAdotoc: TEIMAcOLOG Gow ô 
xvdwoeoc TOD xóvou: Bote Ò xGvoc TpÍTOV Eatl uépoc TOD 
XuAtvópou. 

Ilàc doa xóvoc xuAtvópou tpítov uépoc &odi tol thy 
avtiy Báctv Éyovvoc avté xoi Üioc toov: nep Eder Setka. 


1a’. 

Ot bro tÒ ato Üdoc Óvxec x&vot xal xOXwopot npóc 
AAA MAoug cioty óc at Båoes. 

”"Eotwoav 0nd 16 auto Üdoc x6óvot xoi xVAtvVd—eOL, Gv 
Bé&cec uèv [eiow] ot ABTA, EZHO »x0xXot, á£ovec ðè oi 
KA, MN, diduetpor 88 xv Dáoeov at AT, EH: Aéyo, óu 
éotlv óc ô ABTA x0xXoc ngóc tov EZHO xdxAov, obvoc 
ô AA xGvoc npóc tòv EN xGvov. 
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than the cone. For it encompasses it. Thus, the pyramid 
whose base is square ABC D, and apex the same as the 
cone, is greater than half of the cone. Let the circum- 
ferences AB, BC, CD, and DA have been cut in half 
at points E, F, G, and H (respectively). And let AE, 
EB, BF, FC, CG, GD, DH, and HA have been joined. 
And, thus, each of the triangles AEB, BFC, CGD, and 
DHA is greater than the half part of the segment of cir- 
cle ABCD about it [Prop. 12.2]. And let pyramids having 
the same apex as the cone have been set up on each of the 
triangles AEB, BFC, CGD, and DH A. And, thus, in the 
same way, each of the pyramids set up is more than the 
half part of the segment of the cone about it. So, (if) the 
remaining circumferences are cut in half, and straight- 
lines are joined, and pyramids having the same apex as 
the cone are set up on each of the triangles, and this is 
done continually, then we will (eventually) leave some 
segments of the cone whose (sum) is less than the excess 
by which the cone exceeds the third part of the cylinder 
[Prop. 10.1]. Let them have been left, and let them be 
the (segments) on AE, EB, BF, FC, CG, GD, DH, and 
HA. Thus, the remaining pyramid whose base is poly- 
gon AEBFCGDH, and apex the same as the cone, is 
greater than the third part of the cylinder. But, the pyra- 
mid whose base is polygon AEBFCGDH , and apex the 
same as the cone, is the third part of the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder [Prop. 12.7 corr]. Thus, the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder, is greater than the cylinder whose base is 
circle ABC D. But, (it is) also less. For it is encompassed 
by it. The very thing is impossible. Thus, the cylinder is 
not less than three times the cone. And it was shown that 
neither (is it) greater than three times (the cone). Thus, 
the cylinder (is) three times the cone. Hence, the cone is 
the third part of the cylinder. 

Thus, every cone is the third part of the cylinder which 
has the same base as it, and an equal height. (Which is) 
the very thing it was required to show. 


Proposition 11 


Cones and cylinders having the same height are to one 
another as their bases. 

Let there be cones and cylinders of the same height 
whose bases [are] the circles ABCD and EFGH, axes 
K L and M N, and diameters of the bases AC and EG (re- 
spectively). I say that as circle ABCD is to circle EFGH, 
so cone AL (is) to cone EN. 
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Ei yàp uh, gota óc 6 ABTA x0xXoc ngóc tov EZHO 
x0xAov, oUtws O AA x&voc tot npóc EAaoody x vo0 EN 
Xvou OTEPEOV Ñ npóc uciGov. EoTw npótepov npóc ÉAao- 
cov TÒ E, xal Q Ehacodyv &o TÒ E otepeòv tol EN xóvou, 
éxetv toov £oto 16 V otepeóv: ó EN xóvoc doa tooc £odi 
toig =, V otepeoic. eyyeyede0w sic tov EZHO xbxAov 
tetodywvov tò EZHO: tò dea tetedywvov uciCóv &ouv 
Ñ TÒ Futov tod xOÓxAou. dveotatw and tol EZHO qe- 
Teaxywvou Tupauic icotdic tT xOvor f| doa avaotadeion 
Tupay ueiGov Eotlv Ñ TO Tjutcu Tod xoàvou, ¿neðýnep &àv 
xeptypótpeev Teel Tov xÜxAov xexpáovov, xol ÅT’ adtOD 
&vatofjoouev rupoguíóa ioodP7 tT xOvw, T| Eyyeapetoa nu- 
payis uú toti Tic xeptypoupetonc: npóc GAANAAC áp eiotv 
Gc oi Dáoeic EAdttwy be O xGvoc ts neprypagelons Tu- 
eautdoc. tetuńoðwoav oi EZ, ZH, HO, OE mnepupépetot 
diya xoxà và O, II, P, X omucia, xoi eneTevyIwoav oi 
OO, OE, EII, IIZ, ZP, PH, HX, XO. éxactov doa tæv 
OOE, EIIZ, ZPH, HZO toyóvov ueiCóv &ouv f| vo ficu 
to xo0' ExUTO TUHUATOS xo0 xOxÀou. àveotátw &Q 
&£xácvou x&v OOE, EIIZ, ZPH, HXO teryovev rupaus 
icoüpis 1 xov: xal Exdotyn dea x&v avactadeLody Tu- 
gog(Gov ue(Cov gotlv Ñ TO Tjucu tov xo Eauthy tTuńuatos 
TOŬ xovou. xéuvovtec Of Tac UNOAEITOUEVaC nepupeps(otc 
Siya xol emCevyvbvtec cbVelac xal dvo vévtec &ri &xéáoxou 
TOV TELYOoVWY nupau(Gac iooUdeic tT xov xal del TOŬTO 
Tovodvteg xataiecipouéy tiva årotuńuatTa ToD xovou, à 
gota £Aáccova tol V otepeoŭ. AcAsipdw, xol Eotw TH 
&ri tv OOE, EIIZ, ZPH, HXO: Mon doa f| nveaute, Ac 
Baoig tò OOEIIZPHX. norvywvov, bog 6& TÒ abro TH 
xàvo, ueiGov Eotl tod E ovepeoU. &yyeypóqüco xol eic tov 
ABTA »xóx^ov 16 OOEIIZPHX  xoAvYóvo Óógotóv te xal 
ópoícc xe(uevov ToALYwvov tò A'TAYBOTX, xoi &veoxávo 
én’ avVTOU Tupac icoUd7ic và AA xàvo. Enel obv EotW ÒG 
TÒ ano ts AT npd¢ 16 and ts EH, obxoc tò ATAYBOLX 
TOALYWVOV npóc TO OOEIIZPHE roàvywvov, óc è tÒ 
ano ts AT npóc tò and ts EH, ottwo ô ABTA xóxXoc 
xpóc tov EZHO xdxAov, xoi óc doa 6 ABTA xóxXoc npóc 
tov EZHO xóxňov, oüvoc tò ATAYBOLX nxoAóvovov 
npóc tò OOEIIZPHX nodvywvov. óc 62 6 ABTA xóxXoc 
rnpóc tov EZHO »x0xAov, ottw>o ô AA xGvoc npóc tò E 
otepeóv, wc 60€ tò ATAYBOLX nodvywvov npóc tò OO- 
EIIZPHX: noAÓYovov, obtw> f, mupauic, ñs D&ot; èv TO 
A'TATBOTIX noAóYyovov, xoguq?; 6$ tò A ongusiov, npóc 
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For if not, then as circle ABCD (is) to circle £F GH, 
so cone AL will be to some solid either less than, or 
greater than, cone EN. Let it, first of all, be (in this ra- 
tio) to (some) lesser (solid), O. And let solid X be equal 
to that (magnitude) by which solid O is less than cone 
EN. Thus, cone EN is equal to (the sum of) solids O 
and X. Let the square EFGH have been inscribed in cir- 
cle EFGH [Prop. 4.6]. Thus, the square is greater than 
half of the circle [Prop. 12.2]. Let a pyramid of the same 
height as the cone have been set up on square EFGH. 
Thus, the pyramid set up is greater than half of the cone, 
inasmuch as, if we circumscribe a square about the cir- 
cle [Prop. 4.7], and set up on it a pyramid of the same 
height as the cone, then the inscribed pyramid is half 
of the circumscribed pyramid. For they are to one an- 
other as their bases [Prop. 12.6]. And the cone (is) less 
than the circumscribed pyramid. Let the circumferences 
EF, FG, GH, and HE have been cut in half at points 
P, Q, R, and S. And let HP, PE, EQ, QF, FR, RG, 
GS, and SH have been joined. Thus, each of the trian- 
gles HPE, EQF, FRG, and GSH is greater than half 
of the segment of the circle about it [Prop. 12.2]. Let 
pyramids of the same height as the cone have been set up 
on each of the triangles H PE, EQF, FRG, and GSH. 
And, thus, each of the pyramids set up is greater than 
half of the segment of the cone about it [Prop. 12.10]. 
So, (if) the remaining circumferences are cut in half, and 
straight-lines are joined, and pyramids of equal height 
to the cone are set up on each of the triangles, and 
this is done continually, then we will (eventually) leave 
some segments of the cone (the sum of) which is less 
than solid X [Prop. 10.1]. Let them have been left, and 
let them be the (segments) on HPE, EQF, FRG, and 
GSH. Thus, the remaining pyramid whose base is poly- 
gon H PEQF RGS, and height the same as the cone, is 
greater than solid O [Prop. 6.18]. And let the polygon 
DT AU BVCW, similar, and similarly laid out, to polygon 
HPEQFRGS, have been inscribed in circle ABC D. And 
on it let a pyramid of the same height as cone AL have 
been set up. Therefore, since as the (square) on AC is 
to the (square) on EG, so polygon DT AU BVCW (is) to 
polygon HPEQFRGS [Prop. 12.1], and as the (square) 
on AC (is) to the (square) on EG, so circle ABCD (is) 
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THY Tupaulda, fic Baow u&v tò OOEIIZPHX. nodvywvov, 
xopugy 68 tò N onyetov. xoi wc doa 6 AA x&voc npóc TO 
E oxepgeóv, obxoc Å Mupauic, fic Báotc u£v tò ATATBOTX 
ToADYwvoy, xopuqr, 68 tò A oNUEtov, npgóc THY TUPALtda, 
fic Bácic u£v tò OOEIIZPH* nodbywvoy, xopuey 62 tò N 
onuciov: £voAAà& &pa &oxlv óc O AA xGvoc npóc Thy Ev 
avtés tupautda, oUtTwS TO = otepeóv npóc tv Ev tæ EN 
xove Tupautda. ue(Gov 8$ 6 AA xGvoc tic Ev ADT nu- 
eautdoc: ueiCov &pa xol 160 € oxepeóv ts £v t EN xov 
TUEANLSOG. GAA xal EAaooov Önep &xoxov. OVX hoa &oxiv 
óc 6 ABTA xóxXoc ngóc tov EZHO xúxňov, obtoc 6 AA 
xG&voc npóc ÉAacoÓv Tt TOU EN xoàvou otepsÓv. Opuolcoc 
dé deifouev, StL OVSE &ouv Wo ó EZHO x0xXoc npóc tov 
ABTA »xóxXov, oŬtwç 6 EN xvoc npóc £Aacoóv tt tod 
AA x@vov otepedy. 

Aéyw ðh, ów OBSE tot óc O ABTA xbxuroc npóc TOV 
EZHO »x0xXov, ottw>o 6 AA xévoc Ted¢ uciCóv xt vo0 EN 
X@VOU OtEQ£ÓV. 

Et yàp ðuvatóv, Eotw npóc uciCov tò E dvenadw doa 
éotly óc ô EZHO xbxdro0¢ ngóc tov ABTA xdxAov, obvoc 
tÒ E otepedv npóc tov AA xG&vov. GAN’ Gc TO Z otepedv 
xpóc tov AA xGvov, o0voc 6 EN xóvoc npgóc EAaoody x 
tot AA xavou otepeóv: xoi wo dpa ô EZHO »x0xXoc npóc 
tov ABTA x0xAov, obtoc ó EN x6voc npóc ÉAacoóv x 
tov AA xoàvou oxepeóv: Sree adbvatov &Oc(yür. obx dpa 
éotly wc ô ABTA xóxAoc ngóc Tov EZHO xdxAov, otw¢ Ô 
AA xGvoc npóc uetCóv xt xo0 EN xevou ovepeóv. edetydn 
6€, StL o06& npóc ÉAacoov: Éouv toa óc ô ABTA xóxXoc 
xpóc Tov EZHO xvxdrov, ottwo ô AA x&voc npóc tov EN 
XGvOv. 

AAN óc ô xGvoc npóc TOV xGvov, O xÓAtwOpoc npóc 
TOV xÜüAtwOópov: 1purAotoítov yàp &xávepoc EXATEPOL. xol WC 
goa ò ABTA x0xXoc ngóc Tov EZHO »x0xAov, owe ot En’ 
aO1Gv icoUdeic. 

Ot &pa Und TO adTO Üdoc Óvxec xGvot xoi xOXwópot 
xpóc dAAfAouc ciotv óc al Bdoeic nep Eder deiga. 


iQ. 
Oi ópotot xé&vot xol xbAtvpoL npóc dAAY|Aouc EV tpt- 
rÀaoíovt Adyw sioù x&v Ev toç Dáceot Ovxgétpov. 
"Eoxooav óuotot x6vot xol xóNw6pot, Qv Påse uev 
ot ABTA, EZHO »x0xXot, diduetoot dé x&v Dáceov oi BA, 
ZO, &€ovec dé xv xovov xoi xuA(v6pov ot KA, MN: Aéyo, 
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to circle EFGH [Prop. 12.2], thus as circle ABCD (is) 
to circle EFGH, so polygon DT AU BVCW also (is) to 
polygon H PEQF RGS. And as circle ABCD (is) to cir- 
cle EFGH, so cone AL (is) to solid O. And as poly- 
gon DT AU BVCW (is) to polygon H PEQF RGS, so the 
pyramid whose base is polygon DT AU BV CW, and apex 
the point L, (is) to the pyramid whose base is polygon 
HPEQFRGS, and apex the point N [Prop. 12.6]. And, 
thus, as cone AL (is) to solid O, so the pyramid whose 
base is DT AU BVCW, and apex the point L, (is) to the 
pyramid whose base is polygon HPEQF RGS, and apex 
the point N [Prop. 5.11]. Thus, alternately, as cone AL 
is to the pyramid within it, so solid O (is) to the pyramid 
within cone EN [Prop. 5.16]. But, cone AL (is) greater 
than the pyramid within it. Thus, solid O (is) also greater 
than the pyramid within cone EN [Prop. 5.14]. But, (it 
is) also less. The very thing (is) absurd. Thus, circle 
ABCD is not to circle EFGH, as cone AL (is) to some 
solid less than cone EN. So, similarly, we can show that 
neither is circle £F'GH to circle ABC D, as cone EN (is) 
to some solid less than cone AL. 

So, I say that neither is circle ABCD to circle EFGH, 
as cone AL (is) to some solid greater than cone EN. 

For, if possible, let it be (in this ratio) to (some) 
greater (solid), O. Thus, inversely, as circle EF'GH is to 
circle ABC D, so solid O (is) to cone AL [Prop. 5.7 corr.]. 
But, as solid O (is) to cone AL, so cone EN (is) to some 
solid less than cone AL [Prop. 12.2 lem.]. And, thus, as 
circle EFGH (is) to circle ABCD, so cone EN (is) to 
some solid less than cone AL. The very thing was shown 
(to be) impossible. Thus, circle ABCD is not to circle 
EFGH, as cone AL (is) to some solid greater than cone 
EN. And, it was shown that neither (is it in this ratio) to 
(some) lesser (solid). Thus, as circle ABCD is to circle 
EFGH, so cone AL (is) to cone EN. 

But, as the cone (is) to the cone, (so) the cylin- 
der (is) to the cylinder. For each (is) three times each 
[Prop. 12.10]. Thus, circle ABCD (is) also to circle 
EFGH, as (the ratio of the cylinders) on them (having) 
the same height. 

Thus, cones and cylinders having the same height are 
to one another as their bases. (Which is) the very thing it 
was required to show. 


Proposition 12 


Similar cones and cylinders are to one another in the 
cubed ratio of the diameters of their bases. 

Let there be similar cones and cylinders of which the 
bases (are) the circles ABC D and EFGH , the diameters 
of the bases (are) BD and FH, and the axes of the cones 
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ów O x&voc, o0 Bdouc uév [Eotw] 6 ABTA xbxAoc, xopuq) 
dé tò A onusiov, npóc tov xGvov, ob Bos uév [£owv] 
ò EZHO xdxdoc, xopupy ðè tò N onuciov, teitAactova 
Aóvov Éye nep f, BA npóc thy ZO. 


I] 
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and cylinders (are) KL and MN (respectively). I say 
that the cone whose base [is] circle ABC D, and apex the 
point L, has to the cone whose base [is] circle EFGH, 
and apex the point N, the cubed ratio that BD (has) to 
FH. 

N 




















Ei yàp uh Éye: ô ABLTAA xGvoc npóc tov EZHON 
x&vov npAoo(ova Aóvov Timeo ñ BA nxpóc thy ZO, eer 
ô ABI'AA xGvoc f, npgóc £Aacoóv tt o0 EZHON »xoóvou 
o1epeóv tpinàaclova AóYov f, npóc ueiGov. &yévo npóvepov 
rpóc £Aaco0v TO =, xol Eyyeyeapda cic vov EZHO xÓxAov 
tetTpåywvov tò EZHO: tò doa EZHO tete&ywvov peřčóv 
£ouv fj o uwovu tov EZHO xóxAou. xol aveotatw m 
tol EZHO «expo vou nupopic Thy aUTHY xopuqrv &youca 
TH xGve f| koa avaotadeion MUpauic ueiCov Eotlv Ñ TO 
fiui guépoc tov xoàvou. tetuńoðwoav 07 ai EZ, ZH, 
HO, OE neptgépetot bat xoxà xà O, IL, P, 3 ongeta, xol 
&neCeOy0ocav oi EO, OZ, ZII, IH, HP, PO, OX, XE. xoi 
Éxac ov goa xv EOZ, ZIIH, HPO, OXE teryovev ucttóv 
EOTW f| TÒ Ñulou uépoc TOU xoa autò xurjuaxoc TOD EZHO 
XOXAOU. xol dveotatw Ep’ &xáovou t&v EOZ, ZIIH, HPO, 
OXE teryovwv nupouic Thy otv xopugry £youca 1G 
XOV xal Exdotn dea x&v dvorovorüetoGv nupautdwv uetCov 
£ouv f| tÒ uou uépoc roO xo0' auty 1ufjuaroc TOD 
X«Gvou. cxéuvovtec BY) TAÇ OroAeuouévoc nepupepetac Sixa 
xol EmCevyvovtec evvetac xol dviotdvtec EY’ &xáotou xv 
TOLYOVOY nupapuí(Sac THY HUTHY xopugr]v &yoboac TE XOVYD 
xal toto del roioŬvtec xaTaAcipouey Tia ånotuńuaTta TOU 
XOVOV, & Etat &£Aáooova rfj; oónspoyfjc, Ù UMEesyer ô 
EZHON xvoc tot = otepeot. Acdsipdw, xol Eotw tH 
èni x&v EO, OZ, ZII, IH, HP, PO, OX, XE: Aou) doa ñ 
mupauic, ñs Baow uév &ow tò EOZIIHPOX roddywvov, 
xopugyn 6$ tò N onueiov, us(Cov toti toù = otepeod. 
éyyeyeap~dw xoi eic tov ABTA x0xXov tæ EOZIIHPOX 
TOALYÓVY Ópotóv TE xol óuoí(oc xe(guevov TOALDYWVOY TO 
ATBYT®AX, xoi åveotátw £r xo0 ATBYT®AX qno- 
Auvóvou mupopglc THY AUTHY XOEUPHY £youoa TH XOV, 
xoà t&v u£v repieyóvtov tjv rupauí(oo, fic Dáotc uév £o 
to ATBYT®AX noAÓóycovov, xogug?, sé tò A onusiov, 
£v totywvov ëotw tò ABT, x&v dé TEpELyovtwy TŇV TU- 
eautda, Tic Påos uév cot. tò EOZIIHPOX. roddywvov, 

















For if cone ABC DL does not have to cone EFGHN 
the cubed ratio that BD (has) to FH then cone ABCDL 
will have the cubed ratio to some solid either less than, or 
greater than, cone EFGH N. Let it, first of all, have (such 
a ratio) to (some) lesser (solid), O. And let the square 
EFGH have been inscribed in circle EFGH [Prop. 4.6]. 
Thus, square EFGH is greater than half of circle EFGH 
[Prop. 12.2]. And let a pyramid having the same apex 
as the cone have been set up on square EFGH. Thus, 
the pyramid set up is greater than the half part of the 
cone [Prop. 12.10]. So, let the circumferences EF, FG, 
GH, and H E have been cut in half at points P, Q, R, 
and S (respectively). And let EP, PF, FQ, QG, GR, 
RH, HS, and SE have been joined. And, thus, each 
of the triangles EPF, FQG, GRH, and HSE is greater 
than the half part of the segment of circle EF GH about it 
[Prop. 12.2]. And let a pyramid having the same apex as 
the cone have been set up on each of the triangles EPF, 
FQG, GRH, and HSE. And thus each of the pyramids 
set up is greater than the half part of the segment of the 
cone about it [Prop. 12.10]. So, (if) the the remaining cir- 
cumferences are cut in half, and straight-lines are joined, 
and pyramids having the same apex as the cone are set 
up on each of the triangles, and this is done continu- 
ally, then we will (eventually) leave some segments of the 
cone whose (sum) is less than the excess by which cone 
EFGHN exceeds solid O [Prop. 10.1]. Let them have 
been left, and let them be the (segments) on EP, PF, 
FQ, QG, GR, RH, HS, and SE. Thus, the remaining 
pyramid whose base is polygon EPFQGRHS, and apex 
the point N, is greater than solid O. And let the polygon 
ATBUCV DW, similar, and similarly laid out, to poly- 
gon EPFQGRH S, have been inscribed in circle ABCD 
[Prop. 6.18]. And let a pyramid having the same apex 
as the cone have been set up on polygon AT BUCV DW. 
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xopugy ðè tò N onusiov, Ev tetywvov £oxo tò NZO, xoi 
éreCebyDwoav oi KT, MO. xoi &nel duord¢ tot 6 ABTAA 
xàvoc tă EZHON »xoóvo, gotw &pa óc f, BA npóc thy 
ZO, ottwc 6 KA &&ov npóc tov MN &&ova. óc 68 f, BA 
Teds THY ZO, ottw¢ f| BK ngóc thy ZM: xa óc doa f| BK 
npóc thy ZM, obroc f, KA npóc thy MN. xoi £vaAAàE we 
?, BK ngóc thy KA, oŬtws f, ZM ngóc thy MN. xoi negl 
loac ywviag tac òrò BKA, ZMN oi rAeupol å&váňoyóv eiow: 
óuotov dea £oxi TO BKA totywvoy v ZMN xpryóvo. xéAtv, 
&nel €otw óc f, BK ngóc thy KT, oŬtws f, ZM ngóc tv 
MO, xal regi too ywviac tac ónó BKT, ZMO, &neiófjneo, 
0 uégoc Eotlv f; UNO BKT ywvia t&v npóc tă K xévtpo 
tecodowy pův, TO ATO uépoc £oxi xoi H òrò ZMO Yovía 
x&v npóc 16 M xévtpo veooópov ópÜGv: Enel odv negl oas 
Ycv(atc al TAcupal vé oYvóv cio, ópotov pa ott TO BKT 
totywvov x& ZMO «xptyóvo. nó, Enel dely0n ðs n BK 
npóc tày KA, ottwc 5| ZM ngóc thy MN, ion dé f| uev 
BK ty KT, 5, 6€ ZM tH OM, £oxv doa óc f, TK npóc 
thy KA, ottwc f, OM npóc thy MN. xoi nepi toas yovias 
tac Und TKA, OMN: óg0ol yao: oi mAcUpal avdAoydv eiow: 
óu otov doa &oxi tò AKT totywvov tă NMO xpiyóvo. xoi 
émel dà THY ópotónra xv AKB, NMZ totyavwv otv 
óc À AB ngóc thy BK, obxoc f, NZ ngóc thy ZM, did dé 
THY o“oLdtThnta Tv BKT, ZMO teryavwv &£oxiv óc f, KB 
rpóc tùy BT, o¥twc f, MZ npóc thy ZO, BV toov doa we 
i AB ngóc thy BT, obxoc f, NZ ngóc thy ZO. nó, ¿nel 
dia THY ouotównxa vv ATK, NOM totyavwv éotlv óc f| 
AT npóc thy TK, obxoc f, NO ngóc thy OM, dià 88 thy 
óuotórnxa x&v TKB, OMZ toetyovey £oxiv óc f| KT npóc 
thy TB, obxoc f, MO npgóc xj» OZ, bv toou doa óc H AT 
rpóc tv TB, oóroc 7 NO nxpóc thy OZ. sdetyDn dE xol 
óc f, TB ngóc thy BA, oóxoc f, OZ xgóc thy ZN. dv oov 
pa s H TA npóc tiv AB, obxoc À ON ngóc thy NZ. 
t&v ATB, NOZ doa toryavwv åváňoyóv ciotv al TAcvpat: 
tooyavua ğpa &oxi xà ATB, NOZ tetywva Hote xoi óguota. 
xol Tupac doa, s Dácic u£v tò BKT tetywvoy, xopuqgr, 
dé tO A onuctov, ógoía goth mueautd:, fic Báo uèv TO 
ZMO tetywvov, xopuqr, 62 tò N onuciov’ Und yàp óuolov 
EMINESWV nxeptéyovvot (ocv TO TAFVoc. oi SE uor ruv- 
pauidec xal Torywvouc Éyoucot Baoelc Ev TolmAaotow Ady 
ciol Tv OUOASywv nAeupóv. f| dow BETA mupauic npóc Thy 
ZMON rvpautda tertAactova Aóvov Eyet Aree Y, BK npóc 
thy ZM. duoiws 67, £n Ceu Y vOvxec and vv A, X, A, 6, D, T 
emt tò K evdetac xoi ano tév E, X, O, P, H, ent tò M xoi 
&viotávrec EP’ &xáoxou THY TOLYOVUY rupogíboc THY AUTIY 
Koeuphy Exovouc toç xOvotc SelEouev, StL xol Exdoty THY 
OLOTAYHY rupogulócv npóc ExhOTHY OLOTAYA TLEAULda tpt- 
TAaotova AóYov &€et Aree Y, BK óuóXoYvoc TAcuEd npóc tijv 
ZM ópÓóXovov rAeupáv, toutéotw Freep f, BA npóc thy ZO. 
xal óc Ev TOY fjyouuévov npóc EV THY &rogévov, OUTWC 
ANAVTA TA NYOVNEVA npóc Gmovra xà ENdUEVA Éouv doa 
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And let LBT be one of the triangles containing the pyra- 
mid whose base is polygon AT BUCV DW, and apex the 
point L. And let NFP be one of the triangles containing 
the pyramid whose base is triangle EPFQGRHS, and 
apex the point N. And let KT and M P have been joined. 
And since cone ABC DL is similar to cone EFGH N, thus 
as BD isto FH, so axis K L (is) to axis MN [Def. 11.24]. 
And as BD (is) to FH, so BK (is) to FM. And, thus, as 
BK (is) to FM, so KL (is) to MN. And, alternately, as 
BK (is) to KL, so FM (is) to MN [Prop. 5.16]. And 
the sides around the equal angles BKL and FMN are 
proportional. Thus, triangle BKL is similar to triangle 
FMN [Prop. 6.6]. Again, since as BK (is) to KT, so 
FM (is) to MP, and (they are) about the equal angles 
BKT and FM P, inasmuch as whatever part angle BKT 
is of the four right-angles at the center K, angle FMP is 
also the same part of the four right-angles at the cen- 
ter M. Therefore, since the sides about equal angles 
are proportional, triangle BAT is thus similar to train- 
gle FMP [Prop. 6.6]. Again, since it was shown that 
as BK (is) to KL, so FM (is) to MN, and BK (is) 
equal to KT, and FM to PM, thus as TK (is) to KL, 
so PM (is) to MN. And the sides about the equal angles 
TKL and PM N—for (they are both) right-angles—are 
proportional. Thus, triangle L KT (is) similar to triangle 
N MP [Prop. 6.6]. And since, on account of the similarity 
of triangles LK B and NMF, as LB (is) to BK, so NF 
(is) to FM, and, on account of the similarity of triangles 
BKT and FMP, as KB (is) to BT, so MF (is) to FP 
[Def. 6.1], thus, via equality, as LB (is) to BT, so NF 
(is) to FP [Prop. 5.22]. Again, since, on account of the 
similarity of triangles LTK and NPM, as LT (is) to T K, 
so NP (is) to PM, and, on account of the similarity of 
triangles TK B and PMF, as KT (is) to T B, so MP (is) 
to PF, thus, via equality as LT (is) to TB, so NP (is) 
to PF [Prop. 5.22]. And it was shown that as T'B (is) 
to BL, so PF (is) to FN. Thus, via equality, as TL (is) 
to LB, so PN (is) to NF [Prop. 5.22]. Thus, the sides 
of triangles LT B and NPF are proportional. Thus, tri- 
angles LT B and NPF are equiangular [Prop. 6.5]. And, 
hence, (they are) similar [Def. 6.1]. And, thus, the pyra- 
mid whose base is triangle B KT, and apex the point L, 
is similar to the pyramid whose base is triangle FM P, 
and apex the point N. For they are contained by equal 
numbers of similar planes [Def. 11.9]. And similar pyra- 
mids which also have triangular bases are in the cubed 
ratio of corresponding sides [Prop. 12.8]. Thus, pyramid 
BKTL has to pyramid FM PN the cubed ratio that BK 
(has) to FM. So, similarly joining straight-lines from 
(points) A, W, D, V, C, and U to (center) K, and from 
(points) E, S, H, R, G, and Q to (center) M, and set- 
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xoi óc f, BKTA nupogic npóc thy ZMON nupagí8o, obvoc 
f, OAH Tupac, Ho Påois tò ATBYTPAX rorvywvov, xo- 
eugy 68 tò A onuciov, Ted Thy Any nUPaUtda, Hc D&cic 
u&v tò EOZIIHPOX xoAóYvovov, xoeupy 62 tò N onuctiov: 
Hote xoi mupautc, fic Báotc u£v vo ATBYT PAX, xopugy dé 
TÒ A, npóc Thy TUEaUtda, fic Báoic [NEV] tò EOZIIHPOX 
TOAVYWVOY, XxopuqgT, dé TO N onNUElov, ToITAaclova Aóyov 
éxet ýnep ñ BA npóc thy ZO. onóxevcot 6$ xal 6 xévoc, ob 
B&oic [uèv] 6 ABTA xóxXoc, xopuq?) 6£ tò A anueiov, npóc 
TÒ E oxepgeóv tpirhaociova Adyov ëywv Tixep Y| BA npóc thy 
ZO: Écwv dea Oc ô x&voc, ob} Dáotc; uév £ouv ô ABTA 
X0xAoc, xopuqT, 6£ TO A, npóc TO E oxepeóv, obo Å TV- 
eauic, Tic Báoic uèv tò ATBYTT9AX [noAóovovov], xopue?) 
dé tò A, npóc THY nupaulða, fic D&áoic uév &ow TO EOZ- 
IIHPOX rorvywvov, xopupy dé TO N: £vaAAàE &po, óc ô 
xGvoc, oÙ Påois u£v ô ABTA xóxXoc, xopuqg? ðè tò A, 
xpóc Ti Ev qÙT& nupapidða, fic Påos Ev tò ATBYTOAX 
TOAVYWVOY, xopug7 6€ TO A, OUTWS TO E [otepedy] npóc THy 
nupaulða, fic Bácic uév &ow tò EOZIIHPOX noàvywvov, 
xopuq1) dé tò N. ue(Gov 8€ ô eigruévoc xBvoc TÄS Ev adTH 
mupautdoc éuxepiéyet yao avtyy. yeiCov dea xoi tò = 
OTEPEOY fic rupauíióoc, Ac Dáotc uév Cott TO EOZIIHPOX 
TOAVYWVOY, Xopugr) be TO N. GAAG xal £Aotvov: Stee &oxiv 
åðúvatov. oOx koa 6 xévoc, o0 Dáoiw ô ABTA x0xAoc, xo- 
eug? 6€ tò A [onueiov], npóc EAattév x xoO xoóvou oxepgóv, 
00 B&otc u£v ò EZHO xóxAoc, xopuq?) 68 tò N onuctov, tpt- 
TAaotova AóYvov Exet Aree f, BA npóc thy ZO. ógoícoc 97) 
6e(&ouev, ów OVSE O EZHON »xóGvoc npóc EAattdv x 100 
ABTAA xovou oxepeóv teitAactova Aóyov yet Free n ZO 
ngóc thy BA. 

Aéyw Sh, ów o06€ 6 ABLAA xéivocg npóc UEiTév xt Tob 
EZHON xovovu otepedy teitAaotova Adyov Eyet Heo f, BA 
Teds Thy ZO. 

Ei yao buvatév, &yéxo npóc uciCov tò E. avaradw &pa 
TÒ E oxegeóv npóc tov ABLAA xévov teimAactova Adyov 
éyet Tixep 1 ZO npóc tiv BA. óc bE TÒ E otepedv npóc 
tov ABI'AA x&vov, o0voc 6 EZHON »x&voc npóc ÉAot1óv 
tt xo6 ABI'AA xóàvou otepedv. xoi ô EZHON doa xGvoc 
xpóc EAattév tt toU ABI'AA »xóvou otepedv xpuAao(ova 
Aóvov Exel nep f| ZO npóc thy BA: ónep à60vorxov &6g(rün. 
ovx tea 6 ABLAA xG&voc npóc ucitóv tt tob EZHON 
X@VOU ocepeóv TEITAaolova Aóyov Éye Free f, BA npóc 
thy ZO. &6c(y 0r dé, ów OSE npóc ÉAoxvov. ò ABTAA dpa 
x&voc npóc TOV EZHON xGvov teitAactova Aóyov Éyet 
feo f, BA ngóc thy ZO. 

‘Og 6& ò x&voc npóc TOV xGvov, O xóNwOpoc npóc TOV 
xvUAWOPOY: xpixA&otoc yàp O xóXiv6poc TOU xóvou ó Ent Tic 
AUTHIS Báocws TH xov xoà iocos ax. xo ô xóXwopoc 
&ou xpóc Tov x0Atwepov xpuAatotova Aóyov Eyer Free ñ BA 
Teds Thy ZO. 

Oi dea ópotot x&vot xol xOAwópot npóc AAAA ouc Ev 
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ting up pyramids having the same apexes as the cones 
on each of the triangles (so formed), we can also show 
that each of the pyramids (on base ABCD taken) in or- 
der will have to each of the pyramids (on base EFGH 
taken) in order the cubed ratio that the corresponding 
side BK (has) to the corresponding side FM—that is to 
say, that BD (has) to FH. And (for two sets of propor- 
tional magnitudes) as one of the leading (magnitudes is) 
to one of the following, so (the sum of) all of the leading 
(magnitudes is) to (the sum of) all of the following (mag- 
nitudes) [Prop. 5.12]. And, thus, as pyramid BKTL (is) 
to pyramid FM PN, so the whole pyramid whose base 
is polygon AT BUCV DW, and apex the point L, (is) to 
the whole pyramid whose base is polygon EPFQGRH S, 
and apex the point N. And, hence, the pyramid whose 
base is polygon ATBUCV DW, and apex the point L, 
has to the pyramid whose base is polygon EPFQGRH S, 
and apex the point N, the cubed ratio that BD (has) 
to FH. And it was also assumed that the cone whose 
base is circle ABC D, and apex the point L, has to solid 
O the cubed ratio that BD (has) to FH. Thus, as the 
cone whose base is circle ABC D, and apex the point L, 
is to solid O, so the pyramid whose base (is) [polygon] 
AT BUCV DW, and apex the point L, (is) to the pyramid 
whose base is polygon EPFQGRH S, and apex the point 
N. Thus, alternately, as the cone whose base (is) circle 
ABCD, and apex the point L, (is) to the pyramid within 
it whose base (is) the polygon ATBUCV DW, and apex 
the point L, so the [solid] O (is) to the pyramid whose 
base is polygon EPFQGRHS, and apex the point N 
[Prop. 5.16]. And the aforementioned cone (is) greater 
than the pyramid within it. For it encompasses it. Thus, 
solid O (is) also greater than the pyramid whose base is 
polygon EPFQGRHS, and apex the point N. But, (it 
is) also less. The very thing is impossible. Thus, the cone 
whose base (is) circle ABCD, and apex the [point] L, 
does not have to some solid less than the cone whose 
base (is) circle EF'GH, and apex the point N, the cubed 
ratio that BD (has) to EH. So, similarly, we can show 
that neither does cone EFGHN have to some solid less 
than cone ABC DL the cubed ratio that FH (has) to BD. 

So, I say that neither does cone ABC DL have to some 
solid greater than cone EFGH N the cubed ratio that BD 
(has) to FH. 

For, if possible, let it have (such a ratio) to a greater 
(solid), O. Thus, inversely, solid O has to cone ABCDL 
the cubed ratio that FH (has) to BD [Prop. 5.7 corr.]. 
And as solid O (is) to cone ABCDL, so cone EFGHN 
(is) to some solid less than cone ABC DL [12.2 lem.]. 
Thus, cone EFGH N also has to some solid less than cone 
ABC DL the cubed ratio that FH (has) to BD. The very 
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TolmAaotow Aóyo ciol t&v Ev toç Dáceot dauétpwv: STEP 
der elko. 


fà 
t. 
‘Edy xóXt6poc &ninéóo TUNDA TAPAAAHAG Ovtt xoic àre- 
vavttov Emimédolc, £ovot óc O XUALVSEOS npóc TOV xÓAtwOpov, 
ia Ó T xpóc D aes 


ATAYATATATATA 
UU UU 


WE yàp ò T P T r M TA- 
poA Svtt tos ånevavtiov emmédoic tois AB, TA, xoi 
OUUBOAAETA Gà KEow tò HO Exinedov xatà tò K onusiov: 
EY, StL Eatlv óc ó BH xvAwdpeoc¢ Ted¢ Tov HA xóňvõpov, 
obxoc ô EK &&ov npóc tov KZ &€ova. 

"ExBeBAnodw yuo ó EZ &€wv èp’ exdtepa xà ween Ent 
ta A, M onueia, xoi exxeiodwoav 16 EK &£ow toot oo- 
enrovoUv oi EN, NA, xà dé ZK toot doownnotoby oi ZE, 
EM, xoà vociodw 6 ext tol AM &&ovoc xóňvõpos ô OX, 
o0 Baoetc oi OII, PX xdxdror. xa ExBeBAhoVw Out tov 
N, = omusíov exineda napéAAnAa toic AB, DA xo tois 
Bacco. tol OX xvAtvdpou xoà noveitwoav tobc PX, TT 
xvuroug nepi và N, = xévtoa. xo énel oi AN, NE, EK 
&&ovec toot eiolv åo, ot dow IIP, PB, BH xvAtvdpor 
TOS GAANAouC Eloly Gc oi Bdoetc. too é Elow at Bdoeic: 
toot doa xoi ot IIP, PB, BH xóAtvópot aAAnAotc. enel odv 
oi AN, NE, EK &&ovec toot eiolv GA jAotc, ciot è xol oi 
IIP, PB, BH xvAwodeor toot wAnAotc, xal Eotw toov. TO 
nAffüoc t nals, ócoanAao(ov doa ó KA &&ov tot EK 
&&ovoc, vocauomAao(ov gota xoi ô ITH xóAv6poc to} HB 
xuAtvOpou. Ou và AUTH BF xal ócoxAooíov £oxtv 0 MK &&ov 
tot KZ &&ovoc, xocauxanAaocíov ot} xoi 6 XH xvAwvdeo0c¢ 
tov HA xuA(v6pou. xol ei uèv toos &oxiv ô KA &&ov xà 
KM &£&ovt, toos ota xoà 6 ITH xOXw6poc 16 HX xuAtv6po, 
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thing was shown (to be) impossible. Thus, cone ABCDL 
does not have to some solid greater than cone EFGHN 
the cubed ratio than BD (has) to FH. And it was shown 
that neither (does it have such a ratio) to a lesser (solid). 
Thus, cone ABC DL has to cone EFGHN the cubed ra- 
tio that BD (has) to FG. 

And as the cone (is) to the cone, so the cylinder (is) 
to the cylinder. For a cylinder is three times a cone on 
the same base as the cone, and of the same height as it 
[Prop. 12.10]. Thus, the cylinder also has to the cylinder 
the cubed ratio that BD (has) to FH. 

Thus, similar cones and cylinders are in the cubed ra- 
tio of the diameters of their bases. (Which is) the very 
thing it was required to show. 


Proposition 13 


If a cylinder is cut by a plane which is parallel to the 
opposite planes (of the cylinder) then as the cylinder (is) 
to Es ue so pU axis i be to Be i 


NYAVAYATATAYA 
WIUIVIVIT 


i let 7 ae AD m 5 cut z the PR 
GH which is parallel to the opposite planes (of the cylin- 
der), AB and CD. And let the plane GH have met the 
axis at point K. I say that as cylinder BG is to cylinder 
GD, so axis EK (is) to axis K F. 

For let axis EF have been produced in each direction 
to points L and M. And let any number whatsoever (of 
lengths), EN and NL, equal to axis EK, be set out (on 
the axis EL), and any number whatsoever (of lengths), 
FO and OM, equal to (axis) FK, (on the axis KM). 
And let the cylinder PW, whose bases (are) the circles 
PQ and VW, have been conceived on axis LM. And 
let planes parallel to AB, CD, and the bases of cylinder 
PW, have been produced through points N and O, and 
let them have made the circles RS and TU around the 
centers N and O (respectively). And since axes LN, NE, 
and EK are equal to one another, the cylinders QR, RB, 
and BG are to one another as their bases [Prop. 12.11]. 
But the bases are equal. Thus, the cylinders QR, RB, 
and BG (are) also equal to one another. Therefore, since 
the axes LN, NE, and EK are equal to one another, 
and the cylinders QR, RB, and BG are also equal to one 
another, and the number (of the former) is equal to the 
number (of the latter), thus as many multiples as axis K L 
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ci è ue(Cov ò &wv tod &ovoc, ue(Cov xol ò xvAtvdp0c¢ 
tov xuA(v8pou, xol ei EAdoowy, &£Aáàcoov. Tecodewv Ot) uE- 
yeddv Óvvov, à&óvov uèv xv EK, KZ, xoAtv6pov 88 t&v 
BH, HA, efdnntor iocoac rorňanidoia, tot u&v EK &€ovoc 
xoi tod BH xuA(vópou 6 te AK &&ov xoi 6 ITH xOAwépoc, 
tov dé KZ &€ovec xoi xo0 HA xvaAtvdpou 6 te KM G&&ov 
xoi ó HX xbAwdpoc, xoi Séderxto, Sti et Umepgyer O KA 
&&ov tol KM á&£&ovoc, trepéyer xoi 6 IH xbAwdpoc 100 
HX xuAtv6pou, xal et tooc, looc, xoà ei £A&coov, EAdoowv. 
Eo čpa Wo ô EK &€wv npgóc tov KZ &&ova, oŬtws 6 BH 
x0Atv6poc npóc Tov HA xvAwdSpov: ónep Eder SetEau. 


10’. 


Oi &ri toov Bdoewv Óvtec xBvor xol xOAwópot npóc 
adAhAoug eiolv óc tà By. 











M 


"Eotwouv yàp ent toov Báceov x&v AB, DA xóxAov 
xvAtvdpot ot EB, ZA: AEyw, öt &oxlv óc ô EB xvAwodeo0c¢ 
npóc tov ZA xvAvdpoy, o0xoc ó HO &&ov npgóc tov KA 
&Eova. 

"ExBeBAjovw yàp ò KA &€wv ent tò N onuciov, xoi 
xetodw xà HO &€ow (coc ó AN, xoi negli &gova tov AN 
xvdwoeoc vevojodw ô I'M. nel oov oi EB, TM xóAXtópot 
bn TO AUTO Üdoc ciotv, npóc &AAXfjAouc Elolv òs oi Bdoetc. 
loot é cloty at Baceic AAAs: toot doa sioù xoi ot EB, TM 
XÜAtOpot. xoà Emel xVAWSe0c ô ZM Eninédw tétuNnto TÆ 
TA mapai dvtt xoic ånevavtiov Emunédoic, Eottv doa S 
ô I'M xóAwépoc ned¢ tov ZA xdAwdpov, oŬtws ô AN G&ov 
mpdc¢ tov KA &ova. ooç 66 Eotw ô uèv TM xvAwdeoc 1 
EB xvatvoew, 6 6€ AN &&ov x HO dow: Eotw pa óc ô 
EB xbAwdeoc npóc tov ZA x0Xw6pov, oüvoc 6 HO &wv 
mpdc¢ tov KA &&£ova. óc 6$ 6 EB xbAwdeoc npóc tòv ZA 


E 
T fA 3A 
Te 
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is of axis EK, so many multiples is cylinder QG also of 
cylinder GB. And so, for the same (reasons), as many 
multiples as axis MK is of axis KF, so many multiples 
is cylinder WG also of cylinder GD. And if axis KL is 
equal to axis KM then cylinder QG will also be equal 
to cylinder GW, and if the axis (is) greater than the axis 
then the cylinder (will also be) greater than the cylinder, 
and if (the axis is) less then (the cylinder will also be) 
less. So, there are four magnitudes—the axes EK and 
KF, and the cylinders BG and GD—and equal multiples 
have been taken of axis EK and cylinder BG—(namely), 
axis LK and cylinder QG—and of axis KF and cylinder 
G D—(namely), axis KM and cylinder GW. And it has 
been shown that if axis K L exceeds axis kK M then cylin- 
der QG also exceeds cylinder GW, and if (the axes are) 
equal then (the cylinders are) equal, and if (AL is) less 
then (QG is) less. Thus, as axis EK is to axis KF, so 
cylinder BG (is) to cylinder GD [Def. 5.5]. (Which is) 
the very thing it was required to show. 


Proposition 14 


Cones and cylinders which are on equal bases are to 


e 











For let EB and FD be cylinders on equal bases, 
(namely) the circles AB and CD (respectively). I say 
that as cylinder EB is to cylinder FD, so axis GH (is) to 
axis KL. 

For let the axis KL have been produced to point N. 
And let L.N be made equal to axis GH. And let the cylin- 
der CM have been conceived about axis LN. Therefore, 
since cylinders EB and CM have the same height they 
are to one another as their bases [Prop. 12.11]. And the 
bases are equal to one another. Thus, cylinders EB and 
CM are also equal to one another. And since cylinder 
FM has been cut by the plane C'D, which is parallel to 
its opposite planes, thus as cylinder CM is to cylinder 
FD, so axis LN (is) to axis K L [Prop. 12.13]. And cylin- 
der C M is equal to cylinder EB, and axis LN to axis GH. 
Thus, as cylinder EB is to cylinder FD, so axis GH (is) 
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xúňvõpov, obvoc ô ABH xGvoc npóc tov TAK xGvov. xoi 
Qc &pa 6 HO &&ov npóc tov KA &€ova, oüvoc 6 ABH 
X&voc Ted tov TAK xó&vov xoi ó EB xvAtvbe0c¢ ngóc TOV 
ZA xóňvõpov: Sree Eder Ociton. 


$ 
lE. 
Tõv toov xavwv xa xuA(v6pov åvtnenóvůaociv atl 
Baoetg voic Üdeotv: xoà Sv xOvwov xoà xuàivõpwv &vu- 
renóvUacty oi Báceic voc Ŭpeow, (cot ciol &xeivot. 


(1] 

















"Eotwoav toot x6vot xol xóAwópot, Qv Bdoeic u&v oi 
ABTA, EZHO xdxAot, diduetpor 6€ ooxGv oi AT, EH, 
&&ovec 6& ot KA, MN, otxtvec xoi Od eol x&v xàvov ñ 
xuàivõpwv, xoi cuunenxAnpoo0ocav ot AE, EO x0Atópot. 
Aéyo, ów x&v AZ, EO xvaAtvoowv dvunenóvüaocty ai Báoeic 
toic Üdeotv, xal otv óc f, ABTA Bdoc npóc thy EZHO 
Baow, obvoc tò MN Üdoc npgóc tò KA Doc. 

To yàp AK boc xà MN beet tor toov &odiv f| o0. 
čotw Tedtepov (cov. Éou ðè xoi ô AE xbAwdeoc tæ EO 
xvAtvdew (coc. oi Dè UNO TO adTO Bog Óvvec xvot xoi 
xóAtv6pot npóc dAAY|Aouc Eloly wd oi Dáosic: ton doa xoi 
n ABTA Påo tH EZHO Dáocet.. ote xoà åvtnénovůev, 
óc f, ABTA Báo npd¢ thy EZHO Bdow, o0voc tò MN 
bog npóc tò KA Bhoc. àAA& 87) WH Eotw tò AK doc 
t& MN tcov, àAX' Éoxo ueiCov tò MN, xoi éqrperjodo ano 
tov MN pous x& KA tcov tò TIN, xoi da tod II onuetou 
tetuńoðw ô EO xvaAwédeoc £nnéOóco 16 TYE rapari 
tois xv EZHO, PO xbxrwv exinédoic, xol and Baoewe uèv 
tov EZHO xúxňou, tous 8€ tod NII xbAwdeo0c¢ vevorjoto 
ô EX. xat &nei {oos &oxiv 6 AE xbAwbpoc xà EO xvatvoow, 
čaty doa Wo ô AE xbAwdpoc¢ npóc TOV EX xuAtvépov, obvoc 
ô EO xüXAtw6poc npóc Tov EX xvAwopov. GAN wo uèv ô AZ 
xóAtwOpoc npóc TOV EX xbAwdeov, obvoc Å ABTA Béo 
npóc thy EZHO: bro yàp 16 adtO Üdoc cioiv ot AE, EX 
xóAt6pov Oc bE ó EO xóAt6poc npóc Tov EX, obtoc TÒ 
MN toc ngóc tò IIN boc: 6 yàp EO xbAwdpoc &nixéóo 
TETUNTOL ropaAATjAc Óvtt toic amevavtiov &rinéGotc. Éoxty 
doa xoi ac f, ABTA Báoic npd¢ thy EZHO Bdow, obvoc TÒ 
MN Ütdoc xpóc tò IIN Üdoc. (cov 6& tò IIN boc xó KA 
ber Eotw doa wo 7 ABTA Báo npd¢ thy EZHO Bdow, 
obxoc tò MN bog npóc tò KA pos. xv dpa AE, EO 
xvAvopwv &vxnenóvüoaot oi Bd&oetc xoic Üdeotv. 
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to axis KL. And as cylinder EB (is) to cylinder FD, so 
cone ABG (is) to cone CDK [Prop. 12.10]. Thus, also, 
as axis GH (is) to axis KL, so cone ABG (is) to cone 
C DK, and cylinder EB to cylinder FD. (Which is) the 
very thing it was required to show. 


Proposition 15 


The bases of equal cones and cylinders are recipro- 
cally proportional to their heights. And, those cones and 
cylinders whose bases (are) reciprocally proportional to 
their heights are equal. 

















B 

Let there be equal cones and cylinders whose bases 
are the circles ABCD and EFGH, and the diameters 
of (the bases) AC and EG, and (whose) axes (are) KL 
and MN, which are also the heights of the cones and 
cylinders (respectively). And let the cylinders AO and 
EP have been completed. I say that the bases of cylinders 
AO and EP are reciprocally proportional to their heights, 
and (so) as base ABC D is to base EFGH, so height M N 
(is) to height K L. 

For height LK is either equal to height M N, or not. 
Let it, first of all, be equal. And cylinder AO is also equal 
to cylinder E P. And cones and cylinders having the same 
height are to one another as their bases [Prop. 12.11]. 
Thus, base ABC D (is) also equal to base EFGH. And, 
hence, reciprocally, as base ABCD (is) to base EFGH, 
so height M N (is) to height K L. And so, let height LK 
not be equal to M N, but let M N be greater. And let QN, 
equal to KL, have been cut off from height MN. And 
let the cylinder EP have been cut, through point Q, by 
the plane TUS (which is) parallel to the planes of the 
circles EFGH and RP. And let cylinder ES have been 
conceived, with base the circle EFGH, and height NQ. 
And since cylinder AO is equal to cylinder EP, thus, as 
cylinder AO (is) to cylinder ES, so cylinder EP (is) to 
cylinder E'S [Prop. 5.7]. But, as cylinder AO (is) to cylin- 
der ES, so base ABCD (is) to base EFGH. For cylinders 
AO and ES (have) the same height [Prop. 12.11]. And 
as cylinder EP (is) to (cylinder) ES, so height MN (is) 
to height QN. For cylinder EP has been cut by a plane 
which is parallel to its opposite planes [Prop. 12.13]. 
And, thus, as base ABCD is to base EFGH, so height 
MN (is) to height QN [Prop. 5.11]. And height QN 
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AAG OF vv AE, EO xuAtvópov åvtinerovðétwoav at 
Baoetc tois teow, xoi Eotw óc f, ABTA áotc med¢ thy 
EZHO Bédow, ottw>o tò MN boc ngóc tò KA Odoc: Aéyo, 
bu toog Eotly ô AE x0Xw6poc t EO xuX(vépo. 

T&v yàp atv xatxaoxevaoVEvtwy nel EOTIV ÒS f| 
ABTA óotc npóc thy EZHO Bdow, o0voc tò MN bhoc 
mpdc¢ tò KA toc, (cov 6$ tò KA boc xà TIN beet, ota 
&pa óc ñ ABTA Bdorg npóc thy EZHO Báow, obvoc TÒ 
MN bog npóc tò IIN toc. GAN óc uev À ABTA Báotc 
med¢ thy EZHO Bdow, obvoc 6 AZ xbAwdpeoc npóc tov 
EX xóAwOpov: Und yàp TO AVTO Bog cioiv: ç 66 TO MN 
bog med¢ tò IIN [Bdoc], obxoc 6 EO xvAwSeoc¢ npóc tòv 
EX xdAwdeov: Eottw dpa óc 6 AE xvAtvSpoc¢ npóc xóv EX 
xóNw6pov, otc ô EO xbAtvbe0¢ npóc tòv EX. ooç toa 
ô AE xóNwOpoc 16) EO xuAtvópo. @oadtws 6€ xol Ent Tov 
xovwv’ ónep Eder SetEau. 


? 
WT. 
Ato xÓxAov negl TO wvUTO xévipov SvTWY tic TOV 
uetCova xOxAov TOAUVYwvov loónAeUpÓv ve xoi dpxiónAeupov 
eyyeubar ur, oov tod &A&ocovoc xóxXov. 











"Eoxooav oi 900évxec 600 xOóxAot ot ABTA, EZHO 
regi TO MUTO xévipov TO K- det ð) eic TOV uetGova xóxAov 
tov ABTA mnoAXÓYovov icónAeUpÓóv te xol dpuónAeupov 
eyyeabar ur, badev to} EZHO »x0xXov. 

"Hyw yàp dia tod K xévtpou evdeia h BKA, »oi 
&nd tol H onusíou tH BA evdeia npóc pàs FyIw À 
HA xa Syo ext tò r- 5| AT dpa eganteta tot EZHO 
x0xAOv. téuvovtes 07 thy BAA  xepupépetav diya xol thy 
Nuloeiav adtiic Stya xal toto del xotobvrec xataAetbouev 
neprpéperav ¿àdocova fic AA. Acheipde, xol Éovo T) AA, 
xal and tod A &ri thy BA xóüexoc Too 9, AM. xoi xto 
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(is) equal to height KL. Thus, as base ABCD is to base 
EFGH, so height MN (is) to height K L. Thus, the bases 
of cylinders AO and EP are reciprocally proportional to 
their heights. 

And, so, let the bases of cylinders AO and EP be 
reciprocally proportional to their heights, and (thus) let 
base ABCD be to base EFGH, as height MN (is) to 
height KL. I say that cylinder AO is equal to cylinder 
EP. 

For, with the same construction, since as base ABCD 
is to base EF'GH, so height MN (is) to height KL, and 
height KL (is) equal to height QN, thus, as base ABC D 
(is) to base EFGH, so height MN will be to height 
QN. But, as base ABCD (is) to base EFGH, so cylin- 
der AO (is) to cylinder ES. For they are the same height 
[Prop. 12.11]. And as height MN (is) to [height] QN, 
so cylinder EP (is) to cylinder ES [Prop. 12.13]. Thus, 
as cylinder AO is to cylinder ES, so cylinder EP (is) to 
(cylinder) ES [Prop. 5.11]. Thus, cylinder AO (is) equal 
to cylinder EP [Prop. 5.9]. In the same manner, (the 
proposition can) also (be demonstrated) for the cones. 
(Which is) the very thing it was required to show. 


Proposition 16 


There being two circles about the same center, to 
inscribe an equilateral and even-sided polygon in the 
greater circle, not touching the lesser circle. 


A 





UJ 
Eu 





C 


Let ABC D and EFGH be the given two circles, about 
the same center K. So, it is necessary to inscribe an 
equilateral and even-sided polygon in the greater circle 
ABCD), not touching circle £F GH. 

Let the straight-line Bk D have been drawn through 
the center K. And let GA have been drawn, at right- 
angles to the straight-line BD, through point G, and let it 
have been drawn through to C. Thus, AC touches circle 
EFGH [Prop. 3.16 corr.]. So, (by) cutting circumference 
BAD in half, and the half of it in half, and doing this con- 
tinually, we will (eventually) leave a circumference less 
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&ri tò N, xoi exeTevyDwoav ai AA, AN: ton dea &oxiv f 
AA ti AN. xoi &nei napddAndrdc Eotw f, AN xfj AT, 1 òè AT 
épanteta tod EZHO »xxAov, f, AN &pa ovx &gárxexot tot 
EZHO »x0xXov: TOAAG doa ai AA, AN oóx epdntovta tod 
EZHO »x0xAou. £v 97) tH AA evdetatouc xatà tò cuveyéc 
&vapuócoyuev eic tov ABTA xvxdov, &vyYporjoexot eic Tov 
ABTA xÓxXov noňúywvov icónAeupóv te xoi dpxiónAeupov 
un badov tod £A&ácoovoc xbxAov tol EZHO: óncp eer 
TOLL. 
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than AD [Prop. 10.1]. Let it have been left, and let it be 
LD. And let LM have been drawn, from L, perpendicu- 
lar to BD, and let it have been drawn through to N. And 
let LD and DN have been joined. Thus, LD is equal to 
DN [Props. 3.3, 1.4]. And since LN is parallel to AC 
[Prop. 1.28], and AC touches circle EFGH, LN thus 
does not touch circle EFGH. Thus, even more so, LD 
and DN do not touch circle EFGH. And if we continu- 
ously insert (straight-lines) equal to straight-line LD into 
circle ABC D [Prop. 4.1] then an equilateral and even- 
sided polygon, not touching the lesser circle EF'GH, will 
have been inscribed in circle ABC D.! (Which is) the very 
thing it was required to do. 


t Note that the chord of the polygon, LN, does not touch the inner circle either. 


C. 
Ato oqgotpGv negl TÒ adtTd xévipov oboGv cic tv 
ue(Cova oqolipov oxepeóv noAvEdpov Ey ye&tbat uñ aov fic 
EAKOGOVOS oqaípac KATH THY &xupávetav. 





Nevońoðwocav 0600 opopo nep} TÒ axo xEvTpOV TO A: 
det 97] eic THY ue(Cova oqolipoy otepedv rorvedpov Ey yecupau 
un qoOov ts £Aáccovoc oqaípac xoxà Thy Emipdvetav. 

Tetuńoðwoav oi ogopa emimédq xti Sia tol xévtpou: 
éoovtat ù oi toua xbxAol, Eneldynep uevovons fic 
Öauétpou xal repupepouévou coU fjuoxuxA(ou EylyvETO ñ 
ogopa: ote xol xo0' otas dv ÜÉosecoc &mtvofjoouev TO 
fjuxxoxAtov, TO OU AVTOD ExBaAAdUEVOV &mí(neOov TOLHoEL 
£mi tfjg Emupavetac thc o«qoípoc xUxAov. xal pavepdy, 
Ot xol USYLOTOV, £xetofjnep Å SiduEteOC tis oqoípac, ÑT 


Proposition 17 


There being two spheres about the same center, to in- 
scribe a polyhedral solid in the greater sphere, not touch- 
ing the lesser sphere on its surface. 





Let two spheres have been conceived about the same 
center, A. So, it is necessary to inscribe a polyhedral solid 
in the greater sphere, not touching the lesser sphere on 
its surface. 

Let the spheres have been cut by some plane through 
the center. So, the sections will be circles, inasmuch 
as a sphere is generated by the diameter remaining be- 
hind, and a semi-circle being carried around [Def. 11.14]. 
And, hence, whatever position we conceive (of for) the 
semi-circle, the plane produced through it will make a 
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£o xoi voO fjuoxoxAtou ñiáuetpos OrAaO7) xol Tod x0xAou, 
ue(Cov &oxl naody x&v eic TOV KUXAOV Ñ tijv oqoipov õa- 
Youévov [ce00e.Gv]. gotw otv v uèv tH ue(Cow. oqoípa 
x0xXoc ô BLAE, êv dé tH £Àóáoocow oqgaíga x0x^oc ô ZHO, 
xol HyVwoay a'óxGv 600 SidvEteot npóc pàs AAAs od 
BA, TE, xoi 600 xÓxXov Teel TÒ AÙTÒ xévipov ÖVTWV xv 
BIAE, ZHO eic tov ue(Cova x0xXov tov BUAE noAOvovov 
icórAeupov xol dpxiónAeupov éYYevpóqUo uj patov tot 
éAdooovocg x0x^ou Tov ZHO, od rAeupol Eotwouy £v 16) BE 
tetaptyuopiw at BK, KA, AM, ME, xoi em@evydetoa ñ KA 
Ou] c &ri tò N, xoi dveotatw and tot A onyuetou t tot 
BPAE x0xAou ennédw npóc ópüàc 5, AE xoi cuuBoAAXéxo 
TÑ £ntpatveía. tis o«oípac xoà TO E, xoà Sie ts AE xoi 
exatépac x&v BA, KN £níne6a exBeBAjoda roujoouo: oh 
Sid xà clonueva El vfjc Emipavetuc tic opalpas Weyiotouc 
XÜxAouc. Totsitwoay, Gv HuxvxAra Eotw ent tv BA, KN 
dtauetowy xà BEA, KEN. xoi éxel fj ZA deh ott npóc TO 
tol BI'AE x0xXou éxtnedov, xod návta doa xà Già ts ZA 
énined& Eottv PNK npóc tò toŭð BTAE xóxAovu éExinedov- 
ote xoi xà BEA, KEN ñuxóxňa ópü& &ox npóc TO TOD 
BTAE xou éníxe6ov. xoi Enel tow Eoti xà BEA, BEA, 
KEN ñuxóxia ên. yàp toov ciot Gtévpov tõv BA, KN: 
loa £o xoi xà BE, BE, KE tetaptnuópia adAnroic. doa 
dpa cioly £v 16) BE tetaptnuopiy rAeupol to} moAUYa@von, 
toowdtat clot xoi £v tois BE, KE tetaptyuoptoic too voc 
BK, KA, AM, ME evd8etac. eyyeypapdwoav xol Eotwoav 
at BO, OII, IIP, P=, KX, XT, TY, TE, xoi exeCebyDwoav 
oi SO, TH, TP, xoi and xàv O, X Ent tò tod) Bl'AE 
XÜxAou exinedov xaVetor Tjyücoov: neoodvta Sh El Tac 
xotyüc voudc tæv emmédwv tac BA, KN, nenep xoi 
tà Tv BEA, KEN Exineda på toti npóc tò toù BTAE 
xdxAov eEntmedov. TITTETWOAV, xol EotTwoav at Oo, UX, 
xoi eneCevydw T, XP. xoi Enel Ev {oos NutxuxAtoic totic 
BEA, KEN ‘oo ånenuuévo eiotv ai BO, KX, xoà xdedetor 
Hyyevat eiotv ai Oo, UX, ton [pa] Eotiv 7 u£v OP «fj UX, 
5, 6€ B® xfj KX. £o dè xoi 6An À BA Gdn tH KA ton: xoi 
Aou Goa f, PA onf tH XA &owv ton Eotw &pa óc f, BS 
mpd¢ thy PA, ottw>o f, KX npóc thy XA: naeddAndroc &pa 
cotly f, XP tH KB. xoi enel exatéoa tv Oc, UX doedy 
£c npóc TO tol BI'AE xóxXovu £níne60v, topéAAnAoc &po 
&coxiv f) OO «fj UX. edetyOn 6& otf] xol tory xoi oi XP, UO 
doa toot sioù xoà mupdAAnAor. xol Emel TaEGAANAGS otv 
n XP th UO, Qà 5 Xe tH KB cot napåňànàoc, xol 
n UO &pa tH KB ot xapódAAvrAoc. xal &müeuyvOouoww 
avtac oi BO, KE: tò KBOX toa xexpgánAeupov v evi 
EOTW ETINESW, nenep, Ev Bot 600 cvVeion MAPdAANAOL, 
xoà Ep’ Exatépac atv Anp tuydvta onucia, H êm tà 
onto emCevyvuuevy evveta êv vG ax Eximédw tot) tos 
TUPAAANAOLG. Sià xà KUTA OH xol Exdtepov x&v XOIIT, 
TIIPY teteanrcvewy ev evi cotw Eminédw. £o Se xol 
tò TPZ tetywvov v evi Eminédw. àv O7] vofjoouev ano 


ELEMENTS BOOK 12 


circle on the surface of the sphere. And (it is) clear 
that (it is) also a great (circle), inasmuch as the diam- 
eter of the sphere, which is also manifestly the diame- 
ter of the semi-circle and the circle, is greater than all 
of the (other) [straight-lines] drawn across in the cir- 
cle or the sphere [Prop. 3.15]. Therefore, let BCDE be 
the circle in the greater sphere, and FGH the circle in 
the lesser sphere. And let two diameters of them have 
been drawn at right-angles to one another, (namely), 
BD and CE. And there being two circles about the 
same center—(namely), BC DE and FGH—let an equi- 
lateral and even-sided polygon have been inscribed in 
the greater circle, BC DE, not touching the lesser circle, 
FGH [Prop. 12.16], of which let the sides in the quad- 
rant BE be BK, KL, LM, and ME. And, KA being 
joined, let it have been drawn across to N. And let AO 
have been set up at point A, at right-angles to the plane of 
circle BC DE. And let it meet the surface of the (greater) 
sphere at O. And let planes have been produced through 
AO and each of BD and KN. So, according to the afore- 
mentioned (discussion), they will make great circles on 
the surface of the (greater) sphere. Let them make (great 
circles), of which let BOD and KON be semi-circles on 
the diameters BD and KN (respectively). And since OA 
is at right-angles to the plane of circle BC DE, all of the 
planes through OA are thus also at right-angles to the 
plane of circle BCDE [Prop. 11.18]. And, hence, the 
semi-circles BOD and KON are also at right-angles to 
the plane of circle BC DE. And since semi-circles BED, 
BOD, and KON are equal—for (they are) on the equal 
diameters BD and KN [Def. 3.1]—the quadrants BE, 
BO, and KO are also equal to one another. Thus, as 
many sides of the polygon as are in quadrant BE, so 
many are also in quadrants BO and KO equal to the 
straight-lines BK, KL, LM, and ME. Let them have 
been inscribed, and let them be BP, PQ, QR, RO, KS, 
ST, TU, and UO. And let SP, T'Q, and U R have been 
joined. And let perpendiculars have been drawn from P 
and S to the plane of circle BC DE [Prop. 11.11]. So, 
they will fall on the common sections of the planes BD 
and KN (with BC DE), inasmuch as the planes of BOD 
and KON are also at right-angles to the plane of circle 
BCDE [Def. 11.4]. Let them have fallen, and let them be 
PV and SW. And let WV have been joined. And since 
BP and KS are equal (circumferences) having been cut 
off in the equal semi-circles BOD and KON [Def. 3.28], 
and PV and SW are perpendiculars having been drawn 
(from them), PV is [thus] equal to SW, and BV to KW 
[Props. 3.27, 1.26]. And the whole of BA is also equal 
to the whole of KA. And, thus, as BV is to VA, so KW 
(is) to WA. WV is thus parallel to K B [Prop. 6.2]. And 
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t&v O, X, IL, T, P, Y onuciwv &ri tò A émevyvuyevac 
evvetac, ovotadroetat xt oyua ovepeóv TOAVEdpOV uoxato 
t&v BE, KE neptupepetóv ex nupaulðwv ouvyxeluevov, àv 
Baoeig u£v xà KBOX, XOIIT, TIPY xexpgánAeugo xoà tò 
TPE tetywvov, xopuq?; 6$ tò A onuciov. &àv be xoi Ent 
&xáocnc vy KA, AM, ME nAeupgGv xaddnep ent ts BK xà 
QAÙTÀ XATAOXEUÅOWEV xol ETL xv AOLMY vplv TeTAETH- 
uopgíov, cvotadjoetat tL oyua MoAVEdSpoV tyyeypauuévov 
tic THY oqolipav nupautot nepieyópevov, Gv Báotec [Ev] tà 
eigrnéva tetodnAcvpa xal tò TPE totywvov xal xà óuoxaryf| 
axoic, xopuqg1) 68 TO A onueiov. 

Aévo 6t TÒ eipruévov noAó0e8pov ox Epebeta cfc 
&£Aáocovoc oqaípoac xoxà THY &mupávetav, EP" fic otv ò 
ZHO xÓxAoc. 

“Hyd &nó tod A onueiou êm tò told KBOX qts- 
tpanAe0pou eninedov xéÜevoc Å AW xoi cuupoAAÉvo xG 
&rixéOQ xatà TO V onuciov, xoi &neCeOy0ooov ai VB, VK. 
xol &rel f, AW pý Eott npóc tò xo0 KBOX teteanAebeou 
éninedov, xol rpóc TACAS Goa TAŞ àárvouévac orfjc EvVElac 
xoà oboac £v Té tod xexpamAeOpou Emimédw pý £otv.. Å 
AW & a pð Eott npóc Exatéeav vv BW, VK. xoi Exel 
fon ov f, AB ti AK, (cov &oxi xoi tò dnd týs AB 16 
ano ts AK. xat £o 1G uèv and ts AB (ca xà and tõv 
AV, VB: pt yàp Å npóc xG Y: và dè and týs AK tou xà 
and tv AW, VK. tà dow and vv AV, VB ica tot) toç 
and tév AV, VK. xowoóv énorjodo tò and týs AV: Xowxóv 
&pa TO and thc BY Aou 1G and tfj; VK tcov Eativ: tor, 
goa ñ BV xfj YK. duoiws 57 deiGouev, dtr xol oi and tod V 
im xà O, X EniCevyvoyevan evVeion toot elolv Exatéea xGv 
BW, UK. ò doa xévxvpo 1G V xoi óGtxotfjuoxt evi vv. VB, 
WK yeaupduevoc xóx^oc ési xoi dà vàv O, X, xoi £oxot 
£v x0xAo TO KBOX xexpánAeupov. 

Kat nel uciGov &odiv f, KB týs X6, ion o6 ñ XP «fi 
XO, uc(Cov doa À KB tic XO. ton 68 ñ KB &xoxépa xGv 
KX, BO: xai exatépa doa vv KX, BO týs XO pystiCov 
£o1(v. xol Enel £v X0xAÀqo xevpánAeupóv EoTL TO KBOX,, xoi 
loot ot KB, BO, KE, xal chattwv 7 OX, xoi £x tod xévvpou 
tot xóxAou &o1lv 5, BW, tò dpa and týs KB tob and tç 
BW uci@év éotw f, SinAdcowov. Hyw and tod K ent thy BO 
xav_etog f, KO. xoi &nel À BA ts AQ £X&txvov Eotiv T 
Of, xal Eottv wc f, BA ngóc thy AQ, obtoc TÒ ONO TéSV 
AB, BQ. ngóc tò òrò [xv] AQ, OB, avayeapouevou and 
ts BQ tetpayóvou xal ouunAnpougévou tod &ri ts OA 
xapoAArAovoáugou xoi TO ónó AB, BO doa tod rò AQ, 
QB ëčňattóv otv fj SitAdcowov. xal ċott tic KA emCev- 
Yvuuévnc TÒ uèv òrò AB, BO oov 16 àxó tis BK, tò dé 
òrò x&v AQ, OB tcov 16 and týs KO: 16 dpa dnd ts KB 
tod and thc KO £Aatccóv otv fj SimAcowov. GAAG TO AMO 
tfic KB tot ånò týs BV ueiCóv Eotw T, SimAdovov’ uetCov 
doa TO ano tfjg KQ tod and týs BW. xoi enei ton £odiv ñ 
BA «fj KA, toov &od tò ånò týs BA 16 and tic AK. xaí 
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since PV and SW are each at right-angles to the plane 
of circle BCDE, PV is thus parallel to SW [Prop. 11.6]. 
And it was also shown (to be) equal to it. And, thus, 
WV and SP are equal and parallel [Prop. 1.33]. And 
since WV is parallel to SP, but WV is parallel to KB, 
SP is thus also parallel to KB [Prop. 11.1]. And BP 
and KS join them. Thus, the quadrilateral kK BPS is in 
one plane, inasmuch as if there are two parallel straight- 
lines, and a random point is taken on each of them, then 
the straight-line joining the points is in the same plane 
as the parallel (straight-lines) [Prop. 11.7]. So, for the 
same (reasons), each of the quadrilaterals SPQT and 
TQRU is also in one plane. And triangle URO is also 
in one plane [Prop. 11.2]. So, if we conceive straight- 
lines joining points P, S, Q, T, R, and U to A then 
some solid polyhedral figure will have been constructed 
between the circumferences BO and KO, being com- 
posed of pyramids whose bases (are) the quadrilaterals 
KBPS, SPQT, TQRU, and the triangle U RO, and apex 
the point A. And if we also make the same construction 
on each of the sides KL, LM, and ME, just as on BK, 
and, further, (repeat the construction) in the remaining 
three quadrants, then some polyhedral figure which has 
been inscribed in the sphere will have been constructed, 
being contained by pyramids whose bases (are) the afore- 
mentioned quadrilaterals, and triangle URO, and the 
(quadrilaterals and triangles) similarly arranged to them, 
and apex the point A. 

So, I say that the aforementioned polyhedron will not 
touch the lesser sphere on the surface on which the circle 
FGH is (situated). 

Let the perpendicular (straight-line) AX have been 
drawn from point A to the plane KBPS, and let it meet 
the plane at point X [Prop. 11.11]. And let XB and 
X K have been joined. And since AX is at right-angles to 
the plane of quadrilateral K BPS, it is thus also at right- 
angles to all of the straight-lines joined to it which are 
also in the plane of the quadrilateral [Def. 11.3]. Thus, 
AX is at right-angles to each of B X and XK. And since 
AB is equal to AK, the (square) on AB is also equal to 
the (square) on AK. And the (sum of the squares) on AX 
and XB is equal to the (square) on AB. For the angle 
at X (is) a right-angle [Prop. 1.47]. And the (sum of 
the squares) on AX and X K is equal to the (square) on 
AK [Prop. 1.47]. Thus, the (sum of the squares) on AX 
and X B is equal to the (sum of the squares) on AX and 
X K. Let the (square) on AX have been subtracted from 
both. Thus, the remaining (square) on BX is equal to the 
remaining (square) on X K. Thus, BX (is) equal to XK. 
So, similarly, we can show that the straight-lines joined 
from X to P and S are equal to each of BX and XK. 
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£c 16) u£v and xfic BA tou xà dnd x&v BW, WA, 16 òè and 
ts KA toa xà dnd xv KO, QA- xà dou dnd xv BU, VA 
{oa goth toic and tev KO, QA, Gv TÒ dnd týs KO uctov 
toO and tc BW: Aowndv &pa tò ånò týs QA ÉAacoóv £o 
toU ånò ts WA. ue(Cov dpa ñ AW ts AQ: TOAAG koa f| 
AW us(Gov éotl tic AH. xal otw f, u£v AY £r ulav tod 
roÀué8pou Báo, 9| 6£ AH Ent tv ts EAdhooovoc oqaípoc 
éntpáveutv: Bote TO ToAvEedpov ov avoet tic £Aácocovoc 
Opaloac KATH THY &riávetav. 

Abo dea opapõv nepi TÒ axo xEvTEOV oboGv eic THY 
ue(Cova ooiipav otepedv ToAVEdpoy Ey yeypaTtat ur aov 
ts £Aácoovoc o«aípoc xatà THy &£mupávetav: Ónep eet 
TOOL. 
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Thus, a circle drawn (in the plane of the quadrilateral) 
with center X, and radius one of X B or XK, will also 
pass through P and S, and the quadrilateral KBPS will 
be inside the circle. 

And since K B is greater than WV, and WV (is) equal 
to SP, KB (is) thus greater than SP. And KB (is) 
equal to each of KS and BP. Thus, KS and BP are 
each greater than SP. And since quadrilateral KBPS 
is in a circle, and K B, BP, and KS are equal (to one 
another), and PS (is) less (than them), and BX is the 
radius of the circle, the (square) on K B is thus greater 
than double the (square) on B X.! Let the perpendicular 
KY have been drawn from K to BV. And since BD is 
less than double DY, and as BD is to DY, so the (rect- 
angle contained) by DB and BY (is) to the (rectangle 
contained) by DY and Y B—a square being described 
on BY, and a (rectangular) parallelogram (with short 
side equal to BY) completed on Y D—the (rectangle con- 
tained) by DB and BY is thus also less than double the 
(rectangle contained) by DY and Y B. And, K D being 
joined, the (rectangle contained) by DB and BY is equal 
to the (square) on BK, and the (rectangle contained) by 
DY and Y B equal to the (square) on KY [Props. 3.31, 
6.8 corr.]. Thus, the (square) on KB is less than double 
the (square) on KY. But, the (square) on KB is greater 
than double the (square) on BX. Thus, the (square) on 
KY (is) greater than the (square) on BX. And since 
BA is equal to K A, the (square) on BA is equal to the 
(square) on AK. And the (sum of the squares) on B X 
and X A is equal to the (square) on BA, and the (sum of 
the squares) on KY and Y A (is) equal to the (square) on 
KA [Prop. 1.47]. Thus, the (sum of the squares) on BX 
and X A is equal to the (sum of the squares) on KY and 
Y A, of which the (square) on KY (is) greater than the 
(square) on BX. Thus, the remaining (square) on Y A 
is less than the (square) on X A. Thus, AX (is) greater 
than AY. Thus, AX is much greater than AG.$ And AX 
is (a perpendicular) on one of the bases of the polyhe- 
dron, and AG (is a perpendicular) on the surface of the 
lesser sphere. Hence, the polyhedron will not touch the 
lesser sphere on its surface. 

Thus, there being two spheres about the same cen- 
ter, a polyhedral solid has been inscribed in the greater 
sphere which does not touch the lesser sphere on its sur- 
face. (Which is) the very thing it was required to do. 


* Since KB, BP, and KS are greater than the sides of an inscribed square, which are each of length V2 BX. 


* Note that points Y and V are actually identical. 


$ This conclusion depends on the fact that the chord of the polygon in proposition 12.16 does not touch the inner circle. 
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IIógtoya. 

"Edy 8& xol cic &vápotv oqolipav 16) èv tÅ BAE ogatog 
OTEPEG) TOAVESEW Óuotov otepeóv roAOs0pov EYYEAHH, TO 
év ty) BAE oqoípa otepedv noAvedpov npóc TO Ev TH 
tép O~atog ovepeóv TOAVESPOV xpuxAoo(ova ADYOV EXEL, 
Aree H vfic BTAE oqaípoc 6t&uevpoc npóc v/v fic &xépoc 
oqaípoc Oukuevpov.  OuupeÜÉviov yàp vv otspeOv cic 
Tac OUOLOTANVEIc xoi oógotovoYeic TUPAULdAC £covcot qi TU- 
pauidec Guoto. oi bE Óuotu nupap(óec npóc GAANAAC Ev 
ToltAaotow Ady ciol tTév ógoAÓYvov nAsupGv: f| hoa Tv- 
eauic, ñs Bácic uév Eott tò KBOX tetodnAcvpov, xopuqgr, 
dé tò A onyuciov, npóc THy Ev xfj &vépa. oqaípa. ôpoiotayñ 
TUEALLSA ToLMAKolova ADYOV EXEL, Tixep N OUOAOYOS TACUEe 
xpóc THY OUdAOYOV TAEUE&y, TOUTEOTIV Tjnep 5| AB £x tov 
xév1pou fic oqoípac TÄS regi xévvpov TO A npóc THY Ex TOU 
xévtpou Thc £xépac o«qoípac. Ouoíoc xol ExdotH rupopic 
x&v Ev TH nepi xévxpov 10 A o~atoa npóc ExdotHy ôuotayñ 
Tupauida x&v Ev t Etépa o~atog toinmAaotova Adyov É&et, 
nep ñ AB npóc thy &x tov xévtpou ts tépas oqaígoc. 
xal óc Ev TOV NYOLLEVWY npóc EV THY &rogévov, OUTWC 
Anavta TH fjvoOueva Teds ğravta xà &£nÓuevor ote Odov 
TÒ Ev tfj negl xévtpov xó A ogatpa otepedv toAbEdpov 
TEOS OAOV TO Ev TH tépa [o~ateg] oxepeóv NOAVES—OV tpt- 
TAaotova Aóvov €€et, nep Nn AB npóc try Ex tov xévteoU 
tfc &xépoc oqaípac, vouéowv Tjnep H BA õiduetpos npóc 
THY Tic £vépoc oqoípac Ouevpov: ónep eer óciton. 


rà 
Ww A 
Ai ogopa ted GAANAaS Ev xptxAotc(ovt Aóyo ciol xiv 
iwv Otou£vpov. 
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Corollary 


And, also, if a similar polyhedral solid to that in 
sphere BCDE is inscribed in another sphere then the 
polyhedral solid in sphere BC DE has to the polyhedral 
solid in the other sphere the cubed ratio that the diameter 
of sphere BCDE has to the diameter of the other sphere. 
For if the solids are divided into similarly numbered, and 
similarly situated, pyramids, then the pyramids will be 
similar. And similar pyramids are in the cubed ratio of 
corresponding sides [Prop. 12.8 corr.]. Thus, the pyra- 
mid whose base is quadrilateral KBPS, and apex the 
point A, will have to the similarly situated pyramid in the 
other sphere the cubed ratio that a corresponding side 
(has) to a corresponding side. That is to say, that of ra- 
dius AB of the sphere about center A to the radius of the 
other sphere. And, similarly, each pyramid in the sphere 
about center A will have to each similarly situated pyra- 
mid in the other sphere the cubed ratio that AB (has) to 
the radius of the other sphere. And as one of the leading 
(magnitudes is) to one of the following (in two sets of 
proportional magnitudes), so (the sum of) all the lead- 
ing (magnitudes is) to (the sum of) all of the following 
(magnitudes) [Prop. 5.12]. Hence, the whole polyhedral 
solid in the sphere about center A will have to the whole 
polyhedral solid in the other [sphere] the cubed ratio that 
(radius) AB (has) to the radius of the other sphere. That 
is to say, that diameter BD (has) to the diameter of the 
other sphere. (Which is) the very thing it was required to 
show. 


Proposition 18 


Spheres are to one another in the cubed ratio of their 
respective diameters. 
A 
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Nevofjoüooav ogopa at ABT, AEZ, dicueteor òè 
aùtõv oi BT, EZ: Aéyw, ów f, ABT ogopa ngóc thy AEZ 
ooüpov teitAactova Aóyov éyet Tixep n BI npóc thy EZ. 

Ei yàp yù ñ ABT ogopa xpóc thy AEZ opoapav tpt- 
TAaotova Adyov Exe fixep ñ BI npóc thy EZ, É&et pa f| 
ABT ogoíüpoa npóc tàdocová twa týs AEZ oqaípoc tpt- 
TAaotova Aóyov f, npóc yEtTova nep H BT xpóc thy EZ. 
&yÉxo TEdTEPOV npóc tàdocova THY HOK, xal vevorjoto ñ 
AEZ tý HOK negl tò abxó xévtpov, xol Eyyeyeapdw cic 
thy uetCova oqolipav tiv AEZ oxepeóv noAvedpov uÀ patiov 
Thc &£Aáooovoc oqoípoac thc HOK xatà thy &mtupávetay, 
éyyeyedo vw sé xoi eic thy ABT ogoipav 16 £v xfj AEZ 
oqaípa ocxepeG MoAVEdpW GUOLOV OTEPEOV noA0cOpov: TO 
&ea £v tÅ ABT otepedv noAvedpov npóc tò Ev tH AEZ 
oxepeóv TOAVESPOV xpuxAoo(ova Adyov Exel Ameo Y, BT npóc 
thy EZ. éyet 6& xoi À ABT ogopa npóc thy HOK odoípav 
ToimAaotova Aóvov Free f, BT ned¢ thy EZ: Eotw doa we 
n ABT ogdipa npóc thy HOK ogoípov, ottw¢ 16 £v TH 
ABT ogatpg otepeòv noA0e0pov npóc TÒ Ev TH AEZ oqaípa 
otepedov TOAVESPOV’ EVOAAGE [Koa] óc ñ ABT oqolipa npóc 
TO EV HUTH TOAVESEOV, obvoc f, HOK ogopa npóc TÒ Ev TY; 
AEZ ogatpg oxepeóv roAvedpov. ucitwv sé 7 ABT ogoiton 
toU év avtH roAuéópou: peiCwv dpa xoi 7 HOK odqolipa 
tot év tf AEZ oqoípa noAuéópou. dAAà xoi EAT’ 
&unepiéyevot yàp Um’ avtov. obx dea f, ABT ogaiioa npóc 
éhdooova ts AEZ oqoípac tertAaotova Adyov &yet Free f) 
BT àiéuexpoc ned¢ Thy EZ. óuotoc 97) SetEouev, óc. OVSE Å 
AEZ ogopa npóc £A&ooova ts ABT oqoípac teitAaotova 
Aóvov Eyxet Aree n EZ ngoc thy BI. 

Aéyw oh, 6tt 000€ f, ABT ogopa npóc ue(Cová tiva ts 
AEZ oqaípac teitAuctova Aóyov Eye nep f, BI ngóc thy 
EZ. 

Ei yàp Suvatéy, &yéxo Teds ue(Gova thy AMN: &vénoouv 
&pa f, AMN ogopa npóc thy ABT ogaipay teitAactova 
Aóyov Eye Aree f, EZ Ouiuevpoc ngóc thy BI didueteov. 
Ós 6€ Å AMN ogopa npgóc thy ABT oqolipav, oŭŬtws f, AEZ 
ogdion xpóc &A&ocová& twa týs ABT oqoípac, nenep 
u&Cov cotiv 7 AMN ts AEZ, óc čunrpooðev edetyIn. xoi 
n AEZ dea opopa npóc &A&ooová twa ts ABT oqaípoc 
ToimAactova Aóyov exe Ameo n EZ npóc vi BI" Ómep 
&d0vatov EdetyIn. oOx &pa f, ABT o—dipa npóc uciÇovå 
twa týs AEZ oqoípac teitAaoctova Aóvov éyet Fnep f, BE 
TES THY EZ. edeiyOn dé, StL OVSE npóc £A&ooova. f| Koa 
ABT ogopa npd¢ tiv AEZ ogoiipay teinmAactova Adyov Éyet 
Anco n BT npóc thy EZ: ónep er Seiten. 
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Let the spheres ABC and DEF have been conceived, 
and (let) their diameters (be) BC and EF (respectively). 
Isay that sphere ABC has to sphere DEF the cubed ratio 
that BC (has) to EF. 

For if sphere ABC does not have to sphere DEF the 
cubed ratio that BC (has) to EF then sphere ABC will 
have to some (sphere) either less than, or greater than, 
sphere DEF the cubed ratio that BC (has) to EF. Let 
it, first of all, have (such a ratio) to a lesser (sphere), 
GHK. And let DEF have been conceived about the 
same center as GH K. And let a polyhedral solid have 
been inscribed in the greater sphere DEF, not touching 
the lesser sphere GH K on its surface [Prop. 12.17]. And 
let a polyhedral solid, similar to the polyhedral solid in 
sphere DEF, have also been inscribed in sphere ABC. 
Thus, the polyhedral solid in sphere ABC has to the 
polyhedral solid in sphere DEF the cubed ratio that BC 
(has) to EF [Prop. 12.17 corr.]. And sphere ABC also 
has to sphere GH K the cubed ratio that BC (has) to EF. 
Thus, as sphere ABC is to sphere GH K, so the polyhe- 
dral solid in sphere ABC (is) to the polyhedral solid is 
sphere DEF. [Thus], alternately, as sphere ABC (is) to 
the polygon within it, so sphere GH K (is) to the polyhe- 
dral solid within sphere DEF [Prop. 5.16]. And sphere 
ABC (is) greater than the polyhedron within it. Thus, 
sphere GH K (is) also greater than the polyhedron within 
sphere DEF [Prop. 5.14]. But, (it is) also less. For it is 
encompassed by it. Thus, sphere ABC does not have to 
(a sphere) less than sphere DEF the cubed ratio that di- 
ameter BC (has) to EF. So, similarly, we can show that 
sphere DEF does not have to (a sphere) less than sphere 
ABC the cubed ratio that EF (has) to BC either. 

So, I say that sphere ABC does not have to some 
(sphere) greater than sphere DEF the cubed ratio that 
BC (has) to EF either. 

For, if possible, let it have (the cubed ratio) to a 
greater (sphere), LMN. Thus, inversely, sphere LMN 
(has) to sphere ABC the cubed ratio that diameter 
EF (has) to diameter BC [Prop. 5.7 corr]. And as 
sphere LMN (is) to sphere ABC, so sphere DEF 
(is) to some (sphere) less than sphere ABC, inasmuch 
as LMN is greater than DEF, as was shown before 
[Prop. 12.2 lem.]. And, thus, sphere DEF has to some 
(sphere) less than sphere ABC the cubed ratio that EF 
(has) to BC. The very thing was shown (to be) impossi- 
ble. Thus, sphere ABC does not have to some (sphere) 
greater than sphere DEF the cubed ratio that BC (has) 
to EF. And it was shown that neither (does it have 
such a ratio) to a lesser (sphere). Thus, sphere ABC has 
to sphere DEF the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 
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The Platonic Solids! 


+The five regular solids—the cube, tetrahedron (i.e., pyramid), octahedron, icosahedron, and dodecahedron—were problably discovered by 
the school of Pythagoras. They are generally termed “Platonic” solids because they feature prominently in Plato’s famous dialogue Timaeus. Many 
of the theorems contained in this book—particularly those which pertain to the last two solids—are ascribed to Theaetetus of Athens. 
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* 
Oa 
'"E&v evveia Ypouu| dxpov xoi uécov Aóvov umb, 
TÒ ueiCov tuua npoocAopoóv thy fW(oewv týs GANS nev- 
TarAdotov Sbvatat TOŬ Tò ts Huloetac vexponyovou. 


A 





























K H E 

Eó0cia yàp voouu!? f, AB óxpov xoi uécov Aóyov 
xexufjoOc xatà tò T onyetov, xoi Eotw uciGov tuua TO 
AT, xoi éxBeBrhodw én’ cdVetuc tH TA cocta ñ AA, xoi 
xetodw ts AB futoet f, AA: Aéyo, StL nevvamA&otóv £o 
tO and ts TA tot and xfjc AA. 

Avayeypapdwoav yàp and vv AB, AT xexpéyvova 
ta AE, AZ, xoi xatayeyedgdw £v tă AZ tò oyua, xol 
Oujyüc Á ZT ent tò H. xoi Exel f, AB &xpov xoà uécov 
Aóvov TETUNTA xoà TÒ T, TÒ dow UNO x&v ABT tcov ot 
1G and ts AT. xal got TÒ u£v Und x&v ABT tò TE, tò 
dé ano thc AT tò ZO: {oov doa tò TE 16 ZO. xoi enet 
Gf, £owv Å BA tijc AA, ton òè A uv BA tÑ KA, rj 6€ 
AA ti AO, Gu f| &pa xol fj KA xfjc AO. óc 68 H KA npóc 
thv AO, odtwc tò TK npóc tò TO: GuAotov pa tò TK 
tot TO. cio} òè xoi xà AO, OL SitAcove tot TO. toov &pa 
tò KT tois AO, OT. edetyDn dé xoi tò TE 16 OZ oov: 
dhov Goa TO AE tete&ywvov toov éott tă MNE yvauow. 
xoi &nel Sindy} otv 5| BA tic AA, vexvparctotóv &oxt TO 
and ts BA tod and ts AA, toutéott tò AE tod AO. 
toov 6¢ tò AE 16 MNE yvayuow xoi ô MNE dea yvóuwv 
tetopatAcods £o o0 AO: óXov toa tò AZ nevxanóotóv 
£c tov AO. xaí £o tò uèv AZ tò ånò tis AT, tò 66 AO 
TÒ and tfj AA: 16 doa and ts TA nevtanAdoudy £o tov 
ano ts AA. 

"Eàvy doa eta dxpov xal uécov Aóvov xumnÜf, TO ueiGov 
tuua npooAofoóv thy Tfju(oetav týs Öns nevtanridoiov 
SUvatat TOD ano tis Yjutoe(ac tetpayovov: önep Eder dego. 
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Proposition 1 


If a straight-line is cut in extreme and mean ratio 
then the square on the greater piece, added to half of 
the whole, is five times the square on the half. 





























L F 

P 

D Sd 
K G E 


For let the straight-line AB have been cut in extreme 
and mean ratio at point C, and let AC be the greater 
piece. And let the straight-line AD have been produced 
in a straight-line with CA. And let AD be made (equal 
to) half of AB. I say that the (square) on CD is five times 
the (square) on DA. 

For let the squares AE and DF have been described 
on AB and DC (respectively). And let the figure in DF 
have been drawn. And let FC have been drawn across to 
G. And since AB has been cut in extreme and mean ratio 
at C, the (rectangle contained) by ABC is thus equal to 
the (square) on AC [Def. 6.3, Prop. 6.17]. And CE is 
the (rectangle contained) by ABC, and FH the (square) 
on AC. Thus, CE (is) equal to FH. And since BA is 
double AD, and BA (is) equal to KA, and AD to AH, 
K A (is) thus also double AH. And as K A (is) to AH, so 
CK (is) to CH [Prop. 6.1]. Thus, CK (is) double CH. 
And LH plus HC is also double CH [Prop. 1.43]. Thus, 
KC (is) equal to LH plus HC. And CE was also shown 
(to be) equal to H F. Thus, the whole square AE is equal 
to the gnomon M NO. And since BA is double AD, the 
(square) on BA is four times the (square) on AD—that 
is to say, AE (is four times) DH. And AE (is) equal to 
gnomon M NO. And, thus, gnomon M NO is also four 
times AP. Thus, the whole of DF is five times AP. And 
DF is the (square) on DC, and AP the (square) on DA. 
Thus, the (square) on CD is five times the (square) on 
DA. 

Thus, if a straight-line is cut in extreme and mean ra- 
tio then the square on the greater piece, added to half of 
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p. 

‘Edy eó0cia year vufjuuvoc auts n&vromAGotov 
6O0vrvot, thc SitAaotac tol cipnuévou tuńuatos doxpov xal 
uécov Aóvov xeuvouévrc TO ueiGov xufjua TO AOLTOV uépoc 
£c tic && åpxñs ebVetuc. 





Z 


























K E H 

Evveia yàp veouyr, 7 AB tuńuatos Eautijc tod AT xev- 
xamA&otov Guvácto, tic è AT Ouf, Eotw f, DA. Xévo, 
óu ts DA äxpov xoi uécov Aóyov veuvouévoc TO uettov 
xufju& cotw f, LB. 

Avayeyeapdw yàp åp exatépac Tv AB, DA xexpéyova 
ta AZ, TH, xoi xoxoveyoóqüo ev x AZ tò oyfjua, xoi 
dijyVw Y, BE. xoi Enel nevxanAGoióv ott TÒ and tiic BA 
tov and thc AD, nevxonAGoióv oti tò AZ tot AO. te- 
teatAcotog toa ô MNZ yvauwv tot AO. xoi Enel Gu, 
tot n AT ts TA, xexpgoróotov dpa &oxi 16 and AT tod 
ano TA, toutéott tò TH tot AO. edetydn 6€ xoi ô MNE 
YYOUOV vevpaA&otoc to AO: {ooç dpa 6 MNE vvopuov 
1G DH. xa énel ouf, otv H AT qts DA, ton 68 Å uev 
AT «f TK, 5, 6€ AT tÅ TO, [BA f, Gow xoi f; KT xfic TO), 
6uxA&otov dea xoi tò KB tot BO. eioi dé xoi xà AO, OB 
tov OB ðmàdow (cov doa tò KB toic AO, OB. é6c(yün 
öè xol óAoc ô MNE yvouwv dAw t& TH tooc: xoi Aouxóv 
gpa tò OZ 165 BH otv toov. xal £o TÒ u£v BH tò no 
t&v TAB: ton yàp f, TA tH AH: tò òè OZ tò ånò ts TB: 
TÒ Goa bnd t&v TAB {oov toti 16 and ts TB. čotv dpa 
a> f, AT npd¢ thy TB, obxoc f, TB ngóc tùy BA. uettov 
dé f| AT tic TB: ueiGov doa xoi 7 TB ts BA. tňs TA 
dpa edvdetac ğxpov xal uécov Adyov xeuvouévnc TÒ ueitov 
xufju& cotw f, LB. 

‘Edy Gow cvVeta yea xurjuoxoc &aucfjc xevxorA&otov 
SvvNta, tfc SitAaoctac tol cipnuévou tunuatoc dxpov xal 
uécov Aóvov xeuvoyévrnc TO ueiGov xufjua TO AoLTOV uépoc 
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the whole, is five times the square on the half. (Which is) 
the very thing it was required to show. 


Proposition 2 


If the square on a straight-line is five times the 
(square) on a piece of it, and double the aforementioned 
piece is cut in extreme and mean ratio, then the greater 
piece is the remaining part of the original straight-line. 





























L F 
A 5. D 
K E G 


For let the square on the straight-line AB be five times 
the (square) on the piece of it, AC. And let CD be double 
AC. I say that if CD is cut in extreme and mean ratio 
then the greater piece is CB. 

For let the squares AF and CG have been described 
on each of AB and CD (respectively). And let the figure 
in AF have been drawn. And let BE have been drawn 
across. And since the (square) on BA is five times the 
(square) on AC, AF is five times AH. Thus, gnomon 
M NO (is) four times AH. And since DC is double C A, 
the (square) on DC is thus four times the (square) on 
C A—that is to say, CG (is four times) AH. And the 
gnomon M NO was also shown (to be) four times AH. 
Thus, gnomon M NO (is) equal to CG. And since DC is 
double CA, and DC (is) equal to CK, and AC to CH, 
[KC (is) thus also double CH], (and) KB (is) also dou- 
ble BH [Prop. 6.1]. And LH plus H B is also double HB 
[Prop. 1.43]. Thus, K B (is) equal to LH plus H B. And 
the whole gnomon M NO was also shown (to be) equal 
to the whole of CG. Thus, the remainder HF is also 
equal to (the remainder) BG. And BG is the (rectangle 
contained) by C DB. For CD (is) equal to DG. And HF 
(is) the square on CB. Thus, the (rectangle contained) 
by CDB is equal to the (square) on CB. Thus, as DC 
is to CB, so CB (is) to BD [Prop. 6.17]. And DC (is) 
greater than C B (see lemma). Thus, C B (is) also greater 
than BD [Prop. 5.14]. Thus, if the straight-line CD is cut 
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£c tic && doyic ebVetuc: Óónep Eder Seta. 


Afiuga. 

"Ow òè f, &uAfj thc AT ueiGov oti týs BD, obvoc 
OELXTEOY. 

Ei yàp uf, čotw, et Suvatédv, 7 BP ðA týs DÀ. te- 
xpo otov dpa TÒ and týs BT tot and týs TA: revxom dota 
doa và and t&v BT, TA tod ano tio TA. óxóxevcot 88 xol 
TÒ ano ts BA nevtanAdovov tot and tij¢ TA: tò &pa and 
tfic BA (cov £o toic and x&v BI, DA: óxep &d0vatov. 
oOx &pa HTB 6uaoí(a &ox tic AT. uolws 67) SetEouev, 
Ott Ode ý £A&vxov ts TB 6mAaoíov Eotl ts DÀ: n0XAG 
yàp [uciCov] tò &tonov. 

‘H doa týs AT DnA ue(Cov &ox ts TB: donee ede 
citar. 


, 


y 


Eàv eó0cia ypauu äxpov xoi uécov Aóvov cum, 
TO £Aacoov tuua npooAoQóv THY ñulosiav tov us(Covoc 
TUNUATOS TevtanAcotov Sbvato xoO ano tic fjutoe(oc tod 
uetCovoc xujuococ xvevpocyó vou. 


A A T B 





























A > E 
Evveia yYóp tic À AB ğxpov xoi uécov Adyov xexufjoto 
xatà tò I' onustov, xoi čotw ueitov xufjua tò AT, xoi 
xexurjo0o ý AT diya xatà tò Ac Aévo, StL nevxanóotóv 
£c TÒ dxó ts BA tod and tfc AT. 
Avayeyeapvw yàp and tis AB vexpéyovov tò AE, xoi 
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in extreme and mean ratio then the greater piece is CB. 

Thus, if the square on a straight-line is five times 
the (square) on a piece of itself, and double the afore- 
mentioned piece is cut in extreme and mean ratio, then 
the greater piece is the remaining part of the original 
straight-line. (Which is) the very thing it was required 
to show. 


Lemma 


And it can be shown that double AC (ie., DC) is 
greater than BC, as follows. 

For if (double AC is) not (greater than BC), if possi- 
ble, let BC be double C A. Thus, the (square) on BC (is) 
four times the (square) on CA. Thus, the (sum of) the 
(squares) on BC and CA (is) five times the (square) on 
CA. And the (square) on BA was assumed (to be) five 
times the (square) on CA. Thus, the (square) on BA is 
equal to the (sum of) the (squares) on BC and C A. The 
very thing (is) impossible [Prop. 2.4]. Thus, CB is not 
double AC. So, similarly, we can show that a (straight- 
line) less than CB is not double AC either. For (in this 
case) the absurdity is much [greater]. 

Thus, double AC is greater than CB. (Which is) the 
very thing it was required to show. 


Proposition 3 


If a straight-line is cut in extreme and mean ratio then 
the square on the lesser piece added to half of the greater 
piece is five times the square on half of the greater piece. 


A D C B 





























L S E 
For let some straight-line AB have been cut in ex- 
treme and mean ratio at point C. And let AC be the 
greater piece. And let AC have been cut in half at D. I 
say that the (square) on BD is five times the (square) on 
DC. 
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xatayeyed~dw simAoby tò oyua. Excel Ouf otw H AD 
ts AT, tetpanAcovov doa xo and ts AT tot and ts AT, 
toutéott TÒ PX tot ZH. xoi Enel tò Ond tõv ABT tcov 
éotl 16 dno tis AT, xal ċott TÒ Und x&v ABT tò TE, tò 
goa TE toov £oxl 165 PX. tetpanràáoiov ðè tò PX tot ZH: 
TetoatAdcotov doa xa tò TE tot ZH. náv nel ton cotiv 
f, AA xf, AT, ton £o xoi h OK xfj KZ. ote xoi tò HZ 
xexpétyovov (oov &oxi t OA tetpayavw. ton doa ñ HK 
tf KA, toutéotw f, MN tfj NE: dote xoi tò MZ xà ZE 
éotw toov. dAd tò MZ 16) TH otw (cov: xoi tò TH dow 
16) ZE otw toov. xowóv npooxsioðw tò ITN: 6 doa ZOI 
YOU tooc &oxi tă TE. AAG tò TE xevpomA otov cdetyOy 
tot HZ: xoi ò ZOII doa yvauwv tetpanràdoós cot vo0 ZH 
xevpaY vou. ô EOII dpa yvouwv xal tò ZH xexpéyovov 
revxanAGotóc ċott tol ZH. GAG ô ZOI yvauwv xal tò 
ZH xexpéyovóv gott tò AN. xat &ow tÒ u£v AN TÒ ano 
tiic AB, tò òè HZ tò and ts AT. tò &pa and týs AB 
xevxamAdotóv Eott TOD ånò ts ALT: Smee Eder Seigau. 


0 
"E&v cvveia oot, dxpov xoi u£cov Aóvov xumf, TÒ 
ATÒ tfc CANS xoi TOD £Aáooovoc xufjuaxoc, xà OCUVAPÓTEpA 
TETONYWVA, xpuxActou EOTL TOU dnd tot ue(Covoc xufjuococ 


TETOXY VOU. 
T B 














A H E 


"Eovo evdeta 7 AB, xoi tetunjodw dxpov xoi uécov 
Aóvov xaxà tò D, xoi čotw ucitov tuua tò AI" Evo, 
ou Ta dnd x&v AB, BT xguóot& £o tod and ts TA. 

Avayeyeapdw yàp and ts AB tetedywvov tò AAEB, 
xa xatayeyeap0u tÒ oyua. neci odv f| AB dxpov xa 
uécov Adyoy TÉTUNTAL XAT TÒ T, xoi TÒ uciGov tuñud otv 
n AT, tò doa óxó x&v ABT toov toti 16 ånò ts AT. xoí 
£c TÒ uèv UNO t&v ABT tò AK, tò òè and ts AT tò OH: 
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For let the square AE have been described on AB. 
And let the figure have been drawn double. Since AC is 
double DC, the (square) on AC (is) thus four times the 
(square) on DC—that is to say, RS (is four times) FG. 
And since the (rectangle contained) by ABC is equal to 
the (square) on AC [Def. 6.3, Prop. 6.17], and CE is the 
(rectangle contained) by ABC, CE is thus equal to RS. 
And RS (is) four times FG. Thus, C E (is) also four times 
FG. Again, since AD is equal to DC, H K is also equal to 
KF. Hence, square GF is also equal to square H L. Thus, 
GK (is) equal to K L—that is to say, MN to NE. Hence, 
MF is also equal to FE. But, MF is equal to CG. Thus, 
CG is also equal to FE. Let CN have been added to 
both. Thus, gnomon OPQ is equal to CE. But, CE was 
shown (to be) equal to four times GF. Thus, gnomon 
OPQ is also four times square FG. Thus, gnomon OPQ 
plus square FG is five times FG. But, gnomon OPQ plus 
square FG is (square) DN. And DN is the (square) on 
DB, and GF the (square) on DC. Thus, the (square) on 
DB is five times the (square) on DC. (Which is) the very 
thing it was required to show. 


Proposition 4 


If a straight-line is cut in extreme and mean ratio then 
the sum of the squares on the whole and the lesser piece 
is three times the square on the greater piece. 


A C B 




















D G E 


Let AB be a straight-line, and let it have been cut in 
extreme and mean ratio at C, and let AC be the greater 
piece. I say that the (sum of the squares) on AB and BC 
is three times the (square) on C A. 

For let the square AD EB have been described on AB, 
and let the (remainder of the) figure have been drawn. 
Therefore, since AB has been cut in extreme and mean 
ratio at C, and AC is the greater piece, the (rectangle 
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{oov doa &oxi tò AK t& OH. xa Enet toov éoti tò AZ xG 
ZE, xotvóv rpooxsioðw tò TK: óAov doa tò AK Ao 1G 
TE &cxv icov: xà dpa AK, TE tot AK &ox Gu doto. Xx 
tà AK, TE 6 AMN vvópuov &oxi xoi tò TK vevgéyovov: 6 
goa AMN Yvópuov xal tò PK tetpkywvov Gu cou ott vo 
AK. ®A& uy xoi tò AK 16 OH £6e(yün toov: 6 doa AMN 
yyvauwv xoi [xó TK xexe&yovov Su &ow £o tod OH: 
ote ó AMN yvauey xoi] xà DK, OH tetpáywva xeu dotá 
éott vob OH tetpayavou. xal cotw ó [u£v] AMN yvauevy 
xoi xà TK, OH tetpoåywva óXov tò AE xa tò TK, &xep £o 
xà and vv AB, BT teted&kywva, tò 6£ HO tò and ts AD 
xexpéryovov. xà doa and xv AB, BI tetoåywva xpi óotá 
£c Tov dxó týs AT vevpotyó vou: ónep Eder Seiga. 


£. 

"E&v còca youuu dxpov xoi u£cov Aóyov tunt, xoi 
1pgooxeUjf| ATH ton TH us(Cow vurjuat, À SAN cvVEta &xpov 
xal uécov AOYOV TéETUNTAL, xoi TO UEITov tuñuá EoTW 7H EF 
deyfc cocto. 


A A r B 




















E 

Eó0cia yàp voouu!? f, AB óxpov xoi uécov Aóyov 
TetuHoV xatà tò D ongsiov, xoi Eotw ucitov tuñua f| 
AT, xoà xfj AT ton [xelodw] 5, AA. Xévo, ów À AB cvVeta 
&xpov xoi uécov AóYvov xéxunvot xoà TO A, xoi TO ueitov 
1ufju& &oxtv f| && dpyrfic evVEta 7) AB. 

Avayeypágðw yàp and tis AB vexpéyovov tò AE, xoi 
xatayeyedgvw tò oyua. Enel fj AB dxpov xoi uécov Aóyov 
TÉTUNTAL xorcà TOT, tO doa ónó ABT toov toti 16 and AT. 
xal ott TÒ uèv òrò ABT tò TE, tò dé and tis AU tò TO: 
loov goa tò TE t& OT. GAAG 16 uèv TE toov &oxi tò OE, 
t& 6€ OT ícov tò AO: xoi tò AO äpa {oov Eotl x OE 
[xowóv rpooxcioðw tò OB]. óXov doa tò AK ÓXo 16 AE 
got (cov. xal &ow TÒ uev AK tò Und x&v BA, AA: ion 
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contained) by ABC is thus equal to the (square) on AC 
[Def. 6.3, Prop. 6.17]. And AK is the (rectangle con- 
tained) by ABC, and HG the (square) on AC. Thus, 
AK is equal to HG. And since AF is equal to FE 
[Prop. 1.43], let CK have been added to both. Thus, 
the whole of AK is equal to the whole of CE. Thus, AK 
plus CE is double AK. But, AK plus CE is the gnomon 
LMN plus the square CK. Thus, gnomon LMN plus 
square CK is double AK. But, indeed, AK was also 
shown (to be) equal to HG. Thus, gnomon LMN plus 
[square CK is double HG. Hence, gnomon LMN plus] 
the squares CK and HG is three times the square HG. 
And gnomon LMN plus the squares CK and HG is the 
whole of AE plus C K—which are the squares on AB 
and BC (respectively)—and GH (is) the square on AC. 
Thus, the (sum of the) squares on AB and BC is three 
times the square on AC. (Which is) the very thing it was 
required to show. 


Proposition 5 


If a straight-line is cut in extreme and mean ratio, and 
a (straight-line) equal to the greater piece is added to it, 
then the whole straight-line has been cut in extreme and 
mean ratio, and the original straight-line is the greater 
piece. 




















D A C B 
L H " 
E 


For let the straight-line AB have been cut in extreme 
and mean ratio at point C. And let AC be the greater 
piece. And let AD be [made] equal to AC. I say that the 
straight-line DB has been cut in extreme and mean ratio 
at A, and that the original straight-line AB is the greater 
piece. 

For let the square AE have been described on AB, 
and let the (remainder of the) figure have been drawn. 
And since AB has been cut in extreme and mean ratio at 
C, the (rectangle contained) by ABC is thus equal to the 
(square) on AC [Def. 6.3, Prop. 6.17]. And CE is the 
(rectangle contained) by ABC, and CH the (square) on 
AC. But, H E is equal to CE [Prop. 1.43], and DH equal 
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yoo f| AA xfj AA: tò 68 AE tò ånò týs AB: tò doa ono 
tév BAA tcov £o 16 ånò ts AB. Eotw doa óc 7 AB 
mpd¢ thy BA, oótoc 7 BA npóc thy AA. ue(Cov dé f, AB 
tfic BA: ueiGov dea xoi 7 BA ts AA. 

‘H toa AB &xpov xol uécov Adyov TÉTUNTAL xoxà TO A, 
xai TO ueiCov xufju& &oxtv f, AB: ónep Eder Deiko. 


rA 

T. 
"E&v cvvdeta enr dxeov xoi uécov Adyov cuni 
Exdtepov t&v turjétov dAoYÓc EotW f| xoougévr, àrxo- 


tour. 
A A T B 


H t t | 

"Eotw evveia enr, fj AB xol tetuńoðw d&xpov xa uécov 
Aóvov xaxà tÒ T, xoi čotw uctov tuua fj AT- Aévo, óu 
exatéoa v&v AT, TB &doydc Eotw f| xoXouuévr àmoxour|. 

"ExBepAro yàp 7 BA, xa xelodw týs BA uliosa 
n AA. nel obv eddeia A AB xéxunvot Gxpov xoà uécov 
Aóvov xatà TÒ D, xoi t ue(Cowt tunuatt v AT nedoxertor 
n AA piosa oŭoa ts AB, 16 dou and TA tod and AA 
TEVTATAGOLOYV &oxtv.. TO Goa and TA npóc tò dnd AA Adyov 
éxet, Ov doevwudc npóc åpıðuóv: oOugexpov doa TO and TA 
1G dnd AA. ġntòv dé tò and AA: ntà yée [Eotw] Y, AA 
nuloeia otoa týs AB éntijc obonc: erxóv doa xoi TO and 
TA: exu Goa ott xoi f, DA. xoi Enel tò àxó TA npóc 
TÒ and AA Aóyov oOx Éyet, Ov xexpéyovoc dpuüuóc npóc 
xexp&yovov åprůuóv, &oouuevpoc dpa UA xet HPA tH AA: oi 
TA, AA dpa enaí eot Suvéuer uóvov oOupexpor. åTOTOUŇ 
&pa &oxlv f AT. nédw, &nel 7 AB Gxpov xoi uécov Adyov 
TETUNTAL, xoi TO ueiGov xufju& &owv f| AT, tò dow òrò AB, 
BI xà dno AT (cov éoxív. tò dpa and ts AT ånotouñs 
rapi thy AB ntv napofAn0Ev nA&xoc nowi vv BT. tò 
dE ANO &rocoufjc ropà ONTHY ropopoAXXóuevov rA&xoc notet 
ANOTOUNY TOOTHY’ àrocour| Hoa por) £oxv f; DB. &6etyr 
dé xoi 7, TA àmoxour|. 

"E&v doa evteta eni dxpov xoi uécov Aóvov vurjüfi, 
EXATEPOY THY TUNUdTWY GAoYÓc EOTW f| xoougévr àxo- 
Touń: ónep Eder SetEan. 





ELEMENTS BOOK 13 


to HC. Thus, DH is also equal to HE. [Let HB have 
been added to both.] Thus, the whole of DK is equal to 
the whole of AE. And DK is the (rectangle contained) 
by BD and DA. For AD (is) equal to DL. And AE (is) 
the (square) on AB. Thus, the (rectangle contained) by 
BDA is equal to the (square) on AB. Thus, as DB (is) 
to BA, so BA (is) to AD [Prop. 6.17]. And DB (is) 
greater than BA. Thus, BA (is) also greater than AD 
[Prop. 5.14]. 

Thus, DB has been cut in extreme and mean ratio at 
A, and the greater piece is AB. (Which is) the very thing 
it was required to show. 


Proposition 6 


If a rational straight-line is cut in extreme and mean 
ratio then each of the pieces is that irrational (straight- 
line) called an apotome. 

D Ag B 

Let AB be a rational straight-line cut in extreme and 
mean ratio at C, and let AC be the greater piece. I say 
that AC and CB is each that irrational (straight-line) 
called an apotome. 

For let BA have been produced, and let AD be made 
(equal) to half of BA. Therefore, since the straight- 
line AB has been cut in extreme and mean ratio at C, 
and AD, which is half of AB, has been added to the 
greater piece AC, the (square) on CD is thus five times 
the (square) on DA [Prop. 13.1]. Thus, the (square) on 
CD has to the (square) on DA the ratio which a number 
(has) to a number. The (square) on C'D (is) thus com- 
mensurable with the (square) on DA [Prop. 10.6]. And 
the (square) on DA (is) rational. For DA [is] rational, 
being half of AB, which is rational. Thus, the (square) 
on CD (is) also rational [Def. 10.4]. Thus, C'D is also 
rational. And since the (square) on CD does not have 
to the (square) on DA the ratio which a square num- 
ber (has) to a square number, CD (is) thus incommensu- 
rable in length with DA [Prop. 10.9]. Thus, CD and DA 
are rational (straight-lines which are) commensurable in 
square only Thus, AC is an apotome [Prop. 10.73]. 
Again, since AB has been cut in extreme and mean ratio, 
and AC is the greater piece, the (rectangle contained) by 
AB and BC is thus equal to the (square) on AC [Def. 6.3, 
Prop. 6.17]. Thus, the (square) on the apotome AC, ap- 
plied to the rational (straight-line) AB, makes BC as 
width. And the (square) on an apotome, applied to a 
rational (straight-line), makes a first apotome as width 
[Prop. 10.97]. Thus, CB is a first apotome. And C'A was 
also shown (to be) an apotome. 
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& 
"Edy Tevtay@vou iconAeÓpou al tpeis ywviou tot od 
xoxà TO ECF Ñ oi UR xatà TO &&fjc loot Bow, iooyóvov 
EOTAL TO TEVTÁYWVOV. 





il A 


Ilevtaywmvou yàp iconAeópov tot} ABTAE oi toeic 
yoviat Mpdtepov al xatà TO &&fjc al npóc xoic A, B, T toot 
AA Aos Eotwouv’ Aéyw, StL looyowdy &ou tò ABTAE 
TEVTÅYWVOV. 

"Encteóy0ocov yàp at AT, BE, ZA. xol &nci 600 oi 
TB, BA 8uoi tos BA, AE too étolv &xortépot Exatéea, xol 
yovia f, Und TBA yovig xfj óxó BAE Eotw ton, Báotc dpa f| 
AT Béoet xf, BE éotw ton, xoi tò ABT totywvov x ABE 
ToLyova toov, xol oi Aoma ywviou taç Aoturolic yarviouc too 
Eoovtat, VY’ c ai loot TAcUEal UnoTEtvovoW, À u&v ónó BTA 
tÑ ond BEA, 5| 6£ ónó ABE t óxó TAB: Hote xoi tAcved 
À AZ rAeup& tH BZ gow ïon. edeiydn dè xoi ön fj, AT 
AY TH BE ton: xoà Aou How f, ZU oni tH ZE &oxtv ton. 
£c o€ xoi f, TA xfj AE ton. 600 54 oi ZT, TA duol toç 
ZE, EA toa eiotv: xoi Décic av xow) fj ZA: yovia pa 
n ond ZTA yovia xfj Und ZEA otv ton. &c(yür dè xoi 
n óxó BTA xfj ónó AEB ton: xoi An doa ñ 0x0 BLA Gdn 
ifj óró AEA ton. àAX f| UNO BTA ton ónóxetxot tos npóc 
tois A, B voví(otc: xoi f| òrò AEA pa tos npóc toic A, B 
yoviac ton &oxtv.. duotws 67) Ge(&ouev, dt xol f, ónó DAE 
Yovía ton ott tas npóc toic A, B, P vovíotc iooyavov 
&pa gott tò ABTAE mevxéyovov. 

'AXA& OF UA Eotwoay toot ai xatà TO Ec Ywvion, GAA’ 
Eotwoay (oot at mpdc¢ tois A, T, A onustoic: AEyw, StL xol 
ovtws tooyawdy gott tò ABLAE nevteywvov. 

"Encteóy0co yàp 7 BA. xoi éxel 600 oi BA, AE dvol 
toic BT, TA ïou eiol xoà ywviac toas nepiéyovow, Bdouc 
&pa 7, BE B&oet tH BA ton &oxtv, xoà tò ABE tetywvov t& 
BTA xeuyóvo tcov &oxív, xol at Aotmal ywviou tos Aotnxoüic 
ywviaic loot Ecovtat, Ly’ Gc oi toot rÀeupol orocetvouoctv: 
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Thus, if a rational straight-line is cut in extreme and 
mean ratio then each of the pieces is that irrational 
(straight-line) called an apotome. 


Proposition 7 
If three angles, either consecutive or not consecutive, 


of an equilateral pentagon are equal then the pentagon 
will be equiangular. 


A 








C D 

For let three angles of the equilateral pentagon 
ABC D E—first of all, the consecutive (angles) at A, B, 
and C—-be equal to one another. I say that pentagon 
ABCDE is equiangular. 

For let AC, BE, and FD have been joined. And since 
the two (straight-lines) CB and BA are equal to the two 
(straight-lines) BA and AE, respectively, and angle CBA 
is equal to angle BAE, base AC is thus equal to base 
BE, and triangle ABC equal to triangle ABE, and the 
remaining angles will be equal to the remaining angles 
which the equal sides subtend [Prop. 1.4], (that is), BCA 
(equal) to BEA, and ABE to CAB. And hence side AF 
is also equal to side BF [Prop. 1.6]. And the whole of AC 
was also shown (to be) equal to the whole of B E. Thus, 
the remainder FC is also equal to the remainder FE. 
And CD is also equal to DE. So, the two (straight-lines) 
FC and CD are equal to the two (straight-lines) FE and 
ED (respectively). And FD is their common base. Thus, 
angle FCD is equal to angle FED [Prop. 1.8]. And BCA 
was also shown (to be) equal to AEB. And thus the 
whole of BCD (is) equal to the whole of AED. But, 
(angle) BCD was assumed (to be) equal to the angles at 
A and B. Thus, (angle) AED is also equal to the angles 
at A and B. So, similarly, we can show that angle CDE 
is also equal to the angles at A, B, C. Thus, pentagon 
ABCDE is equiangular. 

And so let consecutive angles not be equal, but let 
the (angles) at points A, C, and D be equal. I say that 
pentagon ABCDE is also equiangular in this case. 

For let BD have been joined. And since the two 
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ton &pa &oxlv fj òrò AEB ywvia xf; óxó TAB. got 6€ xoi 
7 òrò BEA yovia tÅ óxó BAE ion, &nel xoi nAeupà f, BE 
rAeupü TY, BA &ov ton. xoi čAN &pa H UDO AEA yovia 
OAH TH nò DAE otw ton. GAAG H nò TAE tois npóc xoic 
A, T Yeowíotc bréxetta tony xoi f| òrò AEA boa ywvia tos 
xpóc tois A, T ton éotiv. Gu xà abxà OF xoà À òrò ABT ion 
éotl voc npóc toic A, T, A vovíatc. iooywmwov ğpa £ox TÒ 
ABPAE nevtéywvov’ ónep čðer Seigau. 


, 
n 7 
‘Edy Tevtay@vou iconAs0pou xoà looywvlov TAÇ XATA 
TO &&fjc 600 vov(oc brotEtvwow edVeEta, dxpov xol uécov 
Aóyov xéuvouocty GAANAaC, xoà xà ue(Gova ATHY vufjuoxo 
loa Eotl TH tov Nevtwyavou nAeupüt. 








A T 


Ilevtaywvou yàp iconAe0pov xoà icoywviov xo0 ABTAE 
600 ywviag vàc xatà TO és Tac npóc toig A, B Omo- 
tewetwoay evveia at AD, BE véuvoucot GO wA xoà TO 
O onuslov: Aévo, OTL Èxatépa KUTOYV üxpov xol u£cov AdYOV 
TETUNTAL KATA TO O oNUEiov, xoi xà uelÇova abxGv TuÁuATA 
loa Eotl TH Tov nevtayavou nAeupüt. 

Ilegtyeyoó«püco yàp regi tò ABLAE nevxéyovov x0xAoc 
ò ABLAE. xoi nc) 900 cvVeio oi EA, AB Ouol toç 
AB, BI iow cioi xoà ywviacg toas nepiéyovow, Báotc dpa 
7 BE Béoe tH AT ion £oxíiv, xoà tò ABE totywvov 1G 
ABT xptycóvo toov &oxív, xol al Aovrol ywviot tos Aouxoüc 
v«v(attc loot Écovcot &xorcépot &xorcépot, VY" üc at toot rA eupot 
vnotetvouow. ton dea éotlv f; òrò BAT Yovía xfj òrò ABE: 
Gf, Goa f| O26 AOE täs ónó BAO. Eott dé xoi fj ONO EAT 
ts Und BAT Ouf], £reiorjep xol mepupépera Y, EAT rept- 
qepeíac tis TB got Guy ton &pa H òrò OAE yovia tH 
òrò AOE: Gote xoi A OE cótcia tÅ EA, toutéott t AB 
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(straight-lines) BA and AE are equal to the (straight- 
lines) BC and CD, and they contain equal angles, base 
BE is thus equal to base BD, and triangle ABE is equal 
to triangle BC D, and the remaining angles will be equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle AEB is equal to (angle) CDB. 
And angle BED is also equal to (angle) BDE, since side 
BE is also equal to side B.D [Prop. 1.5]. Thus, the whole 
angle AED is also equal to the whole (angle) CDE. But, 
(angle) CDE was assumed (to be) equal to the angles at 
A and C. Thus, angle AED is also equal to the (angles) 
at A and C. So, for the same (reasons), (angle) ABC is 
also equal to the angles at A, C, and D. Thus, pentagon 
ABCDE is equiangular. (Which is) the very thing it was 
required to show. 


Proposition 8 


If straight-lines subtend two consecutive angles of an 
equilateral and equiangular pentagon then they cut one 
another in extreme and mean ratio, and their greater 
pieces are equal to the sides of the pentagon. 


A 








D C 


For let the two straight-lines, AC and BE, cutting one 
another at point H, have subtended two consecutive an- 
gles, at A and B (respectively), of the equilateral and 
equiangular pentagon ABC DE. I say that each of them 
has been cut in extreme and mean ratio at point H, and 
that their greater pieces are equal to the sides of the pen- 
tagon. 

For let the circle ABC DE have been circumscribed 
about pentagon ABC DE [Prop. 4.14]. And since the two 
straight-lines EA and AB are equal to the two (straight- 
lines) AB and BC (respectively), and they contain equal 
angles, the base B E is thus equal to the base AC, and tri- 
angle ABE is equal to triangle ABC, and the remaining 
angles will be equal to the remaining angles, respectively, 
which the equal sides subtend [Prop. 1.4]. Thus, angle 
BAC is equal to (angle) ABE. Thus, (angle) AH E (is) 
double (angle) BAH [Prop. 1.32]. And E AC is also dou- 
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gow ton. xoà &nei ton ċotiv À BA có0cia tH AE, ton £o 
xoà ywvia 7 òrò ABE ti óxó AEB. AG fj Und ABE tH 
òrò BAO edetyDy low. xoi 7 Und BEA dpa t ónó BAO 
got ton. xoi xow? vv 800 xpuyovov to te ABE xoi 
tot ABO éotw f| òrò ABE: Aou dea H òrò BAE vovía 
Aani tH Und AOB Eotw ton: tooymvov pa &oxi tò ABE 
totywvov tă ABO tetyava àváXovov doa &oxiv óc f, EB 
xpóc tùy BA, oótoc f, AB npóc xj BO. ton dé f| BA tH 
EO: óc dea 7 BE ngóc thy EO, oócoc f, EO ngóc tùy OB. 
ueiGov õè Å BE týs EO: ue(Cov &pa xoi n EO ts OB. f 
BE dea «pov xal u£cov Aóvov TETUNTAL xoà TO O, xol TO 
ueiCov tuñua tò OE toov éotl t tov mevtaywvou nAeupü. 
op oícc Of 6e(&ouev, Str xoà N AT pov xal uécov Adyov 
TETUNTAL KATA TO O, xoi TO uciCov adTH¢ tuñua T; TO toov 
£cl TÑ tov nevtayóvou TAcUEa önep Eder Seta. 


0. 


"Ey f, tod Efayavou TAEVEg xal f, TOD Sexaywvou vv 
tic TOV HUTOV KUXAOV EYYEAPOUEVWY oUYTEDGoL, f| OAH 
evveta dxpov xal uécov Adyov TETUNTAL, xoi TO UEtEov AUTIIC 
TuÑuá Eotw f, voO ECaywvou MAEVE. 


Z 


A 


"Eoxo xóxAoc O ABT, xoi tév cic tov ABI" xóxAov 
EYYEAPOUEVWY OXNUATWV, óexovovou èv EoTW TAEVEd f| 
BI, e€ayavou dé ñ TA, xoi čotwoav En’ cdVetac Aévo, StL 
f, OAN cvVeta 7 BA &xpov xoi uécov Aóvov TETUNTAL, xoi TO 
ueiGov aùts xufju& &oxv f, DA. 

EUypüo yàp TÒ xévxpov Tov xdxAOU tò E onustoy, xoi 
&neCeoy0ocav oi. EB, ET, EA, xoi dijydo f, BE &ri tò 
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ble BAC, inasmuch as circumference E DC is also dou- 
ble circumference CB [Props. 3.28, 6.33]. Thus, angle 
H AE (is) equal to (angle) AH E. Hence, straight-line 
HE is also equal to (straight-line) E A—that is to say, 
to (straight-line) AB [Prop. 1.6]. And since straight-line 
BA is equal to AE, angle ABE is also equal to AEB 
[Prop. 1.5]. But, ABE was shown (to be) equal to BAH. 
Thus, BEA is also equal to BAH. And (angle) ABE is 
common to the two triangles ABE and ABH. Thus, the 
remaining angle BAE is equal to the remaining (angle) 
AH B [Prop. 1.32]. Thus, triangle ABE is equiangular to 
triangle ABH. Thus, proportionally, as EB is to BA, so 
AB (is) to BH [Prop. 6.4]. And BA (is) equal to EH. 
Thus, as BE (is) to EH, so EH (is) to HB. And BE 
(is) greater than EH. EH (is) thus also greater than 
HB [Prop. 5.14]. Thus, B E has been cut in extreme and 
mean ratio at H, and the greater piece H E is equal to 
the side of the pentagon. So, similarly, we can show that 
AC has also been cut in extreme and mean ratio at H, 
and that its greater piece CH is equal to the side of the 
pentagon. (Which is) the very thing it was required to 
show. 


Proposition 9 


If the side of a hexagon and of a decagon inscribed 
in the same circle are added together then the whole 
straight-line has been cut in extreme and mean ratio (at 
the junction point), and its greater piece is the side of the 
hexagon.! 





D 

Let ABC be a circle. And of the figures inscribed in 
circle ABC, let BC be the side of a decagon, and CD (the 
side) of a hexagon. And let them be (laid down) straight- 
on (to one another). I say that the whole straight-line 
BD has been cut in extreme and mean ratio (at C), and 
that C'D is its greater piece. 

For let the center of the circle, point E, have been 
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A. Enel dexayavou iconàecúpov mAcued Eotw f, BI, nevta- 
rAaoíov dpa n ATB neoupépera týs BT nepupepe(oc: Tte- 
toatAaotwy doa ñ AT nepupépera týs DB. óc è f, A ne- 
pupégeta npóc Thy DB, oŬtws f, bnd AET vovía npóc thy 
òrò DEB: tetpardaotwv dea À òrò AED ts óxó TEB. xoi 
énel fon ñ ónó EBT yovia xfj bnd ETB, f, &pa Uno AET 
yovia ditdaocta £ox xfi Und ETB. xoi Exel ton cotly fj EI 
evveta xf, TA: &xoxépa yàp adtév ton oxi tH Tob &&oryovou 
TAEUEg Tod cic tov ABT xdxAov [Ey yeapouevou] ton ox 
xoi f, nò TEA vovía xf; ónó DAE yoviy: SimAaota dpa 
n nò ETB yovia týs óxó EAT. àAA& ts ó0nó ETB ð- 
nacia edetyOyn ñ Und AET: tetpandkaocta doa ñ bnd AET 
tfi; Und EAT. édetydy õè xoi týs Und BET teteanAaota 
n òrò AET: ton doa n Und EAT tfj òrò BET. xowù dé 
xv 500 1ptyOvov, To te BET xoi vo0 BEA, 7 rò EBA 
yovia xol Aou) &pa f, bnO BEA tÅ bnd ETB éow ion: 
tooyavov ğpa ot) tò EBA tetywvov 16 EBT teryove. 
åváňoyov &pa &oxiv wc 7 AB npóc thy BE, ottwe f, EB 
xpóc thy Br. ton dé 7 EB xfj DA. gotw dea óc f, BA npóc 
thy AT, oóvoc f, AT npóc ty TB. ueiGov òè f, BA fic 
AT: ue(Cov dea xoà Y, AT täs TB. Y, BA doa eo0cia &xpov 
xoi uécov Aóvov tétunta [xatà tò T], xoi tÒ ueiCov tuñua 
autiic &oxty fj AT: ónep eder dego. 


ELEMENTS BOOK 13 


found [Prop. 3.1], and let EB, EC, and ED have been 
joined, and let BE have been drawn across to A. Since 
BC is a side on an equilateral decagon, circumference 
ACB (is) thus five times circumference BC. Thus, cir- 
cumference AC (is) four times C B. And as circumference 
AC (is) to CB, so angle AEC (is) to CEB [Prop. 6.33]. 
Thus, (angle) AEC (is) four times C EB. And since angle 
EBC (is) equal to ECB [Prop. 1.5], angle AEC is thus 
double EC B [Prop. 1.32]. And since straight-line EC is 
equal to C D—for each of them is equal to the side of the 
hexagon [inscribed] in circle ABC [Prop. 4.15 corr.]— 
angle CED is also equal to angle C DE [Prop. 1.5]. Thus, 
angle ECB (is) double EDC [Prop. 1.32]. But, AEC 
was shown (to be) double EC B. Thus, AEC (is) four 
times EDC. And AEC was also shown (to be) four times 
BEC. Thus, EDC (is) equal to BEC. And angle EBD 
(is) common to the two triangles BEC and BED. Thus, 
the remaining (angle) BED is equal to the (remaining 
angle) EC B [Prop. 1.32]. Thus, triangle EBD is equian- 
gular to triangle EBC. Thus, proportionally, as DB is to 
BE, so EB (is) to BC [Prop. 6.4]. And EB (is) equal 
to CD. Thus, as BD is to DC, so DC (is) to CB. And 
BD (is) greater than DC. Thus, DC (is) also greater 
than CB [Prop. 5.14]. Thus, the straight-line BD has 
been cut in extreme and mean ratio [at C], and DC is its 
greater piece. (Which is), the very thing it was required 
to show. 


t If the circle is of unit radius then the side of the hexagon is 1, whereas the side of the decagon is (1/2) (V5 — 1). 


^ 

Ls 
‘Edy eic x0xXov nevvévovov icónAeupov &Y'ypoupf|, Y, TOD 
TEVTAYOVOU TÀeupa SUVaTAL THY Te TOU &&oyovou xol tijv 
tot Sexayavou tv elc TOV AUTOV KUXAOV EY YPAPOUEVOY. 











Proposition 10 


If an equilateral pentagon is inscribed in a circle then 
the square on the side of the pentagon is (equal to) the 
(sum of the squares) on the (sides) of the hexagon and of 
the decagon inscribed in the same circle.‘ 


MA 
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*Eotw xOx^oc ó ABIAE, xoi eic tò ABIAE xóxAov 
nevtáåywvov ioónAcupov évyeyoóqgüco tò ABPAE. Xéyo, 
óu f, tol ABPAE nevxovóvou nAeupà SUvataL TÁV TE TOD 
&&ayY vou xal thy tot Gexoyovou nÀcupàv 1Gv tic TOV 
ABTAE x0xAov £vYpoqogévov. 

EUypüo yàp TÒ xévtpov tol xóxAov TO Z onusloy, xoi 
émiCevyVeion f, AZ dujyVo Ext tò H onuciov, xol éxeCeoy 0o 
ñ ZB, xoà àxó tot Z ent thy AB xóüecoc HyVo f, ZO, xoi 
Ojo &ri tò K, xoi &xeCeoy0oocav ai AK, KB, xol nå 
ano tod Z ent thy AK xddetog HyVo Å ZA, xoi Syv Ext 
tO M, xoi éneCeoy 0o 7) KN. 

‘Enel ton otv À ABTH nepupégeia t AEAH repi- 
gepetg, OV f, ABT tH AEA otw ton, Aou doa f, TH 
repupépgeta. Aof tÅ HA &oxtv on. nevtayóovov 8€ f, TA: 
öcxayovou &pa f, DH. xa nel ton ċotiv f, ZA tH ZB, xoi 
xave_etog 7 ZO, ton dou xo f, Und AZK ywovia xfj òrò KZB. 
ote xoi neerpépera f, AK ti KB gow ton Gu fj doa f 
AB nepupépeta ts BK nepupepetac: Sexaywvou dpa nevp 
éotw AK coco. Dà xà abxà 97) xoi f, AK ts KM ¿ot 
OMAR. xol Enel Gu, otw f, AB neoupépera täs BK tepi- 
Qepeíac, ton de f, TA nepupégeux tH AB neoupepeta, Our] 
doa xoi À L'A nepupépera tis BK nepupepetac. Éoxt òè Å TA 
neprpépera xol ts TH ouf] ton soa 7 TH reprpépera tH 
BK repupepeia. AAG f, BK týs KM £oxt Ou fj, &xel xoi 
n KA: xoi ÀTH dow týs KM &ox OA. GXA& UHV xod f 
IB repupépeia thc BK xepupepetac £&oxi Gui] ton yoo 7 
TB negupégeta tH BA. xoà dAn &pa ñ HB repupépera ts 
BM éott dina ote xol Ywovia f, òrò HZB ywviac vfic UNO 
BZM [éot] Sind. ot. 8& fj UNO HZB xoi ts òrò ZAB 
OA ton yàp Und ZAB «f| nò ABZ. xoi f, óxó BZN &pa 
tfj Ono ZAB otw ton. xow 6$ vv 600 tptyovov, TOD 
te ABZ xoi tod BZN, f; tnd ABZ ywvia Aon} dpa f nO 
AZB downs, tH òrò BNZ &owv ton: tooymvov dpa tot) tò 
ABZ toetywvoy 16 BZN tayóvo. åváňoyov doa oti ðs f| 
AB evveta npóc thy BZ, oŬtws f, ZB npóc thy BN: tò dpa 
òrò x&v ABN ícov éotl t& and BZ. náv nel ton Eotlv f 
AA tf AK, xow? òè xoi mpd¢ pàs À AN, Bácic Kou Y, KN 
Baoet tH AN éotw ton: xo ywvia doa f, òrò AKN yovig tH 
bono AAN éotw ton. GAAG f, UDO AAN ti òrò KBN otw 
fon xoà f, òrò AKN &pa tH Und KBN Eotw ion. xoi xo!) 
tv 600 TeLyOvwv tod te AKB xa tot AKN Ñ ngóc t& 
A. dont, Goa f, òrò AKB o tH Und KNA otw tor 
tooyavov &pa £o tò KBA toetywvov x KNA tetyove. 
åváňoyov dea &oxiv óc f| BA evddcia mpd¢ thy AK, obvoc 
n KA npgóc thy AN: 16 doa òrò x&v BAN ícov £o 1G 
ano ts AK. &6g(r0r è xoi tò Und x&v ABN ícov xà and 
tfic BZ: tò doa òrò xv ABN yexà tod tnd BAN, Ónep 
gotl tÒ and tis BA, toov Eotl 1G and týs BZ uexà tod and 
tiic AK. xat &owv 5; u&v BA revtaywvou nAeupá, f| 6£ BZ 
&&a vou, fj 6 AK 6exoyovou. 

‘H doa tod mevtaymvou mAcved O0vorot TÁV TE roO 
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Let ABCDE be a circle. And let the equilateral pen- 
tagon ABCDE have been inscribed in circle ABCDE. I 
say that the square on the side of pentagon ABCDE is 
the (sum of the squares) on the sides of the hexagon and 
of the decagon inscribed in circle ABCDE. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And, AF being joined, let it have been 
drawn across to point G. And let FB have been joined. 
And let FH have been drawn from F perpendicular to 
AB. And let it have been drawn across to K. And let AK 
and K B have been joined. And, again, let FL have been 
drawn from F perpendicular to AK. And let it have been 
drawn across to M. And let K N have been joined. 

Since circumference ABCG is equal to circumference 
AEDG, of which ABC is equal to AED, the remain- 
ing circumference CG is thus equal to the remaining 
(circumference) GD. And CD (is the side) of the pen- 
tagon. C'G (is) thus (the side) of the decagon. And since 
FA is equal to FB, and FH is perpendicular (to AB), 
angle AFK (is) thus also equal to KFB [Props. 1.5, 
1.26]. Hence, circumference AK is also equal to K B 
[Prop. 3.26]. Thus, circumference AB (is) double cir- 
cumference BK. Thus, straight-line AK is the side of 
the decagon. So, for the same (reasons, circumference) 
AK is also double KM. And since circumference AB 
is double circumference BK, and circumference CD (is) 
equal to circumference AB, circumference CD (is) thus 
also double circumference BK. And circumference C.D 
is also double CG. Thus, circumference CG (is) equal 
to circumference BK. But, BK is double KM, since 
KA (is) also (double X M). Thus, (circumference) CG 
is also double X M. But, indeed, circumference CB is 
also double circumference BK. For circumference CB 
(is) equal to BA. Thus, the whole circumference GB 
is also double BM. Hence, angle GF B [is] also dou- 
ble angle BF M [Prop. 6.33]. And GF B (is) also dou- 
ble FAB. For FAB (is) equal to ABF. Thus, BFN 
is also equal to FAB. And angle ABF (is) common to 
the two triangles ABF and BFN. Thus, the remain- 
ing (angle) AF B is equal to the remaining (angle) BN F 
[Prop. 1.32]. Thus, triangle ABF is equiangular to trian- 
gle BFN. Thus, proportionally, as straight-line AB (is) 
to BF, so FB (is) to BN [Prop. 6.4]. Thus, the (rectan- 
gle contained) by ABN is equal to the (square) on BF 
[Prop. 6.17]. Again, since AL is equal to LK, and LN 
is common and at right-angles (to K A), base KN is thus 
equal to base AN [Prop. 1.4]. And, thus, angle LKN 
is equal to angle LAN. But, LAN is equal to KBN 
[Props. 3.29, 1.5]. Thus, LKN is also equal to KBN. 
And the (angle) at A (is) common to the two triangles 
AKB and AKN. Thus, the remaining (angle) AK B is 
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ECayovov xol thy xoO Gexoryovou 1Gv eic TOV otov xÜxAov 
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equal to the remaining (angle) KN A [Prop. 1.32]. Thus, 
triangle KBA is equiangular to triangle KNA. Thus, 
proportionally, as straight-line BA is to AK, so K A (is) to 
AN [Prop. 6.4]. Thus, the (rectangle contained) by BAN 
is equal to the (square) on AK [Prop. 6.17]. And the 
(rectangle contained) by ABN was also shown (to be) 
equal to the (square) on BF. Thus, the (rectangle con- 
tained) by ABN plus the (rectangle contained) by BAN, 
which is the (square) on BA [Prop. 2.2], is equal to the 
(square) on BF plus the (square) on AK. And BA is the 
side of the pentagon, and BF (the side) of the hexagon 
[Prop. 4.15 corr.], and AK (the side) of the decagon. 

Thus, the square on the side of the pentagon (in- 
scribed in a circle) is (equal to) the (sum of the squares) 
on the (sides) of the hexagon and of the decagon in- 
scribed in the same circle. 


t If the circle is of unit radius then the side of the pentagon is (1/2) V10 — 2 V5. 


, 
lo. 
‘Edy cic xóxAov enu Exovta trjv Ouiievpov nevtáyw- 
vov loónAeupov EY YEAHH, Y, TOU NevtHyavou TACVEG GAoYÓc 
&o1ty f| xohouyévr) £Àácoov. 








A 
B E 
© 
N 
A 
T A 
H 


Eic yàp xbxA0v tov ABLAE ontiy Exovta thy Siaueteov 
Tevtaywvov ioónAcupov eyyeyedq0w tò ABPAE: Xéyo, 
óu f, tov [ABTAE] revtayavou mAcvedr GAoYóc otv f 
XAXAOVUEVN £Aàooov. 

EUAYkpüco yàp TO xévteov tol xóxAou TO Z onustoy, 
xai eneTevyNwoav at AZ, ZB xoi SujyIwouv éni xà H, O 
onucia, xoi &xeCeOy do À AT, xoi xelodw tic AZ tétaptov 
uégoc f, ZK. ntù sé n AZ: ntà ága xoi fj, ZK. Eotr òè 
xoi fj, BZ erty orn dow 7 BK orth otw. xoà Enel ton 
éotlvy 7 ATH repupépera tH AAH nepipepeia, Gv f| ABT 
tf, AEA éot ton, Aoud| Goa ñ TH downy tH HA &ouv 
lor. rol &àv EmCevemuev thy AA, ouváyovta ópal ati 


Proposition 11 


If an equilateral pentagon is inscribed in a circle which 
has a rational diameter then the side of the pentagon is 
that irrational (straight-line) called minor. 








A 
B E 
H 
N 
L 
C D 
G 


For let the equilateral pentagon ABC DE have been 
inscribed in the circle ABC DE which has a rational di- 
ameter. I say that the side of pentagon [ABC DE] is that 
irrational (straight-line) called minor. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And let AF and FB have been joined. 
And let them have been drawn across to points G and H 
(respectively). And let AC have been joined. And let FK 
made (equal) to the fourth part of AF. And AF (is) ratio- 
nal. FK (is) thus also rational. And BF is also rational. 
Thus, the whole of BK is rational. And since circum- 
ference ACG is equal to circumference ADG, of which 
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npóc 16) A ywovion, xoà Ouf] À DA tic DA. Gu xà acá 
67, xoà oi npóc 1G M Ogp0aí ciow, xoi Ouf, HAL ts TM. 
&nel odv ton &oxlv 7 Und AAT yoovia tH nd AMZ, xowr| 
dé vv 000 TeLyYOvwv tod te ATA xoi tol AMZ nH ono 
AAT, oÀ dow f, Und ADA donf tH Od MZA Eo tw ion: 
tooyavov ğpa oti tò ATA tetywvov 16 AMZ teryove 
åváňoyov doa &oxlv wo Y, AT nod¢ TA, obxoc f, MZ npóc 
ZA: xoi xv fiYoouévov xà SiTAcOLA Gc &pa f| týs AT 
OA, npgóc THY TA, obxoc H vfic MZ nA npóc thy ZA. 
óc 6€ Å tic MZ Sf med thy ZA, obvoc f| MZ ngóc thy 
fjutoetov tis ZA: xol wo doa À týs AD Gf, ngóc thy TA, 
oŬtws f| MZ npóc thy ñulociav tis ZA: xol x&v &rouévov 
xà Nuloca wo doa H ts AT SrA npóc Thy ñulosiav tfic 
TA, obvoc 7 MZ npd¢ tò xéxaxpov ts ZA. xat gout fic 
u&v AT dina 5j AT, xfic òè TA quioeiw A TM, ts 68 ZA 
tétatpov uépoc f, ZK: ~otw soa óc f, AT npóc thy TM, 
o0xoc 7 MZ ngóc thy ZK. ouvévt xoi óc ovvaypdteeoc 
n ATM ngóc tiv TM, obvoc À MK ngóc KZ: xoi óc dpa tò 
&nd cuvauqoxépou týs ATM npóc tò àxó TM, obxoc TÒ 
and MK npóc tò ano KZ. xal Enel ts oro 600 MAEVE TOD 
Tevtayavou Urotewovons, oiov týs AT, dxpov xal uécov 
Aóyov xeuvouévnc TO uciCov tuua toov Eotl tH TOU tev- 
TAYÖVOL TAEUPe, xouxéo t AT, tò ðè ueiCov xufjua npo- 
oAXopoóv THY ulosiav Tic ÓAfjc TevtanAcoLov SvvaTa Tod 
AMO ts Nutoetac vfjc GANc, xat Eotw dAne xfjc AT ñulosia 
n TM, xó doa and týs ATM ÒS ut&c TEVTATAÁOLÓV £o 
tov and tij¢ I'M. óc 6& tò and týs ATM we uic npóc TÒ 
and ts I'M, oŬtag edetyOn xo and týs MK npóc tÒ and 
thc KZ: nevtandAdowov dpa tò and týs MK tov and tic 
KZ. ontov dé tò ano týs KZ: env] yàg f| diåuetpos: EYTOV 
&pa xoi tO dnd tic MK: pnth &ea Eotly f, MK [Bvuveuer 
uóvov]. xoà Enel tetoanAaoia cotly f, BZ tijc ZK, nevta- 
nacia doa £oxiv f, BK tic KZ: cixooinevtanAdcoiov dea TO 
and týs BK tot and týs KZ. nevtanňáoiov ðè TO and TÄS 
MK tod ano thc KZ: nevtanàdoiov doa tò and týs BK 
to and tfj; KM: tò doa and týs BK npóc tò and KM 
Aóyov oOx Exel, Ov xexpéyovoc dpiüuóc npóc TeTE&ywvov 
&ptüuóv: &oouuetpoc tea £oxiv n BK tÅ KM urjxet. xot £oxt 
enu Exatéoa adtév. oi BK, KM doa pntat ciot Suvduer 
uóvov OUUUETEOL. £v OE ANO nts erc dqoupetT, 6ováget 
uóvov oóugetpoc oboa TH OAN, f, Aou &Aovóc &oxv àro- 
TON ånotouů wea &oxiv Y, MB, npocapuóCouoca dé at f| 
MK. Aévo SH, Str xoi veváprr. @ SH ueiCóv &ow tO and 
thc BK tot ano thc KM, £xetvo toov čotw tò and cfic N: 
1 BK dea týs KM uciZov Sbvatou tH N. xoi Emel obuueted¢ 
éotw f, KZ tH ZB, xoi cuvüévu oóuuetpóc ċott f, KB tÅ 
ZB. àAXà f, BZ xij BO oúupetpós &oxv: xoi 7 BK doa ty; 
BO ovuyetedc¢ cot. xol Emel mevtanAcovdy £ott TO AMO 
thc BK tot and thc KM, 16 dpa and týs BK npóc tò 
ano týs KM Aóyov Eyer, Ov € npóc Ev. åvaotpépavti dpa 
TO ano ts BK npóc tò and ts N Adyov Eyet, Ov € npóc 
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ABC is equal to AED, the remainder CG is thus equal 
to the remainder G&D. And if we join AD then the angles 
at L are inferred (to be) right-angles, and C D (is inferred 
to be) double C'L [Prop. 1.4]. So, for the same (reasons), 
the (angles) at M are also right-angles, and AC (is) dou- 
ble CM. Therefore, since angle ALC (is) equal to AMF, 
and (angle) LAC (is) common to the two triangles ACL 
and AMF, the remaining (angle) ACL is thus equal to 
the remaining (angle) M FA [Prop. 1.32]. Thus, triangle 
ACL is equiangular to triangle AM F. Thus, proportion- 
ally, as LC (is) to CA, so MF (is) to FA [Prop. 6.4]. And 
(we can take) the doubles of the leading (magnitudes). 
Thus, as double LC (is) to CA, so double MF (is) to 
FA. And as double M F (is) to FA, so MF (is) to half of 
FA. And, thus, as double LC (is) to CA, so MF (is) to 
half of FA. And (we can take) the halves of the following 
(magnitudes). Thus, as double LC (is) to half of CA, so 
MF (is) to the fourth of FA. And DC is double LC, and 
CM half of CA, and FK the fourth part of FA. Thus, 
as DC is to CM, so MF (is) to FK. Via composition, as 
the sum of DC M (Le., DC and CM) (is) to CM, so MK 
(is) to K F [Prop. 5.18]. And, thus, as the (square) on the 
sum of DC M (is) to the (square) on C M, so the (square) 
on M K (is) to the (square) on K F. And since the greater 
piece of a (straight-line) subtending two sides of a pen- 
tagon, such as AC, (which is) cut in extreme and mean 
ratio is equal to the side of the pentagon [Prop. 13.8]— 
that is to say, to DC—-and the square on the greater piece 
added to half of the whole is five times the (square) on 
half of the whole [Prop. 13.1], and CM (is) half of the 
whole, AC, thus the (square) on DCM, (taken) as one, 
is five times the (square) on CM. And the (square) on 
DCM, (taken) as one, (is) to the (square) on CM, so 
the (square) on M K was shown (to be) to the (square) 
on KF. Thus, the (square) on M K (is) five times the 
(square) on KF. And the square on KF (is) rational. 
For the diameter (is) rational. Thus, the (square) on 
MK (is) also rational. Thus, M K is rational [in square 
only]. And since BF is four times FK, BK is thus five 
times KF. Thus, the (square) on BK (is) twenty-five 
times the (square) on KF. And the (square) on MK 
(is) five times the square on KF. Thus, the (square) 
on BK (is) five times the (square) on KM. Thus, the 
(square) on BK does not have to the (square) on KM 
the ratio which a square number (has) to a square num- 
ber. Thus, BK is incommensurable in length with KM 
[Prop. 10.9]. And each of them is a rational (straight- 
line). Thus, BK and KM are rational (straight-lines 
which are) commensurable in square only. And if from 
a rational (straight-line) a rational (straight-line) is sub- 
tracted, which is commensurable in square only with the 
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3, oby Ov tetp&ywvos npóc Tetekywvov' &o0uuexpoc dpa whole, then the remainder is that irrational (straight-line 


éotlv f; BK tH N: 5| BK dow týs KM ueiCov Sbvato 16 and 
&cuugérpou tauti. Exel obv GAN f| BK fic npooopuoCoóorc 
ts KM yueiCov Sbvatou T dnd douUUETEOU &aucfi, xol GAN 
7 BK ovuuetedc £o tH &xxeuévr ETH tů BO, anotouy 
&pa tetéetn £oxiv f, MB. tò 8& Und nts xoi anoTOUT< 
xeváprric repgieyóuevov ópÜovovtov dAoydév otv, xol f| Õu- 
vauévy avTO GAoydc &£octv, xoAcivot SE dtTV. OÓvorton 
dé tò 0nó xv OBM 5 AB à 10 éniCevyvuuévrg ts AO 
tooyavuov yivecða tò ABO xp(yovov 16 ABM xpryóvo 
xol civar óc thy OB ngóc thy BA, obvoc thy AB npóc thy 
BM. 

“H dea AB tod nevtayavou rAeupà GAoYvóc &oty f| xa- 
Aouuévr, &A&vxcov: ónep Fer deko. 


called) an apotome [Prop. 10.73]. Thus, M B is an apo- 
tome, and M K its attachment. So, I say that (it is) also 
a fourth (apotome). So, let the (square) on N be (made) 
equal to that (magnitude) by which the (square) on BK 
is greater than the (square) on KM. Thus, the square on 
BK is greater than the (square) on K M by the (square) 
on N. And since K F is commensurable (in length) with 
FB then, via composition, K B is also commensurable (in 
length) with FB [Prop. 10.15]. But, BF is commensu- 
rable (in length) with BH. Thus, BK is also commen- 
surable (in length) with BH [Prop. 10.12]. And since 
the (square) on BK is five times the (square) on KM, 
the (square) on BK thus has to the (square) on K M the 
ratio which 5 (has) to one. Thus, via conversion, the 
(square) on BK has to the (square) on N the ratio which 
5 (has) to 4 [Prop. 5.19 corr.], which is not (that) of a 
square (number) to a square (number). BK is thus in- 
commensurable (in length) with N [Prop. 10.9]. Thus, 
the square on BK is greater than the (square) on KM 
by the (square) on (some straight-line which is) incom- 
mensurable (in length) with (BK). Therefore, since the 
square on the whole, B K, is greater than the (square) on 
the attachment, kK M, by the (square) on (some straight- 
line which is) incommensurable (in length) with (BK), 
and the whole, BK, is commensurable (in length) with 
the (previously) laid down rational (straight-line) BH, 
MB is thus a fourth apotome [Def. 10.14]. And the 
rectangle contained by a rational (straight-line) and a 
fourth apotome is irrational, and its square-root is that 
irrational (straight-line) called minor [Prop. 10.94]. And 
the square on AB is the rectangle contained by HBM, 
on account of joining AH, (so that) triangle ABH be- 
comes equiangular with triangle AB M [Prop. 6.8], and 
(proportionally) as H B is to B A, so AB (is) to BM. 

Thus, the side AB of the pentagon is that irrational 
(straight-line) called minor.! (Which is) the very thing it 
was required to show. 


t If the circle has unit radius then the side of the pentagon is (1/2) /10 — 2/5. However, this length can be written in the “minor” form (see 


Prop. 10.94) (o/ V2) 4/1 + k/ v/1 + k? — (p/ /2) 4/1 — k/V/1 F K2, with p = \/5/2 and k = 2. 


iQ. 

‘Edy clic xóxAov Totywvov ioónAeupov &vYpoupfi, Ù TOD 
Toly@VOU mÀeupà SuUVvdUEL vptrAao(ov ott Tic Ex TOD 
XEVTEOV TOU KXUXAOU. 

"Eoxo xvxroc ó ABT, xoi eic adtOv tetywvov ioónAeup- 
ov é&vyevoóüo tò ABI" Aéyo, óu vo0 ABT xptyóvou pia 
rÀeupà SUVdEL tpurAoo(ov £o rfjg £x tov xévvpou ToD 
ABT xóxXov. 


Proposition 12 


If an equilateral triangle is inscribed in a circle then 
the square on the side of the triangle is three times the 
(square) on the radius of the circle. 

Let there be a circle ABC, and let the equilateral tri- 
angle ABC have been inscribed in it [Prop. 4.2]. I say 
that the square on one side of triangle ABC is three times 
the (square) on the radius of circle ABC. 
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E 


Ein dw yàp TÒ xévteov to} ABT xóxAou tò A, xoi 
émiCevyVeion Y, AA Guo ém tò E, xoi &neCeoy 0o n BE. 

Kat &nel ioónAeupóv éott tò ABT tetywvoy, f, BET doa 
repupépeta tettov uépoc é&od tc tov ABT xÓxAou repi- 
Qeps(oc. f| toa BE mepupépeta čxtov toT} uépoc rfj; Tov 
XOxAou nepupepe(ac: &oyovou dea &oxiv 7 BE evVeia- tor 
doa &oxi TÅ èx tov xévxpou tH AE. xoi enet Gu Eotw f| 
AE tis AE, xexpgoróotov &ox TÒ and týs AE tod and tis 
EA, toutéott tod and tis BE. toov 68 tò ånò ts AE tois 
ano tv AB, BE: xà doa and vv AB, BE xexpgornA doté £o 
toU and tis BE. dteAdvt &pa tò and ts AB teinAdcotdv 
£c tov and BE. ton dé f, BE xfj AE: tò &pa and ts AB 
TOLMACOLOV &oxt TOU dxó ts AE. 

“H doa tod teryovou nAeupà Guváget vpurAato(a tott tfic 
&x tov xévtpou [xo0 xoóxXov]: óxep Eder Seta. 


ly’. 
TIupautda cuotrjcao ot xoà o~atog nepiraBely xfj Sovdeton 
xal SetEan, St À TÄS opatpac Guipevpoc Suvder HULoAta £o 
Tic MAcuetic vfjc nupauíðos. 
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For let the center, D, of circle ABC have been found 
[Prop. 3.1]. And AD (being) joined, let it have been 
drawn across to E. And let BE have been joined. 

And since triangle ABC is equilateral, circumference 
BEC is thus the third part of the circumference of cir- 
cle ABC. Thus, circumference BE is the sixth part of 
the circumference of the circle. Thus, straight-line B E is 
(the side) of a hexagon. Thus, it is equal to the radius 
DE [Prop. 4.15 corr.]. And since AE is double DE, the 
(square) on AF is four times the (square) on E D—that 
is to say, of the (square) on BE. And the (square) on 
AE (is) equal to the (sum of the squares) on AB and BE 
[Props. 3.31, 1.47]. Thus, the (sum of the squares) on 
AB and BE is four times the (square) on BE. Thus, 
via separation, the (square) on AB is three times the 
(square) on BE. And BE (is) equal to DE. Thus, the 
(square) on AB is three times the (square) on DE. 

Thus, the square on the side of the triangle is three 
times the (square) on the radius [of the circle]. (Which 
is) the very thing it was required to show. 


Proposition 13 


To construct a (regular) pyramid (i.e., a tetrahedron), 
and to enclose (it) in a given sphere, and to show that 
the square on the diameter of the sphere is one and a 
half times the (square) on the side of the pyramid. 
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"Exxciod 7| vfjc SoVetonc oqooípac dtaueteoc f, AB, xoi 
TEeTUHOVE xatà TOT onueiov, Hote SitAaotav civar thy AT 
tfc DB: xoi yeypdpde ext tic AB ñuxóxňov tò AAB, 
xoi Tc dnd tod T onuetov t AB npóc pàs fj TA, 
xoi éneCeOy 0o f| AA: xol &xxeíoto xdxA0¢ 6 EZH tony 
Éyov thy £x tod xév1pou t AT, xoi &yvevodqUco cic tov 
EZH xóxAov tetywvov icónAeupov tò EZH: xoi epo 
TÒ xév1pov Tov xOÓxAou TO O onuciov, xoà ExeTedyIwouv 
oi EO, OZ, OH: xoi aveotatw and tod O onystou 16 to 
EZH x0xAou ennédw npgóc ópüàc 9, OK, xol apnejodw ano 
tis OK tH AT cdVeta ton f; OK, xoi &neCeoy ooo oi KE, 
KZ, KH. xoi &re f, KO op, cot npóc tò tot EZH xóxAou 
éntnedov, xol MEO náooc doa Tac &árvouévoc ocfjc EvVElac 
xol oŬoas v tT tod EZH xóxňou Eminédw pts noros 
yavias. &ntetoa sé adtij¢c Exdotyn xov OE, OZ, OH: n OK 
äpa Ted ExdoTH xv OE, OZ, OH óp0f, Eotw. xoi eel ton 
éotlv fj u£v AT xfj OK, 5| òè DA «fj OE, xoi dpdac yovias 
xepiéyouotv, Báo goa f, AA Báce xfj, KE &owv ion. oux 
TÀ KUTA SH xoi Exatéoa tev KZ, KH tH AA otw tory oi 
toeic doa at KE, KZ, KH toot GAAY|Aotc ciotv. xol &nel ònà 
otv f, AT xfic DB, tein doa ñ AB ts BT. óc òè f, AB 
xpóc thy BT, obvoc 16 and vfjc AA npóc tò and tis AT, 
ws &&fic Sery0oeta. xpi oiov dea TO and týs AA tod 
ano tfjc AT. ott è xoi tò and ts ZE tod and tic EO 
toimAdotov, xat Eottv ton | AT tH EO: ton &pa xoi f, AA 
tH EZ. àAA& f, AA &xáor vóv KE, KZ, KH edetydn ton: 
xol exdotn doa x&v EZ, ZH, HE excoty tæv KE, KZ, KH 
&o1ty ton: ioónAeupa doa oT) xà vécoopa Tetywva xà EZH, 
KEZ, KZH, KEH. nxupouic dpa ovvéotata £x tecockowv 
tetY vov icoxAéupov, fic Dáotc uév ċott TO EZH tetywvov, 
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is 
Q 


Let the diameter AB of the given sphere be laid out, 
and let it have been cut at point C such that AC is double 
C B [Prop. 6.10]. And let the semi-circle ADB have been 
drawn on AB. And let CD have been drawn from point C 
at right-angles to AB. And let DA have been joined. And 
let the circle EFG be laid down having a radius equal 
to DC, and let the equilateral triangle E FG have been 
inscribed in circle EFG [Prop. 4.2]. And let the center 
of the circle, point H, have been found [Prop. 3.1]. And 
let EH, HF, and HG have been joined. And let HK 
have been set up, at point H, at right-angles to the plane 
of circle EFG [Prop. 11.12]. And let Hk, equal to the 
straight-line AC, have been cut off from H K. And let 
KE, KF, and KG have been joined. And since KH is at 
right-angles to the plane of circle EFG, it will thus also 
make right-angles with all of the straight-lines joining it 
(which are) also in the plane of circle EFG [Def. 11.3]. 
And HE, HF, and HG each join it. Thus, HK is at 
right-angles to each of HE, HF, and HG. And since 
AC is equal to HK, and CD to HE, and they contain 
right-angles, the base DA is thus equal to the base KE 
[Prop. 1.4]. So, for the same (reasons), K F and KG is 
each equal to DA. Thus, the three (straight-lines) K E, 
KF, and KG are equal to one another. And since AC is 
double CB, AB (is) thus triple BC. And as AB (is) to 
BC, so the (square) on AD (is) to the (square) on DC, 
as will be shown later [see lemma]. Thus, the (square) 
on AD (is) three times the (square) on DC. And the 
(square) on FE is also three times the (square) on EH 
[Prop. 13.12], and DC is equal to EH. Thus, DA (is) 
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xopuq?, 6£ tò K onuctov. 

Agi of avthy xoi oqaípga nepthaBeiv tH Sodeton xol 
6ci&ot, StL H vfjc oxo(pac Sidueteoc¢ HULoAta Eotl Suvduet 
ts MAcuetic vfjc nupauíðos. 

"ExBepArjo0o yàp én’ evVetuc TH KO eó0cia 9| OA, xoi 
xe(o0co tH PB ton f, OA. xoi &ne( &owv óc 7 AT npóc thy 
TA, o0xoc f, L'A ngóc thy TB, ton òè 5| u£v AT tH KO, 7) 6€ 
TA xfj OE, 7 62 TB tH OA, Eotw dpa óc f KO ngóc thy OE, 
obxoc f, EO ngóc thy OA: tò doa ono xv KO, OA ícov 
Eotl 1G) aNd tis EO. xal &oxtv dey Exatéoa t&v Und KOE, 
EOA vovv: tÒ doa &ri tic KA yeapduevov TjuocoxAuov 
Ti&et xoà dià tod E [inene &àv emCevEwpev thy EA, óp07 
yiveta n Und AEK ywvia Già tò iooyawov yiveoDa tÒ 
EAK tetywvoyv &xoxépo xv EAO, EOK xptyóvov]. àv 
öd Uevovone ts KA nxeptevey ev tÒ HULxdxAtov eic TO ATO 
náv ånoxataotaðf, SVEev HoEato qépeotou, Heer xod Sid 
t&v Z, H onuctwy emCevyvuuevw tev ZA, AH xoi opddv 
OUOIWS vtvouévov t&v npóc tois Z, H yovv: xol čata 
Å tupopic oqoípa nepieinuuévn ti 6oUe(of. À yoo KA 
Thc oqaípac ðáuetpos fon toti tÅ vfjc dolelons odqaípoc 
dtauetow tÅ AB, énedhnep tÅ u&v AT ton xeita f; KO, tH 
dé TB 5| OA. 

Aéyw O5, öt Å tis oqoí(pac Ouigevpoc uota toti 
6uváget THe rÀeupóic ts nupapiðos. 

Erel yàp Sindy &ouv 5| AT ts DB, cpu doa £oxiv 
?, AB ts BT: åvaotpépavti fjuioX(ia dea gotiv 7 BA ts 
AT. óc 6& 5| BA npóc thy AT, obxoc TO and týs BA npóc 
tO and tfc AA [éneidineo &müeoYvuévnc tij¢ AB otw 
s f| BA ngóc thy AA, ottac f| AA npóc thy AT ài 
thy ógotótnxa x&v AAB, AAT teryovey, xol civar óc thy 
TEWTHY xpóc THY 1p(trjv, OUTWS TO ANO TÄS TEWTNHS npóc TO 
&nO tc Seutépac]. HutdAtov Goa xal tò dnd ts BA tot 
ano tfjc AA. xat &owv À u£v BA 1 ts Doðeions oqaípoc 
didueteoc, 7| OE AA ton TH xAeup& ts MUPAUtdOc. 

“H doa ts oqaípac Sikusteo NULoAla toti ts rXeupólc 
Ts nupauidoc: Sree Eder Seta. 
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also equal to EF. But, DA was shown (to be) equal to 
each of KE, KF, and KG. Thus, EF, FG, and GE are 
equal to KE, KF, and KG, respectively. Thus, the four 
triangles EFG, KEF, KFG, and KEG are equilateral. 
Thus, a pyramid, whose base is triangle EFG, and apex 
the point K, has been constructed from four equilateral 
triangles. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the square on the diameter of 
the sphere is one and a half times the (square) on the side 
of the pyramid. 

For let the straight-line HL have been produced in 
a straight-line with KH, and let HL be made equal to 
CB. And since as AC (is) to CD, so CD (is) to CB 
[Prop. 6.8 corr.], and AC (is) equal to KH, and CD to 
HE, and CB to HL, thus as KH is to HE, so EH (is) 
to HL. Thus, the (rectangle contained) by KH and HL 
is equal to the (square) on EH [Prop. 6.17]. And each 
of the angles KHE and FHL is a right-angle. Thus, 
the semi-circle drawn on KL will also pass through E 
[inasmuch as if we join EL then the angle LEK be- 
comes a right-angle, on account of triangle ELK becom- 
ing equiangular to each of the triangles ELH and EHK 
[Props. 6.8, 3.31] ]. So, if K L remains (fixed), and the 
semi-circle is carried around, and again established at the 
same (position) from which it began to be moved, it will 
also pass through points F and G, (because) if FL and 
LG are joined, the angles at F and G will similarly be- 
come right-angles. And the pyramid will have been en- 
closed by the given sphere. For the diameter, K L, of the 
sphere is equal to the diameter, AB, of the given sphere— 
inasmuch as K H was made equal to AC, and HL to CB. 

So, I say that the square on the diameter of the sphere 
is one and a half times the (square) on the side of the 
pyramid. 

For since AC is double CB, AB is thus triple BC. 
Thus, via conversion, BA is one and a half times AC. 
And as BA (is) to AC, so the (square) on BA (is) to the 
(square) on AD [inasmuch as if DB is joined then as B A 
is to AD, so DA (is) to AC, on account of the similarity 
of triangles DAB and DAC. And as the first is to the 
third (of four proportional magnitudes), so the (square) 
on the first (is) to the (square) on the second.] Thus, 
the (square) on BA (is) also one and a half times the 
(square) on AD. And BA is the diameter of the given 
sphere, and AD (is) equal to the side of the pyramid. 

Thus, the square on the diameter of the sphere is one 
and a half times the (square) on the side of the pyramid.* 
(Which is) the very thing it was required to show. 


t If the radius of the sphere is unity then the side of the pyramid (i.e., tetrahedron) is \/8/3. 


522 


STOIXEION ty’. 

















A 
D 
A B 
E Z 
Afiuga. 


Asixtéov, óu gotly óc f| AB npóc thy BE, oŬtws tÒ 
ano tic AA npóc xo àxÓ tis AT. 

‘Exxetodo yàp A oO fjuxuxA(ou xatayeaph, xo 
&neCeoy 0o ñ AB, xol dvayeyedgp tw and týs AT tetedkywvov 
tO ET, xoi ouunerAnemodw tò ZB napoAAn^óypouuov. 
&nel ov 8tà TO icoyovtov elvat tò AAB totywvov 176 AAT 
tpryóvo &oxlv óc f| BA xpóc thy AA, obxoc À AA npóc 
thv AT, tò doa òrò x&v BA, AT (cov &od 16 and ts 
AA. xoi énet &owv oc f, AB npgóc thy BT, o0voc tò EB 
xpóc tò BZ, xoí Eott tò u£v EB tò nò x&v BA, AT" ion 
yoo n EA xij AT: tò òè BZ tò onó xv AT, TB, óc doa H 
AB npóc thy BT, ottw¢ 16 Und tõv BA, AT 106 tò ono 
t&v AT, TB. xat got tò uèv ono x&v BA, AT tcov 16 and 
ts AA, tò òè ono x&v ATB tcov t& ånò týs AT" f, yàp 
AT xéüevoc x&v tc B&ceoc tTunudctwv tæv AT, TB uéon 
åváňoyóv &ox Già TO GENT civar thy óxó AAB. óc doa f| 
AB npóc thy BD, oŬtws tò and tis AA npóc tò ånò ts 
AT: ónep eer SetEau. 


10’. 


‘Oxtdedpov cuotfjoaoot xol o~atoa meptroBeiv, Ti xol 
TÀ npótepa, xol Gel&ot, Sti f| xfi o~atpac Outexpoc 6uvóget 
OtmAaoía Eotl Tic rÀAeupótc ToD óxtaćðpov. 

"ExxeíoUüc f, týs Sodetonc opatpac Ougevpoc À AB, 
xoi tetUnoVe Siya xatà tò T, xoi yeypóqüo £x vfic AB 
nurxdxAtov tò AAB, xa fro dnd tot T xfj AB ngóc ópüóc 
n DA, xa éneCeOyüo f, AB, xoi exxciodw xexpéyovov 
tò EZHO ‘ony Éyov &xáovnv xv nAceugGv tH AB, xoi 
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D 
C 
A B 
E F 
Lemma 


It must be shown that as AB is to BC, so the (square) 
on AD (is) to the (square) on DC. 

For, let the figure of the semi-circle have been set 
out, and let DB have been joined. And let the square 
EC have been described on AC. And let the parallel- 
ogram FB have been completed. Therefore, since, on 
account of triangle DAB being equiangular to triangle 
DAC [Props. 6.8, 6.4], (proportionally) as BA is to AD, 
so DA (is) to AC, the (rectangle contained) by BA and 
AC is thus equal to the (square) on AD [Prop. 6.17]. 
And since as AB is to BC, so EB (is) to BF [Prop. 6.1]. 
And EB is the (rectangle contained) by BA and AC—for 
EA (is) equal to AC. And BF the (rectangle contained) 
by AC and C B. Thus, as AB (is) to BC, so the (rectan- 
gle contained) by BA and AC (is) to the (rectangle con- 
tained) by AC and CB. And the (rectangle contained) 
by BA and AC is equal to the (square) on AD, and the 
(rectangle contained) by AC B (is) equal to the (square) 
on DC. For the perpendicular DC is the mean propor- 
tional to the pieces of the base, AC and C B, on account 
of ADB being a right-angle [Prop. 6.8 corr]. Thus, as 
AB (is) to BC, so the (square) on AD (is) to the (square) 
on DC. (Which is) the very thing it was required to show. 


Proposition 14 


To construct an octahedron, and to enclose (it) in a 
(given) sphere, like in the preceding (proposition), and 
to show that the square on the diameter of the sphere is 
double the (square) on the side of the octahedron. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut in half at C. And let the semi- 
circle ADB have been drawn on AB. And let CD be 
drawn from C at right-angles to AB. And let DB have 
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&neCeOy0ocav at OZ, EH, xol aveotaétw &nd tot K onetou 
16 tod EZHO tetewyavou enimédm npóc pàs evdeta ñ 
KA xo dufydw ent xà Etepa uépr, tod érixéóou we f, KM, 
xoà apnerode ap’ exatépac xv KA, KM uğ t&v EK, ZK, 
HK, OK ion &xoxépa vv KA, KM, xoi &xeCeoy ooa at 
AE, AZ, AH, AO, ME, MZ, MH, MO. 


N 
A i B 
A 
IX 
o T 
M 














Koi enet ton cotiv f, KE th KO, xai cotw op7) fj ono 
EKO yovia, tò doa and cfc OE Ou GotÓv £o x00 ano ts 
EK. nxéAt, nel ton cotlv n AK xfj KE, xal &oxv óp07, À 
òrò AKE voví(o, TÒ da and ts EA Gu &otóv Eott xoO ano 
EK. £6c(y 0r, 6€ xoi tò and týs OE Gu otov tod ano ts 
EK: tò doa ånò tis AE toov Eotl t& and týs EO: ton dow 
éotlv f AE ti EO. 6tà xà aùtà 97) xoi Y, AO tH OE otw 
low icónAeupov &pa Eotl tò AEO xpí(vovov. Ogoícoc 51 
del€ouev, StL xoi Exnotov t&v Aowdv TELYOvo, Gv Dáosic 
Uév cio ai tol EZHO teteayavou nAeupat, xopual È và 
A, M ouea, todtAcupdv &oxtv: óxtácðpov dow ouveotaTat 
UNO OXTA TELYOVWY iDOTAEVEWY TEPLEYOUEVOV. 

Agi DÀ wvt0 xo o~atog nepihape xfj SoVeton xot Geieot, 
OTL f, TÄS oqoípoc Siapetpoc Suvduet SitAaotwv £o TÄS ToD 
Oxtaédspou nAsupüc. 

"Enel yàp at toeic at AK, KM, KE foo GA |Aotc cioty, 
TÒ doa ent tic AM ypapduevov fjuxOóxAwov fet xod oid 
tov E. xoi bid xà aÙTÅ, Edv pevovons ts AM nepteveyVEev 
TO fjuxOxAtov cic TO AUTO anoxataoTADH, SVev To&toro 
QépeoUot, Aer xoi dà vv Z, H, O omusíov, xoi Eotar 
oqaíga. repre muévov TO OxTd&edpoV. Aéyw OH, OTL xoi TH; 
doveton. Enel yàp ton &oiv 7 AK tÅ KM, xow) dé 5j KE, 
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been joined. And let the square EFGH, having each of 
its sides equal to DB, be laid out. And let HF and EG 
have been joined. And let the straight-line K L have been 
set up, at point K, at right-angles to the plane of square 
EFGH [Prop. 11.12]. And let it have been drawn across 
on the other side of the plane, like X M. And let KL and 
KM, equal to one of EK, FK, GK, and H K, have been 
cut off from K L and K M, respectively. And let LE, LF, 
LG, LH, ME, MF, MG, and MH have been joined. 


NS 
C B 
L 
Aq 
F G 
M 

And since KE is equal to KH, and angle EKH is a 
right-angle, the (square) on the HE is thus double the 
(square) on EK [Prop. 1.47]. Again, since LK is equal 
to KE, and angle LKE is a right-angle, the (square) on 
EL is thus double the (square) on EK [Prop. 1.47]. And 
the (square) on HE was also shown (to be) double the 
(square) on EK. Thus, the (square) on LE is equal to 
the (square) on EH. Thus, LE is equal to EH. So, for 
the same (reasons), LH is also equal to HE. Triangle 
LEH is thus equilateral. So, similarly, we can show that 
each of the remaining triangles, whose bases are the sides 
of the square EFGH, and apexes the points L and M, 
are equilateral. Thus, an octahedron contained by eight 
equilateral triangles has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is double the (square) on the side of the octa- 
hedron. 

For since the three (straight-lines) LK, KM, and KE 
are equal to one another, the semi-circle drawn on LM 


will thus also pass through E. And, for the same (rea- 
sons), if LM remains (fixed), and the semi-circle is car- 








A 
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xoi ywviag pàs nepteyovow, Dáctc dpa f, AE Báoe tH 
EM éoww ton. xoi nel ph Eotw f| òrò AEM vovíor v 
NurxuxAtw Y áp: TÒ doa ånò vfjc AM Gur otóv &ox tod ano 
ts AE. nó, ¿nel ton £oxv ñ} AT xfj DB, GuAaoía &oxiv 
n AB ts BI. óc òè f, AB npóc thy BD, oóvoc TÒ and 
tfic AB npóc tò ånò týs BA: OuuA&otov dea got TO and 
tfic AB tod and týs BA. edetydn dè xoi tO and ts AM 
ditAcotoyv Tod and tic AE. xat Eottw {oov tÒ and týs AB 
1G dnd ts AE: ton yàp xeita 7 EO tH AB. toov dea xoi 
TO and týs AB xà dxó týs AM: ion dow f, AB tH AM. xoí 
got f| AB fj tis 6o0c(orc oqoípac Outexpoc: f, AM &pa 
ton £o tH tic doðelons opaiouc Ougétpo. 

TlepetAnnton dea tÒ óxxácópov tÅ Soveion o~atea. xol 
OVVATOSESELATAL, OTL f, TÄS oqaítpac Sideteo¢ Ouváget ð- 
TAdotwy £o Tic TOU Oxtaédpou nAeupüc: ónep Edet Seta. 


t If the radius of the sphere is unity then the side of octahedron is V2. 


t£". 

Kov cuotfjoaoot xoà opatey meptroBeiv, ñ xol thy 
TupaUtda, xoi cié, Sti Å TÄS oqoípoc Sidueteoc Ouváuet 
1eixAatotov EoTl Tic voO xópou nAsupóc. 

"Exxeioo f, tic Sovetonc oqaípoc Sidueteoc f, AB xoi 
xexurjo0o xoxà tò T Bote Ouufjv cva thy AT xfi; TB, xoi 
yeyedpde ent tis AB fiuocoov tò AAB, xa dno tod T 
tfj AB npóc dpdac Äx ATA, xoi &xeCeoy 0o f, AB, xoi 
&xxe(oU« tetpåywvov tò EZHO tony £yov thy nAeugày tř 
AB, xoi and 1v E, Z, H, O x tot EZHO «expoyovou 
éminédw npóc ópÜàc fy0ocoav ai EK, ZA, HM, ON, xoi 
&pnefjoUc dàxó &xáornc tæv EK, ZA, HM, ON wae t&v 
EZ, ZH, HO, OE ion &xácr, tæv EK, ZA, HM, ON, xo 
&neCeOy0ocav at KA, AM, MN, NK: xófoc doa cuvéoxoxot 
ò ZN bro ÈE vexvpaty vov loov nepteyóuevoc. 

Aci DÀ avtdov xoà oqaípa neptraBety tÅ Sodeton xol 
dela, StL H TÄS oqaípoc Outievpoc Suvduer vprxAacía tot 
tfc TAcUetc Tol xúßov. 
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ried around, and again established at the same (position) 
from which it began to be moved, then it will also pass 
through points F, G, and H, and the octahedron will 
have been enclosed by a sphere. So, I say that (it is) 
also (enclosed) by the given (sphere). For since LK is 
equal to KM, and KE (is) common, and they contain 
right-angles, the base LE is thus equal to the base EM 
[Prop. 1.4]. And since angle LEM is a right-angle—for 
(it is) in a semi-circle [Prop. 3.31]—the (square) on LM 
is thus double the (square) on LE [Prop. 1.47]. Again, 
since AC is equal to CB, AB is double BC. And as AB 
(is) to BC, so the (square) on AB (is) to the (square) 
on BD [Prop. 6.8, Def. 5.9]. Thus, the (square) on AB is 
double the (square) on BD. And the (square) on LM was 
also shown (to be) double the (square) on LE. And the 
(square) on DB is equal to the (square) on LE. For EH 
was made equal to DB. Thus, the (square) on AB (is) 
also equal to the (square) on LM. Thus, AB (is) equal to 
LM. And AB is the diameter of the given sphere. Thus, 
LM is equal to the diameter of the given sphere. 

Thus, the octahedron has been enclosed by the given 
sphere, and it has been simultaneously proved that the 
square on the diameter of the sphere is double the 
(square) on the side of the octahedron.! (Which is) the 
very thing it was required to show. 


Proposition 15 


To construct a cube, and to enclose (it) in a sphere, 
like in the (case of the) pyramid, and to show that the 
square on the diameter of the sphere is three times the 
(square) on the side of the cube. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is double 
CB. And let the semi-circle ADB have been drawn on 
AB. And let CD have been drawn from C at right- 
angles to AB. And let DB have been joined. And let the 
square EFGH, having (its) side equal to DB, be laid out. 
And let EK, FL, GM, and HN have been drawn from 
(points) E, F, G, and H, (respectively), at right-angles to 
the plane of square EFGH. And let EK, FL, GM, and 
HN, equal to one of EF, FG, GH, and H E, have been 
cut off from EK, FL, GM, and HN, respectively. And let 
KL, LM, MN, and N K have been joined. Thus, a cube 
contained by six equal squares has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is three times the (square) on the side of the 
cube. 
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"Enctceóy0ücoocov yàp oi KH, EH. xoa nel ph otv 
5 òrò KEH yovia die tò xa thy KE op07jv civar npóc 
tO EH éntredov nadd xoi npóc thy EH evdeiav, tò dow 
£m týs KH youpdéyevov nummbxdtov četi xoi Già tot E 
onyctov. x&Atv, &nel f, HZ de0% toti npóc Exatépay tõv ZA, 
ZE, xoi npóc tò ZK dpa &níne8ov 0p0Y, otw f| HZ: oce 
xoi £àv emCedEwuev thy ZK, 5, HZ óp07, Eotm xoi npóc 
thy ZK: xoi dla toto néAw tò Ent týs HK ypapóuevov 
TiuxoxAtov Aer xoi Ou tod Z. ovotwc xal dla x&v Aotóv 
Tov xófou owmusíov Her. àv Sh uevovons ts KH me- 
pleveyVEv TO NULXUXALoOV cic TO AUTO ånroxataotaðf, OVEv 
Hetato qQépeoUot, Eota o~aloy neprerAnuyevoc ô xópoc. 
AEH OH, OTL xoà TH SovEion. Enel yàp ton Eotly ñ HZ tH 
ZE, xat Eotw dey f| npóc 16 Z ywvia, TÒ Goa dnd cfi; EH 
dimAcoLdy £oxt x00 ano ts EZ. ton 6£ f, EZ xfj EK: tò dow 
and tfj; EH ðmàdoróv £o tov ano týs EK: Hote xà and 
t&v HE, EK, toutéott tò ano ts HK, tertAcoudy £oxt tod 
ano ts EK. xoà énel tortAaciwy &oxiv 7 AB tijc BT, we 
dé f, AB npóc thy BI, oŬtws 16 and ts AB npóc 16 ànó 
tiic BA, teinAdcowov dea tò &nd týs AB tod and ts BA. 
edely0n 6€ xoi tò and thc HK tod and ts KE toinAdcovov. 
xai xettoa ton À KE xfj AB: ton doa xoi Y, KH ti AB. xot 
got f, AB tc Go0c(onc oqaípoc Guuexpoc: xoi À KH &pa 
ton £o TH tic SovEionc opatoac Guguétpo. 

TÀ Soveton doa oqoípa nepielAnnta 6 xoc: xoà ov- 
varosebelxTa, OTL f| vfjc oxoípoc Ouievpoc SuVvdmEL Tot- 
rAaoíov £o Tic x00 xUBOU rAeupüc: ónep Eder Deiko. 
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For let KG and EG have been joined. And since an- 
gle KEG is a right-angle—on account of KE also being 
at right-angles to the plane EG, and manifestly also to 
the straight-line EG [Def. 11.3]—the semi-circle drawn 
on KG will thus also pass through point E. Again, since 
GF is at right-angles to each of FL and FE, GF is thus 
also at right-angles to the plane FK [Prop. 11.4]. Hence, 
if we also join FK then GF will also be at right-angles 
to FK. And, again, on account of this, the semi-circle 
drawn on GK will also pass through point F. Similarly, 
it will also pass through the remaining (angular) points of 
the cube. So, if KG remains (fixed), and the semi-circle is 
carried around, and again established at the same (posi- 
tion) from which it began to be moved, then the cube will 
have been enclosed by a sphere. So, I say that (it is) also 
(enclosed) by the given (sphere). For since GF is equal 
to FE, and the angle at F is a right-angle, the (square) 
on EG is thus double the (square) on EF [Prop. 1.47]. 
And EF (is) equal to EK. Thus, the (square) on EG 
is double the (square) on EK. Hence, the (sum of the 
squares) on GE and EK —that is to say, the (square) on 
GK [Prop. 1.47]—is three times the (square) on EK. 
And since AB is three times BC, and as AB (is) to 
BC, so the (square) on AB (is) to the (square) on BD 
[Prop. 6.8, Def. 5.9], the (square) on AB (is) thus three 
times the (square) on BD. And the (square) on GK was 
also shown (to be) three times the (square) on K E. And 
K E was made equal to DB. Thus, KG (is) also equal to 
AB. And AB is the radius of the given sphere. Thus, KG 
is also equal to the diameter of the given sphere. 

Thus, the cube has been enclosed by the given sphere. 
And it has simultaneously been shown that the square on 
the diameter of the sphere is three times the (square) on 
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t If the radius of the sphere is unity then the side of the cube is \/4/3. 


, 


iv. 


Eixoodedpov ovothoawova xoi opatey nepiaßeiv, Ti xol 
TÀ MPOSlONUEVA oyńuata, xol SetEou, Sti Å tod eixocoéópou 
TAEUEd GAoYóc otv f) xoXouygévr, £A&xxov. 


A 








A T B 

"E»oxe(oto f, tic 6o0e(onc oqoípac Sidueteocs f, AB xoi 
xexurjo0o xoxà tò T Hote tetpanrfy civar thy AT ts DB, 
xoi Yeyoó«püc ent tic AB ñuxóxňov tò AAB, xoi Hyde 
ano tot T t AB npóc opüàc yov(oc evdeta yeauur 7 DA, 
xai eneTevydw f, AB, xol exxeiodw x0xXoc 6 EZHOK, 
oU ġ £v tov xévtpou ton Éoxo tů AB, xoà &yvevpóüo 
cic tov EZHOK »xóxAov nevtáywvov ioónAeupóv te xol 
icoyoviov tò EZHOK, xoi tetujodwoayv at EZ, ZH, HO, 
OK, KE nepupépeton Stya xatà tò A, M, N, Z, O onueta, xol 
&neCeOy0ocav oi AM, MN, NZ, £O, OA, EO. toónAeupov 
&pa £ox xoi tò AMNZO mevréyovov, xoà 6exoyovou ñ 
EO evdeia. xoi aveotdtwoav ano xv E, Z, H, O, K 
orjuetov v& Tov xÓxXov &rixéO0 npóc EVA Ywviac evVEtau 
oi EIL, ZP, HY, OT, KY tom oðo tfj £x 100 xévvpou tod 
EZHOK xvxAov, xoi exeCedyDwoay oi IIP, PX, XT, TY, 
TU, MA, AP, PM, MX, XN, NT, T=, =Y, YO, ONI. 

Koi &nel £xoxépa t&v EIL, KY 16 avuté &rinéóo npóc 
ÓópÜóc otw, napåňànàos dpa cotly f| EIT tH KT. got 
öè AUTH xol ton: oi SE tàs oas ve xoà mropoAAY|Aouc èni- 
Ceuyvýovoa Ext xà HUT UEP EvVETAL tom ve xa topi Am ot 
cio. f, IY äpa th EK ton ve xoi mapcAAnadc £o. nev- 
xay vou 8& icorAe0pou f, EK: revtayavou doa toomAeveou 
xoi fj IY tod eic tov EZHOK »0xXov &YYpotpouévou. 
Sia xà HOTA SY xol &xáocr tæv IP, PU, XT, TY nev- 
Tayavou &oilv iconAeÓOpou tov ci; tov EZHOK »xÓxAov 
&YYpotpouévou: icónAsupov dpa tò IIPXT'Y xevxéyovov. 
xol éxel &&oryóvou uév otw À HE, 6exoyovou sé Å EO, 
xai otv óp017, f, LTO IEO, nevtayovou doa &oxiv fj HO: 7 
Yàp Tov nevvoryovou TAEVEd SUVaATAL THY Te TOU &&oryovou 
xal thy tod Sexayavou tæv sic TOV AUTOV KUXAOV EYYER- 
qouévov. Sie và atà O7) xoi NY OT revtaywvou oti 
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the side of the cube.! (Which is) the very thing it was 
required to show. 


Proposition 16 


To construct an icosahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the icosahedron is that irrational (straight- 
line) called minor. 


D 








A C B 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is four times 
C B [Prop. 6.10]. And let the semi-circle AD B have been 
drawn on AB. And let the straight-line CD have been 
drawn from C at right-angles to AB. And let DB have 
been joined. And let the circle EFGHK be set down, 
and let its radius be equal to DB. And let the equilat- 
eral and equiangular pentagon EFGH K have been in- 
scribed in circle EFGHK [Prop. 4.11]. And let the cir- 
cumferences EF, FG, GH, HK, and K E have been cut 
in half at points L, M, N, O, and P (respectively). And 
let LM, MN, NO, OP, PL, and EP have been joined. 
Thus, pentagon LM NOP is also equilateral, and EP (is) 
the side of the decagon (inscribed in the circle). And let 
the straight-lines FQ, FR, GS, HT, and KU, which are 
equal to the radius of circle EFGHK, have been set up 
at right-angles to the plane of the circle, at points E, F, 
G, H, and K (respectively). And let QR, RS, ST, TU, 
UQ, QL, LR, RM, MS, SN, NT, TO, OU, UP, and PQ 
have been joined. 

And since EQ and KU are each at right-angles to the 
same plane, EQ is thus parallel to KU [Prop. 11.6]. And 
it is also equal to it. And straight-lines joining equal and 
parallel (straight-lines) on the same side are (themselves) 
equal and parallel [Prop. 1.33]. Thus, QU is equal and 
parallel to EK. And EK (is the side) of an equilateral 
pentagon (inscribed in circle EFGHK). Thus, QU (is) 
also the side of an equilateral pentagon inscribed in circle 
EFGH K. So, for the same (reasons), QR, RS, ST, and 
TU are also the sides of an equilateral pentagon inscribed 
in circle EFGH K. Pentagon QRSTU (is) thus equilat- 


527 


STOIXEION ty’. 


TAcved. £ow be xoi f| ITY nevtaywvou: icónAeupov toa 
éott tò TOY tetywvov. die xà oxà dH xal Exaotov xv 
IAP, PMX, XNT, TEY icónAeupóv gotw. xoi &ncel nev- 
taywvou edely0n Exatéoa x&v ITA, IIO, got 6& xoi f, AO 
TEvtayavou, icónAeupov tea &oxi tò IAO tetywvov. oux 
tà atà SH “al Éxactov Tv APM, MXN, NTE, ETO 
tpty vov loónAeupóv EoTW. 





Ep vw tò xévxvpov tod EZHOK »x0xXov tò  onyuciov: 
Xo ATÒ TOD 9 xG x00 xOxAov &rinéóc Teds ópüdc iveotáto 
A BQ, xoi exPeBanodw ent tà čtepa uépr, óc À OW, xoi 
a&pnonovdw eCayavou uèv f, OX, Sexayavou Sé Exatéoa t&v 
$ V, XQ, xoi ExeCebyDwoav oi IIO, WX, TO, ES, AS, AV, 
VM. 

Koi nel &xoxéga x&v X, ITE xà 100 x0xAou &nnéóo 
xpóc OPVd tot, TAPGAANAODS Goa &oxiv f, OX tÅ IE. eio 
dé xoi tom xa oi EP, IIX toa too te xoà napáňňnňoí 
tiow. é&&oyovou sé n EP: e€ayavou &pa xoi ñ IX. xoi 
&nel £&oY vou uév otv À IX, 6exoyovou sé f, XO, xoi 
oe0y £oxtv. f, ono. TTX. ywvia, nevtayovou doa &odlv 7 
IIQ. 6i xà HUTA SY xoà WTO nevtayavou Eotty, &retórjxep, 
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eral. And side QE is (the side) of a hexagon (inscribed 
in circle EFGH K), and EP (the side) of a decagon, and 
(angle) QEP is a right-angle, thus QP is (the side) of a 
pentagon (inscribed in the same circle). For the square 
on the side of a pentagon is (equal to the sum of) the 
(squares) on (the sides of) a hexagon and a decagon in- 
scribed in the same circle [Prop. 13.10]. So, for the same 
(reasons), PU is also the side of a pentagon. And QU 
is also (the side) of a pentagon. Thus, triangle Q PU is 
equilateral. So, for the same (reasons), (triangles) QLR, 
RMS, SNT, and TOU are each also equilateral. And 
since QL and QP were each shown (to be the sides) of a 
pentagon, and LP is also (the side) of a pentagon, trian- 
gle QLP is thus equilateral. So, for the same (reasons), 
triangles LRM, MSN, NTO, and OUP are each also 
equilateral. 





Let the center, point V, of circle EFGHK have been 
found [Prop. 3.1]. And let VZ have been set up, at 
(point) V, at right-angles to the plane of the circle. And 
let it have been produced on the other side (of the cir- 
cle), like V X. And let VW have been cut off (from XZ 
so as to be equal to the side) of a hexagon, and each of 
V X and WZ (so as to be equal to the side) of a decagon. 
And let QZ, QW, UZ, EV, LV, LX, and X M have been 
joined. 

And since VW and QE are each at right-angles 
to the plane of the circle, VW is thus parallel to QE 
[Prop. 11.6]. And they are also equal. EV and QW are 
thus equal and parallel (to one another) [Prop. 1.33]. 
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éav emiCevEwuev tac OK, XT, tom xoi anevavtiov Écov- 
tat, xal gottv f|, OK £x tod xévtpou ovoa ECayovov. 
eCayavou doa xol À XT. 6exoyovou ðè f, XO, xoi öp 
n bro TXQ: nevtayavou doa yj TQ. got 6& xoi yj NT 
Tevtay@vou’ toónAeupov dpa oti tò LITO tetywvov. oux 
xà AUTH SY xal Exaotov x&v AOLMY vptYovov, Gv Bdoetc 
év ciow at IIP, PX, UT, TY eó0etot, xopupy de tò Q 
onueiov, iocónAeupóv otw. mtv, Emel ECayw@vou uev f| 
QA, ócxoyovou sé f, PY, xoi ópüY, otv f, LTO ASV 
yovia, mevtayavou &pa &oxlv. f, AW. did xà aóà BH &àv 
emiCevEwyev thy MP oboav &&orróvou, ovveryeta xol Y, MU 
nevtayavou. &oxt dé xoà A AM mevtayavou: ioónAeupov 
&ea gott TO AMY totywvov. ógoícc Of Setydhoeta, Str 
xal ExXOTOV x&v AowGv tpty vov, Qv D&oetc év Elow oi 
MN, NE, EO, OA, xopuoù dé tò V onuclov, ioórxAeupóv 
£otlv. OUVÉOTATOAL dpa cixoodedpov ÙTÒ elxool 1ptY vov 
loonAcbewy nepieyóuevov. 

Aci Ò) adtO xol o~aton xepuXopetv t Sodeton xoi Seta, 
Ott f| xoO eixoca£ópou nAeupà G&Aoyóc otv f| xoAouuévr 
EAMOOWY. 

"Enel yàp eCaywvou &oxiv f, OX, dexayovov 88 f, XQ, Å 
PO &pa pov xoi uécov Aóvov TETUNTAL xoà TO X, xol TO 
ueiCov aócfic TUAUd ¿otv f, PX: Eotw dpa óc f, NP npóc 
thy PX, oüroc f, PX npóc thy XQ. ton Se ñ uev PX ty; 
QE, 5, 6£ XO tÅ OW Eotw hoa óc f, NG npgóc thy PE, 
obtoc f, EP npóc thy ®W. xai clow ópal oi óxó (OPE, 
EPY yoviar £Xv doa emCevEwuev thy EX) edvVelav, op) 
éota f, óxó VEQ yov(a dà thy OuoLdtyta vov WED, PEQ 
TOLYOVOY. ÖA xà HUTA OH Emel &oxtv. wo Å OO npóc Ty 
PX, ovtwc f, PX npgóc thy XQ, ton SE f, uev QP tÅ WX, 
n 6€ PX tH XII, Eotw doa Wo f, VX npóc thy XII, odtwe 
ñ IIX ngóc thy XO. xoi dà tobto náv &àv ériGeóSouev 
thy IW, pù gota f, ngóc 16 II Yowv(or tò dow El ts 
WO yeapdyevov TjuocoxAtov. Ästi xo Sta tod IL. xoi àv 
uevoborgc tfjg VO neptevey 08v TO HULxdxALov eic TO ATO 
TdAW ånoxataotað, SVEv HoEato qépeotou, Heer xod Sid 
tol II xoà x&v AowxGv onustwv to cixooagdpou, xol Eotau 
OMAloe MEPLELANUUEVOY TO cixoodeðpov. AEYW SH, StL xol 
th Soveion. tetuńoðw yàp f, OX diya xatà tò o. xol Emel 
cocta. ypauu À PO äxpov xoi uécov AóYvov TETUNTAL xoà 
TÒ X, xol TO £Aacoov arfic xufju& £ovtv f, OX, fj koa OX 
xpooAopo0oa thy fjutoetav tod ue(Covoc tuńuatos thy Xa 
xevvamAdotov Svvata tol and ts AUtoelac tot ue(Covoc 
TUNUATOS TEVTATÀÁOLOV Goa Eotl TO ano TS Na tod ano 
Thc aX. xat Cott the uev Na Of] Y, QI, ths òè aX ouf 
3, PX: nevtanAcovov hoa Eotl TO and tis NV tod and tic 
XP. xoi Enel tetpandf £owv À AT týs DB, nevtandy cow 
éotly f, AB ts BI. óc òè ñ AB npoóc thy BD, obxoc tÒ 
ano týs AB npóc tò and ts BA’ nevvomA otov &pa £o 
TÒ àxó ts AB tod and ts BA. edetyDn 6€ xoi 16 and fic 
OW nevvorAGotov tod ånò týs OX. xat Eotw ton f| AB ti 
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And EV (is the side) of a hexagon. Thus, QW (is) also 
(the side) of a hexagon. And since QW is (the side) of 
a hexagon, and WZ (the side) of a decagon, and angle 
QW Z is a right-angle [Def. 11.3, Prop. 1.29], QZ is thus 
(the side) of a pentagon [Prop. 13.10]. So, for the same 
(reasons), U Z is also (the side) of a pentagon—inasmuch 
as, if we join V K and WU then they will be equal and 
opposite. And V K, being (equal) to the radius (of the cir- 
cle), is (the side) of a hexagon [Prop. 4.15 corr.]. Thus, 
WU (is) also the side of a hexagon. And WZ (is the side) 
of a decagon, and (angle) UW Z (is) a right-angle. Thus, 
UZ (is the side) of a pentagon [Prop. 13.10]. And QU 
is also (the side) of a pentagon. Triangle QUZ is thus 
equilateral. So, for the same (reasons), each of the re- 
maining triangles, whose bases are the straight-lines QR, 
RS, ST, and TU, and apexes the point Z, are also equi- 
lateral. Again, since V L (is the side) of a hexagon, and 
V X (the side) of a decagon, and angle LV X is a right- 
angle, LX is thus (the side) of a pentagon [Prop. 13.10]. 
So, for the same (reasons), if we join MV, which is (the 
side) of a hexagon, M X is also inferred (to be the side) 
of a pentagon. And LM is also (the side) of a pentagon. 
Thus, triangle LM X is equilateral. So, similarly, it can 
be shown that each of the remaining triangles, whose 
bases are the (straight-lines) MN, NO, OP, and PL, 
and apexes the point X, are also equilateral. Thus, an 
icosahedron contained by twenty equilateral triangles has 
been constructed. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the side of the icosahedron is 
that irrational (straight-line) called minor. 

For, since VW is (the side) of a hexagon, and WZ 
(the side) of a decagon, VZ has thus been cut in ex- 
treme and mean ratio at W, and VW is its greater piece 
[Prop. 13.9]. Thus, as ZV is to VW, so VW (is) to WZ. 
And VW (is) equal to VE, and WZ to VX. Thus, as 
ZV is to V E, so EV (is) to V X. And angles ZVE and 
EV X are right-angles. Thus, if we join straight-line EZ 
then angle X EZ will be a right-angle, on account of the 
similarity of triangles X EZ and V EZ. [Prop. 6.8]. So, 
for the same (reasons), since as ZV is to VW, so VW 
(is) to WZ, and ZV (is) equal to XW, and VW to WQ, 
thus as XW is to WQ, so QW (is) to WZ. And, again, 
on account of this, if we join Q.X then the angle at Q will 
be a right-angle [Prop. 6.8]. Thus, the semi-circle drawn 
on XZ will also pass through Q [Prop. 3.31]. And if XZ 
remains fixed, and the semi-circle is carried around, and 
again established at the same (position) from which it 
began to be moved, then it will also pass through (point) 
Q, and (through) the remaining (angular) points of the 
icosahedron. And the icosahedron will have been en- 


529 


STOIXEION ty’. 


PX: &xoxépa yàp adtédv ïon &oxi th £x tov xévteou tov 
EZHOK xbxAou: ton dea xoi 7 AB xfj WO. xot &owv 9| AB 
3j tis ðoðeions oqoaípac Ouevpoc: xoi Y, VO soa ton £o 
TH tic SoVEionc opatoac Stauetew TH doa sodeion opatog 
TEPLELANNTAL TO eixooóeopov. 

Aéyw oh, ów Å tod cixooagdpou TAcUEd GAoyóc EoTI f| 
xoAXougévr EAATIWV. Emel yàp ENTH COTW f| tS oqaípoc 
didetooc, xal ċott Suvduet NevtanAaciwy tfj; Ex toU 
xévteou tov EZHOK »xóxAou, óru dea £ou xa f| &x 
toO xévteou tol EZHOK xvxdou: dote xa fj Sidkueteoc 
avtod ENT otv. &àv SE elc xUXAOV eru EXOVTA TY 
SidUETEOV xeviáyovov iocónrňsupov EYYEAPH, A tov nev- 
TAYÖVOL TAEUEa GAovóc EOTW Å XXAOUUEVN EAATIWY. 7 OE 
tol EZHOK nevtayavou mAcved f) tod cixooaédeou cotiv. 
7 äpa tod etxooagdpou nAeupà &Aoyóc otv fj xoAouuévr 
EAATTOY. 


IIóptoya. 

"Ex 97?) voÓxou qavepóv, STL f, Tic oqoípoc Gtigetpoc 
6uváget nevramAototov EOTL tfc EX TOU xévxpou TOŬ xbxAOU, 
ap’ od TO cixoodeðpov avayeyeanta, xol OTL Å TS o~atoac 
Stdetoos ObYxEITaL Ex te TÄS xoO &&oyovou xal 000 Tév 
Tot dexaymvou 6v eic TOV AUTOV XUXAOV EYYPAPOUEVOY. 
bree Eder Seta. 
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closed by a sphere. So, I say that (it is) also (enclosed) 
by the given (sphere). For let VW have been cut in half 
at a. And since the straight-line VZ has been cut in ex- 
treme and mean ratio at W, and ZW is its lesser piece, 
then the square on ZW added to half of the greater piece, 
Wa, is five times the (square) on half of the greater piece 
[Prop. 13.3]. Thus, the (square) on Za is five times the 
(square) on aW. And ZX is double Za, and VW double 
aW. Thus, the (square) on ZX is five times the (square) 
on WV. And since AC is four times CB, AB is thus 
five times BC. And as AB (is) to BC, so the (square) 
on AB (is) to the (square) on BD [Prop. 6.8, Def. 5.9]. 
Thus, the (square) on AB is five times the (square) on 
BD. And the (square) on ZX was also shown (to be) 
five times the (square) on VW. And DB is equal to VW. 
For each of them is equal to the radius of circle EFGHK. 
Thus, AB (is) also equal to X Z. And AB is the diameter 
of the given sphere. Thus, XZ is equal to the diameter 
of the given sphere. Thus, the icosahedron has been en- 
closed by the given sphere. 

So, I say that the side of the icosahedron is that irra- 
tional (straight-line) called minor. For since the diameter 
of the sphere is rational, and the square on it is five times 
the (square) on the radius of circle EFGHK, the radius 
of circle EFGHK is thus also rational. Hence, its di- 
ameter is also rational. And if an equilateral pentagon 
is inscribed in a circle having a rational diameter then 
the side of the pentagon is that irrational (straight-line) 
called minor [Prop. 13.11]. And the side of pentagon 
EFGHEK is (the side) of the icosahedron. Thus, the side 
of the icosahedron is that irrational (straight-line) called 
minor. 


Corollary 


So, (it is) clear, from this, that the square on the di- 
ameter of the sphere is five times the square on the ra- 
dius of the circle from which the icosahedron has been 
described, and that the the diameter of the sphere is the 
sum of (the side) of the hexagon, and two of (the sides) 
of the decagon, inscribed in the same circle.* 


t If the radius of the sphere is unity then the radius of the circle is 2/4/5, and the sides of the hexagon, decagon, and pentagon/icosahedron are 


2/A/5, 1 — 1//5, and (1/ /5) V10 — 2 V5, respectively. 
e. 


Awbdexdedpov ouotýoacða xol oqaípo xepuXopety, fj xol 
TH npoetenuéva oxyýuata, xal Setar, StL Å TOU Swdexaédeou 
TAEUEG GAovóc otv f| xoXouyévr, ATOTOUN. 


Proposition 17 


To construct a dodecahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the dodecahedron is that irrational (straight- 
line) called an apotome. 
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‘Exxetodvwoay tod nposipnuévou xópou úo Enineda 
npoòs pàs GAAHAOIc xà ABTA, TBEZ, xoi tetuńoðw 
excoty xv. AB, BT, TA, AA, EZ, EB, ZT nAeupóv dtya 
xoxà xà H, O, K, A, M, N, E, xoi éneCeoy0ocov oi HK, 
OA, MO, NE, xa tetnfjodw exdotn tæv NO, OF, OIL 
&xpov xal u£cov Adyov xoxà xà P, 3, T onucia, xoi Eotw 
aO1Gv yetCova tuńuata tà PO, OX, TII, xoà aveotétwoav 
ano t&v P, X, T onuetwv tois tot} xópou emmédoic npóc 
ópÜdc Ent Ta &xxóc pép TOU xófou oi PT, £P, TX, xoi 
xeioðwoav tom tos PO, OX, TH, xoi exeCedyDwoav at 
YB, BX, XT, T®, TY. 

Aéyw, 611 tò TBXT® revtéywvov ioónAeupóv te xa Ev 
evi Eminédw xol Ett looyavdy otv. &neCeOy ooo yàp oi 
PB, XB, 6B. xoi &nei cvdeia Y, NO &xpov xoi uécov Adyov 
TETUNTAL KATA TO P, xoi tò ueitov xufju& otv f, PO, và doa 
and t&v ON, NP teinAdcork £oxt x00 and ts PO. ton be ñ 
yev ON tf NB, n 6£ OP tH PY: xà dow and x&v BN, NP 
TolnmAcovd Cott To and týs PT. tois òè and x&v BN, NP to 
and ts BP otw toov: tò dea and týs BP toinAcovdy £oxt 
toU ano týs PY: ote tà and x&v BP, PY tetoanrdork 
Eotl 100 and ts PY. tois dé ano vv BP, PY {oov cot tò 
and týs BY: tò dpa &xó týs BY tetpanAcordy &ox tod and 
thc TP: Gu f| doa cotiv f, BY tis PY. £o dè xoi f, OT tic 
TP Gu, &neiófimep xoi A UP tic OP, toutéott tic PT, 
£c Sinan ton doa ñ BY th TP. duotwc dh Sderydjoeta, 
öt xoi Exdotyn THv BX, XT, TP &xoxéga tv BY, T® 
éotw ton. icónAeupov dpa cotl tò BY ®LX nevtåywvov. 
EY Of, OTL xol Ev Evi otv ETINEdH. HyVw yuo and tod O 
Exatéoa tæv PT, UM nopóAAnAoc Ext xà Extd¢ tod xópou 
uéen Y, OW, xoi eneCedyYwouv at VO, OX: éyw, Str f 
VOX evdeid cot. Enel yàp f, OIL a&xeov xal uécov Advov 
TETUNTAL KATA TO T, xoi TO ueitov MUTH¢ TUAUd Eotw H IIT, 
éotw dea wo f, OI ngóc thy IIT, obxoc f, IIT npóc ty 
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Let two planes of the aforementioned cube [Prop. 
13.15], ABCD and CBEF, (which are) at right-angles 
to one another, be laid out. And let the sides AB, BC, 
CD, DA, EF, EB, and FC have each been cut in half at 
points G, H, K, L, M, N, and O (respectively). And let 
GK, HL, MH, and NO have been joined. And let N P, 
PO, and HQ have each been cut in extreme and mean 
ratio at points R, S, and T (respectively). And let their 
greater pieces be RP, PS, and TQ (respectively). And 
let RU, SV, and TW have been set up on the exterior 
side of the cube, at points R, S, and T (respectively), at 
right-angles to the planes of the cube. And let them be 
made equal to RP, PS, and TQ. And let UB, BW, WC, 
CV, and VU have been joined. 

I say that the pentagon U BW CV is equilateral, and 
in one plane, and, further, equiangular. For let RB, SB, 
and V B have been joined. And since the straight-line N P 
has been cut in extreme and mean ratio at R, and RP is 
the greater piece, the (sum of the squares) on PN and 
NR is thus three times the (square) on RP [Prop. 13.4]. 
And PN (is) equal to NB, and PR to RU. Thus, the 
(sum of the squares) on BN and NR is three times the 
(square) on RU. And the (square) on BR is equal to 
the (sum of the squares) on BN and NR [Prop. 1.47]. 
Thus, the (square) on BR is three times the (square) on 
RU. Hence, the (sum of the squares) on BR and RU 
is four times the (square) on RU. And the (square) on 
BU is equal to the (sum of the squares) on BR and RU 
[Prop. 1.47]. Thus, the (square) on BU is four times the 
(square) on U R. Thus, BU is double RU. And VU is also 
double UR, inasmuch as SR is also double P R—that is 
to say, RU. Thus, BU (is) equal to UV. So, similarly, it 
can be shown that each of BW, WC, CV is equal to each 
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TO. ton 6& f; uèv OI tH OO, 7H Se IIT &xoxépa x&v TX, 
OW: Eotw dea Wo f, OO npóc THY OV, oŭtas f, XT ngóc 
tv TO. xai ċott napóAAnAoc H u&v OO tH TX: Exatéoa 
yoo adtéyv tT BA &rixéóo npóc pás &owv f, òè TO tH 
OW: exatéoa yàp avut&v 16) BZ eminédw npóc deddc &oxtv. 
éxv 6€ 600 Telywva ouvteðf xoxà Ulav ywvlav, ac xà WOO, 
OTX, tac 600 nàcuvpàç voli Guviv ådváňoyov ExovTa, WoTE 
tàc ógoAÓYouc aUTHY TAcupàc xol MAPAAANAOUC civar, od 
Aono evudeta en’ evdetac Ecovta En’ cvVetac hou Eotly 7 
WO tH OX. noa dè cbVeta Ev Evi Cot Emimedw Ev Evi dpa 
emunedm otl tò YBXT'6 nevtåywvov. 

Aéyw oh, 6tt xa icoyovtóv &ouv. 

‘Enel yàp eudeia voor, 7 NO dxpov xoi uécov Aóvov 
TETUNTAL KATA TO P, xoi TO ueiCov tuñuá Eotw H OP [Eotw 
dpa Gc ouvaupótepos f, NO, OP ngóc thy ON, oŬtas ñ 
NO nóc thy OP], ton òè 5j OP tH OX [€otw doa we f, EN 
xpóc thy NO, oütoc f| NO npóc thy OX], f, NX doa &xpov 
xai uécov AóYvov TETUNTAL xoà TO O, xoi TO ueiCov tuñuá 
&ouv 7 NO: xà doa and tv NX, XO tordo cot tod 
and ts NO. ton dé f) u£&v NO th NB, rj 6 OX tH EP: xà 
doa and Tv NX, X tetodkywva xpuxAóotà Eott to ano 
thc NB: dote xà and tév PX, XN, NB tetpanidoiá tot 
to ano ts NB. xoic òè and tév UN, NB toov &ox tò ano 
thc 3B: xà doa ano xv BU, XP, toutéot TÒ and ts BS 
ded) yàp H Und XB ywvia], vevponAéotóv &oxt tod &nod 
thc NB: Gun f, &pa żotiv A PB ts BN. £o SE xoi H BT 
thc BN Gui ton dpa &oxiv n BP tÅ BI. xoi Enel 600 at 
BY, Y e 8uoi tas BX, XT too etotv, xoà foc f, B® Baoer 
th BT ton, yovia dpa f, óxó BY 9 vovía tH óxó BXT otv 
ïon. Ouotwe of 6e(&ouev, Sti xoi À ONO TOL ywvia ton tot 
Th Und BXI'" of dou Und BXT, BY, TSI tosis ywvia 
too dAAnAaic elotv. &kv 6€ Tevtayavou iconAcvoeou oi tecic 
yoorviar toa GA Aoc Gow, looyaviov &oxoat TO TEVTaYWVOV' 
looyavov doa £oxl tò BY OLX nevtáywvov. cdetydny dé xol 
icónAeupov: TÒ doa BY PIX nevvévovov ioónAeupóv Eott 
xoà looyaviov, xal toT nì wç tod xópou nAeupüc cfic 
BI. éàv doa ep’ £x&ocrjc t&v tod xUBov dadexa tÀeupóv 
TH VTA xorcatoxeudocouev, OVOTAIHOETAL TL OYFUX oxepeóv 
UNO SASEXA TEVTAYOVOV looTAEVEWY TE xol icoywviwy TE- 
PleXOUEVOY, O xoAetxot Swbexckedpov. 

Ai Ò) adtO xol o~aton nepiraBetv t Sodeton xoi Seta, 
OTL Å TOU Swdexagdeou TAEUEa &Aoyóc otv f| xoAouuévr 
&NOTOUN. 

"ExpegAfio0o yàp f, WO, xoi Eotw n WX cvupBdrrer doa 
Å OQ xfj xoO xóou Stayetew, xoi diya xéuvoucty GAAHAAC 
toUro yàp Sédeixtoa Ev TÆ TapateAcdtTw Vewphuatı tod 
Evoexdtou BiBAiov. Teuvetwouv xoxà TO Q: tò Q dpa 
xév1pov oT) Tic oqaípoc TH¢ MepLAauBavovoncs Tov xópov, 
xoi A QO Ayutoea tic TAcupac tod xOpou. ExeTebyDw 07, H 
TQ. xoi &rei cvVeta yoauuy n NX äxpov xal uécov Aóyov 
TETUNTAL KATH TO O, xoi TO ueiCov abcfic xufiu& Eotw fj NO, 
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of BU and UV. Thus, pentagon BUV CW is equilateral. 
So, I say that it is also in one plane. For let PX have 
been drawn from P, parallel to each of RU and SV, on 
the exterior side of the cube. And let X H and HW have 
been joined. I say that X HW is a straight-line. For since 
HQ has been cut in extreme and mean ratio at T, and 
QT is its greater piece, thus as HQ is to QT, so QT (is) 
to TH. And HQ (is) equal to HP, and QT to each of 
TW and PX. Thus, as HP is to PX, so WT (is) to 
TH. And HP is parallel to TW. For of each of them is 
at right-angles to the plane BD [Prop. 11.6]. And TH 
(is parallel) to PX. For each of them is at right-angles 
to the plane BF [Prop. 11.6]. And if two triangles, like 
XPH and HTW, having two sides proportional to two 
sides, are placed together at a single angle such that their 
corresponding sides are also parallel then the remaining 
sides will be straight-on (to one another) [Prop. 6.32]. 
Thus, X H is straight-on to HW. And every straight-line 
is in one plane [Prop. 11.1]. Thus, pentagon U BW CV is 
in one plane. 

So, I say that it is also equiangular. 

For since the straight-line N P has been cut in extreme 
and mean ratio at R, and PR is the greater piece [thus as 
the sum of NP and PR is to PN, so NP (is) to PR], and 
PR (is) equal to PS [thus as SN is to NP, so NP (is) to 
PS], NS has thus also been cut in extreme and mean 
ratio at P, and NP is the greater piece [Prop. 13.5]. 
Thus, the (sum of the squares) on NS and SP is three 
times the (square) on NP [Prop. 13.4]. And NP (is) 
equal to NB, and PS to SV. Thus, the (sum of the) 
squares on NS and SV is three times the (square) on 
NB. Hence, the (sum of the squares) on VS, SN, and 
N B is four times the (square) on N B. And the (square) 
on SB is equal to the (sum of the squares) on SN and 
N B [Prop. 1.47]. Thus, the (sum of the squares) on BS 
and SV—that is to say, the (square) on BV [for angle 
VSB (is) a right-angle]—is four times the (square) on 
NB [Def. 11.3, Prop. 1.47]. Thus, VB is double BN. 
And BC (is) also double BN. Thus, BV is equal to BC. 
And since the two (straight-lines) BU and UV are equal 
to the two (straight-lines) BW and WC (respectively), 
and the base BV (is) equal to the base BC, angle BUV 
is thus equal to angle BWC [Prop. 1.8]. So, similarly, we 
can show that angle UVC is equal to angle BWC. Thus, 
the three angles BWC, BUV, and UVC are equal to one 
another. And if three angles of an equilateral pentagon 
are equal to one another then the pentagon is equiangu- 
lar [Prop. 13.7]. Thus, pentagon BUVCW is equiangu- 
lar. And it was also shown (to be) equilateral. Thus, pen- 
tagon BUVCW is equilateral and equiangular, and it is 
on one of the sides, BC, of the cube. Thus, if we make the 
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xà Kou and x&v NX, XO teitAdcowk Eott 100 ano ts NO. 
lon òè 5j u&év NX tH VO, &neiofjxep xoi fj u&v NO «fj OQ 
got ton, fj 66 WO tH OX. &AAà Uy xoi f, OX tH WT, Enel 
xoi TH PO: xà doa ano x&v OW, PY teimAcord oT. tod and 
tic NO. xoic òè and tov OW, YY toov &ox tò and th¢ TQ: 
TO doa aNd Tic TO teiTAdoLdv £oxt TOU and ts NO. £ou 
6& xal f, Ex Tov xévtpou cfc o«oípoac Tic MepLhauBavovons 
tov x0Bov dSuvduet xpirAaotov ts fiuos(oc ts voO xópou 
rÀeUpüc: npoðéðecixtoa yàp xópov cuotrjoaco: xoi oqoítpo 
regii ofety xoi Setar, StL H TÄS oqaípoc Ouiuevpoc Ouváguet 
xgixAatotov £o vfjc tAeupóic TOU xOpou. El dE GAN Tic CANS, 
xoi [A] jutos tic Hutoetac: xot otv A NO juloeia xfjc tod 
xvBovu nAeupüc: f| dea TQ ton oti t Ex tod xévteou tis 
oqaípoac tis TeptAauBavovons tov xópov. xal ott TO Q 
xév1pov tS oqaípoc tfj; TepLhkauBavovons tov xópov: TO 
T toa onyciov xpóc tÀ Emupaveta £oxt tS oqatpac. óuotoc 
Sù SetGouev, Sti xol &xáocr THV Aowdv yovv Too dw- 
6exa&Opou npóc f| EMipaveta toT) TÄS oqoípoc: repre rot 
dpa TO Swdexazdeov TH SoVeion o~atog. 

Aéyo Sh, StL Å TOD Swdexaédeo0u rAcupà &Aovóc &ouv 
fj xoXouyuévr àmoxour|. 

‘Emel yàp tis NO äxpov xoà uécov Aóvov xexunuévnc TO 
ueiCov vufju& cotw ó PO, tic 66 OF Gxpov xal uécov Aóyov 
xexumuévre TO ueitov vufju& Eotw T, OL, Ans dea týs NE 
&xpov xoi uécov Aóvov veuvouévric TO ueiCov xufju& EoTW f| 
PX. [otov &xe( cotw óc f, NO ngóc thv OP, fj OP ngóc thy 
PN, xoà xà GuxAGotoc xà yàp uer xoi iodxtc TOAAATAACtOLC 
TOv avTov Éyet Adyov' Wo dou Y, NE npóc thy PX, ovdtw< rj 
PX ngóc ouvaugótepov thy NP, XE. yetCwv 8& f, NE tis 
PX: yetTwv dea xoi f, P3 ovvayportépou tic NP, UE: 5j NE 
&ou Goxpov xoà uécov Aóvov TétTUNTAL, xoi TO ueiGov otfic 
1ufiu& Eotw ñ PX.] ton dè H PX tH TP: tic &pa NE &xpov 
xai uécov AOYOV xeuvouévrnc TO ueiCov xufju& &ovtv 7; T. 
xol Emel ENTH COT Thc oqoípoc Outievpoc xal otl Guváget 
TolnmAaolwv tfjc Tob xópou mAeupóc, ENTY dpa. Eotiv f| NE 
TÀcupà obca tov xou. &àv bE ern YEAUUN doxpov xal 
uécov AóYvov xunüf,, Exdtepov x&v xumuóxov dAovóc &oxty 
&NOTOUN. 

“H YP doa xAeupà otoa 100 dSwdexaddpou ğAoyós Eotw 
&NOTOUN. 
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same construction on each of the twelve sides of the cube 
then some solid figure contained by twelve equilateral 
and equiangular pentagons will have been constructed, 
which is called a dodecahedron. 

So, it is necessary to enclose it in the given sphere, 
and to show that the side of the dodecahedron is that 
irrational (straight-line) called an apotome. 

For let X P have been produced, and let (the produced 
straight-line) be X Z. Thus, PZ meets the diameter of the 
cube, and they cut one another in half. For, this has been 
proved in the penultimate theorem of the eleventh book 
[Prop. 11.38]. Let them cut (one another) at Z. Thus, 
Z is the center of the sphere enclosing the cube, and ZP 
(is) half the side of the cube. So, let U Z have been joined. 
And since the straight-line N.S has been cut in extreme 
and mean ratio at P, and its greater piece is N P, the 
(sum of the squares) on NS and SP is thus three times 
the (square) on NP [Prop. 13.4]. And NS (is) equal to 
XZ, inasmuch as NP is also equal to PZ, and XP to 
PS. But, indeed, PS (is) also (equal) to XU, since (it 
is) also (equal) to RP. Thus, the (sum of the squares) 
on ZX and XU is three times the (square) on N P. And 
the (square) on UZ is equal to the (sum of the squares) 
on ZX and XU [Prop. 1.47]. Thus, the (square) on UZ 
is three times the (square) on NP. And the square on 
the radius of the sphere enclosing the cube is also three 
times the (square) on half the side of the cube. For it 
has previously been demonstrated (how to) construct the 
cube, and to enclose (it) in a sphere, and to show that 
the square on the diameter of the sphere is three times 
the (square) on the side of the cube [Prop. 13.15]. And 
if the (square on the) whole (is three times) the (square 
on the) whole, then the (square on the) half (is) also 
(three times) the (square on the) half. And NP is half 
of the side of the cube. Thus, UZ is equal to the radius 
of the sphere enclosing the cube. And Z is the center of 
the sphere enclosing the cube. Thus, point U is on the 
surface of the sphere. So, similarly we can show that 
each of the remaining angles of the dodecahedron is also 
on the surface of the sphere. Thus, the dodecahedron has 
been enclosed by the given sphere. 

So, I say that the side of the dodecahedron is that 
irrational straight-line called an apotome. 

For since RP is the greater piece of N P, which has 
been cut in extreme and mean ratio, and PS is the 
greater piece of PO, which has been cut in extreme and 
mean ratio, RS is thus the greater piece of the whole 
of NO, which has been cut in extreme and mean ratio. 
[Thus, since as NP is to PR, (so) PR (is) to RN, and 
(the same is also true) of the doubles. For parts have the 
same ratio as similar multiples (taken in corresponding 
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IIógtoya. 
"Ex 875) tovtou qovepgóv, Ott Thc tod xópou nAsupüc 
&xpov xal uécov Aóvov veuvouévrc TÒ ueitov xyufju& &oxtv 
f| Tod Swdexaédeou rAeupá. ónep Eder Seta. 


order) [Prop. 5.15]. Thus, as NO (is) to RS, so RS (is) 
to the sum of NR and SO. And NO (is) greater than 
RS. Thus, RS (is) also greater than the sum of NR and 
SO [Prop. 5.14]. Thus, NO has been cut in extreme and 
mean ratio, and RS is its greater piece.] And RS (is) 
equal to UV. Thus, UV is the greater piece of NO, which 
has been cut in extreme and mean ratio. And since the 
diameter of the sphere is rational, and the square on it 
is three times the (square) on the side of the cube, NO, 
which is the side of the cube, is thus rational. And if 
a rational (straight)-line is cut in extreme and mean ra- 
tio then each of the pieces is the irrational (straight-line 
called) an apotome. 

Thus, UV, which is the side of the dodecahedron, 
is the irrational (straight-line called) an apotome [Prop. 
13.6]. 


Corollary 


So, (it is) clear, from this, that the side of the dodeca- 
hedron is the greater piece of the side of the cube, when 
it is cut in extreme and mean ratio.! (Which is) the very 
thing it was required to show. 


t If the radius of the circumscribed sphere is unity then the side of the cube is ,/4/3, and the side of the dodecahedron is (1/3) (V15 — V3). 


, 


Wm. 


Tac nAeupàc x&v névte oynuátov £xüéodot xol ouyxgiv- 


ot ngóc AAMAS. 
H 

















A K r AA B 

"E»oxe(oto À tic 6o0etonc opalpas dáuetpos f, AB, xoi 
xexurjo9o xatà tò T óoce tony civar thy AT tÅ LB, xatà 68 
tÒ A ote SitAaotova civar tiv AA tis AB, xol Yeypóüo 
&ni týs AB hutxdxAtov tò AEB, xoi and t&v T, A xfj AB 
xpóc pàs HyIwouv ai TE, AZ, xoi &xeCeoy0ooav at AZ, 
ZB, EB. xoi énei GuAf, otw ñ AA ts AB, toinAy} doa 
éotly f, AB tis BA. àvaoxpédavu nuwoAta dow &oxiv f, BA 
tic AA. we 68 7 BA npóc thy AA, obxoc tò and ts BA 


Proposition 18 


To set out the sides of the five (aforementioned) fig- 
ures, and to compare (them) with one another? 


G 

















A K C DL B 

Let the diameter, AB, of the given sphere be laid out. 
And let it have been cut at C, such that AC is equal to 
C B, and at D, such that AD is double DB. And let the 
semi-circle AEB have been drawn on AB. And let CE 
and DF have been drawn from C and D (respectively), 
at right-angles to AB. And let AF, FB, and EB have 
been joined. And since AD is double DB, AB is thus 
triple BD. Thus, via conversion, BA is one and a half 
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xpóc TÒ dxÓ tfc AZ: icoymvov yåp Eott TO AZB toetywvov 
16 AZA xpiyóvox fjutóALov doa Eotl 16 dnd týs BA tod and 
tic AZ. £o 8€ xol H tic oqoípac Gugiexpoc Guvóget Nurota 
tfc rAeupü ts MUpaUdoc. xal &owv À AB f tic oqaípoc 
dtduetooc’ À AZ doa ton &oxi xfj MAcups týs MUpautdoc. 

Hév, &nei SitAaotwyv cotiv f, AA ts AB, xpuu dpa 
éotlv 7 AB ts BA. óc òè f, AB npóc thy BA, ooxoc TÒ 
ano týs AB npóc tò and týs BZ: xpi otov &pa oT} TO 
ano tc AB tod and týs BZ. Éow 6& xoà H vfjc oqaípoc 
Otiuevpoc 6uváger xputAato(ov vfjc TOU xoBou nAseupóic. xaí 
éotw f) AB f xfjc oqaípoc outexpoc: f, BZ dpa tod xópou 
£o1l rAeupá. 

Kot &nel ton &oxiv À AT xfj DB, uf] doa éotiv f, AB 
tfic BI. óc 86 ñ AB npóc thy BT, obxoc 16 ånò týs AB 
xpóc TÒ aNd ts BE: Gu otov doa Cott tÒ and týs AB tot 
and thc BE. gott be xal H vfjc oqoaípoc Outievpoc Ouváget 
ditAaotwy tfj Tob Óxxaéópou nAcupüc. xoi otw n AB H 
tc SoVetonc o~atoac Ouexpoc: f, BE doa tot dxtaédeou 
éotl TACUE. 

Hyw 87, àxó tot A onyuetou xfj AB evdeta npóc dedac 
ñ AH, xoi xeiodw ñ AH ton xfj AB, xoi &neCeoy 0o f, HI, 
xoà and tot O ¿mì thy AB xé&0üexoc fy 0o f, OK. xoi Exel 
Ou fj £owv n HA tic AT: ton yàp 7 HA xfj AB: we òè f 
HA npóc thy AT, ottwc 5, OK npóc thy KT, uf, dow 
xoi 5, OK tij¢ KT. tetparàdoiov toa &oxi tò and thc OK 
tot ano thc KI: xà dou and x&v OK, KT, ónep &od tò 
and ts OL, nevxanAGoióv ott tod and týs KT. ton dé 
5, OL th TB: nevxvaxAGotov doa oti tò and týs BI tod 
ano tfjg DK. xoi net nA otv fj, AB täs TB, v f 
AA ts AB ċott Ouf, Aou] Koa f, BA Xouijc ts AT 
tott Oud. puAf pa f, BI tic TA: é&vvamAotov &pa 
tO and tç BT tot ånò ts TA. nevvorAGotov dé tò ano 
tiic BT tod and ts TK: uciGov ğpa tò and ts TK tod 
ano täs TA. ueiCov doa cotiv 7 PK tis DA. xeiodw ti 
TK ton f, TA, xoi àxó tot A tH AB ngóc pàs Tyro À 
AM, xo éxeCevydw Y, MB. xal nel nevtandcoidy &oxt TO 
and tfjg BI to} and rfjg PK, xo( cot týs u£v BI Añ 
n AB, ts òè PK Sindy A KA, nevtanàdoiov dpa &ox tO 
ano ts AB tod and týs KA. ott òè xol H Tc oqaípoc 
ÕráueTtpoç Suvduet Nevtatdaciwy Tç Ex Tov xévtpou Tod 
XÜxAovu, &p OD TO cixoodeðpov àvayéypantoa. xal EoTLV f| 
AB f$ ts o«oípac ðduetpos: À KA doa éx tot xévipou 
£oti tov xvUxAov, ap oÙ TO Elxoodedpov dvayéypanta 
1 KA &pa e€ayavou toT) nAeup& tod eipruévou xOxAov. 
Xo &mel Ù ts o~atoauc Ouiievpoc ovyxeirta Ex TE TÄS TOD 
&&aY vou xal dbo x&v Tod dexayavou THY elc TOV eigrjuévov 
X0xAov &YYpotouévov, xal Eotw H u&v AB À tic oqaípoc 
diduetooc, f, 66 KA &&ayovou nAeupá, xoi ton À AK tH 
AB, éxoxépa doa vv AK, AB Sexayavou £o nAeupà 
tod &Ypotpouévou eic xóv xÓxAov, åp’ OD TO eixooóeOpov 
åvayéypanrta. xoà Emel Sexaywvou uev f, AB, e€aywvou 
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times AD. And as BA (is) to AD, so the (square) on 
BA (is) to the (square) on AF [Def. 5.9]. For triangle 
AF B is equiangular to triangle AF D [Prop. 6.8]. Thus, 
the (square) on BA is one and a half times the (square) 
on AF. And the square on the diameter of the sphere is 
also one and a half times the (square) on the side of the 
pyramid [Prop. 13.13]. And AB is the diameter of the 
sphere. Thus, AF is equal to the side of the pyramid. 

Again, since AD is double DB, AB is thus triple BD. 
And as AB (is) to BD, so the (square) on AB (is) to the 
(square) on BF [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is three times the (square) on BF. And the square 
on the diameter of the sphere is also three times the 
(square) on the side of the cube [Prop. 13.15]. And AB 
is the diameter of the sphere. Thus, BF is the side of the 
cube. 

And since AC is equal to CB, AB is thus double BC. 
And as AB (is) to BC, so the (square) on AB (is) to the 
(square) on B E [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is double the (square) on BE. And the square 
on the diameter of the sphere is also double the (square) 
on the side of the octagon [Prop. 13.14]. And AB is the 
diameter of the given sphere. Thus, BE is the side of the 
octagon. 

So let AG have been drawn from point A at right- 
angles to the straight-line AB. And let AG be made equal 
to AB. And let GC have been joined. And let HK have 
been drawn from H, perpendicular to AB. And since GA 
is double AC. For GA (is) equal to AB. And as GA (is) 
to AC, so HK (is) to KC [Prop. 6.4]. HK (is) thus also 
double KC. Thus, the (square) on H K is four times the 
(square) on KC. Thus, the (sum of the squares) on HK 
and KC, which is the (square) on HC [Prop. 1.47], is 
five times the (square) on KC. And HC (is) equal to CB. 
Thus, the (square) on BC (is) five times the (square) on 
CK. And since AB is double C B, of which AD is double 
DB, the remainder BD is thus double the remainder DC. 
BC (is) thus triple CD. The (square) on BC (is) thus 
nine times the (square) on C D. And the (square) on BC 
(is) five times the (square) on CK. Thus, the (square) 
on CK (is) greater than the (square) on CD. CK is thus 
greater than CD. Let CL be made equal to CK. And 
let LM have been drawn from L at right-angles to AB. 
And let M B have been joined. And since the (square) on 
BC is five times the (square) on CK, and AB is double 
BC, and KL double CK, the (square) on AB is thus five 
times the (square) on KL. And the square on the diam- 
eter of the sphere is also five times the (square) on the 
radius of the circle from which the icosahedron has been 
described [Prop. 13.16 corr]. And AB is the diameter 
of the sphere. Thus, K L is the radius of the circle from 
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dé fj MA: ton Yáp £o tH KA, nel xoi xfj, OK: toov yàp 
dnéyovow and tov xévtpou: xal &ouv Exatéoea tõv OK, 
KA ðmactwv týs KT: nevtayóovou doa &oxiv f, MB. 7 òè 
to nevxary vou Eotly f| tov cixooagdpou: eixocoéopou doa 
&ov f| MB. 

Koi exel f, ZB xóou tot) nAeupá, tetuńoðw äxpov xol 
uécov Aóyov xoxà TO N, xoi Zotw ucitov tuñua tò NB: f 
NB dea Swdexaé5pou Eotl ntAeupdá. 

Koi enel A thc opateac Sidueteoc edely0n ts uev 
AZ nxAeupüc tfj; mupautdoc Suvdper ñola, vfjc 6& tod 
óxxa£ópou Tic BE Suvdauet SitAnotwy, tic SE Tob xUBov Tic 
ZB dvuvduet TeitAdotwv, olwv dea À Thc oatoag ougetpoc 
duvduet ČE, ToloUTWY f u£v ts nupauiðos veooópov, T) 68 
tot dxtaédpou tpv, f| Se to} xbBou dbo. f| u&v doa tic 
TupaUidoc TACUE& tfjc u£v TOD OxTa€dpou rAcupóc SUVaUEL 
éotly &níxvptxoc, tic 6& tov xópou Suvduer rA, fj SE tod 
Oxtagdseou Thc xoO xUBou Suvdyer fjuoA(a. of Yev odv 
clonUeva xv tpv oynUdtwy nAeupat, Aàéyw ù TUEAULSOC 
xol OxTaédseov xal xÚBou, npóc Adas Elolv Ev Aóyotc 
entoic. at dé Aoimal 600, Aéyw O7 fj, Te TOU &bxocaéópou 
xal 7 To Swdexaédpov, OUTE MEd GAAHAAC OUTE MEDS Tac 
TMEOELONLEVAS eiolv Ev ADYOls ENTOIC’ GA oYot yao slot, f) uev 
&£Aátov, 1j SE AMOTOUN. 

"Ox ue(Cov &oxiv f| tot eixocaéópou nAeupà f, MB qts 
Tod Swdexaédpovu tic NB, 6e(&ouev owe. 

"Enc yàp icoyóvióv oti tò ZAB tetywvov v ZAB 
TELYOVO, åváňoyóv Eottv óc f, AB xpóc uv BZ, obxoc 
1 BZ ngóc thy BA. xoi ênel xpeic e00eia åváňoyóv cioty, 
EOTW OG f| MEATH MEOS TH TETN, OŬTOG TO ATÒ TÄS TEWTNS 
xpóc TO NO TG 6euxépac: Zotw doa óc T, AB npoc thy BA, 
obxoc TÒ àxó ts AB npóc tò and ts BZ dvanadw &pa 
óc f, AB ngóc thy BA, obxoc tÒ àxó týs ZB npóc 16 ånò 
tfi BA. ton 66 5j AB týs BA: xpguuAcotov doa tò and 
ts ZB tod and ts BA. got ðè xal TÒ and ts AA tod 
ano ts AB tetpatAcovov: Sindy} yàp 7 AA tic AB: uciZov 
&pa tÒ and ts AA tod ånò tis ZB: ue(GCov dpa f) AA ts 
ZB: nohA@ &pa f, AA tis ZB ue(Gov &oxív. xoi tic uev 
AA ğxpov xal uécov Aóvov xeuvouévnc TO ucitov tuñuá 
&ovv f, KA, &neiofimep Å u£v AK &&oyovou Eotiv, f| 6 KA 
dexayavou: týs è ZB äxpov xoà u£cov Aóyov xeuvouévric 
TO ueiCov xufju& &oxtv À NB: ue(Cov doa f, KA tic NB. 
(or 6€ ñ KA tH AM: ueiCov &pa ñ AM ts NB [rfic òè 
AM yusíCov éotiv À MB]. 10346 dea ñ MB xAeupà oca 
tov eixocoéópou ue(Gov toti tic NB xAeupüc obornc tot 
Swdexaédpou" Sree Eder SetEau. 
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which the icosahedron has been described. Thus, KL is 
(the side) of the hexagon (inscribed) in the aforemen- 
tioned circle [Prop. 4.15 corr.]. And since the diameter of 
the sphere is composed of (the side) of the hexagon, and 
two of (the sides) of the decagon, inscribed in the afore- 
mentioned circle, and AB is the diameter of the sphere, 
and KL the side of the hexagon, and AK (is) equal to 
LB, thus AK and LB are each sides of the decagon in- 
scribed in the circle from which the icosahedron has been 
described. And since LB is (the side) of the decagon. 
And ML (is the side) of the hexagon—for (it is) equal to 
KL, since (it is) also (equal) to HK, for they are equally 
far from the center. And H K and KL are each double 
KC. MB is thus (the side) of the pentagon (inscribed 
in the circle) [Props. 13.10, 1.47]. And (the side) of the 
pentagon is (the side) of the icosahedron [Prop. 13.16]. 
Thus, M B is (the side) of the icosahedron. 

And since FB is the side of the cube, let it have been 
cut in extreme and mean ratio at N, and let N B be the 
greater piece. Thus, NB is the side of the dodecahedron 
[Prop. 13.17 corr.]. 

And since the (square) on the diameter of the sphere 
was shown (to be) one and a half times the square on the 
side, AF, of the pyramid, and twice the square on (the 
side), BE, of the octagon, and three times the square 
on (the side), FB, of the cube, thus, of whatever (parts) 
the (square) on the diameter of the sphere (makes) six, 
of such (parts) the (square) on (the side) of the pyramid 
(makes) four, and (the square) on (the side) of the oc- 
tagon three, and (the square) on (the side) of the cube 
two. Thus, the (square) on the side of the pyramid is one 
and a third times the square on the side of the octagon, 
and double the square on (the side) of the cube. And the 
(square) on (the side) of the octahedron is one and a half 
times the square on (the side) of the cube. Therefore, 
the aforementioned sides of the three figures—I mean, of 
the pyramid, and of the octahedron, and of the cube— 
are in rational ratios to one another. And (the sides 
of) the remaining two (figures)—I mean, of the icosahe- 
dron, and of the dodecahedron—are neither in rational 
ratios to one another, nor to the (sides) of the aforemen- 
tioned (three figures). For they are irrational (straight- 
lines): (namely), a minor [Prop. 13.16], and an apotome 
[Prop. 13.17]. 

(And), we can show that the side, M B, of the icosahe- 
dron is greater that the (side), N B, or the dodecahedron, 
as follows. 

For, since triangle FDB is equiangular to triangle 
FAB [Prop. 6.8], proportionally, as DB is to BF, so BF 
(is) to BA [Prop. 6.4]. And since three straight-lines are 
(continually) proportional, as the first (is) to the third, 
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so the (square) on the first (is) to the (square) on the 
second [Def. 5.9, Prop. 6.20 corr.]. Thus, as DB is to 
BA, so the (square) on DB (is) to the (square) on BF. 
Thus, inversely, as AB (is) to BD, so the (square) on 
FB (is) to the (square) on BD. And AB (is) triple BD. 
Thus, the (square) on FB (is) three times the (square) 
on BD. And the (square) on AD is also four times the 
(square) on DB. For AD (is) double DB. Thus, the 
(square) on AD (is) greater than the (square) on FB. 
Thus, AD (is) greater than F B. Thus, AL is much greater 
than FB. And KL is the greater piece of AL, which is 
cut in extreme and mean ratio—inasmuch as LK is (the 
side) of the hexagon, and KA (the side) of the decagon 
[Prop. 13.9]. And NB is the greater piece of FB, which 
is cut in extreme and mean ratio. Thus, K L (is) greater 
than NB. And KL (is) equal to LM. Thus, LM (is) 
greater than NB [and MB is greater than LM]. Thus, 
MB, which is (the side) of the icosahedron, is much 
greater than N B, which is (the side) of the dodecahe- 
dron. (Which is) the very thing it was required to show. 


t If the radius of the given sphere is unity then the sides of the pyramid (i.e., tetrahedron), octahedron, cube, icosahedron, and dodecahedron, 


respectively, satisfy the following inequality: \/8/3 > V2 > 4/4/3 > (1/v/5) V10 — 2 V5 > (1/3) (V15 — V3). 


Aéyw oh, ów Tapd xà cipnuéva névxe oyńuata OV ov- 
oxaYjoecot ETEPOV oyfjua TEPLEXÓLEVOV UTS ioorAeOpov TE 
xol iocoywviwv toov aAANAOIC. 

“Trò u£v yàp 600 rptyóvov Ñ ÓAoc ETITEdWV orepeà 
ywvia où ovviotata. Und SE tpv tpiyovov f| vfjc Tu- 
pou(Goc, UNO SE vecoópov f| To óxtaćðpou, UNO ðè néÉvre 
Ñ tov eixooagdpou" tnd be EE rptyOvov iconAcÓpov ce 
xal iooywviwy xpóc Evl oNUEiw CUVIOTAUEVWY OUX Éocol 
oteped yovi: oŬons yàp vfjc TOU icomnAeÓpou rptYóvou 
Yov(ac diwoteou deVijc Ecovta at EF TEcoupow deVdiic oar 
Ónep &ðúvatov: Gmoca yàp otepeà Ywvla MO &£AoooÓóvov 
Ñ veooópov eddy mepéyetar. Sid TH HUTA SY OSE LTO 
TAELOvw f, £& yovv Emimédwv oteped Ywvia ouviotata.. 
ONO SE vevpoY vov. ToLéY f, TOD xóou ywvia xepiéye vot 
bnó SE vecoópov dóÓvorov: Écovtot YAP TéALW vécoapec 
ÓpUoí. Ono SE revo ovov toonAeópov xal iooywviwv, ono 
èv 1pt&v Å TOD Swdexaédpou' UNO bE vecoópov GUVVATOV’ 
obonc yàp vfjc TOU revvoYovou loonAEbeOL Ywvlac opüfic 
xoà TEUMTOV, Écovrot ai xéooopec Yovíot Tecodowy dEDdyv 
ue(Couc: nep àbOvorov. o06& uv UTS TOAVYOVOY éxépov 
oynuéxov nepioyeUrjoevot otepeà Yovía SI TO oto &TO- 
TOV. 

Ovx doa rapà tÒ cipnuéva névte oxyńuata £vepov oyua 
otepeóv ouvotaÛńoeta Ùrò lconAs0pov te xal looywviwv 
mepleyOuevov’ nep det ðcTéoa. 


So, I say that, beside the five aforementioned figures, 
no other (solid) figure can be constructed (which is) con- 
tained by equilateral and equiangular (planes), equal to 
one another. 

For a solid angle cannot be constructed from two tri- 
angles, or indeed (two) planes (of any sort) [Def. 11.11]. 
And (the solid angle) of the pyramid (is constructed) 
from three (equiangular) triangles, and (that) of the oc- 
tahedron from four (triangles), and (that) of the icosahe- 
dron from (five) triangles. And a solid angle cannot be 
(made) from six equilateral and equiangular triangles set 
up together at one point. For, since the angles of a equi- 
lateral triangle are (each) two-thirds of a right-angle, the 
(sum of the) six (plane) angles (containing the solid an- 
gle) will be four right-angles. The very thing (is) impos- 
sible. For every solid angle is contained by (plane angles 
whose sum is) less than four right-angles [Prop. 11.21]. 
So, for the same (reasons), a solid angle cannot be con- 
structed from more than six plane angles (equal to two- 
thirds of a right-angle) either. And the (solid) angle of 
a cube is contained by three squares. And (a solid angle 
contained) by four (squares is) impossible. For, again, the 
(sum of the plane angles containing the solid angle) will 
be four right-angles. And (the solid angle) of a dodec- 
ahedron (is contained) by three equilateral and equian- 
gular pentagons. And (a solid angle contained) by four 
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Afiuua. 

"Ow 8& Å TOU toonAcbeou xoà icovcov(ou TEVTAYOVOU 
yovia pý cot xoà nÉuTTOU, OUTW Ocoxtéov. 

"Eoto yàp nevtråywvov icónAsupov xoà icoyawoyv TO 
ABTAE, xoà nepiyeypågůðw negl ovo xóx^oc ô ABP'AE, 
xal ctAnpda avtod TÒ xévtpov TÒ Z, xoi &neCeOy ooa oi 
ZA, ZB, ZT, ZA, ZE. dtya dea xéuvouot tac npóc tois A, 
B, T, A, E tot nevxo vou vovíoc. xoi Emel at mpd¢ 16 Z 
névte Y«wviot tEcoapow ptis toot clot xai elow toot, uto 
doa oóxGv, wo f, UNO AZB, puóic pfc Cott nopà néurvov: 
Aono &po at óxó ZAB, ABZ pti eiotv ópüfic xoi néurxov. 
ton dé fj UNO ZAB tH Und ZBI: xoi Gry &pa f, UNS ABT tod 
xEvxatY vou Yavin uic Eotw épis xoà mMéuntOU’ ónep det 
citar. 
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(equiangular pentagons is) impossible. For, the angle of 
an equilateral pentagon being one and one-fifth of right- 
angle, four (such) angles will be greater (in sum) than 
four right-angles. The very thing (is) impossible. And, 
on account of the same absurdity, a solid angle cannot 
be constructed from any other (equiangular) polygonal 
figures either. 

Thus, beside the five aforementioned figures, no other 
solid figure can be constructed (which is) contained by 
equilateral and equiangular (planes). (Which is) the very 
thing it was required to show. 


A 





Lemma 


It can be shown that the angle of an equilateral and 
equiangular pentagon is one and one-fifth of a right- 
angle, as follows. 

For let ABCDE be an equilateral and equiangular 
pentagon, and let the circle ABCDE have been circum- 
scribed about it [Prop. 4.14]. And let its center, F, have 
been found [Prop. 3.1]. And let FA, FB, FC, FD, 
and FE have been joined. Thus, they cut the angles 
of the pentagon in half at (points) A, B, C, D, and E 
[Prop. 1.4]. And since the five angles at F are equal (in 
sum) to four right-angles, and are also equal (to one an- 
other), (any) one of them, like AFB, is thus one less a 
fifth of a right-angle. Thus, the (sum of the) remaining 
(angles in triangle ABF), FAB and ABF, is one plus a 
fifth of a right-angle [Prop. 1.32]. And FAB (is) equal 
to FBC. Thus, the whole angle, ABC, of the pentagon 
is also one and one-fifth of a right-angle. (Which is) the 
very thing it was required to show. 
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ABBREVIATIONS: act - active; adj - adjective; adv - adverb; conj 
- conjunction; fut - future; gen - genitive; imperat - imperative; 
impf - imperfect; ind - indeclinable; indic - indicative; intr - in- 
transitive; mid - middle; neut - neuter; no - noun; par - particle; 
part - participle; pass - passive; perf - perfect; pre - preposition; 
pres - present; pro - pronoun; sg - singular; tr - transitive; vb - 
verb. 


äro, &Eo, hyayoy, -Ñxa, yua, Ay Inv : vb, lead, draw (a line). 
åõúvatoç -ov : adj, impossible. 

det : adv, always, for ever. 

aipéw, atprjow, e[t]rov, fenxa, onua, Heé0nv : vb, grasp. 
autéw, aithow, Atnoa, Trenxo, Ktnuot, AtH0n : vb, postulate. 
altnua -atoc, tó : no, postulate. 


dxddouvoc -ov : adj, analogous, consequent on, in conformity 


with. 
&xpoc -a -ov : adj, outermost, end, extreme. 


àAX& : conj, but, otherwise. 
&Xovoc -ov : adj, irrational. 
&ua : adv, at once, at the same time, together. 


auBAvy@vioc -ov : adj, obtuse-angled; tò åußBAvyóviov, no, ob- 
tuse angle. 


du BAUC -eio -Ó : adj, obtuse. 

d&udtepoc -a -ov : pro, both. 

åvaypåow : vb, describe (a figure); see Yoáo. 
åvaňoyía, f| : no, proportion, (geometric) progression. 
&váXoYoc -ov : adj, proportional. 

åàváraňıv : adv, inverse(ly). 

avoxAmpóo : vb, fill up. 

&vaotpégo : vb, turn upside down, convert (ratio); see oxpéqo. 
&vaotpoqgf, f| : no, turning upside down, conversion (of ratio). 
&vOudgotoéo : vb, take away in turn; see oipéo. 

&vlotnut : vb, set up; see totnur. 

&vicoc -ov : adj, unequal, uneven. 

d&vunóoyo : vb, be reciprocally proportional; see xáoy«o. 
&Ewy -ovoc, ò : vb, axis. 

&ro& : adv, once. 

&xoc, &xoco, &xov : adj, quite all, the whole. 

&neipoc -ov : adj, infinite. 

anevavttoy : ind, opposite. 

anéxyw : vb, be far from, be away from; see £yo. 
ånħatńc -éc : adj, without breadth. 

andbetéic -Ewc, fj : no, proof. 

&xoxoü(ocnur : vb, re-establish, restore; see toxrju. 


ånoaußávæ : vb, take from, subtract from, cut off from; see 
Xogóévo. 


&xoxéuvo : vb, cut off, subtend. 
&xóxunua -atoc, tó : no, piece cut off, segment. 
&xotou*, f; : vb, piece cut off, apotome. 
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nto, dio, fio, —, fjuuot, — : vb, touch, join, meet. 
&xctepoc -a -ov : adj, further off. 

&ea : par, thus, as it seems (inferential). 

dpvOudc, 6 : no, number. 

dpuóo«c : adv, an even number of times. 


aptóxAseupoc -ov : adj, having a even number of sides. 


dexa, UE, Feta, Heya, erua, Tipy ny : 
gin. 


vb, rule; mid., be- 


d&ovuueteoc -ov : adj, incommensurable. 

åcúuntwtoc -ov : adj, not touching, not meeting. 

&ptio¢ -a -ov : adj, even, perfect. 

&tuntoc -ov : adj, uncut. 

&téno¢ -ov : adj, absurd, paradoxical. 

aòtóðev : adv, immediately, obviously. 

d&paíoec : vb, take from, subtract from, cut off from; see oipéo. 
&pf,, A : no, point of contact. 

páOoc -£oc, tó : no, depth, height. 


Batves, -Bricouat, -épnv, Bépnxa,, =m 
(of angle). 


BáXXc, Bard, EBorov, BéBAnxa, BEBANUM, BAHONY : vb, throw. 
Bdotc -&oc, fj : no, base (of a triangle). 


vb, walk; perf, stand 


yée : conj, for (explanatory). 


YE[v]vopot, vevrioouot, éyevouny, yéyova, yeyévnuar, — 
appen, become. 


: vb, 


YYOUWY -ovoc, f, : no, gnomon. 
yeauun, A : no, line. 


Yeé«o, yoda, éyeald/p]a, yéypapa, yéypayua, goabdunv : vb, 
draw (a figure). 


yovia, fj : no, angle. 


Set : vb, be necessary; dei, it is necessary; Seu, it was necassary; 
Séov, being necessary. 


Selxvuun, SelEw, Berea, Sé5erya, SéSeryua, E5|elyOnv : vb, show, 
demonstrate. 
detxtéov : ind, one must show. 


SelEic -ewe, f, : no, proof. 
Sexayavoc -ov : adj, ten-sided; tò dexayavov, no, decagon. 


Séxyoua, SéFouan, &é&e£áury, —, GéOevuos, éO£yünv : vb, receive, 
accept. 


à, : conj, so (explanatory). 

ónAaó*, : ind, quite clear, manifest. 

ños -y -ov : adj, clear. 

ónAovóc. : adv, manifestly. 

åy% : Vb, carry over, draw through, draw across; see &yw. 
Gov vtoc -ov : adj, diagonal. 

dtaAcinw : vb, leave an interval between. 


Sidueteoc -ov : adj, diametrical; f, 6:6uexpoc, no, diameter, di- 


agonal. 
Otafpeotc -&oc, f, : no, division, separation. 
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Siateéw : vb, divide (in two); d:apeVEvtoc -n -ov, adj, separated 
(ratio); see oipéo. 


ót&otnua -atoc, tó : no, radius. 

Siapéew : vb, differ; see qgépo. 

Saul, 6660, É60xa, 6£60xa, 6óéGouot, E560nyv : vb, give. 
Siuolpoc -ov : adj, two-thirds. 

ditAaowstCw : vb, double. 

SimAdotoc -a -ov : adj, double, twofold. 
GAootov -ov : adj, double, twofold. 

8 o0c -Ñ -o0v : adj, double. 

dic : adv, twice. 

Stya : adv, in two, in half. 

d:xopoula, 7j : no, point of bisection. 

Guóc -áGoc, Å : no, the number two, dyad. 


80vogot : vb, be able, be capable, generate, square, be when 
squared; óuvatiévn, A, no, square-root (of area)—i.e., strai- 
ght-line whose square is equal to a given area. 


S0vautc -ewc, À : no, power (usually 2nd power when used in 
mathematical sence, hence), square. 


Suvatdc -ń -óv : adj, possible. 

SudexdeSeoc -ov : adj, twelve-sided. 

éautod -ñc -oŭ : adj, of him/her/it/self, his/her/its/own. 

éyylwy -ov : adj, nearer, nearest. 

éyyed&pu : vb, inscribe; see Yoáqo. 

eldoc -coc, tó : no, figure, form, shape. 

cixoodedeoc -ov : adj, twenty-sided. 

clow/héyu, te6/eptw, elnov, epnxa, eloruox, pphðny : vb, 
say, speak; per pass part, expryévoc -r -ov, adj, said, afore- 
mentioned. 

€xe ...ette : ind, either ...or. 

ëxaotoc -1 -ov : pro, each, every one. 

Exatépoc -a -ov : pro, each (of two). 

xB% : vb, produce (a line); see 860... 

éx0éw : vb, set out. 

éxxewa : vb, be set out, be taken; see xeiyan. 


2 1, 


éxttdnus : vb, set out; see tiny. 


A 


x1óc 


qe 


: pre + gen, outside, external. 
&Aácoov/&Xóxtov -ov : adj, less, lesser. 
éhdyiotoc -n -ov : adj, least. 

&£AAe(xo : vb, be less than, fall short of. 

éuninta : vb, meet (of lines), fall on; see nintw. 
čunpocðev : adv, in front. 

&vaAAÓE : adv, alternate(ly). 

&vapguóCo : vb, insert; perf indic pass 3rd sg, évfiguooxos. 
évdéxoua. : vb, admit, allow. 

évexev : ind, on account of, for the sake of. 
évvanAdotoc -a -ov : adj, nine-fold, nine-times. 


Évvota,, f, : no, notion. 
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evnepiéyw : vb, encompass; see yw. 

évrinte : see éunintw. 

évtéc : pre + gen, inside, interior, within, internal. 
éEdywvoc -ov : adj, hexagonal; tò éEc&ywvov, no, hexagon. 
éEanAdatoc -a -ov : adj, sixfold. 

&Efjc : adv, in order, successively, consecutively. 


x 


ZEwev : adv, outside, extrinsic. 


Z 


n&vo : adv, above. 


qe 


mapy, fj : no, point of contact. 


qe 


2 " 


rei : conj, since (causal). 


éneibYjmep : ind, inasmuch as, seeing that. 

&raCeovvOpu, EmCevew, EnéCevea, —, EneCevyua, énéGeOy Dn. : 
vb, join (by a line). 

émtdoy(Coua : vb, conclude. 

&mtvoéo : vb, think of, contrive. 

éninédoc -ov : adj, level, flat, plane; tò éninédov, no, plane. 

émioxéntoua : vb, investigate. 

éntoxetic -ecc, À : no, inspection, investigation. 


&nixáoo0 : vb, put upon, enjoin; tò &rixoyüév, no, the (thing) 
prescribed; see xóácoco. 


iy 


éniteito¢c -ov : adj, one and a third times. 

émupdveta, f, : no, surface. 

érouat : vb, follow. 

Eeyoua, élevooun, AAVov, tA Avta, —, — : vb, come, go. 

Éoyooc -ņ) -ov : adj, outermost, uttermost, last. 

étepdunune -ec : adj, oblong; tò éxepóumxec, no, rectangle. 

étepoc -a -ov : adj, other (of two). 

ët : par, yet, still, besides. 

còVúypauuoc -ov : adj, rectilinear; tò còVúypauyov, no, recti- 
linear figure. 

£000c -cïa -Ó : adj, straight; f, c0Veta, no, straight-line; ên’ 
evveiac, in a straight-line, straight-on. 

eveloxw, ebpfioxco, nČpov, cŬpexa, eenuat, còpéðny : vb, find. 

égónto : vb, bind to; mid, touch; 7, &goxtopévn, no, tangent; 
see Gro. 

EMACUOTW, éqopuóoo, égfipuooo, &griuoxa, éqfjuoouot, &qruóotünvy 
: Vb, coincide; pass, be applied. 

ége&fic : adv, in order, adjacent. 

éototnut : vb, set, stand, place upon; see tory. 

Eyw, É£o, Eoyov, Éoymxa, -Eoynuat, — : vb, have. 


Hyéoun, Hyfooun, hynoduny, fimo, —, Ayńðny : vb, lead. 
fr : ind, already, now. 


Axo, Ñw, —, —, —, — : vb, have come, be present. 


c 


wxúxňtov, tó : no, semi-circle. 


s 


wóňtoc -a -ov : adj, containing one and a half, one and a half 
times. 


Rutouc -ewa -u : adj, half. 


so 





feo = 4+ nep : conj, than, than indeed. 
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Ato....% : par, surely, either ...or; in fact, either ... or. 
Üéotc -ewc, f| : no, placing, setting, position. 

Üecperpa -atoc, tó : no, theorem. 

{toc -a -ov : adj, one’s own. 


ioóoac : adv, the same number of times; toóxtc moAAaTAcota, 
the same multiples, equal multiples. 


icoyovtoc -ov : adj, equiangular. 

icónAeupoc -ov : adj, equilateral. 

iconAnvyic -és : adj, equal in number. 

coc -n -ov : adj, equal; &£ tcov, equally, evenly. 
icooxedne -éc : adj, isosceles. 


town, orfjoo, Éotnooa, —, —, £oxóáünv : vb tr, stand (some- 


thing). 


lotnut, ovfjoo, čaty, Eotyxa, Éovouot, otaðny : vb intr, stand 
up (oneself); Note: perfect I have stood up can be taken 
to mean present I am standing. 


icoDdfc -éc : adj, of equal height. 

xoÜüáxep : ind, according as, just as. 

xåðetoc -ov : adj, perpendicular. 

xoóXou : adv, on the whole, in general. 

xaAéo : vb, call. 

xàxe&twoc = xal ExEtvoc . 

x&v = xoi & : ind, even if, and if. 

xatayeapy, 5j : no, diagram, figure. 

xaxoYoáoo : vb, describe/draw, inscribe (a figure); see ypdaw. 
xataxorouvéw : vb, follow after. 


xatadeinw : vb, leave behind; see Acinw; tà xoxoAewópuevo, no, 
remainder. 


xatédrnroc -ov : adj, in succession, in corresponding order. 
xatauetpéw : vb, measure (exactly). 

xatavtéw : vb, come to, arrive at. 

xataoxeváčw : vb, furnish, construct. 


xeiuot, xeioouot, —, —, —, — : vb, have been placed, lie, be 


made; see tiny. 

XÉvt1pov, tO : no, center. 

xAXác : vb, break off, inflect. 

XX(vco, xX(vo, ExAwwa, xExAixa, xéxwiot, ExAMny : vb, lean, in- 
cline. 

xX(otc -&oc, fj : no, inclination, bending. 

xoiAoc -n -ov : adj, hollow, concave. 


xoeugy, f|: no, top, summit, apex; xoxà xopvońy, vertically 
opposite (of angles). 


Xpivo, xpi, Expiva, xéxeixa, xéxpiuot, Expldny : vb, judge. 
xópoc, 6 : no, cube. 

x0xAoc, © : no, circle. 

xóňvõpoc, ò : no, cylinder. 

xuetóc -ń -óv : adj, convex. 


x6óvoc, O : no, cone. 
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AauBávw, Ańpouar, ZraBov, etrnga eO wmupot, &Ypünv. : vb, 
take. 


Aévo) : vb, say; pres pass part, Aevóuevoc -, -ov, adj, so-called; 
see &po. 


Acto), Acibw, činov, AéAovxa, AéAewipot, Erctadny : vb, leave, 


leave behind. 
Anuuctiov, tó : no, diminutive of Afjuga. 
Mfjuue -atoc, tó : no, lemma. 
Afypic -eoxc, À : no, taking, catching. 
Aóvoc, 6 : no, ratio, proportion, argument. 
hoindc -ń -óv : adj, remaining. 
yavbdve, paðńcopa, čuaðov, ueucdnxa, —, — : vb, learn. 
uéyedoc -eoc, tó : no, magnitude, size. 
ueCov -ov : adj, greater. 
Uévo, uev, Evewa, ueuévnxa, —, — : vb, stay, remain. 
Uépoc -ouc, tó : no, part, direction, side. 


uécoc -n -ov : adj, middle, mean, medial; ¿x 660 uécov, bime- 
dial. 


uecoAauBávo : vb, take up. 

uetačó : adv, between. 

uexéopoc -ov : adj, raised off the ground. 
uexpéo : vb, measure. 

uétpov, tó : no, measure. 

unóe(c, undeuta, unóév : adj, not even one, (neut.) nothing. 
undénote : adv, never. 

undétepoc -a -ov : pro, neither (of two). 
ufixoc -&oc, tó : no, length. 

uńv : par, truely, indeed. 

uovác -áGoc, f, : no, unit, unity. 

uovaxóc -f, -óv : adj, unique. 

uovoyGc : adv, uniquely. 

Uóvoc -n -ov : adj, alone. 


voéo, —, vónoa, vevónxa, vevonua, ëvońðnv : vb, apprehend, 
conceive. 


oloc -a -ov : pre, such as, of what sort. 
Óx1ácópoc -ov : adj, eight-sided. 

ÓXoc -n -ov : adj, whole. 

óuoYevfc -éc : adj, of the same kind. 
ðuotoc -a -ov : adj, similar. 

óuotozAnÜrc -éc : adj, similar in number. 
óuotovorrfc -és : adj, similarly arranged. 


c A 


óuotótnc -noc, À : no similarity. 


c " 


óuoíoc : adv, similarly. 

óuóAoYoc -ov : adj, corresponding, homologous. 
uotayńc -éc : adj, ranged in the same row or line. 
óuovugoc -ov : adj, having the same name. 


Óvoya -atoc, tó : no, name; éx 600 óvouéxov, binomial. 
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6EvYavioc -ov : adj, acute-angled; tò 6&uyaviov, no, acute an- 
gle. 
6&b¢ -cia -Ó : adj, acute. 


ónot0co0v = Oxotoc -a -ov + oov : adj, of whatever kind, any 


kind whatsoever. 
OTO00¢ -ņ) -ov : pro, as many, as many as. 


ónococóOnnotobv = Ónócoc -n -ov + 8f, + voté + obv : adj, of 
whatever number, any number whatsoever. 


óx0ococo00v = ónócoc -y -ov + odv : adj, of whatever number, 
any number whatsoever. 


ónótepoc -a -ov : pro, either (of two), which (of two). 
öpðoyóviov, tó : no, rectangle, right-angle. 


ópÜóc -ń -óv : adj, straight, right-angled, perpendicular; ned¢ 
60d voví(ac, at right-angles. 


ópoc, ò : no, boundary, definition, term (of a ratio). 


doadnnotody = Óca + 9f, + noté + odv : ind, any number 
whatsoever. 
oodxic : ind, as many times as, as often as. 


ócamnAóooc -ov : pro, as many times as. 
ócoc -ü -ov : pro, as many as. 


donee, Knep, Step : pro, the very man who, the very thing 


which. 
otc, frac, 6 tı : pro, anyone who, anything which. 
óxav : adv, when, whenever. 
otiobyv : ind, whatsoever. 
ovdeic, ovdeuta, o08Év : pro, not one, nothing. 


axe 


obdétepoc -a -ov : pro, not either. 


ob0éxepoc : see obGécepoc. 
ovvéyv : ind, nothing. 

oOv : adv, therefore, in fact. 

ovtw<¢ : adv, thusly, in this case. 

méAw : adv, back, again. 

né&vtwe : adv, in all ways. 

xoà : prep + acc, parallel to. 

xopapáXX« : vb, apply (a figure); see 86AXo. 
xopopoAf, f; : no, application. 

xopóxewot : vb, lie beside, apply (a figure); see xeiuos. 


xopoAAácoo, TAPUAGEW, —, napýňňaxa, —, — : vb, miss, fall 
awry. 


xopoAAnAenineGoc, -ov : adj, with parallel surfaces; tò rapa- 
Anrextnedov, no, parallelepiped. 


xopoAAnAóYvoouuoc -ov : adj, bounded by parallel lines; tò xo- 
poAXnAóYoougov, no, parallelogram. 


xoapdAAmAoc-ov : adj, parallel; tò napddAndov, no, parallel, 


parallel-line. 
xopomAfpopua -atoc, tó : no, complement (of a parallelogram). 
mapatéAvetoc -ov : adj, penultimate. 
napéx : prep + gen, except. 


napeunintw : vb, insert; see ninta. 
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xáoyo, ne(couot, Éxoüov, nénovda, —, — : vb, suffer. 


mevtdywvoc -ov : adj, pentagonal; tò nevtéywvov, no, pen- 


tagon. 
nevtanàgoioc -a -ov : adj, five-fold, five-times. 
mevtexasexcywvov, tó : no, fifteen-sided figure. 
xenepoouévoc -n -ov : adj, finite, limited; see nepatve. 


repatve, nepavõ, énépava, —, nenepáopot, énepovávünv : vb, bring 
to end, finish, complete; pass, be finite. 


népac -atoc, 1Ó : no, end, extremity. 
xEpartÓóc, —, —, —, —, — : vb, bring to an end. 

meptyec&w : vb, circumscribe; see voáqo. 

meptéyw : vb, encompass, surround, contain, comprise; see yw. 
xepuAauBévo : vb, enclose; see Kay Bdve. 

xepiooóoac. : adv, an odd number of times. 

mepiacdc -ń -óv : adj, odd. 

mepipépeta, f : no, circumference. 

xeoupépo : vb, carry round; see épo. 

TNAxOtN¢ -nt1oc, fj : no, magnitude, size. 

nintw, recoUgot, Execov, nénvoxo, —, — : vb, fall. 

xÀóxoc -Eoc, tó : no, breadth, width. 

xAe(ov -ov : adj, more, several. 

TAeved, f, : no, side. 

TAF Voc -&oc, tó : no, great number, multitude, number. 

xÀ^v : adv & prep + gen, more than. 

xotóc -& -óv : adj, of a certain nature, kind, quality, type. 
xoAAonAootáCo : vb, multiply. 

xoAAonAootaouÓc, 6 : no, multiplication. 

xoAAaxAÓotov, tó : no, multiple. 

xoA0sópoc -ov : adj, polyhedral; tó noAvedeov, no, polyhedron. 
xoAOYovoc -ov : adj, polygonal; tó noAbywvov, no, polygon. 
xoAOrnAeupoc -ov : adj, multilateral. 

xóptoua -atoc, tó : no, corollary. 

noté : ind, at some time. 

nplopa -atoc, TO : NO, prism. 

xpopaívo : vb, step forward, advance. 

meodetxvuut : vb, show previously; see óeGcvupa. 

mpoexttOnus : vb, set forth beforehand; see tiny. 


xpoepéo : vb, say beforehand; perf pass part, npoeipnuévoc -n 
-ov, adj, aforementioned; see etpo. 


TpocavanAnedw : vb, fill up, complete. 

xpoocavovoóo : vb, complete (tracing of); see yośgw. 
npocapuóčw : vb, fit to, attach to. 

xpooexQóXXo : vb, produce (a line); see &xpáXXo. 
xpootupíoxo : vb, find besides, find; see còpioxw. 
npooAaoupóuo : vb, add. 

medxew.o : vb, set before, prescribe; see xeiyos. 

xpóoxewuot : vb, be laid on, have been added to; see xeiua. 
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mpooninta : vb, fall on, fall toward, meet; see nint. 
TMEOTAOIS -ecc, T : NO, proposition. 


xpootiácoo : vb, prescribe, enjoin; tò teootaydév, no, the 
thing prescribed; see x&ooo. 


mpoott0nut : vb, add; see tid nu. 

xpótepoc -a -ov : adj, first (comparative), before, former. 
mpottOnus : vb, assign; see tiny. 

xpoycpéo : vb, go/come forward, advance. 

xpóoc -a -ov : adj, first, prime. 

xupaguíc -(Goc, Å : no, pyramid. 

éntdc -ń -óv : adj, expressible, rational. 

eouBosióic -éc : adj, rhomboidal; tò éouBoedéc, no, romboid. 
éóupoc, 6 no, rhombus. 

cnuciov, tó : no, point. 

oxarnvoc -ń -óv : adj, scalene. 

otepedc -á -óv : adj, solid; tò otepedy, no, solid, solid body. 
ototxelov, tó : no, element. 

o1péQo, -oxpéjo, Eotesba, —, otaua, Eot&gnv : vb, turn. 


ovyxewo : vb, lie together, be the sum of, be composed; 
ouyxeluevoc -n -ov, adj, composed (ratio), compounded; 
see xeiuat. 


oOvxptvo : vb, compare; see xpívo. 

ouyBatvw : vb, come to pass, happen, follow; see Batvo. 
oupBdrAAw : vb, throw together, meet; see BáAXo. 
oouuetpoc -ov : adj, commensurable. 

o0uxac -avxoc, © : no, sum, whole. 

ouurintw : vb, meet together (of lines); see nintw. 
cuuxAmpóo : vb, complete (a figure), fill in. 

cuv&vo : vb, conclude, infer; see &yw. 


ovvauodtepat -a -a : adj, both together; 6 cuvaypdtepos, no, 
sum (of two things). 


ovuvaroseixvuut : no, demonstrate together; see Sefxvuu. 
cuvoQf,, A : no, point of junction. 

coúvõvo, ol, oi, tå : no, two together, in pairs. 

cuveyfic -éc : adj, continuous; xatà tò ouveyéc, continuously. 
ovens -&oc, À : no, putting together, composition. 
coúvůetoc -ov : adj, composite. 


ov[vjiotnus : vb, construct (a figure), set up together; perf im- 
perat pass 3rd sg, ouveo1áxo; see totus. 


cuvi(ünur : vb, put together, add together, compound (ratio); 
see thdnu. 


Oy€otc -EWS, f, : no, state, condition. 
oyua -oxoc, tó : no, figure. 

ogopa -ac, Å : no, sphere. 

táčs -EGC, f, : no, arrangement, order. 


tapdcow, tapó&Ec, —, —, xexápo pon, &vopáy nv. : vb, stir, trou- 
ble, disturbe; tetapayuévoç -ņ -ov, adj, disturbed, per- 
turbed. 
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tdoow, TaEw, čtača, tétaya, tétayua, tay Inv : vb, arrange, 
draw up. 

1éAetoc -a -ov : adj, perfect. 

TéEUVO, TEVUVES, Éxeuov, -TETUNKA, xéxumuos, EtUrInY : vb, cut; 
pres/fut indic act 3rd sg, xéye. 

1etoptriopiov, TO : no, quadrant. 

tetoáywvoc -ov : adj, square; tò tete&ywvoy, no, square. 

tetodxic : adv, four times. 

tetparigotoc -a -ov : adj, quadruple. 

xexpánAeupoc -ov : adj, quadrilateral. 

xetpa óoc -y -ov : adj, fourfold. 

itn, Dhow, £0rxo, téðNxa, xetuon, Eté0nv : vb, place, put. 

tuñua -atoc, tó : no, part cut off, piece, segment. 

totvuy : par, accordingly. 

1otoUxoc -avt -o0to : pro, such as this. 

toed -écc, ò : no, sector (of circle). 

touy, f, : no, cutting, stump, piece. 

t6noc, © : no, place, space. 

tooautéxic : adv, so many times. 

1ocautamAóotoc -q -ov : pro, so many times. 

TOOOŬTOG -aótr, -o0xo : pro, so many. 

TOUTÉOTL = TOŬT : par, that is to say. 

teanéCiov, tó : no, trapezium. 
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tolywvoc -ov : adj, triangular; tò xotvovov, no, triangle. 

1puAdotoc -a -ov : adj, triple, threefold. 

toimkeupoc -ov : adj, trilateral. 

toimA-6oc -ņ) -ov : adj, triple. 

1pónoc, O : no, Way. 

tüYxévo, xeOtopuot, ČTUXOV, TETÚXNXA, xéxeuv uot, ÈTEÓÚXÜNY : 
vb, hit, happen to be at (a place). 

Oxópyo : vb, begin, be, exist; see Gpyo. 

bme€atpeoic -ecc, À : no, removal. 

dneepBdAAW : vb, overshoot, exceed; see 8áXXo. 

bnepoyn, ù : no, excess, difference. 

bnepéyw : vb, exceed; see Éyo. 

bndVeotc -ewc, f, : no, hypothesis. 

oxóxewot : vb, underlie, be assumed (as hypothesis); see xeiuos. 

bnodcinw : vb, leave remaining. 

Onote(vo, UNOTEVÕ, Onévewo, ÙTOTÉTAXA, orxoxévouot, oxeváünv 
: vb, subtend. 

Ütpoc -eoc, tó : no, height. 

qavepóc -á -óv : adj, visible, manifest. 

gnu, goo, &grv, —, —, — 

tew, olow, Tivevxov, évivoya, Evfivev gos, ňvéyðny : vb, carry. 

xov, tó : no, place, spot, area, figure. 


: vb, say; Égayev, we said. 


xooíc : pre + gen, apart from. 

qoc. : vb, touch. 

óc : par, as, like, for instance. 

c Éxuyev : par, at random. 

&ootoc : adv, in the same manner, just so. 
éote : conj, so that (causal), hence. 
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